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Abstract: The blending interpolation has many practical applications. Remind that blending
interpolation is to interpolate a function at an infinite set of points: segments, curves, surfaces, etc.
Thus, if one gives the contour of an object by such elements (segments, curves, surfaces) using a
blending interpolation, we can generate a surface that contains the given contour. Hence, we can
construct a surface (a blending function interpolant) which matches a given function and certain on its
derivatives on the boundary of a plane domain (rectangle, triangle, etc. The aim of this paper is to
construct some surfaces which satisfy some given condition on the boundary of a domain that can be
decomposed in triangles with one curved side. We construct some new surfaces using some Lagrange,

Hermite, Birkhoff and Nielson type operators.
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1. Introduction
In paper [8] the authors consider

“a standard triangle 7,, having the vertices
V, = (h,0),V, = (0,h) and¥, = (0,0),
straight sides TI,T,, along the coordinate
axes, and the third side T, (opposite to the
vertex V), which is defined by the one-to-

one functions f'and g, where g is the inverse
of the function f, i.e., y = f(x)and x=g(y),

with f(0)=g(0)=hand F a real-valued

function defined on 7,”.

In paper [1] we introduce “ an Lagrange
operator which interpolate the function F on
cathetus, on the curved side, but also on a

interior line of the triangle 7,”.
We considered the case when the interior

two
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line is a median. Then in [2] we introduce
“Hermite and Birkhoff type operators
which interpolate a given function and
some of its derivatives on median of the
same triangle”.

The aim of this paper is to construct some
"surfaces which satisfy some given
condition on the boundary of a domain that
can be decomposed in triangles with one
curved side” (see [6]). We construct some
new surfaces using some Lagrange,
Hermite, Birkhoff and Nielson type
operators introduced in [1], [2] and by
authors in [6], [8].
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Figure 1:Triangle 7~’h

2. Surfaces generated by Lagrange,
Hermite, Birkhoff and Nielson type
operators

In [8] “Supposing that F' is a real-valued

function defined on 7, ,and it has all partial
derivatives needed”. We consider four types
of interpolation operators defined on 7, .
- the Lagrange interpolation operators L;
and L) defined by [8] and [1]: ”
LF)) =LY P )+ s £, (1)

f(x) (%)
(LF)(x, ) = 2x-h+y)x-g() F(0.y)

(h-»)g(»)
F h-y ,yj

4x(x-g(y)) (
(h=y)h-y-2¢(y) \ 2

x(2x—=h+y)
F ) 9
Og) ey B

- the Hermite interpolation operators H
and H,, given by [8] and [1]:
y _ /)=y (x) +2]
(HiF)(x,y) = 0
N y[f(?? - FO(x,0)
/()
N V' [3f(x)=2y]
JAIE)
LY =)
()

F(x,0)

F(x, f(x))

FOV(x, f(x)),

(H,F)(x,y) =
Qx—h+y)’[x-g»]"
(y-h'g’ ()
(g —h)+2x(y —h—2g(¥))]- F(0,)
n x(2x—h+ J’)z[x _g(J’)]Z FO0 0,7)
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F(h;y j+8x2[x—g(y)]2(2x—h+y)_
2’ (h=y)’[y—h-2e()
x(2x —h+y)*

F(I,O)[ _y’yj 3 ~.
2 g WR2g(y)—h+y]

[g(»)A0g(y) —3h+3y)+2x(h—y—4g(y))]

Fle(), x—gWIRx-h+y)’
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- the Birkhoff interpolation operators B;
and Bj, given by [8]:

(13

(ByF)(x,y)=F(g(»),»)

+[x = g(MIF(0, ),
(B F)(x,y) = F(x, f(x))

+[y = f(IF ™) (x,0),

(1)
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- the Nielson type interpolation operators
given by [6]:

(N E)(x, p) = YF(x, (X)) +
+(1=f(NF (), »),
(N,F)(x,y) = F(0, )+ F(x,0) - F(0,0).

13

)

“Using the natural condition that the roof
stays on its support, i.¢.,

F"H =0and FV2M =0, we get that

N R
(Ll F)(xay) - f(X) F()C,O), (3)
(L3 F ) y) = DLW gy

(h=»g(»)

For obtaining the first class of surfaces, we
consider the Boolean sum of the Lagrange

type operators L; and L), namely,

(rer _S-y
S, =1 ® LyF )x,y) = e F(x,0)

L @x- h+y)(x—g(y) F(0.)
(h=y)g(»y)
LSy Cx—h)(x—h) F(0.0)

S () h’
7 (see [4])

(4)
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Theorem 1. [7] “If Fr3 =0, Fr3 =0,
then we have the following properties of the
operator S, :

(S, F)(x,0) = F(x,0),

(S,£)0,y)=F(0,y),

(S, F)x, £(x))=0.

Proof. The proof follows directly by the
expression of S, from relation (4).

In the second level of approximation we use
the Birkhoff interpolation operators given
in(1), taking into account the conditions

ﬂ& = OandFV2M =0..e,

(B; F)(x,») =[x~ g(MIF""(0,),

()
(B F)(x,y) =[y = f(0)1F " (x,0).

We apply the following approximations:
F(x,0) = (B; F)(x,0) = (x=h)F " (0,0),

F(Oa J’) ~ (BsyF)(O’ y) = (y _h)F(O’l) (030)3

and by (4), we obtain the following class of
surfaces:

)=y .
(S, F)x,y) = TR (B; F)(x,0)
Qx—h+y)x-g(y) B FY0
T ey PO
@)=y Cx=ME=h) g
f(x) h? "

ie.,
(5,7 ) ) = LD (e iyt 0.0)
J(x)
_@Cx-h+y)(x-g(()
g)
_S@ -y Cx=WG=h) g o
S () h’
“For obtaining the second class of surfaces,
we have the Boolean sum of Nielson type
operators N,and N,, obtained for the

condition that F r, = 0 (see [6]):

F(0,0)




(S,)=yF (0, f(x)) + (1= y)F(x,0)
+[h+y—-1- f(x)]F(0,0) ©)
—[h=1=f()]F(0,)

+[f(x) = h1F(g(»),0).

“In the second level we use the Hermite
interpolation operator Hj and H,, taking

into account the condition F| n = 0.ie.,
[f ()= yPLf (x) +2y]
(%)
n Yf(x)— y]2 F(O,l)(x 0)
1) ’

yZ[y_f(x)] 0.1)
+—f2(x) F™0(x, f (X)),

(H3 F)(x,y) = £(x,0)

(HyF)(x,y) =
Q2x—h+y)’[x-gO)]
(y=-h'g’(»)
e —h)+2x(y—h—-2g(y))]- F(0,y)
L XQx—h+ )’ [x =g Lao 0.7)
(y-h’g*(»)
N 8x’[x—g(W'2x—h+y)
(h=y)[y—h-2g(»N]

F“’O)[h;y,y}r

F(g(y), ).

g MRg)-h+y)

We apply the following approximations:

F(0,y) = (H;F)O0,y)
_(h—y)’(h+2y) F(0.0)
W’ ’

n y(hhzy) F(o,l)(0’0)+ Yy (2/2 h)F(O’l)(O,h)

F(X,O) = (H;]F)(X,O)
(2x — h)* (x — h)> (h + 6x)

e - F(0,0)
_ 2 _ 2
Jrx(2x h)4(x h] F“’O)(O,O)
h

Clx-gWI2x—h+y)*
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N 8x*(x—h)*(2x —h)
h4
N x*(x—=h)Qx—h’
h4
7 (see [4])

and using the form of S,, we obtain the

e
2

L FU0 (h0).

following class of surfaces:

(S,1)(x, y) = y(H 3 F)O, f(x)) + (1= y)(H 3 F)(x,0)
+[h+y=1-f(x)]F(0,0)
—[h=1=f(OI(H3F)O, )

+Lf () = h](H 5 F)(g(),0).

i.e.,

= y2f () + RIS (x)—hT

(S,F)(x,y) —{ X
L (=0)@x=h)*(x=h)’ (h+6x)

hS
+h+y—1-f(x)]
[h—1- f(x)]2y +h)(y —h)’

h3
L) -hl[2g(n) - AT [g()—hT'[h+ 6g(y)]}
h5
2

F(0.0)+ {—yf(x)[]izz— S )]

_ Vh—1- f(x)](h _J’)z F(O,l)(o 0)
n ’

. {—yfz(x)[f(x)—h]
h2

+

U1 S @I0=0) o )
h* |
+ {(l - »)x(2x—h)*(x-h)*
h4

L Lf ) - hlg(2g(n) — A [g() AT’ }
h4




00 (0,0 | (=280 @ ==’
) h4

L) - 8g* (1[28(») ~ Mg ()~ h)’ }
h4

F(l,O)(ﬁ,Oj N {(1 —x*Q2x—h)*(x—h)
2

h4

VA hlg® (n2g(y) -’ [g(») - h]}
h4

F0(h,0).

Other classes of surfaces may be obtained

using the conditions

Fp =F"r, =F", =0, (7)
F"VZM = F(l’o)\VzM =0.

We consider the boolean sum of the
Nielson type operators given in (6), taking
into account the conditions (7).

In the second level we use the Hermite

interpolation operators H; and H,, taking
into account the conditions (7), so we have
x) =y [f(x)+2
/(%)
_ 2
+ y[f();) y] F(O,l) (x,o),
/()

(HyF)(x,y) =
Qx—h+y)’[x—gW]’
(y=h’g*(»)
(g —h)+2x(y —h—2g(y))]- F(0, )
L XQx—h+ )’ [x= g oo 0.9,
(y=h’g*(»)
Using the following approximation:
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F(0,y) = (H3F)(0,y)
_(h—y)’(h+2y) F(0.0)

_ 2
+ y(hhzy) F(O,l) (0,0)

F(x,0) = (H5,F)(x,0)
(2x—h)*(x = h)* (h + 6x)

PE - F(0,0)
_ 2 _ 2
N x(2x h)4 (x—h] F 00 (0.0).
h

We obtain the following class of surfaces:

(S3F)(x, ) = y(H3Z F)O, f(x)) + (1= y)(H 5 F)(x,0)
+[h+y 1= f(x)]F(0,0)
—[h=1=f(OI(HF)0, )

+1f (x) = hI(H , F)(g(1).0),
further given as

— 2/ (x) + AL/ (x) = AT’
h3
N (1-y)2x—h)*(x—h)*(h+6x)
hS
Hha+y—1-f(x)]
[h—1- f(0)12y+ )y —h)’

(S:F)(x,y) = {

+
h3
™) -h2g() — Y [g() - AT [h+ 6g(y)]}
hS
F(0.0)4 | 22 =S (T
b h2



A== J @I | pan(g )
" ’
{(l —0)xQ2x—h)’(x—h)’
h4

L LS00 = heW2g(y) - h'[g(») ~ T’ }
h4

F®9(0,0).

3. Numerical examples
Example 1. “Consider F': Th —> R,

2 4+ v = h2)?
F(x,y):( Y )

xT+y +1

and f(x)=~vh>+x*,h=4"(see [7]).
In figure 2 we plot the graph of surface
S\F.
Example 2. “Consider the function
f(x)=vh*+x> h=1andF:T, - R.
In Figure 3 we plot the graphs of surface
S, F assigning to the data

(F(o,O),F“"” (0.0), F (g,o}w (hO).

FO(0,0),F™(0,h))

the values (-1,-1,1,1,-1,1)”, (see [7]).
Example 3. “Consider the function
f(x)=vVh*+x> h=1andF:T, > R.

In Figure 4 we plot the graphs of surface
S, F assigning to the data

(F(0,0), 7 (0,0), F " (0,0) ) the values
(17_171)“5 (See [7])
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Figure 4:The surface S,
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