
Journal of Electrical Engineering, Vol. 76, No. 2, 2025, pp. 175-183 

_________________________________________________________________________________________________________________ 

 

_______________________ 

1Electronics and Communication Engineering Department, Thapar Institute of Engineering and Technology, Punjab, India 
2KJ Somaiya School of Engineering, Somaiya Vidyavihar University, Mumbai, India 

3Sri Guru Tegh Bahadur Institute of Management & IT, New Delhi, India 
4Department of Electronics & Communication, GLA University, Mathura, India 

shalabh.mishra@thapar.edu, 

 

https://doi.org/10.2478/jee-2025-0018, Print (till 2015) ISSN 1335-3632, On-line ISSN 1339-309X 

© This is an open access article licensed under the Creative Commons Attribution-NonCommercial-NoDerivatives License 

(http://creativecommons.org/licenses/by-nc-nd/4.0/). 

Interpolation-based optimal s-to-z mapping functions for IIR design 
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In this paper, novel low-order s-to-z mapping functions are proposed. The methodology employs an interpolation framework 

that combines the first-order bilinear transform and the Adams-Moulton numerical integration formula, utilizing distinct 

interpolating variables. The resulting transfer functions effectively map the s-plane to the z-plane, achieving an accurate 

approximation of the ideal magnitude and phase response in the transition from the analog to the digital domain. Notably, the 

relationship between the analog frequency (Ω) and the discrete frequency (ω) exhibits maximal linearity over an extended 

frequency range, rendering the proposed approach highly suitable for infinite impulse response (IIR) filter design. Furthermore, 

the derived mapping functions are applied in the design of digital low-pass filters for various quality factor values. Simulation 

results demonstrate a significant enhancement in the frequency response within the digital domain compared to existing 

mapping techniques. Additionally, experimental validation is conducted using a Simulink-based design model, confirming the 

efficacy of the proposed approach. 
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1 Introduction 

Electronic filters are the key components in commu-

nication systems and play a vital role in signal selection, 

noise reduction, and system performance improvement. 

There are several types of filters based on their pass-

band and stop-band behavior, such as low-pass, high-

pass, band-pass, all-pass, band-reject, comb filter, etc. 

[1-4]. Filters can be categorized as analog filters and 

digital filters, both of which have their own merits and 

limitations. Unlike analog filters, digital filters are 

composed of delays, multipliers, and adder circuits in 

place of resistors, inductors, and capacitors [5,6]. Digital 

filters have some important merits over their analog 

counterparts, such as superior performance-to-cost ratio, 

system flexibility, programmability, and resistance to 

manufacturing variations, temperature, humidity, and 

aging. There are two design topologies named IIR 

(infinite impulse response) and FIR (finite impulse 

response) utilized in digital filter designing. Both 

techniques have their own advantages and disadvantages 

but IIR-based designs contribute less memory 

requirement and computational time as compared to 

FIR. Therefore, due to the wide area of applications in 

control theory, speech processing, radar, telecommu-

nication systems, and biomedical signal processing, 

researchers have always had a great interest in the area 

of filter designing using the IIR technique. In 

conventional IIR filter designing, filters with the desired 

specifications are designed in the analog domain first, 

and then transferred into the digital domain using 

appropriate analog-to-digital (s-to-z) mapping functions. 

Several s-to-z mapping functions are available in the 

literature [7-11], such as bilinear, Al-Alaoui, Schneider, 

etc. Bilinear transformation provides the first-order  

s-to-z mapping function and is widely used in IIR 

designing. The bilinear transformation does not produce 

linear s-to-z mapping, consequently, the digitally 

transferred systems suffer from frequency warping and 

fail to replicate the analog system into its digital 

counterpart. Although, to counter this warping effect 

frequency pre-warping could be done, several 

limitations of the pre-warping have also been reported 

[12-14]. In addition to the first-order bilinear transform, 

higher-order s-to-z mapping functions have also been 

developed using numerical integration techniques [12, 

15-17]. These higher-order mapping functions have 

been used in the designing of IIR filters since they may 

have acceptable linearity compared to the lower-order 

mapping functions [12-14]. 

Additionally, numerous attempts have been made to 

combine and interpolate different techniques to propose 

improved methodologies. Al-Alaoui [11] observed that 

the ideal digital integrator's (DI) magnitude response lies 

between the responses of the rectangular and trapezoidal 

integration rules. Consequently, interpolating between 

these two rules offers a new approximation of the ideal 

integrator, leading to the design of a digital differentiator 

(DD) with appropriate modifications. In [18], a promi-

nent method involves applying the Z-transform to the 

Newton-Cotes integration formula, which led to the 

development of a new third-order wideband trapezoidal 

digital integrator. This integrator stands out for its 

precision in approximating an ideal integrator over the 

Nyquist frequency range. Another line of research 
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explores enhancing the accuracy of digital integrators 

through trapezoidal integration, differential equations, 

and Richardson extrapolation [19]. This approach 

integrates a Lagrange finite-impulse response (FIR) 

fractional delay filter to optimize the performance of the 

digital integrator, offering both accuracy and efficiency. 

Additionally, the use of the discrete Hartley transform 

(DHT) in combination with numerical integration rules 

has resulted in a closed-form solution for digital 

integrators [20]. This approach simplifies the compu-

tation of filter coefficients and improves the perfor-

mance when compared to traditional integrators. Cadan 

[21], employed numerical interpolation methods to 

approximate both the magnitude and phase of the ideal 

integrator with low-order designs being particularly 

relevant for applications such as strap-down inertial 

navigation. Additionally, a weighted interpolation 

approach between Boole's rule, the trapezoidal rule, and 

Simpson's rule was explored to produce a third-order 

transfer function that closely approximates the ideal 

differentiator [22]. Furthermore, several other designs 

have been proposed based on interpolation techniques 

that utilize a variable weighting factor [10, 23]. 

Recently, efforts have also targeted optimizing IIR 

digital differentiators of the first and second orders using 

fractional interpolation of bilinear and rectangular 

transforms [24]. All of these designs, based on various 

interpolation methods and mathematical formulations, 

represent significant advancements in the development 

of digital differentiators. However, for differentiators 

used in IIR filter design, it is crucial to match both phase 

accuracy and magnitude.  

Apart from all this, various approximation-based 

operators and nature-inspired metaheuristic optimization 

algorithms have also been utilized to transform the 

analog domain into the digital domain [25-31]. 

However, a serious attention is paid only to the precise 

magnitude mapping while completely ignoring the phase 

correlation for the approximation of digital differen-

tiator. Therefore, it is observed that an s-to-z transform’s 

accurate approximation may be used as the digital 

differentiator, but vice-versa may not be true. Therefore, 

in this work, an attempt is made to develop a more 

accurate s-to-z mapping function for IIR filter designing.  

The organization of the paper is as follows. Section 2 

discusses the various types of available s-to-z mapping 

functions and their characteristics. This section also 

discusses the suitability of the s-to-z mapping function 

for designing of IIR filter. A new 3rd-order s-to-z 

mapping function is proposed in section 3, by using the 

interpolation of first-order Bilinear transform and 3rd-

order Schneider transform. In section 4, IIR filters have 

been designed and simulated by transforming an existing 

analog filter into a digital domain, by using existing and 

proposed s-to-z mapping function. Further, a thorough 

comparison of these designed IIR filters has been done 

in this section, to analyze the performances of discussed 

s-to-z mapping functions. Finally, conclusions are given 

in Section 5. 

 

2 Mapping of Analog to Digital Domain 

There are several well-known s-to-z mapping 

schemes derived from logarithmic expansion (bilinear 

transform), Adams-Moulton numerical integration 

formulas [13, 17]. The corresponding mapping functions 

are summarized in Table 1.  
 

Table 1. s-to-z mapping functions 

Transformation Mapping Function 

1st -order Bilinear 

[11, 16] 
 

2nd -order Schneider 

[13, 15, 16] 
 

3rd-order Schneider 

[13, 15, 16] 
 

4th -order Schneider 

[13, 15] 

 

5th-order Schneider 

[13, 15] 

 

 

The magnitude and phase mapping of the s-plane to 

the z-plane for the above transformations are shown in 

Fig. 1. It is observed that 1st-order bilinear trans-

formation provides accurate phase mapping but is unable 

to maintain acceptable magnitude mapping beyond 0.95 

radians. The 2nd-order Schneider operator is capable of 

providing accurate magnitude mapping beyond 1 rad/sec 

but fails to maintain accurate phase mapping throughout 

the Nyquist frequency range.  

Similarly, other higher-order mapping functions (3rd 

order, 4th order, and 5th order) give accurate magnitude 

and phase mapping up to a certain frequency band. 

Though the frequency bandwidth of this mapping varies 

with the change of its order, but as the order increases, a 

greater number of poles-zeros are added to the system 

which may affect the stability of the systems. 

Additionally, these extra poles and zeros increase the 

cost and complexity of the system. Therefore, lower-

order mapping functions are often preferred over higher-

order functions if the s-to-z mapping characteristic 

doesn’t affect significantly. From Fig. 1, it is also 

noticeable that the 1st order bilinear transformation gives 

accurate phase mapping in the complete frequency band 

whereas the 3rd order transformation (Schneider) gives 
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satisfactory magnitude mapping. Although, these two 

mapping functions don’t provide adequate magnitude as 

well as phase mapping simultaneously. Therefore, an 

attempt is made to develop a new s-to-z mapping 

function by interpolating these two mapping functions, 

which can provide magnitude as well as phase mapping 

up to a greater band. 

 

 
(a) 

 
(b) 

Fig. 1. Magnitude and phase mapping of existing  

s-to-z transform 

 

3 Proposed s-to-z mapping function 

As discussed in the previous section, the 1st-order 

bilinear transformation gives accurate phase mapping 

but is unable to provide satisfactory magnitude mapping 

whereas the 3rd-order transformation gives acceptable 

magnitude mapping but fails to maintain adequate phase 

mapping. This observation gives an intuition that s-to-z 

mapping can be deduced by combining the 1st and 3rd-

order mapping functions to provide a trade-off balance 

between phase and magnitude mapping, and could be 

used for IIR filter designing. Therefore, an interpolation 

between 1st-order bilinear transformation and 3rd-order 

transformation can be written as   

𝐻(𝑍) = 𝛼
2(𝑍−1)

𝑇(𝑍+1)
+ (1 − 𝛼)

24(𝑍3−𝑍2)

𝑇(9𝑍3+19𝑍2−5𝑍+1)
                  (1) 

where α  is the weightage factor (lesser than unity), and 

T is the sampling period. The sampling period affects 

accuracy, stability, and computational efficiency. It 

influences frequency warping, where improper selection 

distorts the frequency response. A smaller T improves 

accuracy but increases computational complexity, while 

a larger T may degrade system approximation. Proper 

choice of T ensures stability, prevents aliasing, and 

balances performance in digital signal processing and 

control systems. Often, T=1 is chosen for mathematical 

simplicity and normalization, simplifying transforma-

tions by removing explicit dependence on T. This makes 

computations easier and allows for a standardized 

discrete-time analysis. 

 

 
(a) 

 
(b) 

Fig. 2. Magnitude response and corresponding error  

of proposed interpolations 
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The magnitude and phase response of the proposed 

interpolated mapping function is obtained assigning 

appropriate values of α. The magnitude response and 

phase response with the corresponding error plots are 

shown in Figs. 2 and 3 respectively. The results observed 

from the proposed mapping function reveal that it 

delivers significant and reliable outcomes when the 

value of α is in the range of 0.15 to 0.25. The proposed 

mapping function, which consists of 75% to 85% third-

order characteristics and 15% to 25% bilinear character-

ristics, generates accurate and well-justified magnitude 

and phase mappings. This balance between third-order 

and bilinear characteristics is critical, as it ensures that 

the magnitude and phase mapping produced by the 

function are both accurate and well-justified. As a result, 

the interpolation values corresponding to α = 0.15, 0.2, 

and 0.25 are chosen for further processing due to their 

optimal performance in generating precise mappings. 

The magnitude and phase responses of these selected 

interpolations are compared with several other existing 

well-known and higher-order mapping functions 

illustrated in Fig. 4. 

 
(a) 

 
(b) 

Fig. 3. Phase response and phase error  

of proposed interpolations 

It can be visualized that the proposed mapping 

functions give satisfactory magnitude and phase 

resemblance with the ideal one. Thus, the proposed 

design may act as an optimal s-to-z mapping function for 

IIR designing. Fig. 5 further confirms the linear mapping 

between analog frequency (Ω) and discrete frequency 

(⍵). 

 

 
(a) 

 
(b) 

Fig. 4. Comparisons of (a) magnitude and (b) phase 

response of the proposed interpolations with the 

existing mapping functions. 

An optimal mapping function should have perfect 

linearity and maximum span for the analog frequency 

versus the digital frequency [13-14]. It is observed that 

the bilinear transformation can retain the linearity up to 

0.95 radian only, whereas this linearity extends up to 1.2 

to 1.4 radian for the existing 2nd order 3rd order 4th order 

and 5th order mapping functions. It is interesting to 

visualize that the proposed mapping functions show 

maximum linearity, i.e., more than 1.5 radian. Thus, the 

proposed 3rd-order mapping functions are capable of 

maintaining higher linearity and wider frequency span 
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than the existing higher-order (4th and 5th order) mapping 

functions also. Since these 3rd-order mapping functions 

have fewer numbers of poles and zeros, the proposed 3rd-

order mapping functions are certainly preferable over the 

existing higher-order mapping functions for IIR 

realizations. Moreover, the proposed transforms are free 

from aliasing as they map the entire s-plane (-∞ to +∞)  

to z-plane (-π to +π) with maximum linearity.  

 

 

Fig. 5. Mapping of analog vs. discrete frequency 

 

4 Design validation 

To analyze the appropriateness of the proposed 

mapping functions, existing pre-specified analog filters 

are considered for IIR designing. The generalized 

transfer function of the considered system is  [32]:  

( ) 22

2

)(
cc

c

sQs
sH





++
=                                     (2) 

where Q is the quality factor and 𝜔𝑐 is the cut-off 

frequency in rad/sec. The cut-off frequency and 

sampling period are taken as 1 rad/second and 1 second, 

respectively, to satisfy the minimum Nyquist sampling 

criterion. This filter is discretized by the proposed and 

some existing s-to-z mapping functions for several 

different quality factors as: 0.5, 1, 4, and 10 respectively. 

The corresponding magnitude response and the relative 

error in gain are shown in Figs. 6, 7, 8, and 9. The peak 

relative error within the –20 dB passband, and the sum 

of relative errors up to 2 rad/sec., are listed in Tab. 2.  

It is observed that the peak relative error and the 

cumulative error for the considered IIR filter designed 

using the 1st-order Bilinear transformation are ranging 

from 0.19 to 0.8 and from 6.4 to 13.2, respectively.  

Similarly, the same errors for the 2nd-order Schneider 

operator-based design are ranging from 0.4 to 1.8 and 

from 0.8 to 7, respectively. Further, the peak relative 

error and the cumulative error for the 3rd, 4th, and 5th 

order mapping function-based design are increased up to 

2.5 and 15.5 respectively. However, the proposed 

mapping function shows the peak relative error and the 

cumulative error of 0.6 and 2.5 respectively, even in the 

worst cases. 

Therefore, the proposed 3rd order interpolation-

based mapping function gives significantly improved 

results than the existing mapping functions. This 

observation can also be validated by analyzing the 

cumulative errors for the proposed and existing mapping 

functions summarized in Tab. 2. Additionally, it is also 

noticed that the 𝛼 = 0.25 based interpolation gives 

better results than the 𝛼 = 0.2 and 𝛼 = 0.15 based inter-

polations for the low-quality factor, i.e., Q=0.5 and 

Q=1;  however, the 𝛼 = 0.15  based interpolation gives 

better result than 𝛼 = 0.20 and 𝛼 = 0.25 based 

interpolations for the high-quality factor, i.e., Q = 4 and 

10. Therefore, it is suggested that for high-quality filters 

interpolation with the lower value of α should be 

preferred over the higher α and vice versa.  

 

 
(a) 

 
(b) 

Fig. 6. Magnitude response and gain error for Q= 0.5 
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Fig. 7. Magnitude response and gain error for Q = 1 

 

             
 

Fig. 8. Magnitude response and gain error for Q = 4 

 

             
 

Fig. 9. Magnitude response and gain error for Q = 10 
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Table 2. Peak and cumulative magnitude error for the designed IIR filters 

 

Transformation 

 

Peak relative error within –20 dB band 
Cumulative error (up to 2 rad/sec) 

with sampling interval 0.05 rad/sec 

Q=0.5 Q=1 Q=4 Q=10 Q=0.5 Q=1 Q=4 Q=10 

Bilinear 0.19 0.5 0.63 0.8 6.4 7.9 11.2 13.5 

2nd-order (Schneider) 0.04 0.1 0.42 1.8 0.8 2 5 7 

3rd-order (Schneider) 0.11 0.3 0.32 0.85 4.6 5.9 5.2 5.5 

4th-order (Schneider) 0.08 0.7 1.1 1 5.7 8.8 11.5 11.9 

5th-order (Schneider) 0.02 0.58 2.3 2.5 4.5 7.4 14.2 15.5 

Proposed 

3rd order 
 0.05 0.15 0.34 0.6 0.7 0.6 1.7 2.5 

 0.1 0.12 0.36 0.4 1.2 1.5 1.3 1.7 

 0.15 0.15 0.4 0.3 2.1 2.4 1.7 1.6 

 

 

Further, the Simulink model is used for experimental 

validation of the accuracy of the proposed design 

methodology. The Simulink model of this arrangement 

is shown in Fig. 10. This experimental setup was done 

for the low pass filter of unit quality factor and norma-

lized cutoff frequency.    

In this simulation, a sinusoidal waveform of 1.257 

rad/sec (sampled with time-period T=1sec.) is taken as 

an input signal and passed through the IIR filters 

designed using a few optimal s-to-z mapping functions. 

After passing through the IIR filters, signals are passed 

through the analog low-pass filter to convert the sampled 

signal into a continuous-time signal. Further, all these 

signals are multiplexed and connected to a display. 

These responses are also compared with the ideal filter 

response as illustrated in Fig. 11.  

It can be observed that the peak amplitude of the 

sinusoidal signal drops to 0.5 V from 1 V after passing 

through the 1st-order Bilinear transform-based IIR filter.  

This attenuation improves slightly up to 0.5 V for the 

2nd-order transform-based IIR filter, whereas the peak 

amplitude of the 3rd-order transform-based IIR filter 

shoots abruptly up to 1.8 V, which is almost twice the 

expected outcome. The peak amplitude of the proposed 

interpolation-based IIR design is 0.9 V which is quite 

close to the ideal response. Thus, the proposed 

interpolation-based s-to-z operator (with 𝛼 = 0.2) is 

capable of replicating the ideal response with minor 

attenuation whereas the responses of other existing 

operator-based designs deviate significantly from the 

ideal response.  

 

 

 

 

Fig. 10. Simulink design model of the IIR filters 

 

  

25.0=

2.0=

15.0=
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Fig. 11. Simulink response of the IIR filters for the sinusoidal input 

 

5 Conclusion 

This study has introduced efficient s-to-z mapping 

functions based on the interpolation of the first-order 

bilinear transform and the third-order Schneider trans-

formation. The proposed mapping functions achieve an 

optimal mapping of the s-plane to the z-plane, ensuring 

the widest frequency span with maximal linearity. 

Consequently, these functions are well-suited for the 

design of infinite impulse response IIR filters.  

The efficacy of the proposed approach is further 

validated through the design of digital low-pass filters 

for various quality factor values. It is observed that the 

Peak Relative Error (within –20 dB band) ranges from 

0.05 to 0.6 for the proposed techniques whereas this 

range expand upto 0.85 for the existing design of the 

same order. Similarly, the Cumulative Error (up to 

2 rad/sec) for the existing 3rd and 4th order design is up 

to 11.9 whereas for the proposed design it reduces to 2.9. 

The results confirm a superior approximation of the 

analog filter response compared to existing mapping 

techniques. Further, the experimental validation with 

a Simulink-based model confirms the simulation results, 

showing the design’s practical viability. The passband 

sinusoidal signal processed through IIR filters retains its 

peak amplitude with minimal distortion, while 

conventional methods cause significant changes in the 

passband signal.  

Therefore, the proposed low-order wideband s-to-z 

mapping functions offer a robust alternative to existing 

techniques and are well-suited for a range of digital filter 

design applications. 
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