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Abstract

Formal semantics of programming languages represents a basic formal method connecting theoretical
foundations of computer science with the development of reliable software. It allows for rigorous analysis
of the correctness and properties of programs independently of the implementation. When formulating it,
it is necessary to respect the principles of the programming paradigm, which determines the basic
abstractions of the language. At the same time, there are unifying formalisms that allow for systematic
comparison of semantic definitions across paradigms. Category theory represents one of the most
important such approaches. We formalize this perspective by introducing a general categorical model of
state transformations and show how different programming paradigms can be uniformly represented and
related within this framework via structure-preserving mappings.
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1. INTRODUCTION

The diversity of programming languages reflects the many ways in which people
think about computation, state and their change, as discussed in modern treatments of
programming language theory [Pierce 2002; Harper 2016; Milewski 2021].
Imperative languages model computation as sequences of commands that explicitly
modify state, whereas declarative approaches describe properties of desired results,
leaving the underlying state transformations implicit.

From one important perspective, many computational models can be understood in
terms of state and its transformation [Baez et al. 2023]. However, the notion of state
varies significantly: it may appear as a store of variables, a stack, a tree structure, a
system of equations, or even spatial configurations such as positions in a geometric
space. These differences reflect distinct abstractions rather than fundamentally
different computational principles.

Interestingly, classical models such as the Random Access Machine (RAM) [Cook
and Reckhow 1973] illustrate this point. Although typically viewed as abstract
machines, they can also be interpreted as formal systems for describing state
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transformations with explicit access to memory. Similarly, stack-based machines or
algebraic formalisms can be seen as alternative representations of computational
state.

Despite their surface differences, these models share a common structural aspect:
they describe collections of states together with transformations between them. This
observation naturally leads to more abstract formulations of computation, as studied
in semantics and category theory [Barr and Wells 1990].

Category theory provides a unifying framework in which states (or types of states)
can be represented as objects, and computations as morphisms between them [Riley
et al. 2021]. In this setting, programs correspond to morphisms, while entire
computational systems give rise to categories. Such formulations make it possible
not only to describe state transformations, but also to relate different computational
models via functors, as explored in [Spivak 2014].

The aim of this paper is to develop a conceptual framework in which diverse
programming languages — ranging from low-level machine models to declarative
domain-specific languages — can be understood within a unified categorical
perspective on state. This approach suggests a pathway toward relating and
potentially integrating different programming paradigms within a common abstract
structure [Zhao et al. 2023].

The structure of the paper is as follows: Section 2 introduces formal models of
state and surveys different semantic approaches, including operational, denotational,
and categorical perspectives. Section 3 presents concrete examples of state-based
categories derived from simple programming languages. In Section 4, we generalize
these constructions and discuss their interpretation as categories associated with
programming languages and formulate foundations of a unified framework for
modeling state transformations in different programming languages. Section 5
reviews related work in categorical semantics and its recent developments. Finally,

Section 6 concludes the paper and outlines directions for future research.

2. FORMAL MODELS OF STATE AND SEMANTICS

Having established the formal representation of program state across different
paradigms, we now turn to the question of semantics—how these states acquire
meaning through computation. Each programming language not only defines a space
of possible states, but also a set of rules or transformations that give those states

behavioral interpretation. To capture these transformations precisely, several
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complementary semantic frameworks have been developed, ranging from operational
semantics [Plotkin 1981] to denotational approaches [Schmidt 1986] and categorical
models [Steingartner and Novitzka 2017].

2.1.  Operational, Denotational, and Functorial Semantics

In programming language theory, formal semantics is commonly described along
three well-known complementary perspectives: a transitional (operational) view
concerned with state evolution, a mathematical (denotational) view assigning
meanings (denotations) to programs, and a logical (axiomatic) view capturing
correctness properties.

Operational semantics (in its small-step and big-step variants) characterizes
computation via transitions between program states [Winskel 1993], while
denotational semantics assigns mathematical meanings to programs, typically as
functions over suitable domains [Stoy 1977; Scott 1970; Schmidt 1986]. Axiomatic
semantics, in turn, expresses correctness in terms of relations between preconditions
and postconditions [Hoare 1969].

Category theory provides a unifying abstraction for semantic approaches by
modeling states as objects and computations as morphisms [Jacobs 1999]. In this
setting, functorial semantics, following Lawvere [Lawvere 1963], interprets
programs and languages as categorical structures and their relationships as functors
preserving the computational structure.

This work is situated within a broader research program that progressively develops
a functorial approach to semantics. This approach is motivated by the observation
that functorial semantics provides a formal language for expressing when different
languages admit a common space of states. In particular, the existence of suitable
structure-preserving functors between their associated categories may be interpreted

as indicating a form of semantic compatibility at the level of state representation.

2.2.  State as Structure

Traditionally, state is viewed as a collection of variable values or a configuration of
memory, as formalized for instance in denotational models of imperative
languages [Schmidt 1986]. In the categorical setting, however, state is modeled
abstractly as an object in a category, where its behavior is determined by morphisms
representing state transformations. This interpretation allows us to generalize the

notion of state beyond conventional models:

—In imperative languages, states are memory configurations, and morphisms
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correspond to commands.

—In functional languages, computations are modeled as functions between values,

with state either implicit or represented through suitable abstractions.

—In concatenative languages or stack-based languages, states are stacks, and
morphisms are stack operations (see, e.g., KKJ in [Miheli¢ et al. 2021] or
StackLang in [Steingartner and Schreiner 2025]).

—In RAM model and abstract machines, states are configurations of registers and

memory, and morphisms correspond to instructions.

—In domain-specific languages (DSLs), states are elements of domain-specific

structures (e.g., geometric positions, logical facts, or table configurations).

The unifying observation is that, in each case, a language determines a collection
of states together with operations that transform them, a perspective closely aligned
with categorical approaches to programming languages [Steingartner et al. 2017].
Formally, such systems can be modeled as categories, where states correspond to
objects and transformations to morphisms. This viewpoint provides a foundation for
a functorial approach in which different languages can be related through
structure-preserving mappings, with the notion of state serving as a common
abstraction across programming paradigms.

To serve as a common foundation across programming languages, the notion of
state must be expressed independently of specific implementations or syntax, in a
sufficiently abstract form. Category theory provides such a framework [Mac Lane
1998].

Category theory models systems in terms of objects and morphisms, emphasizing
transformations between them rather than internal structure [Awodey 2010], a

perspective well suited to describing computation as state transformation.

2.3.  State as Object, Computation as Morphism

Categorical structures provide an abstract and unified framework for modeling
programs, as developed in categorical semantics of computation [Barr and Wells
1990; Steingartner et al. 2017]. A programming language (or computational model)

can then be described categorically as follows:

—a set of objects Ob(.¥) representing possible system states,

—a set of morphisms Mor(.¥) representing computations or transitions between

states,
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—a composition operation o corresponding to the sequencing of computations, and

—an identity morphism id; for each state s, representing a computation that leaves

the state unchanged.
Formally,
&£ = (0b(Z),Mor(Z),o0,id),

satisfying the usual axioms of associativity and identity [Mac Lane 1998].

This model allows us to view computation as a composition of morphisms, with
states represented as the objects and computations as morphisms between them.
Imperative, functional, and declarative languages can all be modeled within this same
categorical framework, differing primarily in how their objects and morphisms are

interpreted.

2.4. Formalization of State

In many semantic frameworks, state can be viewed as a schematic representation of a
program’s semantics: it captures one aspect of program execution. In operational
models, state evolves during execution, forming a sequence of configurations that
describes how computation unfolds. To make the notion of state explicit and
comparable across different programming languages, we introduce a simple formal
framework that captures the essential structure of computation. Let s be a state, an
element of the semantic domain of states, s € State. A computation step or program

command can then be expressed as a function
f : State — State,

in a deterministic setting, where f(s) = s’ represents a transition from an initial state s
to a resulting state s’. This definition abstracts away from any particular representation

of state and focuses solely on the transformation relation between states.

2.5. A Categorical View of State Across Programming Paradigms

Building on the previous formalization of state and computation, we now move
toward a unified categorical perspective that relates different programming
paradigms. Different programming languages give rise to categories of states that
share a common structural pattern. This suggests the existence of a unifying semantic
domain capturing state transformations independently of specific language

constructs. Within this framework, operations from language-specific categories can
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be interpreted as morphisms and related via structure-preserving mappings, that is,
functors, into a common category of state transformations. This perspective is
illustrated in the following section through two concrete examples: a robot-control
DSL and a stack-based language. The robot-control DSL [Steingartner et al. 2024]
represents states as positions in an integer grid and primitive commands as movement
transformations, while StackLang [Steingartner and Schreiner 2025] represents states
as stack configurations and primitive operations such as push and pop as stack
transformations.

Different paradigms instantiate this scheme in different ways: imperative
languages use memory stores as states, stack-based languages use stack
configurations, and domain-specific languages may use e.g. geometric positions or
other structured configurations. Despite these differences, each induces a
compositional system of state transformations.  This motivates a functorial
perspective in which language-specific categories are related by structure-preserving
mappings into a shared category of state transformations, denoted ..

For example, in a robot-control DSL, a state may be a coordinate (x,y) € Z?, and
commands such as moveRight or moveUp define morphisms between coordinates.

The following diagram (see Figure 1) illustrates this idea by showing how
morphisms from various language categories can be mapped into a common category

of state transformations, €., through functorial relationships.

[ Imperative ] [ Robot DSL ] [ StackLang ]

[moveRight]
— F

[push/pop]
— F3

[assign]
— F

Fig. 1. Language-specific operations interpreted as morphisms and mapped via functors into a shared
category of state transformations Gs;4ze-

Figure 1 illustrates how operations from different languages are mapped into a
common category of state transformations, denoted %... The arrows represent

functorial mappings that preserve the compositional structure of computations. Thus,
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although the languages differ syntactically and operationally, their computations can
be compared at the level of state transformations.

Building on this idea, we can now generalize the concept of state transformation
into a single categorical framework. In such a setting, each individual computation
f:s— s is formalized as a morphism, and each possible configuration as an object.
This abstraction allows different programming paradigms to be expressed within one

coherent mathematical model of computation.

3. EXAMPLES OF STATE CATEGORIES

We now examine the robot-control DSL and StackLang in more detail as concrete
instances of state categories. In both cases, objects represent states and morphisms

represent state transformations.

3.1. A Robot DSL as a Category of States

Let %robot be a category whose objects are positions in the integer grid,
Ob(%ﬂRobm) =7 X 7.

Morphisms are generated by primitive movement commands: r (right), / (left), u (up),

and d (down), where for each (x,y) € Z x Z,

Pyt (6y) = (x4 1,y),

Ly = (£,y) = (x—L,y),

Uy + (6y) = (6y+1),

diry) + (6y) = (6y—1).
For each state (x,y), the identity morphism id(x,y) represents an identity
transformation (no-op transformation), leaving the position unchanged. In imperative
languages, such behavior is typically captured by the skip statement. Composition
corresponds to sequential execution of commands, and identity morphism represents
a no-op transformation. Thus, robot programs are represented as paths in a category
of grid states.

3.2. A Stack-Based Language as a Category of States

Let Gsuaane be a category whose objects are stack configurations s = [ai,...,a,].
Morphisms correspond to stack operations such as push and pop, each inducing a
transition f :s — s’ between configurations. Composition again corresponds to

sequential execution, and identity morphisms represent no-op transformations. An
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example of the execution trace, a directed path in a category for computation in

[push(20)] ’ [pop] ’
52 53

Fig. 2. Alocal fragment of the category GsiackLang- Objects represent stack configurations, while morphisms
correspond to stack operations interpreted as state transformations.

StackLang, is presented in Figure 2.

50 S1

Although the robot and stack examples differ in the structure of their states, both
induce categories in which computation is represented by morphisms between states.
This common structure motivates the generalization developed in the next section,
where language-specific state categories are related within a unified categorical

framework.

4. A GENERAL CATEGORY OF STATE TRANSFORMATIONS

In this section, we generalize the categorical view of state introduced in the previous
examples and formulate the foundations of a unified framework for modeling state

transformations in different programming languages.

4.1.  Generalization of State Categories

The robot DSL and stack-based language introduced in the previous sections serve
as concrete examples of how programming languages can be expressed in categorical
terms. In each case, a language produces a space of states together with operations that
transform these states. These examples suggest that the categorical structure observed
is not specific to particular languages, but reflects a more general pattern underlying
state-based computation.

More generally, many programming languages can be described by categories
whose objects represent system states and whose morphisms capture state
transformations [Novitzka et al. 2019]. Let L denote a programming language, and

let ¢, be the associated category defined by:

—objects corresponding to possible states (or their abstractions) of the system,
—morphisms corresponding to elementary program operations,

—identity morphisms representing no-op transformations, and
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—composition corresponding to sequential execution of operations.

Under this interpretation, programs correspond to compositions of morphisms in
the category %;. From a graphical perspective, a category can be viewed as a directed
graph, and a concrete program corresponds to a path in this graph. Different
programming languages thus give rise to different categories of states, depending on
the structure of their state spaces and available transformations.

This perspective enables the comparison of programming languages at an abstract
structural level. It also motivates the study of how language-specific categories can be

systematically related within a unified categorical framework.

4.2. A General Category of State Transformations

To capture this common structure explicitly, we introduce a general category of state
transformations that abstracts from individual programming languages. From a
categorical viewpoint, this leads naturally to the notion of a general category of state
transformations.

Let S be a set of states. The category of state transformations, denoted Gs;u., 1S
defined by:

—objects given by elements s € S,
—morphisms f : s — s’ representing state transformations,
—composition corresponding to sequential execution of transformations,

—identity morphisms id; : s — s representing no-op transformations.

This construction abstracts from any particular programming language and
language features, and captures the essential structure of computation as
transformations between states. Programs can then be understood as compositions of
morphisms in %%,.. This category can be seen as a canonical semantic domain of
state-based computation. ~ Within this framework, categories associated with
individual programming languages can be viewed as instances of this general
structure.

From this perspective, a programming language induces a category generated by
its primitive operations: elementary instructions correspond to generating morphisms,
and programs correspond to their compositions. Equivalently, such a category can be
viewed as the free category generated by a graph whose vertices are states and edges
are primitive transitions [Mac Lane 1998].

This framework provides a uniform basis for comparing and relating
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language-specific models. In particular, it motivates the use of functors as
structure-preserving mappings between categories of states, which we explore in the

following sections.

5. RELATED WORKS

Categorical approaches to semantics have a well-established foundation. Lawvere’s
notion of functorial semantics introduced the idea that syntactic structures can be
interpreted via structure-preserving functors into semantic categories [Lawvere
1963]. This perspective was further developed in programming language semantics,
where Tennent employed functor-category constructions to provide uniform
denotational models [Tennent 1986], and Moggi introduced monads as a categorical
framework for modeling computational effects [Moggi 1989].

Subsequent work extended categorical semantics toward richer accounts of syntax
and computation. Fiore, Plotkin, and Turi formulated a categorical treatment of
abstract syntax with variable binding based on initial semantics [Fiore et al. 1999].
Related developments have explored categorical structures for modeling
programming languages and computational effects in a more compositional and
modular way, particularly in the context of algebraic effects and handlers [Plotkin
and Pretnar 2013]. In a related direction, Diskin and Kadish applied
category-theoretic techniques to bridge abstract syntax and formal semantics in
graph-based modeling frameworks [Diskin and Kadish 2003].

More recent research has reinforced the importance of compositionality and
functorial interpretation across a broader range of semantic and computational
settings. For example, compositional modeling based on decorated cospans and
functorial semantics has been used to relate structured system descriptions to their
dynamical interpretations, showing how categorical methods support modular
semantic specification beyond traditional programming-language settings [Baez et al.
2023]. Similarly, category-theoretic approaches have been used in model-based
systems engineering to formalize transformations between conceptual, graph-based,
and operational representations of complex systems, again emphasizing the role of
categories and functors as tools for relating heterogeneous models [Mordecai et al.
2021].

At the same time, recent work has continued to develop categorical semantic
modeling more directly in relation to programming and formal systems. We provided

a contemporary overview of semantic modeling in categories, with particular
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attention to imperative programming, denotational modeling of memory states, and
coalgebraic formulations of operational behavior [Steingartner 2025]. Beyond
programming-language semantics in the narrow sense, newer categorical studies also
investigate how semantic information can arise from structured transformations
between syntax-like and meaning-like levels, as illustrated for example in enriched
categorical approaches to language and semantic representation [Bradley et al. 2022].
Taken together, these works suggest that category theory continues to function both
as a foundational semantic framework and as a flexible instrument for relating
different levels of computational description.

In contrast to approaches that aim at highly expressive semantic meta-frameworks
or broad cross-domain architectures, the present work adopts a deliberately
lightweight categorical interpretation of computation. We model programming
languages directly as categories of states, where objects represent concrete
configurations and morphisms represent executable transitions. The primary
contribution lies in using this state-based categorical perspective as a unifying
abstraction for comparing different programming paradigms and expressing

translations between them via functors.

6. CONCLUSION

In this article, we have presented the conceptual basis for using category theory as a
unifying formal framework for describing the semantics of programming languages
across different paradigms. Although the idea of category semantics is not new,
existing approaches often require the introduction of more complex structures (e.g.,
arenas, institutions, or quantales), which leads to higher formal complexity and
limited applicability in some contexts.

We have shown that by interpreting states as objects and dynamic state changes as
morphisms, a simple yet sufficiently expressive model of computation can be
obtained. Within this framework, different programming paradigms differ primarily
in the structure of the state space, while the state transformation mechanism itself
remains formally unified.

A further level of abstraction is represented by the description of semantics using
functors between categories, which allow us to capture the relationships between
different semantic levels, as well as between syntax and semantics. This functional
perspective provides a natural way to compare and interpret programming languages

within a common formal environment. In the next stages of the research, we plan to
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focus on the systematic formalization of functional relations between categories
representing different programming languages. The goal is to identify the conditions
under which these representations preserve the semantic structure of computation, in
particular the composition, identity, and equivalence of programs. The expected
benefit of this approach is the possibility of formal comparison and classification of
programming languages based on their structural properties, as well as the systematic
description of translations and interpretations between languages. From a practical
point of view, this framework can find application in the design and analysis of
domain-specific languages, in the modeling of compilers, or in the formal verification
of programs. In the next step, we will also extend the model to more advanced
categorical constructs, such as Kleisli categories and coalgebraic approaches, which
allow for a more precise capture of the effects and dynamic aspects of computational

processes.
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