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1. Introduction

This paper is motivated by the study whose model, including the stationary equation, is
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where N > 2, the right-hand side f € L'(Q) and p; : QO — (1, +o0) is a continuous function
for/=1,...,N.
For (1.1) we assume that the exponents functions pi(-),..., pn(-) and s(-) are restricted as

follows:

_ 1 1Y
e %(‘)(NE;;W ()N -1)
an PL)IN—1 . pPL)IN—1) _ (1.2)
pi(-) >1 d NGO =) <p() < N—5(] ' l=1,...,N,
s(+) > r;:%)(pl(x), l=1,...,N.

The study of the nonlinear partial differential equations in this type of spaces is strongly mo-
tivated by numerous phenomena of physics, namely the problems related to non-Newtonian
fluids of strongly inhomogeneous behavior with a high ability of increasing their viscosity
under a different stimulus, like the shear rate, magnetic or electric field. We use the frame-
work of renormalized solutions. This notion was introduced by DiPerna and Lions [28] in
their study of the Boltzmann equation, Boccardo et al [23] and Lions and Murat (see Li-
ons book on the Navier-Stokes equations [37]). For the corresponding isotropic parabolic
equations with L'-data, existence and uniqueness of renormalized solutions is established
in Blanchard and Murat [22], see also Rakotoson [38, 39] and Lions [37] for some time de-
pendent problems motivated by the Navier-Stokes equations. Finally, let us mention that
an equivalent notion of solutions, called entropy solutions, was introduced independently
by Bénilan et al. [15], see also [11], several researches deals with the existence solutions
of elliptic and parabolic problems under various assumptions and in different contexts (see
[42,32,43,6,8,19,1,7,5,2,16,9, 17, 20, 3, 10, 4, 18, 30, 31, 29, 25, 21]).

In the isotropic case with p;(-) = p(-) > 2— & for [ = 1,..., N, existence and regularity
results are proved in [14, 40]. The existence and regularity results for distributional solutions
with L!-data have been obtained in [24, 36] for a class of anisotropic elliptic and parabolic
equations with constant variable components. For an anisotropic parabolic reaction-diffusion-
advection system with a zero-flux boundary condition, similar results are established in [13].

Observe that (1.2) implies p(-) > 2 — & and thus %pl(-) > 1. This is in accordance
with the isotropic case [14]. On the other hand, the condition s(-) > p;(-) in (1.2) is stronger
than in [14]. This is a consequence of the anisotropic Sobolev inequality [41] (applied to our
anisotropic equation)

The scope of the present paper is to solve the well-posdness (existence and uniquess) and
regularity of entropy and renormalized solutions in an appropriate function space for nonlin-
ear anisotropic elliptic equations with variable exponents. There are two difficulties associated

with this strategy. In view of the assumption that f is only integrable on (), the first difficulty is
to obtain suitable a priori estimates on u, and the partial derivatives ‘3—;‘;, I =1,...,N, that are

independent of €. The second difficulty lies in passing to the limit in the nonlinear anisotropic

vector field (with variable exponents) A(x, Vu,) and the nonlinear term |ug\s(')71 Ue.

The paper is structured as follows: In Section 2 we recall some basic notations and a Sobolev
inequality for anisotropic Sobolev spaces. Our main results are stated in Section 3, while the
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proofs are given in Section 4. In Section 5 we show the existing uniqueness renormalized solu-
tions for elliptic equations. Finally, we prove equivalence between entropy and renormalized
solutions to elliptic equations in Section 6.

2. Sobolev spaces with variable exponents

We recall in what follows some definitions and basic properties of the generalized Lebesgue-

Sobolev spaces LP() (Q), W'?()(Q)) and Wol’p(') (Q)), where Q) is an open subset of RY. We refer
to [34] and [33] for further properties of variable exponent Lebesgue-Sobolev spaces.
The continuous real-valued function p : QO — [1, +00) satisfies the log-continuity if

Vx,x €0, |x1—x] <1, |p(x1)—plx2)| <w(|x; — x2|), (2.1)
where lim sup w(zx)ln(%) < +oo. Let p~ = minp(x) and p* = maxp(x). We define the

a—0+ xeQ) xeQ)
variable exponent Lebesgue space

L’”(')(Q) = {u: O — R; u is measurable with/Q |u(x)|p(x) dx < oo},

We define a norm, the so-called Luxemburg norm, on this space by the formula

dx <1}.

||”||Lp<~>(Q) =

The following inequality will be used later

. - + - +
minf[ul]7 ) o 100 0} < [ )P de < max{ul? oyl

o) @2

If p~ > 1, then LP()(Q) is reflexive and the dual space of LP()(Q) can be identified with

L' 0)(Q), where % + ﬁ — 1. For any u € LP()(Q) and v € LP'()(Q) the Holder type
inequality

ol < (5= == )l ol 23
holds true.

The inclusion between Lebesgue spaces also generalizes naturally: if 0 < |Q)] < co and 7,
rp are variable exponents so that r1(-) < rp(-) almost everywhere in () then there exists the

continuous embedding L2()(Q)) < L"1()(Q), whose norm does not exceed |Q| + 1.

In this paper we will most exclusively work with Lebesgue and Lebesgue-Sobolev spaces
with continuous variable exponents.
Now, we define also the variable Sobolev space

WO (Q) = {u e LPO(Q); |Vu| € LPO(Q)}.
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On WP()(Q)) we may consider one of the following equivalent norms

”uHWLP(')(Q) = ||u||LP(')(Q) + ||vu||LP(')(Q)'

—_wlr()
We define also Wé’p(')(Q) = C‘C”(Q)W Q) Assuming p~ > 1 the spaces WP()(Q) and

Wé,p (')(Q) are separable and reflexive Banach spaces. The space (Wé’p (')(Q))* denotes the
dual of W;’p(')(ﬂ).
For u € Wol’p (')(Q) with p € C(Q) and p~ > 1, the Poincaré inequality holds (cf. [35])
||”HLP(-)(Q) <C ||quLP(')(Q) ’ (2.4)
for some universal constant C which depends on () and the function p.
For p € C(Q,R") with 1 < p~ < p' < N the Sobolev embedding holds (see e.g. [33])
wirh(Q) c L'V (), (2.5)
for any measurable function r : () — [1, +-00) such that
Np(x
ess)(ig(f)(—N —p;(zc) — r(x)> > 0.

Next, we recall the notion of anisotropic Sobolev spaces. Let py,..., py be N real numbers
with p; > 1,1 = 1,...,N. With a slight abuse of the notation, we introduce the anisotropic
Sobolev space

wir)(Q) = {u e L") : ;’—Z € LP’(')(Q)},
and
W, Q) = {u e Wy (Q) : g—;‘l e Ln®) (Q)} :
which are Banach spaces under the norm
R e -
Hipno )

forl=1,...,N.
Let us recall the anisotropic Sobolev imbedding theorems (with constant variable exponents)
due to Troisi [41].

N
Theorem 2.1. Suppose g € | ) Wé’pl(Q), and let
I=1

q=p5  ifp" <N,
q€[l,0), ifp">N.

Then there exists a constant C, depending on N, p1,...,pn if p < N and also on q and |Q)| if p > N,

such that
ag 1/N

N
I8l < CT T :
=1 L7 (Q)
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Theorem 2.2. Let Q be a cube of RN with faces parallel to the coordinate planes. Suppose u €
N

(\ WHP1(Q), and set

I=1
1 1N1 . F::NN_—?ﬁ’ lfﬁ*<N,
P NSp/ any number from [1,00), if p* > N.

Then there exists a constant C, depending on N, p1,...,pN if p < N and also on r and meas(Q) if
P > N, such that
‘ LP1(Q)

Theorems 2.1 and 2.2 will be used to prove the “interpolation” lemma below, which is a
technical result we will use later to obtain a priori estimates.

1

N N
+ [[ullp g ] : (2.7)

el H

=1

8x1

3. Statements of results

Instead of (1.1) we will consider more general nonlinear anisotropic elliptic equations with
variable exponents of the form

—divA(x, Vu) +g(x,u) = f(x) in Q. (3.1)

The vector field A : Q x RN — RN has components a4; : () X RN 5 R,1=1,...,N, and we
assume that there exist two constants C4 and C/, such that for all &1, & € RN and for a.e. x

N
Ax,€) &> Ca Y len™, (3.2)
=1
N
]al(x,§)| < C/A (1 + Z ’§l|pl(x)1> s I = 1,...,N, (3-3)
/=1
[A(x,61) — A(x,82)] [G1 —G2] >0, &1 # G (34)

The nonlinear function ¢ : (3 x R — IR is assumed to be measurable in x € () for all ¢ € R
and continuous in ¢ € R for a.e. x € (). Furthermore,

g(x,0)0 >0, forallc € Rand a.e. x € ), (3.5)
sup {|g(x,0)| : |o| < 1} € LY(Q), VT € R. (3.6)
Finally, there should exist s > p;, [ =1, ..., N, such that
g(x,0)sign(c) > |o'™),  forallo € R and a.e. x € Q. (3.7)
For any given oy > 0, we define the truncation function T,, : R — R by

—, ifz < —9,

T,(z) =X} z if lz| <7,
v, ifz>1.
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Moreover, we will need the following associated function (renormalization)

Py (r) = Tyga(r) = Ty (r),
for any v > 0. Notice that T, and ¢, are Lipschitz functions satisfying |T,(r)| < 7 and

|y (r)] < 1.
Pick any positive C*(R) function s(-) such that s(z) = 1if |z| <1, s(z) = 0if |z] > 2, and
r

0 <s(z) <1forall ze R. Forany n > 2, define the function S,(r) by S,(r) = / sn(z) dz,
0

where

(z) = 1, if |z| <n-—1,
2=\ s(z— (n—1)sign(z)), if |z| >n—1,

where sign(z) denotes the sign of z. For each integer n > 2, the function S, satisfies

S5n(r) = Su(Tuta(r)), 1S3l Lo (r) < sl (w)
suppS;, C [-(n+1),n+1], suppS; C [-(n+1),—n]U[n,n+1].

We shall use the following definitions of entropy solutions and renormalized solutions for
problem (3.1) in the following sense:

Definition 3.1. An entropy solution of (3.1) is a function u : RY — R such
11 5() 1 N
ue WHQ)NLO(@Q),  A(x,Vu) € (L (Q)) ,
and Yo € C}(Q)
/Q A(x,Vu) - VT, (u—¢)dx+ /(2g(x,u)T7(u —¢)dx = /Qny(u — ¢)dx. (3.8)

Definition 3.2. A renormalized solution of (3.1) is a function u € L'(Q), satisfying the follow-
ing conditions:

T, (1) € WP (Q) for any 7 > 0, (3.9)
and
N oy [P1(x)
lim Y / dx = 0. (3.10)
700 = g <lul<y41} | 0%
For any renormalization S € C®(R) such that supp S’ C [—M, M| for some M > 0,
ou |P)=2 5, N o ou [P o
_28x1< - a—xl)+1215(u) 5| TemwS @ =) inD(Q).
(3.11)

Our main results are collected in the following theorem:

Theorem 3.1. Assume (3.2)-(3.7) hold and the corresponding exponents functions p1(-),...,pn(+)
and s(-) are restricted as in (1.2). Let f € L1(Q). Then (3.1) has at least one entropy and renormalized
solution u.

Remark 3.1. The notion of entropy and renormalized solution for problem (3.1) are is equivalent.
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4. Proof of Theorem 3.1

Let (fe)gcec1 C C2°(Q)) be a sequence of smooth approximations of f such that

1
{fs < and [|fe[ <|f[; 4.1)
fe— finL}Y(Q) ase—0.

Then the result in [14], provide us with the existence of a sequence of functions

N
(11e)geeer € (Y WP () N 20(Q),
=1

each of them satisfying the weak formulation

/QA(x,Vug)-V(pdx%—/ﬂg(x,ug)(p:/Qfg(pdx, (4.2)

N
forall ¢ € [ W&’p 1) (Q) N L*® (Q)). We prove Theorem 3.1 in three main steps. We prove first
I=1
e-uniform a priori estimates for u,, so we obtain a.e. convergence of u,. In the second step, we
prove strong L! convergence of the nonlinear term g in (4.2). Finally, we complete the proof of
Theorem 3.1 by passing to the limit in (4.1) as ¢ — 0.
In the remaining part of this paper, we use C, C;, Cp, etc. to denote constants that are
independent of .

4.1. A priori estimates.

Proposition 4.1. Assume (3.2)-(3.7) hold, and that the exponents p1(-),...,pn(-) and s(-) are re-
stricted as in (1.2). Then, there exist a constant C, not depending on ¢, such that

N ou. |P1x)
)3 / ——|  dx<Cy, Vy>0, (4.3)
= Hiuel<yy [ 9
1§(x, ) [ 1) < C, (4.4)
and
due p1(x)
ax,
d <C, Vy>1. 4.5
Z/ (1+ |u£] r= v (4.5)

Proof. Inserting ¢ = T, (1) into (4.2) gives

/QA(x,Vug)‘VTy(ug)dx+/()g(x,ug)T7(u€)dx:/Qfgn(ug)dx

From the definition of T,, and g the second integral is nonnegative, and since | f:| < |f|, we get
(4.3).
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To prove (4.5), we introduce for y > 1 the test function

c 1 1

—1/—dt=1——, >0,

Py (0) = (r=1 o (1+1¢)7 (1+o0)r1 7= (4.6)
_4)7(_0')1 o <0,

Substituting ¢ = ¢, (1) in (4.2) gives

/QA(x,VuS).Vug(p’v(ug)dx—i—/()g(x,ug)¢7(u£)dx:/Qfggov(ug) dx. (4.7)

Using the structure condition (3.2) in (4.7), we get
due pi(x)
axl

< . .
/Ql 1 1_'_’”8‘)7 dx— ||f||L1(Q) (48)

This gives (4.5).
Next, we take ¢ = %Ty(ug) in (4.2). After letting v — oo we find
| 18] dx < Iifllsay @9)
which yields (4.4).

To continue we need the following lemma.

N
Lemma 4.1. Let p;(-) be a continuous function on Q for!l =1,..., N, and ug a function in () WS’PZ(') (Q).
I=1
Suppose that the exponents p1(-),...,pN(+) and s(-) are restricted as in (1.2), and that there exists a
constant c such that

el sy ) < (4.10)
and
due pi(x)
Z/ il gx<e (4.11)
(1+ |u
Then for all continuous functions q;(-) on Q) such that
N(p(x) 1)
< =1,... .
1<q(x) < ) (N = 1)pz(x), I=1,...,N, (4.12)

there exists a constant C, depending on Q, N, p1(+), ..., pn(+), q1(-), ..., qn(+), and ¢, such that

H”S”Lﬁ(')(g) <G

Jite

< I=1,... 4.1
o, <G ;oo N, (4.13)

Ui[(')(Q)

and

N
_ ! Z L (4.14)

1=1 QI(

&I
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Proof. In a first step let g be a constant satisfying (recall that g7 = maxg;(x) and p; =
P q; ying 9 2 q Pi

xe
min p;(x))
xeQ)
N(p —-1) _
1<q < —="——2p/. (4.15)
(N
Observe that (4 15) implies g <p;.Nowletqg =«xp; ,1=1,...,N, forany x € (0, ?N,((?I;jo
+ J—
Where P— = — Zl E Let v = ;Kq_""*’ pl_qiq?_ e q"‘*, Where
- N
q_Jr*: Nq_and;:lZiJr.
N-qt ¢+ Niqg
Recalhng ﬁ > 1, we see that v > 1. Using (4.11) and Holder inequality, we get
i _
- = P
+ Bus b o] q+ =
ou | ox; T = i
— d</—dx /1—|—u Lo dx
/Q ox; = a (1+ |ue])” Q( |ue])
PLa)
v jfL+ rr
<G / (14 Jue|) 77 dx
o)
P
<G (/ | T dx) 4G (4.16)
Q

Using (4.16) and the anisotropic Sobolev inequality (2.6), we deduce

-
7 o\ al = \aw
(/ |us|‘1 dx)q < c3—|—C4H (/ |us|q dx> 1P
Q 1—1 Q

l—
_C3+C4(/ |u€|q dx I= 1‘11 p N

1

— 3t ey (/ e |7 dx>+ _ 4.17)

for some constants c3,c4 > 0. In other words,

u .
el 7o+ ) < €5+ 6 uell e =
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for some constants cs5,cs > 0. One checks easily that the assumption p < N implies 2 < 1, and

we can therefore conclude that for all 1 < g,” < %pf,
‘% . <C I=1,..,N,
axz 1.9 (Q)
and
1 1Y 1
= <C, == .
Iellirom =S 50 T N A0

for some constant C > 0.

Now let us consider a continuous variable exponent g; on Q) satisfying the pointwise estimate
(4.12) for [ = 1,...,N. By the continuity of p;(-) and g;(-) on Q there exists a constant § > 0
such that

. N(p(y) -1
max < min ——Z , 1=1,...,N. (4.18)
yeQ(x,&)ﬁQq(y) yeoxana P(y) (N —1) piy)

Herein, Q(x,d) is a cube with center x and diameter §. Observe that Q) is compact and therefore
we can cover it with a finite number of cubes (Q;);—1 . with edges parallel to the coordinate
axes, such that there exists a constant & > 0 such that

x<meas(Q;,NQ) <dforalli=1,..., k. (4.19)

We denote by g and g (respectively p;; and p;;) the local minimum and the local maximum

of g; on Q; N () ( respectively the local minimum and the local maximum of p; on Q; N () for
I=1,...,N.
Using now the same arguments as before locally, we see that the inequality (4.16) holds on
Qi N Q, respectively. The anisotropic Sobolev inequality (2.7) gives
1

P % N qu,rl ﬁ + q%
(/ |1ae| i dx) <] / dx + (/ |14 | i dx) d, (420
QiNQY 1—1 QiNQY QN

for some constant c; > 0. Since ¢;(-) < s(+) for I = 1,...,N, it follows from (4.20) and (4.10)

that
—x % N
(/ |ug|qi+ dx) i < 071—[ /
QiNQ 1—1 QinQ

for some constant cg > 0.
Keeping in mind (4.18), we deduce from (4.17) (with g = g, p; = p;; and q; = g;; for
i=1,...,kand [ =1,...,N) and (4.21)

z=

Jite
axl

Ol

1
a; ; 4N
— . 4.21
o) X +cs (4.21)

S —
0 — i
§C9+C10Hbls||aq7* , g.= Pil_—9il +,

[ute]| e
o (QiNQY) L% (QinQ) 91" Pij
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for some constants cg, c1g > 0. Obviously, this implies that, for some constant C, depending on
pil,qi1 and O,

d
‘ﬁ N <C, I=1,...,N, i=1,...,k (4.22)
X1 1% (0,n0)
and
N1
|| <c, — ., i=1,.. k 423
el o ey = 0 ; 5 429
Ng[

Finally, since F = > 7"(x) > g(x) and qzrl > g(x) for all x € Q; N Q) and for all

N—q& —
i=1,...,k we conclude from (4.22) and (4.23) that for/ =1,..., N,

o1l

e |l ) o)t ” <11,

0 <

for some constant c¢1; depending on pl(-), 7:(+) and Q. This concludes the proof of the lemma
for (4.11).

Observe that the consequence of Proposition 4.1 and Lemma 4.1: there exists a constant C,
depending on O, N, p1(-), ..., pn(+), 41(),- -, 4N (), [ f[| 11 () but not &, such that

‘% <c, I1=1,...,N, (4.24)
ox; L) (Q)
and
1
el 130 ) < C ﬁ( : ;W (4.25)

for every continuous function q;(-) for/ =1,...,N,such that 1 < g;(-) < Mm()

p()(N-1)

4.2. Strong convergence. In view of Proposition 4.1, u, is uniformly (in €) bounded in W% (Q)),
where

go :=ming(-) forl =1,...,N, (4.26)

xeQ)

and gq1(+),...,qn(-) are restricted as in Lemma 4.1. Without loss of generality, we can therefore
assume that

ue — u strongly in L% (Q) and a.e. in Q,

g(x,ue) = g(x,u) ae. inQ), (4.27)

N
T, (ue) — T, (u) weakly in ) W&’pl(')(ﬂ).
I=1
Next, we need to prove the strong convergence in L'(Q2) of the sequence (g(x,u¢))g_.<; tO

g(x,u).
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Proposition 4.2. Assume (3.2)-(3.7) hold, and that the corresponding exponents p1(-),...,pn(-) and
s(-) are restricted as in (1.2). Then the sequence (g(x,ug))o<e<1 converges to g(x,u) a.e. in Q and

strongly in L1(Q).
The prove of Proposition 4.2 is similar to this in [12], so we omit the proof.
Lemma 4.2. The sequence (ug)o<e<1 satisfies the following energy estimate

i, pi(x)
lim lim sup/ a3 dx = 0.
n—eo o Jn<ue|<n+1} (= | 9%

Proof. Let ¢, be as defined in Subsection 2. Substituting ¢ = ¢, (u,) into (4.2) yields
/Q A(x, Vug) - Vi (ue) dx + /Qg(x, Ue)pn (1) dx = /Qfggbn(ug) dx.

) ou ) .
Since g—g‘j(pn(ug) = 1{n<|u£|<n+1}a—x€ a.e. in ), we deduce from this that
T l

Ot pi(x)

1
dx; dx< & /Q || fn(u) dx. (4.28)

lim sup
e—0  J{n<|uel<n+1} 5

Since u € L'(Q), we obtain the a.e. convergence of ¢,(u) to 0 as n — oo. Consequently as

|pn| < 1, by Lebesgue Theorem we deduce / |f| ¢n(u) dx — 0 as n — oco. Passing to the limit
Q

n — co in (4.28) yields the desired result. n

4.3. Strong convergence of truncations. To continue our proof of Theorem 3.1 we need the
following proposition.

Proposition 4.3. Fix any truncation level -y > 0. As e — 0, we have

pi(x (x)
a:r7 te) dx (4.29)
e—0 0x) axl
and
N
T, (ue) — T, (u) strongly in ) Wé’pl(')(ﬂ). (4.30)

I=1

Proof. We start by showing how (4.30) can be deduced from (4.29).
Proof of (4.30). We recall the following well-known inequalities, which hold for any two real
vectors a,b and a real p:

la — D], ifp>2
(alalP 2 ~blol )@ =b) 2 c(p) ¢ _la=bP 0, (431)
(Ia] + [b1)> 7

where ¢(p) =227 when p > 2 and c(p) = p—1when 1 < p < 2.



ANISOTROPIC EQUATIONS WITH VARIABLE EXPONENTS AND L! DATA 289

Therefore we have for p;(-) >2forl =1,...,N,

S N LT
{xeQup(x)>2} | Ox; ox;
x)—2 x)=2
</ OT, (ue) [ 72 9T, (ug)  [0T, () |72 0T, (w) (4.32)
= Ja a.X'l axl axl aJCl
T, (ue) 0T, (u) .
X ( % o ) dx =: E(e).

On the set where 1 < p;(-) < 2forl =1,...,N, we employ (4.31) as follows:

X
/ OT () 3Ty (u) "
(xeQ:1<p(x)<2} | 0X; 0x
AT, (1) T, (u) |P1(¥)
< / axl - Bxl
- : (x)@2=p(x))
{xeQ:1<p;(x)<2} oT, (i1e) N aT, (u ”lfl
Bx, axl
9T ( ) 9T ( ) p(x )(ZZ*PI(XD
u
X ) 4 | X dx
axl axl
‘an(ue) T, (u) [P1(*)
axl B E)xl
<2 P (x)2-p;(x))
(‘ 0T (u¢) 4 IBTV > 2
dx; 0x; L2/p1(x) (Q)
aT. o, ( Pz(x>(2;ﬁz(x))
oy (tte) 7 (
X (‘ Bxl + ‘ axl )
Lz/(Z—Pl(x))(Q)

2

‘aws) T,

X X ; /2
: ZmaX{ (/Q (aTy(ug)a l+ laTv(jl)l )2—Pz(x) dx) !

axl axl
)Wus) _anw|?

( / o, ax, dx) pl /2
’ 9T, (u¢) oT, (u 2—pi(x)
E)xl

+‘ axl
*max (/ oy le) | | |9Tow) pi) dx)(z—pf)/z
Q axl
pi(x) 1) /2
(/ (’aTW(%) + ) dx>( P }
Q axl

axl

oT, (u)
axl
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< 2max{ (pr — 1) 2(E@©) /2, (pr — 1) 2 (E()2)
Xmax{(/@ (‘aTgi?€) +‘8T7(u) )pl(x) dx>(2pz+)/2

axl
pi(x) 2-p7)/2
(/ (‘an(ug) N ) dx>< ) }
O axl

N
Since T, (u¢) is bounded in () W&’p’ ) (Q)) and using (4.27) and (4.29), it follows that E(¢) — 0

(4.33)

9T, (u)
8x1

I=1
as ¢ — 0. Hence, sending ¢ — 0 in (4.32) and (4.33) yields

pi(x)
lim [ |2Txle) 9Ty GO, (4.34)
e=0J0 axl axl
which proves (4.30).
Proof of (4.29). We substitute ¢ = S}, (1) V, in (4.2), where
Ve = Ty (ue) — Ty (u).
The result is
Jen+ T2n + 120 = Ten (4.35)
where
]81/” = / S;(uﬂ)A(x/ vus) : VVS dx,
]g,n = /ﬂsg(us)A(xlvug) -Vu Ve dx,
(4.36)
Bn = | g(x,ue)Sy(ue) Ve dx,

(u2e)
]s4,n :fafgS;(uS)ngx,

Our goal is to pass to the limit in (4.35)-(4.36) as € and n goes to 0 and oo, respectively, with
the truncation level -y kept fixed!
Limit of J?,. Using Lemma 4.2 and as supp S}, C [—(n+ 1), —n] U [n,n + 1], we obtain for any
n>2

Jdulg

pi(x)
o ) dx =0,  (437)

lim sup limsup |J?,| < Climsup lim sup / <1 +
n—o0 e—0 ’ n—o0 e—0 {n<|ue|<n+1}

where C is a constant independent of 7.
Limit of ]2, and J2,. In view of Lebesgue’s convergence theorem implies that for any n > 2

lim,_. ]gn = 0 and lim,_,g ]én = 0. (4.38)



ANISOTROPIC EQUATIONS WITH VARIABLE EXPONENTS AND L! DATA 291

Now we can pass to the limsup in (4.35) when ¢ — 0 and n — oo, respectively. The result is
that for any v > 0

pi(x)—2
oue Oue OVe 4y < (4.39)
axl axl axl

By the definition of S, (see Subsection 3), we have for any n > =

lim sup lim sup Sy (ue)
n—rco e—0 Q

S (us) e [P 72 u 9T, (ue) 9T (ue) [P
nile 0x; dx; dx; | 0x '
Using this and the definition of V;, we deduce from (4.39)
oT. pi(x) P25 T
lim sup 7 (1) dx < limsuplimsup | S} (u) Jite due 7 (1) dx. (4.40)
es0 Ja| 09X n—oo g0 JQ 0x; dx;  dx;
By the definition of S;, we obtain
e [P =2 Jug AT,q () [P 72 9T, 1 (ue)
/ THe _ ¢/ n+1\Me n+1\He .
Sy, (ue) o1, o =S (ue) o “om a.e. in Q).

Using the a.e. convergence of S}, () to S’ n(u) as e — 0, the boundedness of S/, and the weak

convergence of Ty 11(ue) to Tp11(u) in ﬂ W1 & )(Q) as ¢ — 0, together with an application of

I=1
the usual Minty argument, we obtain

du, [P =2 5y
/ _S € /
Sn(us) axl axl S ( )'

pi(x) =2 0T, 41 (u)
axl

aTn—i—l(”)
axl

weakly in L' () (Q)).
Sending ¢ — 0 in (4.40), we deduce for any n > v

pi(x)

oT. pi(x)=2 oT
lim sup 1 (te) dx <limsuplimsup | S, (u;) Jite du OT (1) dx
e—0 JQ 0x; H—r00 es0 JQ x| | dx; dx;
, AT, 1 (1) [P "2 9T, 1 (1) 9T, 41 (1)
— / n+1 n+1 n+1
= 11rnn_>sololp o S (u) ‘ ox; o, ox; dx
aTn—i—l ()
Tox dx.
(4.41)
The proof of Proposition 4.3 is completed. m

4.4. Concluding the proof of Theorem 3.1. Let S € C*(R) be such that supp S’ C [-M, M] for
some M > 0. Multiplying (3.1) by S’(u.) (where u and f are replaced by u, and f; respectively)
yields
— div (' (ue) A(x, Vi) ) + 8" (ue) Ax, Vite) - Vite = =8/ (u)g(x,ue) + fe §'(ue) in D(0).
(4.42)
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In the following we pass to the limit ¢ — 0 (in the sense of distributions) in each of the terms
in (4.42). Thanks to (4.27) and Proposition 4.2, it is easy to pass to the limit in the right hand
side term.

Let us consider the first term.

S (ue)A(x, Vue) = S (ue) A(x, VTn(ue)),
and, because of (4.30),
S (1e) A(x, VTar (1)) — S’ (1) A(x, VTa(u)) strongly in LPO)'(Q)).

Since
S'(u)A(x, VT (u)) = S’ (u)A(x, Vu),

this concludes passing to the limit in the first term in (4.42).
Let us now study the second term. Clearly, since supp S” C [—-M, M], we have

S"(ue)A(x, Vue) - Ve = 8" (ue) A(x, VTp(ue)) - VTa(ue) a.e.in Q.

Thanks to (4.30), the fact that S”(u,) converges to S”(u) a.e. in (), and the boundedness of S”,
the following convergence is true:

S" (ue) A(x, VTar(ue)) - VTar(ue) — S”(u)A(x, VTa(u)) - VTar(u)  strongly in L'(Q)) as e — 0.
This concludes the treatment of the third term in (4.42), as
S"(u)A(x, VTp(u)) - VTp(u) = S"(u)A(x, Vu) - Vu.

Let us derive the entropy formulation for the regularized sequence u,. Let ¢ € C.(Q)) and
consider ¢ = T, (ue — ¢) as test function in (4.2). The result is

/QA(x,VuE)-VTW( dx+/ x, 1e) T (1 /ng7 v (443)

Using the strong convergence of f; and g(-, u,), (4.27) and Proposition 4.3, we can pass to the
limits as ¢ — 0 in (4.43) to deduce

[ AG ) VT, =gy dx+ [ gleu)Ty(u—¢) = [ fT,(u=g)dx,
for all ¢ € C.(Q).

5. Uniqueness of renormalized solutions

The purpose of this section is to adapt some of the existing uniqueness results for elliptic
equations with variable exponents and L' data (see e.g. [27]).
We have the following theorem.

Theorem 5.1. The renormalized solution of problem (3.1) is unique and the comparison principle holds.
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Proof. In what follows, we let u, v be two renormalized solutions in the sense of Definition
3.2 with data f, g, respectively.
For u > 0, define the function S, in W>®(R) defined by S,(0) = 0 and

1, for |r| < u,
Su(r) =3 u+1—|r|, foru<pr|<p+1, (5.1)
0, for |r| > u+1.

Note that supp S), C [~ — 1,4 +1] and Sy, in W2*(R), thus we can take S = S, in (3.11).

N
The function T, ((Sy(u) — S, (v)) ™) belongs to ) Wé’p(')(()) N L*(Q), and thus it can be used
I=1
as a test function in (3.11).
Now, we use T, ((S,(u) — S,(v))") as a test function in (3.11) for u and for v with data f
and g, respectively, and then subtract the resulting equations. The result is

AP+ AR AR 4 ALY = /Q(fS;(u) — 85, (0)) Ty ((Su(u) — Su(v)) ") dx, (5.2)
where

Al :/ [s;(u)A(x,Vu) —S;(v)A(x,Vv)] VT, ((Su(u) = Su(v)) ™) dx,

ALY :/zs;;(u)n((sy(u)—sy(v)ﬁ)A(x,W)-Vudx,

AR _/ SI(0) T, ((Su(u) — Su(v)) ") A(x, Vo) - Vo,

Ay (S}(w)g (1) — 5}, (0)g (5, 0)) Ty ((Su(10) — Sy (0))*) dx.

"o
Observe that
AT = /Q(A(x,VSy(u)) — A(x,VS,(0))) - VT, (S, (1) — Su(0)) ) dx
+/ (S;(M)A(x,Vu) — A(x, VS, (1)) - VT, ((Su(u) — Su(v)) ™) dx
— j](S;(v)A(x, Vo) — A(x,VS,(0))) - VT, ((Su (1) — Su(v)) ") dx
= AT+ A + ALY

By the definition of S, we obtain from (3.3)

| 1y i ( pi(x) ) ;
A7, <C / 1+ x +
12 1= \M{u<lul<p+1}

<e(u),

u
E)xl

£
axl

pi(x) ) dx>

(5.3)

{p—r<[u|<p+1} (

for any u > ¢ > 0, where &1 (y) tends to zero as y — oo.
Along the same lines we obtain

AT < ea(), (54)
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where ¢, (1) tends to zero as y — oo. Next, observe that

S;{(r)‘ = 1y,<|r|<p+1}- Using this to
deduce

lim [457] = lim |47| =0

We let pg > 0 such that y > pp. Observe that
A’Wz/ A(x,Vu)— A(x,Vov)) -V(u—o)dx.
v {OSu—USV}ﬁ{\MI,IUISﬂo}( ( ) ( ) ( )

Using all the previous calculations, together with the facts that, as u — oo,

(S (u)g(x,u) = 5),(0)8(x,0)) T ((Su(u) = S (0)) ") — (g(x,u) = g(x,0)) T, ((u —0)7),
(fSp(u) = 85,(0) Ty ((Spu(u) = $p(v)) ™) = (f = &) Ty ((u —2)7),

strongly in L1(Q), it follows, by sending # — oo in (5.2) that
A(x,Vu) — A(x, Vo)) -V(u—0)dx < /Q(f — )T ((u—0) ") dx.
(5.5)

/{0§u—v§v}ﬂ{|ul,|v§uo}(

Supposing now f < g a.e. in () in (5.5), we deduce
N pi(x)=2 5,

ox;

ou
axl

i
axl

pi(x)=2 5. ) Ol

a—xl a—xl U—U)dx:O. (56)

1; /{0<M—v<7}ﬂ{|u|rlv<ﬂo} (
Sending v — o0 in (5.6) and using the inequality (4.31), we obtain

oT oT
o (1) = o (?) a.e. on the set {u > v} N{|ul, |v] < pp}.

axl axl
As y is arbitrary, we get
ou  Jdv
— =—ae. h ie. —v)T =0a.e. on Q.
2%, 8x1ae on the set {u > v}, ie. V(u—0) 0 a.e. on

Since (1 —v)* € W, (Q), we deduce
(u—ov)" =0ae. on the set Q,

ie. u <wva.e. on (). The uniqueness assertion follows from this comparison principle. n

6. Comparison between entropy and renormalized solutions

In this section, we extend a previous notion of entropy solutions and prove that they coincide
with the renormalized solutions we prove the following theorem.

Theorem 6.1. Under hypotheses (3.2)-(3.7) hold and the corresponding exponents functions p1(-), ...,
pn(-) and s(-) are restricted as in (1.2). Then, a function is an entropy solution of (3.1) if and only if
it is a renormalized solution of (3.1).
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Proof. We prove now that the entropy solution u satisfies all the other properties of the
renormalized solution. First we observe that the entropy solution u in Theorem 6.1 satisfies
the requirements that T, (u¢) € W&’p(x) (Q) for given v > 0. Inserting ¢ = T;(ue — Ty (1¢)) into
(4.2) gives

Alx,V -Vd/ , dz/T—T dx.
/{véuslévﬂ} (o, Vite) - Ve dx + {vswg\gm}g(x uefuedx = J feln(tte = Ty ue) ) dx
By (3.2), (3.5) and letting ¢ — 0, we have

N pi(x)

> | o s [ fla

= Hr<lul<y+1) | 9% {y<|ul}

then, we deduce the renormalized condition, that is,

ou
axl

pi(x)
dx = 0. (6.1)

N

lim /
'7%00121 {v<|u|<y+1}

Let (u,)¢ be a sequence constructed in (4.2), which satisfies the requirement that T, (1) strongly

converges to T, (u) in Wé’p(x)(ﬂ) for every v > 0.
Let S € C*(R) be such that supp S’ € [-M, M] for some M > 0. For every ¢ € C°(Q),

taking S'(ue) ¢ € W&’p’(x) (Q)) as a test function in (4.2). We get

/Q A(x, Vue)(S" (ue) Vue + S'(u) Vo) dx + /Qg(x, Vue)S (ue)pdx = /Qfgs’(ug)godx.
(6.2)
We start with the first integral in (6.2), we have

/Q A(x, Vite) (8" () 9 Vite + S' (1) V) dx = /Q A(x, VT, (1)) (S" (1e) pV Ty (1) + ' (11e) Vp) dx,
from (3.3), we have A(x, VT,(u)) is bounded in (L¥'®)(Q))N, then

A(x, VT, (ue)) = A(x, VT, (u)) a.e. in Q.
Hence, we get

A(x, VT, (1)) = A(x, VT, (1))  in (LF®(Q))N,
and since
S"(ue)pV Ty (te) + 8" (ue) Vo — S"()pV T, (u) +S'(u)Ve  in (L (Q))Y,
we deduce that
lim, g /Q %, VT, (1)) (S" (1) pV T, (1) + S' (11e) V) dx

A(x, VT, (1) (8" () gV T, (u) + §' (1) V ) dx
A(x, Vu)(S"(u)pVu + S’ (u) Vo) dx.

I
L'J\’Q\*A
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We next examine the second term on the right-hand side of (6.2), we have
S(ue) ¢ — S(ue) ¢ weak-x in L*(Q)), then

/Qg(x, ue) S'(ue) pdx — /Qg(x,u)S'(u)qodx, (6.3)
and
/Qf£ S'(ue) pdx —» /QfS'(u)q)dx. (6.4)
By combining (6.2)-(6.4), we deduce that

/QA(x,Vu)(S”(u)(qu—l—S’(u)Vgo) dx+/0g(x,Vu)S’(u)godx:/QfS'(u)godx, (6.5)

which is (3.11) in Definition 3.2. Then, we conclude that u is a renormalized solution to
problem (3.1). Thanks to uniqueness of renormalized solutions see Section 5, which concludes
the proof of the Theorem 6.1. n
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