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The paper focuses on the numerical analysis of the mass transfer of impurities from the 
wavy surface of molten silicon to the gas phase. The mathematical model is described herein, 
with the modelling of a wavy silicon melt surface being done with the moving mesh technique. 
The model employs assumptions about the mass transfer process on the surface, namely, that 
it can be modelled with effective diffusion across the interface. The assumption is verified 
against limited experimental data for a stationary melt surface, and reasonable agreement is 
obtained. Thereafter, numerical studies are undertaken for a wavy melt surface. The depen-
dence of impurity removal rate on the wave amplitude, wavelength and frequency is analysed. 
It is shown that the waves on the surface of the liquid increase the mass transfer rate in a certain 
parameter range. Finally, results are analysed to find an explanation for this increase and to 
determine technological factors that impact it. Surface enlargement due to waves and altered 
flow patterns near the silicon melt are determined as potential reasons for the improved impu-
rity removal rate. A dimensionless criterion for the minimal wave amplitude required to obtain 
improved impurity removal is found and discussed.

Keywords: Computational fluid dynamics, mass transfer, silicon refinement, surface 
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1. INTRODUCTION

The requirement for alternative energy 
sources, e.g., solar, wind, hydro, etc., is 
growing due to the exhaustion of fossil fuel 
resources, with growing energy consump-
tion and global warming. One of the most 
attractive sources is solar power, which is 
divided in two types – direct conversion to 
electricity (photovoltaics – PV) and solar 
power concentration systems. PV sys-
tems are more popular because they can 
be used for applications of different scales. 
As shown in [1], the energy cost for solar 
power has rapidly fallen, but it is attributed 
mostly to PV module efficiency improve-
ment, manufacturing optimisation and 
reduction in material intensity. However, 
the cost of raw silicon has seen an uptick 
since 2021, and PV cell costs are directly 
related to costs for raw materials, e.g., poly-
silicon. Reduction of energy consumption 
during production of polysilicon is one of 
the key steps towards solar power becom-
ing more accessible.

In 2012, it was shown that production of 
polysilicon constituted approx. 14 % of the 
total solar cell costs [2]. This number can be 
reduced by lowering energy consumption 
during solar grade silicon (SoG-Si) produc-
tion. Most silicon production starts with 
reduction of quartzite or sand with carbon 
materials [3]. Such a process can achieve 
a purity of up to 99 %. To achieve higher 
purity, there are two ways – the chemical 
and the metallurgical route. The metallur-
gical route consumes about 30 kWh/kgSi 
(kilowatt-hours per kilogram of silicon) of 
energy. In comparison, the chemical route 
such as the Siemens process, which is the 
most widely used refining process nowa-
days, consumes 65 kWh/kgSi [4].

In the metallurgical route for silicon 
production, directional solidification is used 

to remove metallic impurities. The most 
problematic elements are boron and phos-
phorus because their removal via the direc-
tional solidification method is limited due to 
their high segregation coefficients. In many 
investigations, phosphorus removal is found 
to be the most challenging task, since the 
purity threshold (<1 ppm) was not reached 
[5]. Although oxidation and slag refinement 
is a simple process for removing phospho-
rus from silicon, it is insufficient to reach 
the high purity threshold. The most popular 
approach for phosphorus removal is evacu-
ation. In [6], it was shown that the rate for 
phosphorus evaporation corresponded to a 
first order reaction and that under medium 
vacuum conditions the evaporation rate was 
determined by chemical evaporation at the 
surface and gas phase mass transfer.

For boron removal, a well-known 
approach is blowing oxidizing gas on the 
free surface of the melt [7]. The highest 
boron refining rates can be achieved with 
plasma refining, but it has a high energy 
demand. In reactive gas refining, the con-
centration of boron changes according to a 
first order rate law:

 (1)

where  is the boron concentration with 
indices after comma indicating time,  
is the area of interfacial surface between 
oxidizing gas and silicon melt,  is the 
volume of silicon melt,  is time,  is the 
boron mass transfer coefficient at the sur-
face, measured in μm/s (note that  does 
not denote Boltzmann’s constant within this 
paper). In fact, the reaction occurring at the 
interface is of second order; however, the 
concentration of the reacting gas is kept 
constant by continuously supplying gas to 
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the surface. Thus, the law describing reac-
tion rate becomes first order effectively.  
is determined experimentally and is depen-
dent on the oxidizing gas supply rate, the 
type of oxidizing gas, and melt tempera-
ture. Typical  values found in literature 
are 6–40 μm/s [7]–[9], and the value for  
is 2–5 μm/s for phosphorus [6]. The typical 
melt temperature is ≈1425 C. 

The creation of surface waves would, in 
principle, increase the S/V ratio, thus speed-
ing up boron removal. Though under normal 
operating conditions no waves are generated 

during the purification process, it has been 
shown that waves on liquid metal surfaces 
can be generated, for example, by contact-
less electromagnetic interaction in mercury 
both experimentally [10] and theoretically 
[11]. Estimating the surface enlargement 
from [10] according to Eq. (16) (see Section 
3.3.) with crucible radius  , 
wave amplitude  and wave-
number , the potential increase in the 
free surface is approximately 10 %.  There-
fore, it would potentially be of interest to 
create waves during purification to increase 
process efficiency.

2. MODEL DESIGN AND BOUNDARY CONDITIONS

2.1. Problem Description

The physical system considered in this 
study is that of a cylindrical tank, which 
contains molten silicon. The oxidizing gas 
is introduced via a centrally located cylin-
drical pipe directly above the melt. The 
impurities located inside the melt can then 
evacuate from it via the melt-gas interface 
and escape the tank together with the gas 
flow. Then surface waves are introduced on 
the silicon melt to study the impact of these 
waves on the overall purification efficiency.

In cases where this study focuses on 
the diffusion of the impurities on a larger 
time scale, the entire system (melt + gas) is 
modelled with a stationary interface. How-
ever, when the effects of a wavy surface are 
studied, only the gas domain is modelled. 
In this case, the silicon melt is only taken 
into account in the form of a boundary with 
a certain harmonic profile and a constant 
impurity concentration.

To reduce the need for substantial com-
putational resources, the problems are mod-
elled with 2D axi-symmetric geometries.

In this study, the gas blowing above the 

melt is assumed to have the same viscosity 
as dry air v = 1.51110-5 m2/s [12].

In the simulation where only the bulk 
gas is considered, calculations are done for 
a 2D axisymmetric geometry. In Fig. 1, the 
geometry and a representative picture of the 
computational mesh are given. In Fig. 1a 
the sketch of the geometry is shown. The 
mesh grid used for calculations is illustrated 
in Fig. 1b and 1c. As can be seen, the grid 
is more refined where deformations of the 
mesh take place, both to better absorb the 
mesh deformations and to resolve the diffu-
sion boundary layer.

The computational mesh was created 
using an open-source program SALOME. 
The number of elements in the mesh is 
15000. To arrive at this number, a mesh 
independence study was performed. An ini-
tial coarse mesh was progressively made 
finer and finer until no significant difference 
in the simulation results could be observed. 
The results obtained with the mesh used 
in this study differed no more than 1% 
from the previous calculation, which was 
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deemed precise enough in the scope of this 
research. A mesh twice as fine (i.e., face size 
of each element is two times smaller) gave 

no appreciable improvement to the results 
as compared to the mesh used in the study 
(deviations were less than 1 %). 

Fig. 1. Problem geometry and computational mesh.

2.2. Model Equations

To describe this problem, one needs 
to define the fluids in motion. The motion 
of an incompressible fluid is governed by 
the Navier-Stokes equations (Eq. (2)). 
The additional information necessary to 
describe fluid flow is the conservation of 
mass (Eq. (3)), expressed by the equation 
of continuity:

 (2)

 (3)

 (4)

The species transfer equation is written 
in the form of

 (5)

 (6)

Turbulence and turbulent viscosity are 
modelled with the standard  model.

These equations implicitly take into 
account the following assumptions:
•	 The fluid is incompressible;
•	 The fluids in consideration are Newtonian;
•	 The molecular diffusion coefficient of 

the impurities  is independent of spa-
tial coordinates;

•	 The effective diffusion coefficient  is 
composed of molecular diffusion  and 
turbulent diffusion terms.

Notably, heat transfer has been omit-
ted from the model equations, effectively 
solving the flow in isothermal conditions. 
This is a reasonable simplification because 
the technological process demands that the 
flow must be dominated by forced convec-
tion from the gas blowing, thus allowing for 
buoyancy to be neglected.

To numerically investigate the role of 
surface waves on impurity removal from sil-
icon, the open-source toolbox OpenFOAM 
is used. The main algorithm for calculating 
the flow and impurity transport is pimple-
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DyMScalarFoam, which is derived from 
the default OpenFOAM algorithm pimple-
DyMFoam, which calculates fluid flow for 
a dynamic mesh by deploying the PIMPLE 
algorithm. However, pimpleDyMFoam 
does not contain any other scalar diffusive 
transport equations, so a concentration dif-
fusion term has been added to the algorithm, 
renaming it to pimpleDyMScalarFoam (the 
name contains Scalar, but it can simulate 
both thermal and diffusion processes due to 
the equations being identical).

pimpleDyMScalarFoam solves fluid 
flow and concentration diffusion separately – 
first, it recalculates fluid velocity relatively 
to the moving mesh, then it solves a full 
PIMPLE cycle (ignoring concentration dif-
fusion), and, finally, calculates one step for 
diffusion with the newly obtained fluid vari-
ables. Therefore, the fluid impacts how con-
centration diffusion happens but not vice 
versa. It is thus implicitly stated that the 
gas above the molten silicon is dilute with 
respect to the concentration of silicon impu-
rities. The algorithm repeats additional iter-
ations until a residual of 10-6 is obtained. In 
this study, the PIMPLE algorithm runs with 
two outer corrector loops, one inner correc-
tor loop and one non-orthogonal corrector 
loop. The time domain is discretized with 
the Euler scheme, divergence terms are dis-
cretized with the Gauss upwind scheme and 
the Laplacian terms are approximated with 
Gauss linear corrected schemes.

Boundary conditions must also be set 
for the problem. The boundary conditions 
are summarised in Table 1. It is important to 
note that the chosen boundary condition for 
the value of impurity concentration on the 
surface of the molten silicon being constant 
c=1 is a simplification that neglects the role 
of transient chemical reactions and impu-
rity transport within the molten silicon itself. 
However, within the scope of this research it 
is an acceptable simplification (see Subsec-

tion 2.3). Inlet values for  and  were chosen 
to keep turbulence low at the inlet in order to 
allow for the system geometry, wave interac-
tion and impurity diffusion at the interface to 
dominate the effects on all physical processes.

In most cases, OpenFOAM has key-
words for standard boundary conditions. 
However, in this case, a custom boundary 
condition was necessary for the deforma-
tion of the boundary corresponding to the 
surface of molten silicon. To do this, a 
new boundary condition SineVelocity was 
defined, which moves the boundary points 
according to the law . 
The free parameters here are amplitude , 
wavelength  and period . The value of , 
which corresponds to the length of the mov-
ing boundary, is determined automatically. 
Despite the parameters  and  being free to 
choose from an implementation standpoint, 
the dispersion relation for gravity waves 
is nevertheless used as an approximation 
for the relation between variables  and . 
Generally, the dispersion relation for grav-
ity waves is:

 (7)

However, with the characteristic values 
of =10 m/s2, =5 mm, =0.7 N/m [13] and 

=2550 kg/m3 [14] for molten silicon, the 
ratio between the first term and second term 
in Eq. (7) is approximately 140, thus allow-
ing one to use only the first term in the dis-
persion relation. This permits rewriting the 
dispersion relation for variables  and :

 (8)

Once calculations are complete, the 
concentration flow field is integrated on 
the outflow boundary at every time step to 
obtain the total amount of impurity concen-
tration that has left the domain:
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 (10)

The value of  serves as the main com-
parative quantity between different calcula-
tions if inlet velocity remains fixed.

Note also that for turbulence param-
eters  and  wall functions are used despite 

the fact that mesh resolution strongly varies 
in different places in the mesh. This is not 
an issue because OpenFOAM automatically 
implements the correct approach (linear vs. 
log) in a stepwise manner according to the 
mesh resolution at a certain point near the 
wall.

Table 1. Summary of Boundary Conditions in the Simulation. WF – Wall Function, SYMM – Symmetry

Boundary Inlet Inner wall Outlet Outer wall Si surface Axis
Label (Fig 1) A B C D E F
Quantity

SYMM

SYMM

SYMM

WF WF WF SYMM

WF WF WF SYMM

Motion SineVelocity

2.3. Neglecting Chemical Reactions

The reaction scheme for partial boron 
oxidation with the oxidizing gas is described 
in [7]:

 (11)

 (12)

 (13)

For this research, reactions at the inter-
face were neglected. Instead, constant 
concentration of HBO was assumed at the 
silicon surface. This was done for several 
reasons. First, Sortland [7] argues that resis-
tance for HBO transport stemming particu-
larly from the reactions at the interface is 
very small and their influence on boron 

removal rate is negligible.
Second, the supply of H2O to the sur-

face depends on the concentration of H2O in 
the gas and the resistance of diffusion layer:

 (14)

where  is the mass transfer coefficient 
of the  from the gas to the interface, 

, – concentration of  in the 
gas and at the interface respectively. Here 
only  can vary spatially due to a differ-
ent thickness of the diffusion layer along the 
silicon-gas interface.

The same principle can be applied to the 
diffusion of  from the interface to the gas. 
Assuming good mixing in the silicon and 
slowly changing concentrations of  (char-
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acteristic time is several hours),  can be 
assumed to be constant along the surface; 
hence,  is also constant.

 (15)

Taking into account those consider-

ations, it is possible to simplify the model to 
a purely diffusion dominated impurity flux 
from the silicon to the gas in the boundary 
layer. The boron removal rate depends also 
on the amount of water vapor in the reactive 
gas, but this is not taken into account here.  

2.4. Submodel for Stationary Melt Surface

A variant of the model described above 
that also includes the molten silicon in the 
crucible was implemented in ANSYS Flu-
ent to, first, verify the assumption that mass 
transfer of impurities from the melt could 
be approximated by effective diffusion, and, 
second, to study whether impurity removal 
rate could be improved solely by manipu-
lating the gas flow above the melt. The 
model and its results are described more in 
detail in [15], but key elements are outlined 
here as well. Afterwards, the main model in 
OpenFOAM was verified against the sub-
model implemented in Fluent to obtain at 
least some verification of the main model.

In this separate study, a 2D axi-sym-
metrical crucible of radius  and 
centrally located inlet radius  
was considered. The height of the crucible 
was  H = 0.186 m and was filled up to half 
height with molten silicon. The top half of 
the crucible is filled with (initially clean) 
argon gas. Additionally, there is an inductor 

placed around the molten silicon that facili-
tates melt mixing. The current in the induc-
tor was  with frequency , 
the inductor had 10 turns and a total height   

 m. The material constants were 
silicon density  [14], silicon 
viscosity  [16], argon 
density , argon viscosity  

 [17]. The argon gas 
introduced through the top inlet was flowing 
in at a velocity of . The tem-
perature of the crucible was . 
Other boundary conditions are consistent 
with Table 1, except that in this model the 
interface between the melt and gas is no 
longer a geometric boundary. Instead, the 
silicon melt has an initial impurity concen-
tration , which can diffuse to the gas 
phase according to Fick’s law with a uniform 
diffusion constant . 
This corresponds to the diffusion coefficient 
for HBO gas [18]. A schematic representa-
tion of the model can be seen in Fig. 2a.

3. RESULTS AND DISCUSSION

3.1. Verification of Effective Diffusion Assumption

The submodel described in Section 2.4. 
was run in ANSYS Fluent. An exponential 
decay was obtained for the average con-
centration in the silicon melt with a char-
acteristic time of  (see Fig. 2b). This 
allows for the estimation of the coefficient  
according to Eq. (1), which gives the value 

. This value is both in agree-

ment with the range described in Section 1 
and with literature where experimental data 
are available for similar cases with silicon 
melt stirring [7], [19]. This agreement with 
other works appears to justify the assump-
tions made previously in this paper.

However, later on, a moving silicon melt 
surface will be considered, and this will be 



113

modelled with the algorithm pimpleDyMS-
calarFoam outlined in Section 2.2. To verify 
this algorithm, identical cases were studied 
with the pimpleDyMScalarFoam algorithm 
in OpenFOAM 4.1 and in ANSYS Fluent 18. 
The case was set up according to Table 1 
with a stationary melt surface and the same 
computational mesh was deployed in both 
programs. Upon comparing the results, the 
flow velocity fields and concentration fields 
matched, with differences of no greater than 
3 % across the domain for all physical quan-

tities and for the concentration flux at the 
outflow. Because the mesh independence 
study showed a dependence on the mesh no 
greater that 1 %, then the error of all results 
for concentration outflow is assumed to be 
3 % of the flux value. This is how error bars 
are calculated later in the paper. This slight 
disagreement between ANSYS Fluent and 
pimpleDyMScalarFoam is most likely due 
to slightly different implementations of wall 
functions and numerical schemes.

Fig. 2. Verification case setup and data of impurity concentration over time.

3.2. Simulations for Steady Surface with the Fluent Submodel

Because it was not clear whether the 
gas velocity and thus also the turbulence 
and the thickness of the boundary layer are 
the main parameters responsible for the 
removal of boron, an assumption was made 
that it was the uniform distribution of the 
incoming (clean) oxidizing gas across the 
surface which could enhance the purifica-
tion rate. For this reason, simulations with 
a steady (flat) free surface were done for a 
different number of lances of the incoming 
gas jet (see [15]). More jets may lead to a 
more uniform distribution of the incoming 
gas and the normal gradient of concentra-
tion would be equal across the free surface.

Quasi-stationary gas and silicon flow 
patterns and boron concentration distribu-
tion are shown in Fig. 3. Similar distribu-
tions are also obtained with a 3D model 
(see [15]). The time scale in plots is scaled 
according to , where  – diffu-
sion coefficient of HBO in gas,  – crucible 
diameter. Thus, time scale  corre-
sponds to the diffusion time scale.

The computed integral boron concentra-
tion in silicon during long-time refinement 
process is shown in Fig. 4 – dotted and solid 
lines for 2D and axi-symmetrical 3D mod-
els with a single lance (n = 1), accordingly. 
The estimated dimensionless boron mass 
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transfer coefficient value  based 
on simulation of refinement is  
for 2D model; for the axi-symmetrical 
3D model the estimated value is by 10 % 
greater –  (see Fig. 4).

Fig. 3. 2D scheme of boron removal from silicon 
with gas jet:  and  – silicon and gas Reynolds 

numbers and  – boron concentration contours, 
where  and  = , obtained with 

2D model for flow time .

The computations are performed for 
different numbers of lances n = 1, 2, 3, 4, 5, 
13. The total flow rate of all gas jets is con-
stant and equal to the flow rate of the gas 
jet for the model with a single lance. The 
coefficient  as a function of the number 
of lances n is shown in Fig. 5 (blue scale 
and triangles). The obtained results show 
that the largest value of  corresponds to 
a single lance system. A possible explana-
tion is connected with the analysis of gas 
flow patterns in the vicinity of gas–silicon 
interface:
•	 The gas flow rate in each single jet for 

a multiple lance system is lower; hence, 
the turbulence is lower;

•	 Gas jets decelerate each other;
•	 The inertia of the incoming jet is lower 

and, thus, less gas reaches the surface, 
and the diffusion boundary layer is 
larger in case of multiple jets.

A very important issue here is the size of 
the diffusion boundary layer. This is essential 
in a real process where chemical reactions 
take place. As already noted, this is modelled 
instead via effective diffusion. A simple way 
of viewing the influence of the boundary 
layer is following the path of a single oxygen 
molecule. Oxygen with a water molecule dif-
fuses through the boundary layer with a mass 
transfer coefficient , then water reacts 
with boron (reaction Eq. (12)), and HBO 
is removed from the system, first through 
boundary layer with , and then with gas 
in bulk flow. For boron removal, two diffu-
sion processes must follow each other.

Figure 5 also shows the dependence of 
the mass transfer coefficient on the height 
of the lance (distance from the silicon 
surface). It is visible that there is a slight 
enhancement of mass transfer if the lance 
is moved closer to the surface – an increase 
of  by moving the lance from the distance 

.
Simulations with slanted lances were 

also performed; however, the coefficient   
decreased by 30  % when the angle of the 
slope  increased by  as measured 
from the vertical line.

This suggests that it is not possible to 
improve the purification rate by manipulat-
ing only the gas flow – different numbers 
of lances and/or diameters of lances and/
or sloping angles of the lances do not give 
any improvement when the total mass flow 
rate of the gas is kept constant and the lance 
height is kept constant as well.

Therefore, to obtain any improvement, 
an investigation on the wavy melt surface 
is required.
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Fig. 4. Boron integral concentration  (where ) 
in silicon melt as a function of silicon 

refining process time  for different numbers ( ) 
of vertical ( ) gas lances.

Fig. 5. Boron mass transfer coefficient  at the gas-silicon interface for vertical ( ) gas lances: (red 
scale and triangles)  as a function of gas lance height lance-to-melt with a linear trend line (solid) (blue scale 

and triangles)  as a function of the number of lances n for  with power trend line (dotted).

3.3. Wave Parameter Impact on HBO Diffusion

From here on out, the wavy silicon sur-
face is considered. To study the impact of 
molten silicon surface waves on impurity 

diffusion away from the silicon, numeri-
cal calculations were performed with the 
main model in OpenFOAM. The criterion 
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for the quality of impurity diffusion is the 
concentration flow which flows out of the 
computational domain . Surface wave 
amplitude, frequency and wavelength are 
chosen as independent parameters to study 
the impact on impurity removal. The role of 
the impurity diffusion coefficient  on the 
factors determining impurity evacuation 
rate will be discussed later in Section 3.5.

In our calculations, no case went 
above a dimensionless wave amplitude of 

. This is because waves larger 
than that approach the limit at which they 
would be expected to deform and crash. 
Furthermore, the obtained data were also 
normalized by the enlargement of the sur-
face area due to waves to determine whether 

the improvement in impurity removal was 
solely due to the surface area enlargement. 
Since the surface waves are assumed to be 
harmonic in the scope of this research, one 
can analytically calculate the surface area 
of the wavy surface with basic calculus. To 
obtain the surface area enlargement, one 
must then divide the enlarged surface by 
the original surface of the stationary melt. 
Thus, the average surface area enlargement 
 over time can be calculated numerically 

by using:

 (16)

where  is the crucible radius and  is the 
wavenumber of the surface waves.

3.3.1. Effect of Frequency

First of all, the effect of wave oscilla-
tion frequency on impurity diffusion was 
studied. It is important to note that in this 
part of the study, frequency was considered 
independent of wavelength (that is, only 
the wave oscillation was changed while the 
wavelength was kept constant  m). 
Later in the study, the dispersion relation 
was taken in account to model the relation-
ship between frequency and wavelength. 
As can be seen in Fig.  6, no change was 
observed – the mean value of the total impu-
rity concentration flow away from the com-

putational domain was unchanged. Changes 
could be observed only in small time scale 
oscillations (at the same order of magnitude 
as the wave oscillations themselves) which 
did not affect long-term processes (such as 
the overall purification of the molten sili-
con). The frequencies studied were around 
the base frequency  for the chosen base 
wavelength . According to 
Eq.  (8), . The error bars for 
Fig. 6 (and further figures from here on out) 
are calculated as described in Section 3.1.

3.3.2. Ef﻿fect of Amplitude

A series of calculations with fixed wave-
length and variable wave amplitudes was 
computed. In Fig.  7, a clear upward trend 
with increasing wave amplitude above the 

error threshold for the impurity concentra-
tion outflow can be observed. Furthermore, 
the normalized data almost agree with the 
stationary surface effective diffusion rate.

3.3.3. Effect of Wavelength

Next, a series of calculations with fixed 
amplitude and variable wavelengths was 
computed. In Fig. 8, an upward trend beyond 

the error threshold is also observable. The 
data were once again normalized to surface 
area enlargement. In this case, despite hav-
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ing approximately the same dimensionless 
amplitudes, the observed concentration out-

flow values differ significantly.

Fig. 6. HBO concentration outflow as a function frequency, .

Fig. 7. HBO concentration outflow as a function of dimensionless wave amplitude for  
variable amplitudes. Amplitude is normalized to .

Fig. 8. HBO concentration outflow as a function of dimensionless wave amplitude for  
variable wavelength. The amplitude is constant .
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3.4. Factor Analysis

In both cases of variable amplitude and 
variable wavelength, an improvement for 
integral concentration outflow is observed. 
There are multiple factors that could con-
tribute to this.

To begin, there is the surface area 
enlargement due to waves. As impurity dif-
fusion occurs via the surface, a larger sur-
face area would also mean increased dif-
fusion. In the variable amplitude case, this 
would almost suffice as an explanation – 
as can be seen in Fig.  7, the normalized 
data agree with the original stationary sur-
face diffusion rate within a margin of error 
(except for the final two points). However, 
this does not explain the data obtained with 
variable wavelength. Here, the normalized 
data do not agree with the stationary diffu-
sion rate. Therefore, some other mechanism 
must be in play.

As [20] has shown, thermal diffusion 
for inclined plates (with respect to the 
incoming flow direction) increases with an 
angle of attack. The flow above the surface 
waves is practically horizontal (consider 
Fig. 10), so the flow regime is not unlike the 
one studied by [20]. Therefore, the angle of 
the surface wave crests with respect to the 
incoming flow plays a role in the improve-
ment of the diffusion rate. As the value of  

 increases, so does the maximum angle 
of the wave, thus improving diffusion. This, 
for example, could contribute to the dispar-
ity for the final two points for the normal-
ized data in Fig. 7.

Furthermore, it can also be shown that 
waves with a larger dimensionless wave 
amplitude generate greater turbulence in 
the vicinity of those waves. To support this, 
additional supportive calculations were 
performed in ANSYS Fluent, in which the 
flow close to the waves was studied. In 
Fig. 9, eddy viscosity  near the waves 

is larger for the case when the amplitude 
is also greater. This has a direct impact for 
impurity diffusion as well – turbulent dif-
fusion is far greater than molecular diffu-
sion ( ); thus, eddy viscosity is 
a deciding factor for the rate of diffusion at 
a certain point in the flow. For larger wave 
amplitudes, turbulence near waves is also 
greater, facilitating better impurity removal 
from the area immediately next to the 
waves. This is in accord with a similar study 
done in [21], where an analogous problem 
is studied for heat diffusion in wavy chan-
nels.

Finally, the flow characteristics above 
surface waves must also be considered. All 
of the factors considered thus far affect dif-
fusion uniformly across the whole surface. 
However, the flow above the waves intro-
duce a certain asymmetry. In Fig. 10, the 
flow velocity vectors show that the flow 
both near the axis of the geometry (left-
most side) and next to the wall (rightmost 
side) is stagnant. In these stagnant points, 
particularly near the wall, a stable concen-
tration gradient can form, as opposed to the 
waves in the middle, where no stable gra-
dient can form. Because of this, diffusion 
is more intense where the flow is closer to 
the waves, and less intense in the stagnant 
points. Therefore, all the previously dis-
cussed effects also have a more pronounced 
effect for waves in the middle and less so 
for the waves near the edges of the geom-
etry.

This effect allows for illustration of the 
tendency seen in Fig. 8. Even though values 
for  were the same for both the cases 
of variable amplitude and variable wave-
length, the integral concentration outflow 
differs significantly. This means that chang-
ing amplitude at a fixed wavelength and 
changing wavelength at a fixed amplitude 
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is not the same in terms of effect produced, 
even if it is in terms of dimensionless ampli-
tude. This may be explained by the effect 
just discussed – when the wavelength is 
shortened, more waves appear in the active 

diffusion zone, allowing for all the previous 
mechanisms to have a more pronounced 
effect, leading to an increase in concentra-
tion outflow.

Fig. 9. Eddy viscosity near waves for different wave heights.

Fig. 10. Flow regime directly above the surface waves. Vectors denote velocity,  
background coloring denotes concentration of HBO.

3.4.1. Role of Molecular Diffusion

Up to this point, the role of molecular 
diffusion of HBO has not been analysed. 
Namely, the Peclet number in all cases con-
sidered up to this point was nearly the same. 
A separate study has been done to deter-
mine how the Peclet number impacts the 
results so far discussed. In this study, five 
otherwise identical cases were simulated 
with different values of . To calculate , 
one must choose a characteristic length 
and velocity. Because the silicon-gas inter-
face is of interest, the characteristic length 
is chosen equal to wave amplitude and the 
characteristic velocity is chosen as the gas 
velocity directly above the interface. To 
better understand the factors impacting 

impurity removal, this study also considers 
the impact of different  numbers near the 
melt-gas interface.

To determine this, simulations exactly 
like described in Subsection 3.3.3 were run 
again, but with modified molecular diffu-
sion coefficients for the impurities in order 
to obtain different  numbers. It was found 
that for certain values of , the surface 
waves had no impact whatsoever on the 
concentration outflow – it remained the 
same for all combinations of dimension-
less amplitudes and never showed a value 
larger than for the stationary surface with-
out waves. However, for larger , the char-
acteristic impact discussed previously reap-
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peared (see Fig. 12).
The different values of  dictate the 

extent to which impurities can diffuse into 
the gas phase at a given time. It was empiri-
cally determined that if the molecular dif-
fusion length was large with respect to the 
amplitude of the waves, the waves could 

no longer impact the diffusion of HBO (see 
Fig. 12). Clearly, if the impurities quickly 
diffuse into the gas, then wave phenomena 
below this characteristic diffusion length 
have a diminishing impact. A side-by-side 
comparison of two cases with different val-
ues of  can be seen in Fig. 11.

Fig. 11. Diffusion length at time t when the gas hits the melt surface for  
(a) a large value of  (b) a small value of  .

Fig. 12. HBO concentration outflow as a function of dimensionless wave amplitude for a variable amplitude at 
different values of .

It is hypothesized that a dimensionless 
parameter  that relates the molecular diffu-
sion length to the amplitude of the waves 
is important for forecasting whether surface 
waves will have any impact on the overall 
diffusion of HBO impurities to the gaseous 
phase. It is defined in the following way:

 (17)

where  is the surface wave amplitude and  
is the period of oscillation for these waves. 

It has been observed that  should be at 
least larger than unity for surface waves to 
have an effect on the impurity diffusion at 
the surface (see Fig.  12). This dimension-
less number relates the wave amplitude with 
the characteristic diffusion length over one 
oscillation period. The reasoning behind 
choosing such a definition for this number 
is that the “period” of diffusion is also the 
wave period – that is to say that the global 
gas flow removes diffused impurities from 
the interface once per wave oscillation.
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In Fig. 12, one can note that for values 
of  the existence of waves does not 
impact the outflow of HBO at all (at least 
within the amplitudes considered within 
the study). The behaviour considered previ-
ously in this paper, however, is described by 
the points corresponding to . One 
can note that, as  approaches 1, the sur-
face waves begin to affect the HBO removal 
process, but not quite to the extent as pre-
viously determined. When , practi-
cally the same behaviour is retained as 
when . This is in accord with our 
hypothesis that there is a requirement for 

 for surface waves to have an impact 
on the impurity removal phenomenon.

This may be counter-intuitive – greater 
diffusion of impurities to the gas phase 
leads to less effect from the wavy surface. 
However, this does not mean that the con-
centration outflow is less. In Fig.  12, the 
value on the vertical axis is the normalized 
concentration flow, meaning that the abso-
lute concentration flow rates can be differ-
ent for each case. In fact, total concentration 
outflow grows with an increasing diffusion 
coefficient – which is because more impu-
rities can diffuse into the gas phase. How-
ever, as diffusion increases, the diffusion 
length also becomes greater, meaning that 

the wavy surface has less impact on the pro-
cess efficiency because it is below the char-
acteristic length of diffusion. For example, 
in Fig.   11 (a) the value of , and in 
Fig. 11 (b) the value of . The first 
case showed a pronounced effect of surface 
waves on impurity diffusion, the second 
displayed none.

In real-life applications, it is impossible 
to impact the molecular diffusion coeffi-
cient of some particular substance. How-
ever, in practical terms, this allows for the 
calculation of the minimum wave ampli-
tude required to observe any improvement 
in effective diffusion (also in terms of wave 
frequency  if one assumes that  must be 
larger than unity:

 (18)

Thus, for a given system, one must gen-
erate waves of at least such an amplitude to 
expect any meaningful improvement for the 
molten silicon purification process. Esti-
mating this value from [10], using  
and  for HBO gas, the minimum wave 
amplitude . For a small 
crucible it is an unfeasible limitation, but 
for larger crucibles wave amplitudes of a 
few centimeters should be attainable.

4. CONCLUSIONS

In the analysed surface-to-gas diffusion 
problem, it was shown that the increased 
number of jets directed at the surface could 
not ensure better mass transfer from the 
surface at the fixed gas flow rate. For this 
reason, the wavy surface was analysed and 
it was found that it increased the effective 
diffusion rate of impurities from the surface 
by means of several phenomena:
•	 waves increased the surface area and 

thus also the effective diffusion rate;

•	 they altered the flow patterns near the 
surface, generating more turbulence 
near the surface and leading to better 
turbulent diffusion;

•	 a decreased diffusion boundary length 
due to an angle between the main flow 
and the surface also improved the impu-
rity removal rate.

However, a limitation for the effective 
diffusion from the surface at large molecu-



122

lar diffusion coefficients was found. This 
limitation is linked to the ratio between the 
characteristic molecular diffusion length 

and the wave amplitude, making this 
approach unsuitable for small systems.
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