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Abstract: Reliable estimation of the discharge coefficient Cd is central to sharp-crested weir hydraulics, yet data-driven 

models are commonly evaluated with random train-test splits that can overstate generalization when experiments are 

structured by discrete geometries. Using a reconstructed run-level dataset for triangular planform weirs (n=123) spanning 

vertex angles θ ∈{30o,60 o,90 o,120 o,150 o,180 o }, this study benchmarks tabular regression under (i) random 80/20 

splitting, which represents interpolation within a mixed-geometry dataset, and (ii) a leave-one-angle-out (LOAO) protocol 

that enforces geometric domain shift. Dimensionless predictors are derived from Buckingham-π reasoning and formulated 

to remain numerically stable as θ →180°. Under random splitting, gradient boosting achieves high accuracy, whereas 

LOAO reveals substantially weaker generalization, with the largest errors near the θ = 180° regime transition. For 

uncertainty quantification, global split conformal intervals are near-nominal under random splits but severely under-cover 

under LOAO, indicating that calibration residuals are not transferable across geometries. CV-pooled residual calibration 

restores LOAO coverage at the cost of substantially wider intervals. Finally, combining k-nearest-neighbor distance-based 

out-of-distribution detection with a two-tier interval policy yields intermediate operating points that better balance 

reliability and sharpness when deploying beyond the calibration envelope. Overall, the results indicate that apparently 

strong interpolation performance can conceal important geometric extrapolation failures, and that safe deployment on 

novel weir geometries requires explicitly shift-aware uncertainty quantification. 

 

Keywords: Triangular planform weir; Discharge coefficient; Domain shift; Conformal prediction; Out-of-distribution 
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1 INTRODUCTION 

 

Reliable estimation of the discharge coefficient Cd is 

fundamental to sharp-crested weir hydraulics for discharge 

measurement, diversion design, and operational water-level 

control. In practical rating relations, Cd aggregates deviations 

from ideal flow assumptions, including approach non-

uniformity, streamline curvature, boundary-layer effects, local 

separation, and aeration, into a single coefficient linking 

discharge and head. As a result, uncertainty in Cd directly affects 

discharge capacity estimates and flow accounting. 

Classical empirical or semi-analytical formulations remain 

widely used, yet their transferability often degrades when 

geometry or operating conditions depart from calibration 

regimes, a concern that becomes acute for nonstandard 

planforms where geometric changes can alter contraction and 

loss mechanisms. The continuing emphasis on case-specific 

calibration in recent studies underscores that Cd is not 

universally transferable across configurations without explicit 

treatment of regime differences (Haghbin and Sharafati, 2022). 

Dimensional analysis offers a principled route to reduce scale 

dependence and improve comparability across conditions. For 

free-surface flows in which inertia–gravity balance dominates, 

Froude similarity motivates nondimensional predictor groups 

that compress hydraulic and geometric influences into 

interpretable variables. However, nondimensionalization does 

not guarantee invariance when a change in geometry induces a 

qualitatively different flow structure, and care is also required in 

feature construction near geometric limits where standard 

trigonometric forms can become numerically ill-conditioned 

(Buckingham, 1914). 

In parallel, machine learning (ML) has gained increasing 

traction for predicting discharge coefficients, owing to its ability 

to approximate complex nonlinear relationships without 

imposing a predefined functional form. Recent studies report 

strong point-prediction performance across a range of complex 

weir configurations, including optimized predictive models for 

hydraulic weirs and applications to semicircular labyrinth weirs 

(Belaabed et al., 2025; Asgharzadeh-Bonab et al., 2025). More 

broadly, review papers highlight the rapid expansion of ML-

based approaches in modelling hydraulic coefficients and flow-

control structures (Haghbin and Sharafati, 2022; Seyedian et al., 

2023). While these data-driven models often demonstrate high 

interpolation accuracy, they also raise important questions 

regarding their generalization capability beyond the calibration 

domain. In response, uncertainty-aware evaluation is beginning 

to emerge in the weir literature, emphasizing the need to assess 

not only predictive accuracy but also the reliability of model 

outputs for engineering decision-making (Seyedian and Kisi, 

2024). 

A key methodological issue is that model performance is 

typically reported under random train-test splits, which largely 

measure interpolation within a pooled dataset. Experimental 

hydraulics datasets are frequently structured by discrete 

geometries and controlled test protocols, so mixing all 

geometries in both training and testing can leak geometry-
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specific structure and yield overly optimistic estimates of 

generalization. For triangular planform weirs, the vertex angle θ 

naturally defines a geometry domain, motivating a geometry-

held-out evaluation in which all runs at one angle are withheld 

during training to explicitly test deployment on an unseen 

planform regime. 

This geometry-shift setting also raises a reliability challenge 

for uncertainty quantification (UQ). Conformal prediction 

provides distribution-free prediction intervals with finite-sample 

marginal coverage under exchangeability assumptions, but under 

geometric domain shift the calibration residual distribution may 

not transfer, leading to under-coverage (Angelopoulos and 

Bates, 2023; Tibshirani et al., 2019; Barber et al., 2023). 

Practical remedies include more conservative calibration 

strategies, but these can widen intervals substantially, motivating 

additional mechanisms (such as out-of-distribution (OOD) 

detection and selective prediction) to manage the reliability–

sharpness trade-offs associated with empirical coverage and 

interval width in a deployment-relevant way. 

Accordingly, this study establishes a geometric shift-aware 

benchmarking framework for Cd prediction of triangular 

planform weirs. A run-level dataset is reconstructed from Kumar 

et al. (2011), a stable dimensionless feature representation is 

derived, tabular regressors are evaluated under both random 

splitting and leave-one-angle-out (LOAO), and conformal 

uncertainty-quantification strategies are benchmarked under 

geometry shift. A kNN-based out-of-distribution (OOD) detector 

is then combined with a two-tier interval policy to support safer 

use beyond the calibration envelope. 

The objectives of the study are to reconstruct a run-level 

dataset suitable for benchmark evaluation, derive a 

dimensionless predictor set that remains numerically stable at θ 

= 180°, quantify geometry-driven generalization loss under 

LOAO relative to random splits, compare conformal prediction 

variants under geometric shift, and evaluate OOD-aware two-tier 

selective prediction for safer deployment. The central 

hypotheses are that LOAO reveals materially lower performance 

than random splits, that baseline conformal prediction under-

covers under LOAO, that conservative residual pooling can 

restore empirical coverage at the cost of wider intervals, and that 

OOD-aware two-tier policies improve deployment safety in out-

of-support regimes. 

 

2 MATERIALS AND METHODS 

2.1 Data source and hydraulic geometry 

 

The dataset used in this benchmark was reconstructed from 

the experimental series reported by Kumar et al. (2011) and 

comprises n=123 run-level observations for sharp-crested 

triangular planform weirs with vertex angles θ ∈ 

{30°,60°,90°,120°,150°,180°}. The experiments were conducted 

in a horizontal rectangular channel of width B≈0.28 m. In the 

original notation of Kumar et al. (2011), crest height and 

upstream head over the crest were denoted by w and h, 

respectively. For notation consistency throughout the present 

manuscript, these quantities are written here as P and H. Fig.1 

defines the hydraulic and geometric variables adopted in this 

study and clarifies this notation harmonization. 

For each vertex angle θ, the crest length L follows from the 

planform geometry as 

 

𝐿 =
𝐵

sin  (𝜃/2)
                                                                                       (1) 

 

Under free-flow conditions, discharge over the triangular 

planform weir is related to the discharge coefficient Cd by:  

 

𝑄 =
2

3
𝐶𝑑√2𝑔𝐿𝐻3 2⁄               (2) 

 

where Q is discharge, g is gravitational acceleration, L is crest 

length, and H is upstream head over the crest. Equivalently, the 

discharge coefficient can be written as 

 

𝐶𝑑 =
3𝑄

2√2𝑔 𝐿 𝐻3 2⁄                (3) 

 

The approach depth is defined as: 

 

𝑦 = 𝑃 + 𝐻                                                                    (4) 

 

The reconstructed dataset, although modest in size, provides 

dense hydraulic coverage across six discrete vertex-angle 

regimes. Because all observations originate from a single 

experimental campaign, the observed shifts in Cd can be 

interpreted primarily as geometric effects rather than as inter-

laboratory artifacts. At the same time, the use of a single source 

is an important limitation that constrains generalizability beyond 

the present benchmark. 

 

 
Fig. 1. Definition sketch of the sharp-crested triangular planform 

weir and notation used in the present study. 

Note: (a) 3D view of the weir and the channel; (b) plan view 

showing channel width B, half crest length L/2, and vertex angle θ; 

and (c) Section 1-1 showing crest height P and upstream head over 

the crest H. Relative to Kumar et al. (2011), the notation is 

harmonized as P ≡ w and H ≡ h. The total crest length is L = 2(L/2). 

 

2.2 Dimensional analysis and dimensionless predictors 

 

The overall methodology adopted in this study is summarized 

in Fig. 2. To ensure scale independence and improve 

interpretability, the raw hydraulic and geometric variables were 

mapped to a set of dimensionless predictors derived from 

Buckingham-π reasoning. The mean approach velocity is written 

as 

 

𝑉 =
𝑄

𝐵 𝑦 
                                                              (5)              

 

and the Froude number is then defined as: 

 

𝐹𝑟 =
𝑉

√𝑔 𝑦
                                                           (6) 
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The main stable predictor set retained for modelling is {Fr, 

 L/P,  P/B,  (Bsinθ)/L,  y/[Bsin(θ/2)],  θ/180}. This formulation 

was adopted to preserve hydraulic interpretability while 

remaining numerically well behaved near θ =180°. In particular, 

the alternative group y/(Bsinθ) becomes singular at θ =180°, 

whereas y/[Bsin(θ/2)] remains finite because 

sin(θ/2)=sin(90∘)=1. Fig.3 later shows that this geometry-

dependent structure is also reflected in the hydraulic response of 

Cd. 

 

 
Fig.3. Variation of the discharge coefficient Cd with the relative 

head ratio H/P for the studied vertex angles. 

Note: The Fig. 3 summarizes the hydraulic response of the 

reconstructed dataset across θ ∈ {30°, 60°, 90°, 120°, 150°, 180°}. 

It highlights the strong dependence of Cd on both vertex angle and 

relative head, with lower-angle labyrinth configurations showing 

higher Cd at low H/P and stronger degradation as H/P increases. 

 

 
Figure 2. Workflow of dataset reconstruction, modelling, 

evaluation, and uncertainty quantification. 

Note: The workflow summarizes the main stages of the study: 

reconstruction and quality assurance of the experimental dataset, 

dimensional analysis and feature construction, ML model training, 

evaluation under random-split and leave-one-angle-out (LOAO) 

protocols, and uncertainty quantification using conformal prediction 

with an OOD-aware two-tier policy. Final outputs include point-

prediction metrics, empirical coverage and prediction-interval 

width, risk-coverage analysis, and Pareto/AUC summaries. 

 

2.3 Machine-learning models 

 

We evaluated four supervised regression approaches with 

increasing functional flexibility to predict the discharge 

coefficient Cd from the proposed dimensionless predictors. All 

models were implemented in Python using scikit-learn, and a 

fixed random seed (random_state = 42) was adopted for all 

stochastic components to ensure reproducibility. 

Ridge regression served as a linear baseline with ℓ2 

regularization (Hoerl and Kennard, 1970), providing a reference 

for assessing whether Cd varies approximately linearly with the 

dimensionless groups. Random forest (RF) regression was 

included as a nonparametric ensemble of decision trees 

(n_estimators = 100) to capture nonlinearities and interactions 

among predictors (Breiman, 2001). Gradient boosting regression 

(GBR) served as the primary tabular model; the histogram-based 

implementation was adopted with early stopping, learning_rate 

= 0.1, max_depth = 5, and a maximum of 100 boosting iterations, 

reflecting its strong suitability for structured tabular data with 

complex response surfaces (Friedman, 2001). Finally, k-nearest 

neighbors (kNN) was not treated as a primary predictive model, 

but rather as a distance-based mechanism for out-of-distribution 

(OOD) detection, with Euclidean distances computed in 

standardized feature space. 

For the random-split evaluation, performance was 

summarized over 15 repeated random 80/20 splits. This design 

was adopted as a practical compromise between variance 

reduction and computational simplicity, while reducing 

dependence on any single partition and preserving a clear 

distinction between interpolation-based performance and 

LOAO-based extrapolation performance. 

 

2.4 Evaluation protocols 

 

Two complementary evaluation protocols were used. Under 

random splitting, the dataset was partitioned randomly into 80% 

training and 20% testing, so that both sets contained mixed 

geometries; this protocol measures interpolation within the 

pooled dataset. Under leave-one-angle-out (LOAO) evaluation, 

all runs corresponding to one vertex angle were withheld for 

testing while the model was trained on the remaining angles; this 

protocol imposes a strict geometric domain shift and directly 

tests extrapolation to a novel planform regime. 

 

 

2.5 Uncertainty quantification framework 

 

Predictive reliability was assessed using conformal 

prediction intervals (PIs) for the discharge coefficient Cd. For a 

target miscoverage level α, the objective is to construct intervals 

that achieve empirical coverage close to 1 − α while remaining 

sufficiently sharp for practical use.  

In the present study, uncertainty quantification is examined 

under two distinct settings. Under random splitting, the training, 

calibration, and test subsets are sampled from similar mixtures 

of vertex angles, so the residual distribution is relatively stable. 

Under leave-one-angle-out (LOAO) evaluation, however, the 

test set corresponds to a withheld geometry, which introduces a 

geometry-driven domain shift. In this case, calibration residuals 

obtained from the observed angles may no longer transfer well 

to the unseen angle, and prediction intervals that appear reliable 

under interpolation can become severely under-covering under 

deployment on a novel planform. 

To study this effect, we compare four conformal calibration 

strategies: (i) global split conformal, (ii) Mondrian conformal, 
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(iii) kernel-conditional conformal, and (iv) CV-pooled residual 

calibration. Global split conformal provides a simple baseline 

using one residual distribution for all calibration points. 

Mondrian and kernel-conditional variants attempt to adapt 

interval width to local structure in the feature space. CV-pooled 

calibration is more conservative and pools residual information 

across folds in order to improve robustness under geometric 

shift. 

For each evaluation protocol, the available data are divided 

into a proper training subset used to fit the point predictor and a 

calibration subset used only for interval construction. In the 

random-split setting, the dataset is first divided into train and test 

sets, and the training portion is then split again into proper-train 

and calibration subsets. Under LOAO, one angle is held out for 

testing and the remaining angles are partitioned into proper-train 

and calibration subsets within each fold. 

To further reduce the risk of overconfident intervals on 

weakly supported inputs, conformal prediction is combined with 

a k-nearest-neighbor (kNN) out-of-distribution (OOD) detector 

in standardized feature space. Under this two-tier policy, inputs 

classified as in-support receive the baseline conformal interval, 

whereas flagged inputs are routed to a conservative interval tier. 

In engineering terms, this means that the framework does not 

report a narrow uncertainty bound when a queried geometry lies 

outside the calibration envelope, but instead enlarges the interval 

to reflect the additional epistemic uncertainty associated with 

geometric extrapolation. 

The main text focuses on the practical interpretation of these 

uncertainty-quantification strategies in terms of coverage 

reliability, interval sharpness, and deployment safety. The 

formal definitions of the nonconformity score, finite-sample 

conformal quantile, two-tier routing rule, and AUC-based 

summary metrics are provided in Appendix A. 

 

2.6 OOD detection and two-tier selective prediction 

 

To manage predictions on inputs that are weakly supported 

by the training distribution, conformal prediction was combined 

with an out-of-distribution (OOD) detector based on k-nearest-

neighbor (kNN) distances in standardized feature space. 

Predictors were standardized using the mean and standard 

deviation computed on the proper training set only, and the same 

transformation was then applied to calibration and test points 

within each fold. 

The use of kNN distances is well suited to the present study 

because the predictor space is low-dimensional and physically 

interpretable, which allows geometric separation between 

supported and weakly supported configurations to be assessed in 

a transparent way. In this setting, large distances indicate that a 

queried test point lies far from the training distribution and 

therefore may correspond to a geometry or hydraulic regime that 

is insufficiently represented in calibration. 

An OOD score s(x) was computed for each test point, and a 

threshold τ was used to classify the point as either in-support or 

out-of-distribution. Under the two-tier policy, accepted points 

received the baseline conformal prediction interval, whereas 

OOD-flagged points were routed to a conservative interval tier 

based on CV-pooled calibration. This policy was designed to 

reduce the risk of reporting overly sharp uncertainty bounds for 

geometries lying outside the calibration envelope. 

The practical interpretation is straightforward. When a 

queried geometry is well represented by the available calibration 

data, the framework returns a relatively narrow interval 

appropriate for routine deployment. When the queried geometry 

is weakly supported, the framework switches to a wider 

conservative interval in order to reflect the additional epistemic 

uncertainty associated with geometric extrapolation. In this way, 

the two-tier policy translates statistical shift detection into a 

deployment-oriented safety mechanism. 

The corresponding performance trade-offs are summarized 

using acceptance rate, accepted-set error, accepted-set interval 

properties, and overall two-tier coverage and width. These 

quantities are reported across a range of OOD thresholds in order 

to identify operating points that balance interval sharpness, 

empirical reliability, and practical deploy ability under leave-

one-angle-out evaluation. 

Because the detector is applied in a low-dimensional and 

physically interpretable feature space, Euclidean distance 

remains meaningful in the present benchmark. The method 

should nevertheless be interpreted as a practical support 

diagnostic rather than as a full density model. 

 

3 RESULTS 

3.1 Hydraulic behaviour across vertex-angle regimes 

 

The reconstructed experimental data show that the discharge 

coefficient Cd depends strongly on both the vertex angle θ and 

the relative head ratio H/P. As shown in Fig.3, the more acute 

triangular planforms exhibit the highest values of Cd at low 

relative heads, where lateral contraction and streamline 

convergence enhance the effective discharge capacity. As H/P 

increases, however, this advantage progressively decreases, 

which is consistent with stronger nappe interaction and 

increasing hydraulic interference within the labyrinth-like 

geometry. 

By contrast, the θ = 180° configuration behaves as the linear-

weir limit. Its discharge coefficient is lower at small relative 

heads, but its hydraulic response remains more stable as H/P 

increases. The convergence of the 150° and 180° regimes at 

higher H/P values suggests that the influence of θ weakens as the 

flow approaches a less contracted overflow pattern. At the same 

time, the low-head region preserves strong angle sensitivity, 

which makes extrapolation across vertex-angle regimes 

particularly challenging when one angle is entirely withheld 

from training. 

 

3.2 Point prediction: interpolation versus geometric 

extrapolation 

 

Point-prediction performance was first evaluated under 

repeated random 80/20 splits, which represent interpolation 

within a mixed-geometry dataset. Under this setting, the gradient 

boosting regressor (GBR) achieved the strongest overall 

performance, with low MAE and RMSE and high R2 (Table 2A). 

These results indicate that the proposed stable dimensionless 

predictor set captures the dominant variation in Cd when all 

geometry regimes are represented in both training and testing.  

The interpretation changes substantially under leave-one-

angle-out (LOAO) evaluation. When one vertex-angle regime is 

withheld entirely for testing, overall predictive accuracy 

decreases markedly (Table 2B), showing that interpolation 

performance overestimates deployment performance on a novel 

geometry. The angle-wise diagnostics further show that the 

largest errors occur for the θ = 180°-fold (Table 2C). This 

behaviour is hydraulically plausible and consistent with Fig.3, 

since the approach to the linear-weir limit corresponds to a 

qualitative change in flow structure. In other words, the model is 

required to extrapolate across a regime boundary rather than 

merely interpolate within a continuous experimental cloud. 
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Taken together, these results confirm that random-split 

validation is insufficient for assessing practical generalization 

across planform changes. In the present benchmark, geometry-

driven extrapolation is the dominant source of predictive 

degradation, and the strongest failure is associated with the 

transition toward the θ = 180° overflow regime. 

 

3.3 Conformal prediction under geometric shift 

 

The uncertainty-quantification results reveal the same 

contrast between interpolation and extrapolation. Under random 

splitting, conformal prediction intervals behave reasonably well 

because calibration and test cases are drawn from similar 

mixtures of geometries. Under LOAO, however, the calibration 

residual distribution no longer transfers reliably to the withheld 

geometry, and the baseline global split conformal method 

becomes strongly under-covering (Table 3).  

At α = 0.05, the Baseline_GlobalSplit method yields 

empirical coverage far below the nominal level, despite 

producing relatively narrow intervals. A similar pattern is 

observed at α=0.10. This means that intervals that appear 

acceptably sharp under interpolation can become misleadingly 

optimistic when the model is applied to a novel planform. In 

practical hydraulic terms, the uncertainty bounds are too narrow 

precisely in the regime where extrapolation risk is greatest. 

Conditional variants such as Mondrian and kernel-

conditional conformal provide only limited recovery of 

coverage. Although they adapt interval construction to local 

structure in the feature space, they do not fully resolve the 

geometry-driven residual shift induced by LOAO. The 

implication is that local conditioning alone is not sufficient when 

the withheld geometry differs qualitatively from those 

represented in calibration. 

 

3.4 Restoring reliability through conservative calibration 

 

A more robust recovery of empirical coverage is obtained 

with CV-pooled residual calibration. At both α = 0.05 and α = 

0.10, the CV-pooled strategy restores coverage to values much 

closer to the intended reliability level, but only by substantially 

increasing mean interval width (Table 3). This behaviour reflects 

an explicit trade-off between sharpness and safety: the intervals 

become wider because the method acknowledges the additional 

uncertainty associated with unsupported geometries. 

From a hydraulic standpoint, this is a more credible outcome 

than severe under-coverage. If the withheld geometry 

corresponds to a regime transition, then a wider interval is 

preferable to an apparently precise but unreliable bound. The 

CV-pooled strategy should therefore be interpreted as 

introducing a conservative reliability margin when the 

calibration residuals are not transferable across vertex-angle 

regimes. 

Where empirical coverage is reported, the corresponding 

values should be interpreted together with their uncertainty 

bounds rather than as exact constants. For this reason, Tables 3 

and 4 report 95% Wilson confidence intervals for the main 

empirical coverage estimates. 

 
Table 2. Point-prediction accuracy under random splits and leave-one-angle-out (LOAO) evaluation. 

 
Panel A: Random-split summary (Stable feature set). 

Model MAE (mean) MAE (std) RMSE (mean) RMSE (std) R2 (mean) R2 (std) 

GBR 0.0119 0.0021 0.0155 0.0031 0.9400 0.0302 

Mean 0.0557 0.0075 0.0686 0.0097 -0.0898 0.1695 

RF_small 0.0127 0.0021 0.0176 0.0031 0.9257 0.0257 

Ridge 0.0234 0.0049 0.0302 0.0056 0.7899 0.0432 

Panel B: LOAO overall performance (Stable feature set). 

Model MAE RMSE R2 n   

GBR 0.0364 0.0459 0.5687 123   

RF_small 0.0354 0.0460 0.5663 123   

Mean 0.0582 0.0717 -0.0515 123   

Ridge 0.0523 0.0840 -0.4431 123   

Panel C: Angle-wise LOAO errors for GBR (Stable). 

θ [deg] n MAE RMSE    

30 20 0.0567 0.0627    

60 23 0.0376 0.0430    

90 22 0.0340 0.0419    

120 20 0.0266 0.0293    

150 20 0.0272 0.0344    

180 18 0.0694 0.0791    
 

Note: Panel A reports random 80/20 split performance using 15 repeated random splits; values are shown as mean ± standard deviation. Panel B reports 
overall LOAO performance across all test cases. Panel C reports angle-wise LOAO errors for the gradient boosting regressor (GBR). Error metrics are 

reported in Cd units, except R². 
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Table 3. Conformal prediction performance under LOAO with 95% Wilson confidence intervals for empirical coverage. 

 

Method α Coverage [95% CI] Mean PI width 

Baseline_GlobalSplit 0.05 0.496 [0.409, 0.583] 0.075 

Adaptive_kNN_k=20 0.05 0.537 [0.449, 0.622] 0.083 

Mondrian_2x2 0.05 0.545 [0.457, 0.630] 0.077 

Kernel_m=2 0.05 0.553 [0.465, 0.638] 0.082 

CVPooled_Global 0.05 0.919 [0.857, 0.955] 0.212 

Baseline_GlobalSplit 0.10 0.407 [0.324, 0.495] 0.057 

Adaptive_kNN_k=20 0.10 0.455 [0.370, 0.543] 0.065 

Mondrian_3x2 0.10 0.504 [0.417, 0.591] 0.072 

Kernel_m=0.75 0.10 0.439 [0.354, 0.527] 0.059 

CVPooled_Global 0.10 0.911 [0.847, 0.949] 0.182 
 

Note: Empirical marginal coverage and mean prediction-interval (PI) width are reported for conformal methods under leave-one-angle-out 

(LOAO) testing at miscoverage levels α = 0.05 and α = 0.10. Coverage values are pooled empirical proportions over the evaluated LOAO 

test cases, and bracketed intervals are 95% Wilson binomial confidence intervals. Mean PI width is reported in Cd units. Under LOAO-

induced geometric shift, empirical coverage should be interpreted as realized performance rather than as a formal finite-sample guarantee. 

 

3.5 Selective prediction with OOD-aware two-tier routing 

 

To manage the coverage-sharpness trade-off more flexibly, 

the benchmark combines conformal prediction with out-of-

distribution detection and a two-tier interval policy. Under this 

framework, each test point is first evaluated by the kNN-based 

OOD detector. Inputs judged to be in-support receive the 

baseline interval, whereas flagged inputs are routed to a 

conservative interval tier. 

 

 
Fig.4. Coverage-width trade-off under LOAO with representative 

operating points for two-tier uncertainty quantification. 

Note: Curves show the global coverage-width envelope for α = 0.05 

and α = 0.10 across the evaluated OOD-threshold grid. Starred 

markers indicate representative operating points selected for 

interpretation: Sharp (minimum-width but unreliable), Deploy 

(balanced), and Research (conservative). The vertical dotted line 

marks the nominal 90% coverage target. 

 

The resulting operating points clarify how deployment 

decisions change with the OOD threshold τ. This trade-off is 

summarized graphically in Fig.4, which shows the coverage-

width envelopes, and in Fig.5, which reports the accepted-set 

risk-coverage curves. The corresponding numerical operating 

points are reported in Table 4. Lenient thresholds accept most 

inputs and preserve relatively narrow intervals, but overall 

coverage remains limited under geometric shift. Stricter 

thresholds reduce acceptance and enlarge the overall uncertainty 

bounds, but they also improve two-tier coverage by sending 

weakly supported cases to the conservative tier.  

 

 
Fig.5. Risk-coverage curves for OOD-gated selective prediction 

under LOAO. 

Note: Accepted-set mean absolute error (MAE) is plotted against 

acceptance rate for the representative two-tier policy under leave-

one-angle-out (LOAO) testing at α = 0.05 and α = 0.10. Stricter 

OOD thresholds reject more weakly supported cases and reduce 

accepted-set error by routing them to the conservative tier. 

 

The θ =180° diagnostics are particularly informative. Under 

strict thresholds, this fold is frequently rejected and handled 

conservatively, indicating that the OOD gate is functioning as 

intended by identifying a hydraulically unsupported regime. In 

practice, this means that the framework does not attempt to 

“repair” extrapolation through overly confident point prediction, 

but instead responds by enlarging uncertainty bounds when 

geometric support is insufficient. A schematic interpretation of 

this deployment logic is provided in Fig.7. 
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Table 4. Representative two-tier operating points under LOAO with 95% Wilson confidence intervals for empirical coverage. 
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0.05 Sharp (min width) Baseline_GlobalSplit 10.0 0.967 0.555 [0.465, 0.641] 0.079 0.569 [0.481, 0.653] 0.114 

0.05 Deploy (≥0.80 cov) Baseline_GlobalSplit 1.5 0.431 0.585 [0.451, 0.707] 0.065 0.805 [0.726, 0.865] 0.238 

0.05 Research (≥0.95 cov) CVPooled_Global 2.0 0.691 1.000 [0.957, 1.000] 0.230 1.000 [0.970, 1.000] 0.515 

0.10 Sharp (min width) Kernel_m=0.75 10.0 0.959 0.458 [0.370, 0.547] 0.059 0.480 [0.393, 0.567] 0.083 

0.10 Deploy (≥0.80 cov) Baseline_GlobalSplit 1.5 0.317 0.513 [0.362, 0.661] 0.054 0.805 [0.726, 0.865] 0.208 

0.10 Research (≥0.95 cov) CVPooled_Global 3.0 0.691 0.988 [0.936, 0.998] 0.194 0.992 [0.955, 0.999] 0.507 
 

 
Fig.6. Normalized AUC comparison of selected two-tier 

uncertainty-quantification strategies under LOAO. 

Note: Points show normalized AUC values for interval width and 

miscoverage; lower values indicate more favorable overall trade-

offs. Filled markers denote α=0.05, whereas hollow markers denote 

α=0.10. Shaded regions are schematic guides to interpretation and 

do not represent statistically estimated boundaries. 

 

 
Fig.7. Schematic illustration of selective deployment for discharge-

coefficient prediction under known and novel weir geometries. 

Note: Panel A illustrates safe deployment for a known geometry, 

where a narrower standard prediction interval accompanies the ML 

prediction. Panel B illustrates cautionary deployment for a novel 

geometry detected as out-of-distribution, where a wider CV-pooled 

conformal interval is used to provide more conservative uncertainty 

quantification. The Fig.7 emphasizes the practical distinction 

between routine deployment for in-support geometries and 

cautionary deployment for weakly supported geometries. 

 

3.6 Operating-point selection and AUC-based comparison 

 

The coverage-width envelopes in Fig.4 and the risk-coverage 

curves in Fig.5 support three representative operating regimes: a 

Sharp regime with high acceptance and narrow intervals but 

insufficient reliability under shift; a Deploy regime that offers a 

more balanced compromise between acceptance, coverage, and 

interval width; and a Research regime that prioritizes reliability 

through conservative calibration at the cost of wider intervals. 

The corresponding representative operating points are reported 

in Table 4. 

To compare methods across the full threshold range, Fig.6 

and Table 5 summarize normalized AUC values for two-tier 

miscoverage, two-tier width, and accepted-set MAE. Lower 

values indicate more favourable overall trade-offs. These 

summaries should be interpreted as comparative descriptors 

rather than as formal guarantees. Their main value is to provide 

a compact decision aid for selecting uncertainty-quantification 

strategies under geometric domain shift.  

Taken together, the results show that no single strategy 

dominates all deployment objectives. Methods that preserve 

narrow intervals tend to under-cover under LOAO, whereas 

methods that restore reliability do so at the cost of width. The 

most practically useful operating points are therefore 

intermediate ones, where interval sharpness, empirical coverage, 

and acceptance remain reasonably balanced for deployment 

beyond the calibration envelope. 

 

4 DISCUSSION 

4.1 Generalization limits and hydraulic interpretation 

 
The results show that the apparent strength of data-driven 

discharge-coefficient prediction under random splitting does not 

transfer directly to deployment on a novel weir geometry. When all 

vertex angles are mixed across training and testing sets, the models 

operate in an interpolation regime and achieve high apparent 

accuracy. Under leave-one-angle-out (LOAO) evaluation, however, 

the task changes fundamentally: the model must extrapolate from 
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previously observed planforms to a withheld geometry. The marked 

degradation observed under LOAO therefore indicates that 

geometry-specific flow behavior is not fully captured by 

interpolation-based training. 

 

 

Table 5. AUC-based summaries and best-at-coverage operating points for two-tier uncertainty quantification under LOAO. 

 

Panel A: AUC rankings (lower is better). 

α Method 
AUC two-tier miscov 

(norm) 

AUC two-tier width 

(norm) 
AUC MAE(norm) 

0.050 CVPooled_Global 0.0171 0.5244 0.0319 

0.050 CVPooled_Moddrian_2x2 0.0171 0.5390 0.0319 

0.050 Kernel_m=2 0.2389 0.2316 0.0326 

0.050 Baseline_GlobalSplit 0.2400 0.2210 0.0326 

0.100 CVPooled_Global 0.0232 0.5371 0.0329 

0.100 Adaptive_kNN_k=20 0.2779 0.2309 0.0334 

0.100 Baseline_GlobalSplit 0.2885 0.1877 0.0334 

0.100 Mondrian_3x2 0.2934 0.2735 0.0334 

 

Panel B: Best-at-coverage selections. 

α coverage target Method τ accept_rate 
two-tier 

cov 

two-tier 

width 

0.050 0.800 Baseline_GlobalSplit 1.5000 0.4309 0.8049 0.2376 

0.050 0.950 CVPooled_Global 2.0000 0.6911 1.0000 0.5154 

0.100 0.800 Baseline_GlobalSplit 1.5000 0.3171 0.8049 0.2076 

0.100 0.950 CVPooled_Global 3.0000 0.6911 0.9919 0.5068 
 

Note: Panel A reports normalized area-under-the-curve (AUC) summaries for two-tier miscoverage, two-tier mean PI width, and accepted-

set MAE across the evaluated OOD-threshold grid; lower values indicate better performance. Panel B reports the smallest-width operating 

points achieving the target two-tier coverage level for each α. These summaries are intended as comparative descriptors of the coverage-

sharpness and risk-acceptance trade-offs across methods. 

This limitation is hydraulically meaningful rather than purely 

statistical. The strongest degradation occurs near the θ = 180° 

regime, which corresponds to a transition from strongly contracted 

triangular planform behavior toward the linear-weir limit. In the 

more acute configurations, discharge is strongly influenced by 

lateral contraction, streamline convergence, and enhanced 

interaction between nappe structures. As θ increases toward 180°, 

these effects weaken and the flow approaches a simpler overflow 

configuration. A model trained on the more contracted regimes 

therefore tends to carry over geometric influences that are no longer 

dominant in the linear-limit case, which explains the large point-

prediction errors observed in the θ = 180° fold. 

From this perspective, LOAO should not be viewed only as a 

machine-learning validation strategy, but also as a physically 

meaningful stress test of whether the predictor remains reliable 

across changes in flow regime. The present results suggest that, for 

triangular planform weirs, a substantial part of the prediction error 

under geometric shift is a direct consequence of the underlying 

hydraulic transition rather than of random model instability. 

In hydraulic terms, this transition is associated with weakening 

lateral contraction, reduced streamline convergence, and a 

redistribution of local energy-loss mechanisms as the planform 

approaches the linear-weir limit. 

 

4.2 Uncertainty quantification under geometric shift 

 

The uncertainty-quantification results lead to a similar 

conclusion. Under random splitting, conformal prediction intervals 

behave reasonably well because calibration and test points originate 

from similar geometry mixtures. Under LOAO, the residual 

distribution shifts with the geometry, and intervals calibrated on 

observed angles can become strongly under-covering when 

transferred to a withheld angle. In practical terms, this means that 

narrow uncertainty intervals obtained under interpolation may 

provide a misleading impression of reliability when the model is 

applied outside the calibration envelope. 

The severe under-coverage of the baseline global split conformal 

method under LOAO therefore has a direct engineering 

interpretation. It indicates that residual variability is tied to 

geometry-dependent flow behavior and cannot be assumed constant 

across vertex-angle regimes. In hydraulic design or discharge 

estimation, such optimistic intervals would understate uncertainty 

precisely in the situations where extrapolation risk is highest. 

Conservative residual pooling improves empirical coverage by 

widening the intervals and thereby introducing an explicit reliability 

buffer. This does not eliminate geometric shift, but it makes the 

uncertainty bounds more consistent with the level of epistemic 

uncertainty associated with unsupported geometries. 

Conditional variants such as Mondrian and kernel-conditional 

conformal provide only limited recovery of coverage in the present 

benchmark. This suggests that local conditioning in the available 

feature space is not sufficient, by itself, to overcome a geometry-

driven residual shift when the withheld regime differs qualitatively 

from those seen during calibration. 

 

4.3 Towards safe deployment: OOD-aware two-tier prediction 

 

A central practical contribution of the study is the use of out-of-

distribution (OOD) detection to convert statistical shift awareness 

into a deployment-oriented decision rule. By combining k-nearest-

neighbor distance-based OOD detection with a two-tier conformal 

policy, the framework distinguishes between geometries that are 

well supported by the calibration data and geometries that are 

weakly supported or novel. Inputs judged to be in-support can retain 

relatively sharp prediction intervals, whereas flagged inputs are 

routed to a more conservative interval tier. 

This mechanism is particularly important for the θ = 180° regime. 

Under stricter thresholds, this geometry is frequently rejected by the 

OOD gate and handled conservatively, which shows that the system 

is not “fixing” the extrapolation problem through improved point 

prediction, but rather managing it by explicitly enlarging the 

uncertainty bound. In engineering terms, this is preferable to 

returning a narrow interval that appears precise but does not reflect 

the true uncertainty of the unsupported configuration. 

The operating-point framework provides a useful way to express 

this trade-off. A “Sharp” regime offers high acceptance and narrow 
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intervals, but insufficient protection under geometric shift. A more 

balanced “Deploy” regime sacrifices some acceptance in exchange 

for more reliable coverage. A highly conservative “Research” 

regime provides the strongest protection, but at the cost of 

substantially wider intervals. This interpretation is directly relevant 

to weir design and discharge measurement, because the acceptable 

balance between sharpness and reliability depends on whether the 

prediction is used for routine estimation, exploratory analysis, or 

safety-relevant hydraulic decision-making. 

 

4.4 Broader implications for hydraulic modelling 

 

The broader implication of this study is that geometric shift 

should be treated as a first-order issue in data-driven hydraulic 

prediction. Strong interpolation performance within a pooled dataset 

is not sufficient evidence that a model can be safely applied to a 

modified geometry. For triangular planform weirs, the present 

benchmark shows that prediction failures and interval failures under 

LOAO are not isolated statistical anomalies; they are signatures of 

regime-dependent hydraulic structure that is incompletely 

represented in the training data. 

Accordingly, safer deployment requires more than accurate point 

prediction. It requires evaluation protocols that reflect realistic 

extrapolation conditions, uncertainty bounds that remain meaningful 

under shift, and explicit mechanisms for identifying unsupported 

inputs. In this sense, the proposed framework should be understood 

not as a replacement for hydraulic understanding, but as a way to 

embed that caution directly into data-driven prediction practice. 

 

5 LIMITATIONS AND FUTURE EXPERIMENTAL NEEDS 

 

The present study has several limitations that should be 

considered when interpreting the results. First, the dataset is 

relatively small (n = 123) and was reconstructed from a single 

experimental campaign. Although this design is useful for isolating 

geometry-driven effects and avoids inter-laboratory inconsistencies, 

it also limits the generalizability of the benchmark and does not 

provide an independent external validation dataset. The reported 

results should therefore be interpreted as a controlled demonstration 

of geometric domain shift rather than as a fully comprehensive 

assessment across facilities, measurement protocols, and operating 

environments. 

Second, the available dataset does not explicitly include several 

hydraulic descriptors that may influence the discharge coefficient, 

including aeration or ventilation state, detailed approach-flow 

conditions, and direct measurement uncertainty. These omitted 

factors may contribute to residual variability and could become 

especially important when transferring the framework to broader 

experimental settings. In this sense, the present benchmark captures 

the dominant role of planform geometry, but not the full range of 

hydraulic and experimental variability that may arise in practice. 

Third, the leave-one-angle-out (LOAO) protocol provides a 

physically meaningful test of geometric extrapolation, but it remains 

limited to six discrete vertex-angle regimes derived from one source 

dataset. As a result, the transition toward the θ = 180° regime can be 

identified, but not densely resolved. Additional experiments in the 

transitional range would help determine more precisely how the flow 

evolves from strongly contracted labyrinth behavior toward the 

linear-weir limit, and how rapidly this transition affects both point-

prediction error and uncertainty calibration. 

A further limitation is that the empirical coverage values reported 

for the uncertainty-quantification methods are estimated from a 

limited number of test cases and therefore remain subject to 

sampling variability. For this reason, coverage estimates should be 

interpreted together with their uncertainty bounds rather than as 

exact performance constants. Likewise, repeated-run summaries 

under random splitting should be viewed as stable comparative 

estimates of interpolation performance, not as exhaustive Monte 

Carlo characterizations. 

These limitations point directly to future experimental priorities. 

The most important next step is the development of larger multi-

source datasets spanning a wider range of vertex angles, operating 

heads, and laboratory conditions. Such datasets would make it 

possible to distinguish more clearly between geometry-driven shift 

and facility-specific variability. A second priority is richer metadata 

reporting, particularly for aeration state, approach-flow conditions, 

and measurement uncertainty, so that future uncertainty-

quantification frameworks can better separate physical variability 

from calibration uncertainty. A third priority is targeted 

experimentation in the transitional range approaching θ = 180°, 

where the present results indicate a regime change with important 

consequences for both prediction error and interval reliability. 

Beyond data collection, future work should examine whether 

recent conformal-prediction methods developed for covariate shift 

can be adapted to hydraulic deployment settings in which geometry, 

operating head, or experimental support differ between calibration 

and application domains (Yang et al., 2024; Jonkers et al., 2024; Qin 

et al., 2025). More broadly, it will be important to assess whether 

shift-aware calibration strategies, hybrid physics-informed models, 

or limited geometry-specific recalibration can reduce extrapolation 

risk while preserving the practical advantages of data-driven 

prediction. 

 

5 CONCLUSION 
 

This study shows that evaluating discharge-coefficient predictors 

for triangular planform weirs by random train-test splitting can 

substantially overestimate performance when the target application 

involves a change in geometry. Using a reconstructed run-level 

dataset spanning six vertex-angle regimes, the leave-one-angle-out 

(LOAO) protocol revealed a marked loss of generalization relative 

to random splitting, confirming that interpolation accuracy within a 

mixed-geometry dataset should not be interpreted as evidence of 

reliable performance on a novel planform. 

The strongest degradation was observed near the θ = 180° 

regime, which is consistent with a hydraulic transition from strongly 

contracted triangular planform behavior toward the linear-weir limit. 

In this sense, the largest prediction errors are not merely statistical 

anomalies, but indicators of a change in the underlying flow 

structure that is not represented in the training data. 

For uncertainty quantification, the results show that conformal 

prediction intervals calibrated under interpolation can fail under 

geometric domain shift. Global split conformal intervals were 

severely under-covering under LOAO, indicating that calibration 

residuals were not transferable across vertex-angle regimes in the 

present setting. More conservative residual pooling substantially 

improved empirical coverage, but only at the cost of wider intervals. 

The resulting coverage-sharpness trade-off is therefore a central 

practical constraint for deployment on unsupported geometries. 

A more deployment-oriented alternative is to combine prediction 

intervals with out-of-distribution detection and a two-tier policy. In 

this framework, geometries that are well supported by calibration 

data can be handled with relatively sharp intervals, whereas weakly 

supported or novel geometries are routed to a conservative interval 

tier. This provides a practical mechanism for avoiding overconfident 

discharge-coefficient predictions when extrapolating beyond the 

calibration envelope. 

The broader implication of the study is that geometric shift 

should be treated as a first-order issue in data-driven hydraulic 

prediction. For triangular planform weirs, predictive failure under 

LOAO reflects not only statistical shift but also a physically 

meaningful transition in contraction, streamline organization, and 

overflow behavior across planform geometries. Future work should 

therefore prioritize denser experiments in the transitional range 

approaching θ = 180°, richer reporting of hydraulic metadata and 

measurement uncertainty, and evaluation on larger multi-source 

datasets. Such developments would help extend the present 
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benchmark toward a more deployable framework for uncertainty-

aware discharge prediction under unsupported weir geometries. 

 

 

 

 

NOTATION  

 

Latin symbols 

 

Symbol Definition (units) 

B Channel width (m). 

P Crest height (weir height above bed) (m). 

H Upstream head over crest (m). 

L Crest length (m). 

y Approach depth, 𝑦 = 𝑃 + 𝐻 (m).  

V Mean approach velocity, 𝑉 = 𝑄/(𝐵 𝑦) (m/s). 

Q Discharge (m³/s). 

g Gravitational acceleration (m/s²). 

Cd 
Discharge coefficient (dimensionless, “--”), 

defined from Eq. (2)  

Fr 
Froude number, 𝐹𝑟 = 𝑉/√𝑔 𝑦 

(dimensionless).  

PI(x) Prediction interval for Cd at input 𝑥.  

x Predictor (feature) vector used as model input.  

r(x) 
OOD score from kNN distances in 

standardized feature space.  

 

Greek symbols 

 

Symbol Definition (units) 

𝜃 Vertex angle (deg).  

𝛼 
Miscoverage level for prediction intervals 

(e.g., 0.05, 0.10).  

𝜏 
OOD acceptance threshold (accept if 𝑟(𝑥) ≤

𝜏).  

 

Subscripts / superscripts / derived groups 

 

Notation Definition (units) 

𝐶̂𝑑(𝑥) Point prediction of 𝐶𝑑 at input 𝑥.  

𝑒𝑖 
Absolute calibration residual. 

C_{d,i}-\hat{C}_d(x_i) 

).  
𝑞1−𝛼 

Conformal quantile (“radius”) used in 

symmetric split-conformal. intervals.  

𝑏(𝑥) 
Bin/group label used in Mondrian (group-

conditional) conformal.  

𝐿/𝑃 Dimensionless crest-length ratio.  

𝑃/𝐵 Dimensionless crest-height ratio.  

𝐵sin (𝜃)/𝐿 Dimensionless geometry group.  

𝑦/(𝐵sin2 (𝜃
/2)) 

Stable dimensionless depth group used to 

avoid singularity at 𝜃 = 180°   

 

(dimensionless).  𝜃/180 Normalized vertex angle (dimensionless).  

 

Abbreviations  

 

Abbreviation Meaning 

ML Machine learning.  

UQ Uncertainty quantification.  

LOAO Leave-one-angle-out.  

PI 
Prediction interval (PIs = prediction 

intervals).  

OOD Out-of-distribution.  

kNN k-nearest neighbors.  

GBR Gradient boosting regressor.  

RF Random forest. 

MAE Mean absolute error.  

RMSE Root mean square error.  

𝑅2 Coefficient of determination.  

CV Cross-validation (as in “CV-pooled”).  

AUC Area under the curve.  
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APPENDIX  

 

Appendix A. Technical details of conformal calibration and 

AUC-based ranking 

 

The formal derivations of the conformal residual definition, 

finite-sample quantile construction, OOD-gated two-tier routing 

rule, and AUC-based summaries are moved to this appendix in 

order to keep the main text focused on engineering interpretation. 

This presentation follows the conformal and distribution-shift lit-

erature used in the manuscript, including Angelopoulos and 

Bates (2023), Barber et al. (2021, 2023), Lei et al. (2018), Ro-

mano et al. (2019), Gibbs and Candès (2021), Ovadia et al. 

(2019), and Sun et al. (2022). 

 

A.1. Nonconformity score and conformal quantile 

 

Let 𝒇̂(𝒙) denote the point prediction produced by the re-

gression model for input x. For a calibration sample 

{(𝐱𝐢, 𝐲𝐢)}𝐢=𝟏
𝐧𝐜𝐚𝐥, the absolute nonconformity score is defined as 

 

𝑟𝑖 = |𝑦𝑖 − 𝑓(𝑥𝑖)|                                                                  (A1) 

 

For a target miscoverage level α, the finite-sample confor-

mal index is 

 

𝑘 = ⌈(𝑛𝑐𝑎𝑙 + 1)(1 − 𝛼)⌉                                                       (A2) 

 

The corresponding conformal radius is then 

 

𝑞1−𝛼 = 𝑟(𝑘)                                                                            (A3) 

 

and the resulting symmetric split-conformal prediction interval 

is: 

 

𝐶̂𝛼(𝑥) = [𝑓(𝑥) − 𝑞1−𝛼 , 𝑓(𝑥) + 𝑞1−𝛼]                                  (A4) 

 

A.2. Mondrian and conditional conformal construction 

 

For Mondrian conformal prediction, let g(x) denote a dis-

crete bin assignment. For each bin b, a bin-specific conformal 

radius 𝒒𝟏−𝜶
(𝒃)

 is computed, yielding 

 

𝐶̂𝛼
(𝑏)(𝑥) = [𝑓(𝑥) − 𝑞1−𝛼

(𝑏)
 , 𝑓(𝑥) + 𝑞1−𝛼

(𝑏)
]                               (A5) 

 

A.3. OOD-gated two-tier policy 

 

Let s(x) denote the OOD score and τ the acceptance thresh-

old. A point is treated as in-support if 

 

𝑠(𝑥) ≤ 𝜏                                                                                (A6) 

 

Under the two-tier policy, the deployed prediction interval is 

 

𝐶̂𝛼
2−𝑡𝑖𝑒𝑟(𝑥) = {

𝐶̂𝛼
𝑏𝑎𝑠𝑒(𝑥),         𝑠(𝑥) ≤ 𝜏,

𝐶̂𝛼
𝑐𝑜𝑛𝑠(𝑥),        𝑠(𝑥) > 𝜏.

                 (A7) 

 

A.4. AUC-based summaries 

 

For any threshold-dependent metric m(τ), the discrete AUC 

over the evaluated OOD-threshold grid is computed as 

 

𝐴𝑈𝐶(𝑚) = ∑  
𝑚(𝜏𝑗)+𝑚(𝜏𝑗+1)

2
|𝑎(𝜏𝑗+1) − 𝑎(𝜏𝑗)|

𝑗−1
𝑗=1                 (A8)  

 

where 𝑎(𝜏𝑗) is the acceptance rate at threshold 𝜏𝑗. 

The three criteria used in the manuscript are defined as 

 

𝑚𝑚𝑖𝑠(𝜏) = 1 − 𝐶𝑜𝑣𝑒𝑟𝑎𝑔𝑒2−𝑡𝑖𝑒𝑟(𝜏)                                     (A9)  

 

𝑚𝑤𝑖𝑑(𝜏) = 𝑊𝑖𝑑𝑡ℎ2−𝑡𝑖𝑒𝑟(𝜏)                                                (A10)  

                                      

𝑚𝑟𝑖𝑠𝑘(𝜏) = 𝑀𝐴𝐸𝑎𝑐𝑐𝑒𝑝𝑡𝑒𝑑(𝜏)                                               (A11)                                       

 

To compare methods on a common scale, the corresponding 

AUC values are normalized to the unit interval: 

 

𝐴𝑈𝐶𝑛𝑜𝑟𝑚
(𝑚)

=
𝐴𝑈𝐶(𝑚)−𝑚𝑖𝑛𝑙𝐴𝑈𝐶𝑙

(𝑚)

𝑚𝑎𝑥𝑙𝐴𝑈𝐶
𝑙
(𝑚)

−𝑚𝑖𝑛𝑙𝐴𝑈𝐶
𝑙
(𝑚)                                     (A12)                               

 

A.5. Interpretation in the LOAO setting 

 

In the random-split setting, calibration and test data are 

drawn from similar geometry mixtures, so the global conformal 

baseline is expected to behave relatively well. In contrast, LOAO 

evaluation withholds an entire vertex-angle regime, which cre-

ates a geometry-dependent residual shift. For this reason, the role 

of the appendix-level derivations is not to claim exact validity 

under shift, but to define the interval constructions and ranking 

criteria used for empirical comparison in the main text. The main 

manuscript therefore focuses on engineering interpretation, 

while the present appendix records the formal definitions needed 

for reproducibility. 

 

 


