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Vertically heated natural convection loop model

Goran Bulatovi¢!, Tadea$ Blunar? and Peter Bokes?

We present a comprehensive analytical model for laminar flow in a vertically heated rectangular convection loop, with
applications to oil cooling in transformer systems. Starting from an integral equation, we apply a quasi-one-dimensional
approach to derive equations for both loop velocities and temperature distributions. In this model, we account for temperature-
dependent dynamic viscosity and introduce cooling at the loop top and in the fin. The analytical predictions are rigorously
validated against finite volume method (FVM) simulations across different geometries and heat flux conditions, demonstrating
strong agreement within a 2% discrepancy range for most parameters. This model provides a viable analytical alternative to
computationally intensive simulations, offering insights into natural convection dynamics within closed-loop configurations.
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1 Introduction

Natural convection within closed-loop systems
represents a significant area of study due to its appli-
cations across engineering and environmental systems,
notably in heat transfer and fluid dynamics [1-4].
Analytical models for natural convection loops remain
limited, with much early foundational work by Zvirin
addressing circulation loops in systems such as
pressurized water reactors [5, 6]. More recent studies
have examined the dynamics within natural convection
loops, focusing on the stability and flow characteristics
of single-phase loops [7], as well as on the role of
vertical and horizontal heated surfaces in influencing
boundary layer structures and heat transfer behaviors
[8]. While some studies utilize semi-analytical
approaches, such as Fourier series expansions and
dimensionless parameters [9], or combine control
volume with particle-tracking methods [10], fully
analytical solutions remain rare. In the present study, we
develop a closed-loop analytical model that, similar to
Zvirin’s work, relies on solving an integral equation.
However, we further integrate a quasi-one-dimensional
approach from previous studies [11, 12], allowing for
detailed analysis of temperature distribution within the
loop.

In our prior work on oil transformers, we developed
a quasi-one-dimensional framework to determine the
temperature distribution within transformer windings
[11, 12]. This approach, however, assumes temperature

uniformity along the winding height, represented here by
the z-axis. To extend this model and capture temperature
variations with respect to height, we initiated the
development of an analytical loop model specifically for
transformer oil distribution. An initial model hypo-
thesized that natural convection within the loop is driven
by the differential in lengths over which heat enters and
exits the loop, with linear temperature gradients in both
the channel and the fin [13]. Through extensive finite
element (FEM) and finite volume (FVM) simulations,
we determined that a more robust model would account
for the temperature differential between the channel and
fin as the primary driver of the loop circulation.
Additionally, rather than presupposing a specific
temperature profile along z, we compute the temperature
distribution analytically across the loop channel, top and
fin. Preliminary results employing this enhanced
approach were published in [14]. In this article, we build
upon those findings by incorporating temperature-
dependent dynamic viscosity into the model. Further-
more, we extend the cooling boundary conditions to
include the loop top, refining the model’s physical
accuracy. In contrast to our previous work [14], here we
provide a comprehensive derivation of the governing
equations for loop velocities and temperature
distributions. The validity of the analytical model is
assessed through comparisons with four FVM
simulations, offering a rigorous basis for evaluating its
accuracy.
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2 Natural convection loop model geometry
and temperature distribution

We have a natural convection loop that consists of
a vertical channel and a fin of length /. and widths /e,
hrrespectively, horizontal top and bottom of width /4, and
lengths /;, I, respectively, Fig. 1. We consider that the
loop has the same depth along the axis perpendicular to
the fluid flow (x axis). The loop is heated at the channel,
with the heat amount characterized by surface heat flux
density jq.ch, and cooled at the fin and top, with the heat
loss characterized by the fin and top heat transfer
coefficients ar, aw. The rest of the loop — the bottom and
loop two top corners — is considered insulated. The fluid
is heated in the channel to reach temperature 9 which
it retains in the left top corner of the loop. The fluid is
then cooled in the top part of the loop to reach
temperature J¢; which it retains in the right top corner of
the loop. The fluid is then cooled in the fin to reach
temperature J,, which it retains in the bottom part of the
loop.

jQ,c‘h l(-‘h af C¥f

Fig. 1. Model of a natural convection loop. On the left,
the heat enters the channel from two walls characterized
by jo.ch. On the right, the heat leaves the fin through two
walls characterized by or. On the top, the heat leaves the
fin through one wall characterized by o.

We consider that the loop has one average density p
— in the spirit of the Boussinesq approximation —
assuming that density variations are small and primarily
affect buoyancy forces in the momentum equations,
rather than directly changing the density field across the
flow. This approximation works as long as temperature
differences are not too large. To find the loop tempe-
ratures we apply a quasi-one-dimensional energy
balance from [11, 12] to fin, channel and top in order to
obtain simple differential equations with analytical
results. In doing so we choose the local vertical
z coordinate to have its origin at the bottom of the
channel and of the fin.

2.1 Temperature distribution in the fin

The fin steady state quasi-1D equation has the form
of

}ldzﬁf(Z) _ d‘l9f(Z)
dz2 “PVt 4,
2ask
+ ‘;f £ 96(z) — 9,) = 0 (1)
f

where 94(z) is the temperature averaged over x, y and

. ne\"1 . .
dependent on z axis, kf= (1 + %) , A is the fluid
thermal conductivity, ¢, is the specific heat capacity at
constant volume, ¥s is the fin average velocity. The first
term on the left side of the equation is the conduction
term which is much smaller than the other two terms
(flow and convection) and therefore can be neglected.
Then Eqn. (1) has a solution

ﬁf(z) = (19f,t - 19a)ecf(z_l‘:h) + 19a (2)

where 9, is the value of the temperature for z =/, and

2a¢k
= U When z =0, we find the temperature of the
hgc, pvs

loop bottom
Op = (Fgp— g)e “ren + 9, 3)

The fin average temperature is given by
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Another equation for the fin average temperature is
obtained from a wall-averaged Newton’s law of cooling

= Jof
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where ] r is the average fin heat flux density.

2.2 Temperature distribution in the channel

The channel steady state quasi-1D equation has the
form of

dzﬁch(z) dﬂch(z) ZjQ ch
P I 17 — 4 = (6)
A gz T PPy, ny 0

where Je(z) is the temperature averaged over x, y and
dependent on z axis, U, is the channel average velocity.
The first term on the left side of the equation is much
smaller than the other two and can be neglected. Then
Eqn. (6) has a solution
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en(2) = ccnz + 9 (7)
5
where ¢, = —Joch  The channel average temperature
hchCyPUch
is given by
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2.3 Temperature distribution in the top

The top steady state quasi-1D equation has the form
of
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where () is the temperature averaged over x, z and

atht -1 .
H) , D; is the top

average velocity. The first term on the left side of the
equation is the conduction term which is much smaller
than the other two terms and can be neglected. Then
Eqn. (9) has a solution

dependent on y axis, k; = (1 +

9:(y) = (e — Fa)e ™) + 9, (10)
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Another equation for the fin average temperature is
obtained from a wall-averaged Newton’s law of cooling

= ot (12)
9y = —/—+9
t afkt + a

where Jg ¢ is the average top heat flux density.

3 Force balance and average loop velocities

The force acting in the fluid on a chosen volume V*
bounded by a closed surface S* is given by mechanical
stress and buoyancy force

F=¢dS* -5+ [p)gdv* (13)

where G is the stress tensor and g is gravitational
acceleration vector. We use a linear approximation for
density change with temperature

p(ﬁ) = pret(1 — B — Urer)) (14)

where f is the coefficient of thermal expansion and the
reference density prr corresponds to the reference
temperature J.¢¢. Considering values in direction of z as
positive, then Eqn. (13) applied to the loop channel and
fin can be expressed into pressure, viscous and buoyancy
terms

Fehz = (Pchb — Dcht) Sch
ov
—lenlen (n > ly=0)ch

- gSchpreflch(:L _ﬂ (5ch - ﬁref)) (15)
av
Fr, = (Pep — Pro) Se+ lenlt (77@ ly=0)s
- gSfpreflch(l _ﬁ (1§f - ﬁref)) (16)

where the channel and fin are characterized by cross-
sectional perimeter I'=2(d + h) = 2d and cross-sectional
area S=h.d, where & is the width (length along y axis)
and d is the length along x axis. The pressure values at
the bottom and top of the channel are penp and pen, and
prov and pr; at the bottom and top of the fin. The viscous
friction is characterized by dynamic viscosity # and
symmetrical velocity gradient at the loop walls
|Ov/0y| y =0 with the mean value of their product denoted
by ( ). We consider that in the steady state flow velocity
is constant within the four loop parts. The acting force
must be then zero within these four parts. We also
consider that the cross-sectional velocity has a parabolic
profile. For the flow in the direction of z axis (channel
and fin) the cross-sectional velocity is given by
Yy
v(}’) - 4‘vmax (1 - E)E

(17

which is a solution to a simplified Cartesian Navier-
Stokes equation for laminar flow between two vertical
walls and the boundary conditions v(0)=wv(h)=0,
v(h/2) =vmax. The velocity gradient at the walls then
equals
g_v|y=0 = Homax = 6_v (18)
y h h

vmax-

as v =

wIiN

Dividing the channel and fin equations by the
respective areas, introducing the formula for the velocity
derivative for the laminar flow and introducing average
values for viscosity and velocity we get

FC ,Z — 67c
Schh = (Pehb = Peht) — lenleh Tien hczsllh
- gpreflch(l *,B (1§ch - 19ref)) =0 (19)
Fg, _ 67
SL'f = (Prp — Pry) + lchl}nf%
- gpreflch(l *ﬂ (gf - 19ref)) =0 (20)
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The equations for the loop top and bottom are similar
to Eqns. (19) and (20) but they do not contain the
buoyancy term. Furthermore, we remove the viscous
term from the top and bottom equations as the primary
motivation for our loop model is the oil circulation in
transformers which have wide top and bottom, so wall
viscous force is negligible there. That means that the top
and bottom equations are left only with the pressure
difference terms which equal zero. This means that there
is no change in pressure along the y coordinate,
therefore, penp=prp and peny=pr.  Considering
Ter/Sen = 2/hen, I't/Sr = 2/hr and continuity equation

UehSch = VSt (21)

and by subtracting Eqns. (19) from (20) we arrive at the
formula for the channel average velocity

_ gprefﬁ(gch B 1§f)

N (i L Th
12 Lh f’*ch
(hzh TR

(22)

The loop top and bottom velocities are easily obtained
from the respective continuity equations. We see from
Eqn. (22) that the loop average velocities correspond to
temperature difference in the channel and fin.

We want to have Eqn. (22) expressed only through
known geometric, material and flux parameters. First,
we use the continuity equations to replace the average
fin and top velocity with channel velocity in parameters
cr and ¢ in sections 2.1 and 2.3. Next, we find
temperature s, that features in fin, top and bottom
equations, Eqns. (3, 4, 11), by introducing an energy
balance equation for the total heat amount entering the
channel and exiting fin and top

Jo.chleh = Jo,elen * Jo.ele (23)
Combining Eqn. (23) with the Eqns. (4, 5, 11, 12) we
arrive at the temperature

Jo,cnCelen
afkf(e cele — o _Cflch)

19f,t = + 193 (24)

Now Eqns. (3, 4, 8, 22, 24) contain five unknowns.
Manipulating the system of equations, we arrive at the
channel velocity equation

< D
B(e‘_’ch + 1) (eﬁch — 1)
A — =0 (25
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which contains only one unknown — the channel average
velocity — and is only dependent on the loop geometric,
material and flux parameters, where

ﬁch -

A= gpref.BjQ,ch
fch | Nehen
12afkf (hgh + h? )
_ ackelcn
hchcvp_
kel
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The unknown average velocity in the channel appears in
Eqn. (25) implicitly, hence the solution of this nonlinear
algebraic equation must be obtained numerically. Note:
we can model the loop without the top cooling if we set
ot — 0.

4 Comparison of analytical model with 2D FVM
simulations

4.1 FVM simulations parameters

We have two geometries which we label 1 and 2. The
geometries are two-dimensional as we consider no
velocity and temperature change along the x axis. Both
geometries have common widths but different lengths,
Tab. 1. All four FVM simulations have common fluid
parameters, Tab. 2. Dynamic viscosity is a linear piece-
wise function of temperature, Tab. 3.

Table 1. Two loop geometries widths and lengths

hep(mm) he(mm) h(mm) Lep(mm) l;(mm)
Geometry 1 4.5 6 12 800 150
Geometry 2 4.5 6 12 500 500
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Table 2. Mineral oil material parameters

B (KD cv ('kg VK™

p— (kg.m—S) A (W'm_l . K—l)

6.6 x 10* 1900

873 0.131

Table 3. Mineral oil dynamic viscosity dependence on temperature

9 (K) 293.15 313.15

333.15 353.15 373.15

n (mPa-s) 16.65 7.95

The other common parameters are ar = 5 W/(m?-K),
a=10 W/(m*K) and ambient temperature
9,.=289.65 K. Please note that, while the fin has the heat
transfer coefficient on both sides, the top has it only on
the upper side, Fig. 1. We set two values for the channel
heating, jo.n=120 W-m2 which we label as A and
Jao.eh =180 W-m™2 which we label as B. Two different
geometries and two different channel heatings amount to
four different setups: 1A, 1B, 2A and 2B.

The simulations are done in Ansys Fluent. The type
of simulation is viscous laminar flow, pseudo transient,
with density set to Boussinesq. To model zero velocity
gradient at the top and bottom walls we set the value for
the shear stress in the simulations to zero (see section 2).
We find out that for the same simulation (same
parameters and same mesh), when repeated, we get
slightly different velocity and temperature results. This
prevents us from performing the mesh refinement
convergence test that determines the mesh refinement,
which upon further refinement does not produce
different values for the loop velocities and temperatures.
Therefore, we refer to the mesh refinement convergence
test in [14] in which we tested similar geometries, only
there was no cooling at the top. In [14] it was determined
that the cell size of 4x107* was fine enough for achieving
convergence. However, our mesh differs from the mesh
in [14] in that the cells in [14] are even and our mesh
gets smaller at the channel and fin walls where the
velocity gradient is most pronounced, Fig. 2, to capture
the velocity change more accurately. This approach
decreases the cell size at the walls but increases it in the
middle. To compensate for the increased size in the
middle, we set the average cell size to 3x107* for both
geometries. This translates into 183404 elements for the
first geometry and 224684 for the second. Another
problem is that, unlike [14] where continuity
convergence dropped below 1077 on its own with pseudo
timestep 1 s, here we are forced to repeatedly pause the
simulation to gradually decrease the timestep from 1 s to
0.005 s to achieve continuity convergence bellow 107
for all four simulations, which is considered precise

4.52 2.86 1.99

enough for natural convection simulations [15, 16]. All
four simulations are repeated seven times so that
velocity and temperature values are recorded as the
mean value. Velocity values are shown in the tables with
the standard and relative standard deviation, Tab. 4 and
Tab. 6. Standard deviation in the case of temperature
values is negligible and is not shown in the tables.

Fig. 2. Anys Fluent mesh. The rectangular elements get
smaller at the channel walls where the velocity change is
maximum.

4.2 Analytical model and FVM simulations
differences

The values we input into the analytical model are
exactly the same as the values for the four FVM
simulations with one exception, a;=5 W/(m?-K), which
is the half of the FVM simulation value. The reason for
this is the parameter k& formula in section 2.3 below
Eqn. (9) which requires symmetrical cooling on both
sides. Since the loop top is cooled only on the upper side,
in the model we simulate this as if loop top was cooled
from, both, upper and lower side with the transfer
coefficient set to the half of the value. Viscosity values
change fluidly in FVM simulations. In the analytical
model the viscosity change is achieved in the python
script in the way that the average value for channel and
fin viscosity is tied to the average value for channel and
fin temperatures, Eqns. (4) and (8).
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4.3 Comparison of loop velocities and temperatures

The analytical model provides the average velocity in
the direction of the flow which is responsible for
increased heat transfer due to the fluid flow. This value
is compared to FVM corresponding average velocity
component in the direction of the flow which is z for the
channel and fin and y for the top and bottom. FVM
average velocity component values are extracted from
simulations and model average velocity values are

489

obtained from Eqns. (21) and (25). To solve Eqn. (25)
we write a script in Python which makes use of function
fsolve, see the supplement. FVM average temperatures
are extracted from simulations and model average
temperature values are obtained from Eqns. (3, 4, 8, 11).
First, as an illustration, we compare the analytical model
and FVM simulation results for the 2B setup, Tabs. 4 and
5. The quantities of interest are the channel and fin
average velocities, and temperature rises above the
ambient temperature.

Table 4. Comparison of the analytical model results with the FVM simulation for the channel
and fin average velocities for the 2B setup. Velocity values include the standard deviation.

Model (mm/s) FVM (mm/s) Relative difference (%)
Deh 2.155 2.170 £0.018 0.69
U 1.616 1.628 £0.012 0.73

Table 5. Comparison of the analytical model results with the FVM simulation for the channel and

fin average temperature rises for the 2B setup.

Model (K) FVM (K) Relative difference (%)
Ay, 19.57 19.84 1.36
AY¢ 16.29 16.28 0.06

In the next two tables we summarize the comparison of the analytical model and four FVM simulations for
channel, fin, top and bottom average velocities and temperature rises.

Table 6. Comparison of the analytical model results with the FVM simulations for the channel,
fin, top and bottom average velocities. The left part of the table is the relative difference to FVM,
the right part is the FVM relative standard deviation.

Relative difference (%) Relative standard deviation (FVM) (%)

1A 1B 2A 2B 1A 1B 2A 2B

7, 029 111 016 0.69 0.42 0.96 1.44 0.80
e 027 109 015 0.73 0.38 0.87 1.30 0.72
7. 027 108 014 0.69 0.38 0.87 1.30 0.72
7, 027 1.08 015 0.69 0.38 0.87 1.30 0.72

Table 7. Comparison of the analytical model results with the FVM simulations for the channel,
fin, top and bottom average temperature rises. Comparison is made with relative difference

to FVM.
1A (%) 1B (%) 2A (%) 2B (%)

A, 2.09 1.85 0.39 1.36

A 0.60 0.03 2.07 0.06

A, 0.18 0.89 2.08 0.55

A9, 2.72 0.21 5.02 2.31
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Finally, we compare FVM and analytical model
temperature rises (above the ambient temperature) for
the channel and fin. The temperature rises are dependent
on z, Fig. 3. The FVM values are extracted from simu-
lations and model values are calculated with Eqns. (2
and 7). Simulation 2B is chosen as a representative
simulation.

T T T T
o L channel model —— |
fin model S

22 b channel FVM X _
2 fin FVM O
~ 20 |- -
S
= 18 |- |
<

16 - —

14 1 1 1 1

0 0.1 02 , (m) 03 04 05

Fig. 3. Comparison of the analytical model and FVM
values for the temperature change (above the ambient
temperature) in the channel and the fin

5 Discussion

We see from Tabs. 6, 7 and Fig. 3 that we get very
good agreement between the analytical model and FVM
simulations for the loop velocities and temperatures.
Almost all model values exhibit less than 2%
discrepancy with the FVM simulations and that is
including the standard deviation in the case of velocity.
A few values go above the 2% discrepancy, notably
bottom temperature for 2A simulation, which shows
5.02% discrepancy. The actual temperatures are
298.41 K (FVM) and 297.97 K (model) and they are
closer to the ambient temperature which is 9, =289.65 K
than the other three simulations so the relative difference
to FVM for the temperature rise is worst here. Other
discrepancies we explain with the following six factors:

1) The numerical instability of the FVM simulations.
Not only would the values obtained from the seven
repetitions of each of the four FVM simulations slightly
differ in velocity and temperature values but repetitions
themselves would converge to a value in an oscillating
manner so even that value is characterized by a deviation
which however is significantly smaller than the
deviations between the seven repetitions and is therefore
not explicitly included in the tables. This shows that
simulating a 2D natural convection rectangular loop
heated at the channel and cooled at the fin and top is
numerically challenging.

2) The nature of the flow in the loop top. We
purposefully chose the width of the loop top and bottom
only somewhat bigger than that of the channel and fin in
order to keep the flow in the simulations laminar.
Although the flow in the FVM simulations is seen as
laminar in most of the loop when velocity vectors are
charted, there are parts of the loop top which exhibit
curls as shown in Fig. 4. This points at transitional or
weak turbulent flow.

Veloct y Magntuds
. 3.22e-03
2.90e-03
2 58e-03
226003
1.83e-03
1.61e-03
1.29e-03
967e-04
6.45-04
3.23e-04

4 368-07
top_velocity

Fig. 4. Noticeable curling of the velocity vector in the
loop top

We calculate the Rayleigh number
Ra,=p’gfc(9—91)h/(nA)=3.6x10* for the loop top,
according to the approach in [17] for a horizontal
rectangular enclosure, where $, & are the top wall
temperatures at the position where the velocity curling
occurs. The cited reference states that, for thusly
calculated Rayleigh number, the natural convection
laminar flow ends and the turbulent flow regime begins
at Ra,=5x10* without referring to the transitional
regime. In [18] it is stated that when Prandtl number is
very high (as it our case, Pr=126) the flow regime is
either laminar or transitional and not fully turbulent. This
leads us to conclude that the parts of the loop top exhibit
transitional flow regime. This does not seem to affect the
model’s validity to any significant degree. Nevertheless,
it remains to be seen how well the model can fare when
there is pronounced turbulent flow (Ra; > 5%10%) in the
loop and can it be adjusted to accommodate the
turbulence.

3) The formula for parameter k used for calculation
of kr and k in sections 2.1 and 2.3. We derived the
formula in [11, 12] for the case of a solid where there is
only thermal conduction with convective boundaries.
Here in the fin and top we have thermal conduction with
convective boundaries plus a moving fluid. We have not
studied as how the formula for £ is affected by a moving
fluid. We use it because the temperature results are more
in accordance with FVM results when & is computed
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than set to 1. When k=1, it means that there is no
difference between the average temperature and surface
temperature (both dependent on the coordinate in the
direction of the flow) which is obviously not true and is
true less as the width of the loop increases.

4) Velocity gradient. In Eqns. (15) and (16) we
consider only the velocity gradient at the walls which is
a valid approximation for a fully developed laminar
flow. Nevertheless, velocity gradients exist within the
fluid too and this can lead to a small error in the
analytical model values.

5) Average density. It would be more precise to
consider an average density for each of the three loop
parts in Eqn. (1), (6) and (9). Instead, we consider one
density for the whole loop, see the explanation at the
beginning of section 2.

6) The cross-sectional velocity profile. They are not
identical as seen in Fig. 5.

v (mm/s) I I I I
3 X X X channel -
fin  —

2.5 —

2 - |

1.5 - _|

1 — —

0.5 _|

0 % ! ! ! ! ! ¥

0 1 2 3 4 5 6

y (mm)

Fig. 5. Comparison of the model (line) and FVM cross-
sectional velocity profile (crosses and squares)

Model values are computed from Eqn. (17) and FVM
simulation values are extracted from 2B. For both, the
channel and fin, model cross-sectional velocity is
slightly lower near the walls and slightly higher in the
middle of the flow. The relative difference to simulation
2B for the average cross-sectional velocity is 0.76% for
the channel and 0.43% for fin which is quite small and
substantiates the use of Eqn. (18) for the purpose of
calculating loop average velocities.

Despite the analytical model simplifications, overall,
the model values are largely in accordance with the FVM
values. In fact, in light of the numerical instability of
FVM simulations, we would like to comment on how
important is to have an analytical model and we believe
that we have one — despite the fact that the equation for
channel velocity is solved with a python script which
runs instantly as opposed FVM simulations that can take
considerable time. It should be noted that neither the
analytical model nor the FVM simulations deal with

viscous dissipation which is considered negligible
in natural convection flows due to small fluid velocities
and small viscosities [19]. Typically, for the loop flow
we get the Brinkman number Br=10% << 1, which is the
requirement for neglecting the viscous dissipation [20].

6 Conclusion

We have derived equations for a laminar flow in a na-
tural convection loop heated and cooled vertically, with
additional cooling at the loop top. We have tested the
analytical results for the loop velocities and temperatures
with four FVM simulations. The comparisons show that
the model is in very good accordance with the FVM
simulations with discrepancies less than 2% for most
values. We consider this an important step toward
modeling circulation in oil transformers, which is our
next goal.
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Supplement
Python code for calculating the loop velocities and temperatures

# Code for computing loop average velocities and temperatures

# Author: Goran Bulatovic
# Date: 15 November 2024
# Supplement for the article "Vertically Heated Natural Convection Loop Model" to be published in Journal of
Electrical Engineering

import numpy as np
from scipy.optimize import fsolve

# Constants

g=9.81

rho av = 873 # average density

rho ref =rho av # reference density

¢ v=1900 # specific heat capacity

beta = 0.00066 # thermal expansion coefficient
h ch =0.0045 # channel width

h t=0.012 # top width

h b=0.012 # bottom width

h £=0.006 # fin width

1 t= 0.5 # top and bottom length

1 ch= 0.5 # channel and fin length

j_Q =120 # channel surface heat flux density
vartheta_a = 289.65 # ambient temperature
alpha f=>5# fin heat transfer coefficient
alpha_t =5 # top heat transfer coefficient

lam = 0.131 # fluid thermal conductivity

def calculate viscosity(temperature):
# Calculates viscosity based on temperature using linear interpolation
viscosity data =[(293.15, 0.01665), (313.15, 0.00795), (333.15, 0.00452), (353.15, 0.00286), (373.15, 0.00199)]
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# Find the temperature range that the input temperature falls into
for i in range(1, len(viscosity data)):
if viscosity data[i][0] > temperature:
t1, vl = viscosity_data[i-1]
t2, v2 = viscosity data[i]
break
else:
# If the input temperature is outside the data range, use the last data point
t1, vl = viscosity data[-1]
t2, v2 = viscosity_data[-1]

# Calculate viscosity using linear interpolation
return vl + (v2 - vl) * (temperature - t1) / (t2 - t1)

# Main loop

initial guess = 0.001 # initial guess for the channel averager temperature
eta_ch =0.005 # Initial guess for channel average viscosity

eta £=0.005 # Initial guess for fin average viscosity
convergence_tolerance = le-6

max_iterations = 100

bar vartheta ch previous = 320

bar vartheta f previous =320

for iteration in range(max_iterations):

# Calculates parameters

k f=1/(1 +alpha_f*h_f/lam/6)

k t=1/(1 + alpha_t*h_t/lam/6)

A =(g*rho ref * beta*j Q)/(k f*alpha f*12* (eta_ch/h ch**2 +eta f*h ch/h f**3))
B =k f*alpha f*l ch/(h_ch*c_v*rho av)

C=2*B*(1 + k_t*alpha t*]_t/(k_f*alpha f*1 ch))

D=2*B

# Entering the average channel velocity equation
def equation(v_av_ch):
return v_av_ch - A * (B*(np.exp(C/v_av_ch)+ 1)/(v_av_ch*(np.exp(C/v_av_ch)- 1)) - (np.exp(D/v_av_ch)-
1)/((np.exp(C/v_av_ch)- 1)))

# Solution for channel average velocity
v_av_ch_solution, = fsolve(equation, initial guess)

# Calculates average fin, top and bottom temperatures
vel av f=v av ch solution*h ch/h f

vel av t=v av_ch solution*h ch/h t

vel av_ b=v av_ch solution*h ch/h b

# Calculates parameters

c f=Q2*k f*alpha f)/(h ch*c v*rho av*v av ch solution)
c t=(2*k t*alpha t)/(h ch*c v*rho av*v av ch solution)
c_ch=(2*_Q)/(h_ch*c_v*rho av*v_av_ch solution)

# Calculates top fin temperature

vartheta t f=c f*1 ch*j Q/(k f*alpha f*(np.exp(c t*1 t) - np.exp(-c_f*1 ch)))+ vartheta a
# Calculates average fin temperature

bar vartheta f= (vartheta t f- vartheta a)*(1 - np.exp(-c_f * 1 ch))/(c_f*1 ch) + vartheta a
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# Calculates bottom temperature

vartheta b = (vartheta t f- vartheta a)*np.exp(-c_f* 1 ch) + vartheta a

# Calculates average channel temperature temperature

bar vartheta ch =c ch*l ch/2 + vartheta b

# Calculates average top temperature temperature

bar_vartheta t=((vartheta t f- vartheta a)*(np.exp(c_t *1 t) - 1))/(c_t*1 t) + vartheta a

# Calculates average loop temperature temperature

bar_vartheta = (bar_vartheta ch*] ch*h ch + bar vartheta f*] ch*h f+ vartheta b*l t*h t+
bar_vartheta t*1 t*h t)/(1 ch*h_ch+1 ch*h f+1 t*h t+1 t*h t)

# Calculate average channel and fin viscosities based on the current channel and fin temperature
eta_ch = calculate_viscosity( bar_vartheta ch)
eta f=calculate viscosity(bar vartheta f)

# Check for convergence

if abs( bar_vartheta ch previous - bar vartheta ch) < convergence tolerance and \
abs( bar_vartheta f previous - bar vartheta f)<convergence tolerance:
break

bar vartheta ch previous = bar vartheta ch
bar vartheta f previous = bar vartheta f

# Calculate average top and bottom viscosities
eta vartheta t= calculate viscosity(bar vartheta t)
eta vartheta b = calculate viscosity(vartheta b)

print("eta_vartheta t =", eta_vartheta t)
print("eta_vartheta b =", eta vartheta b)
print("eta_ch =", eta_ch)

print("eta_f=", eta_f)

print("alpha_f=", alpha f)
print("alpha t =", alpha t)

print("k f=",k f)

print("k_t=",k t)

print("A =", A)
print("B =", B)
print("C =", C)

print(f"The solution for v_av_chis: {v_av_ch_solution:.6f}")

print("vel av_f=", vel av f)
print("vel av t=", vel av t)
print("vel av_b =", vel av b)

print("c f=",c f)

print("c t=",c t)

print("vartheta t f=", vartheta t f)
print("bar vartheta t =", bar vartheta t)
print("bar_vartheta f=", bar vartheta f)
print("vartheta b =", vartheta b)
print("c_ch =", ¢c_ch)
print("bar_vartheta ch =", bar_vartheta ch)
print("bar_vartheta =", bar_vartheta)



