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Abstract

In this work, we investigate an approach that enriches the information encoded within
the ACO pheromone structure in order to enhance the performance of swarm optimiza-
tion. While this concept has been extensively studied in the context of single-objective
optimization, this paper provides a comprehensive evaluation of its extension to multi-
objective optimization problems. The results demonstrate that this enhanced pheromone
representation remains effective in multi-objective settings.
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1 Introduction

Algorithms based on Ant Colony Optimiza-
tion (ACO) remain among the most effective meth-
ods for solving transport optimization problems
[14, 22, 1, 7]. In recent years, our research has
focused on extending these algorithms by enrich-
ing pheromone-based stigmergic communication
through the introduction of multiple pheromone
dimensions. The central idea is to increase the
amount of information encoded in the pheromone
deposited on each edge, allowing ants to exploit a
richer set of signals than in the classical formula-
tion.

The initial stage of this research addressed
single-objective optimization problems and demon-
strated that this multidimensional pheromone repre-
sentation [26] can improve solution quality [27, 29].
More recently, we reported preliminary but promis-
ing results on applying the same concept to multi-
objective optimization [28]. In this paper, we
present a substantially broader experimental study
of the multidimensional pheromone ACO frame-
work applied to the bi-objective Traveling Salesman
Problem (TSP) [11].

The remainder of this paper is organized as fol-
lows. First, we review the state of the art. Next, we
present the proposed approach, followed by a de-
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scription of the experimental setup and the corre-
sponding results. Finally, we conclude the paper
with a summary of the contributions and directions
for future research.

2 State of the art

To provide readers with the necessary context
for our research, we first present background infor-
mation on two key areas: the ACO algorithm, in-
cluding its application to multi-objective optimiza-
tion problems, and the automatic configuration of
algorithms.

2.1 Main concepts of ACO

The ACO algorithm was originally introduced
by Marco Dorigo [9], with its first application be-
ing the Traveling Salesman Problem (TSP). It was
later generalized into a metaheuristic framework by
Dorigo and Caro [10]. This approach is inspired by
the foraging behavior of real ant colonies and their
methods of information exchange. The ACO can be
applied to single-objective optimization problems
that can be represented as graphs. In each itera-
tion, the agents (ants) construct feasible solutions as
paths on the graph. These solutions are then eval-
uated based on their objective function, and the re-
sulting information is deposited in a global struc-
ture known as pheromone, which subsequently in-
fluences the agents’ decisions in future iterations.

The solutions are constructed incrementally us-
ing two types of information: the heuristic value
Mi;(¢), which reflects the attractiveness of a given
edge from a purely local viewpoint (i.e., without
considering a broader context), and the pheromone
level 7;;(¢), which reflects how frequently this edge
has appeared in low-cost solutions in previous it-
erations. The relative influence of these two com-
ponents is controlled by exponents o and f3, respec-
tively. The probability of selecting a particular edge
by an ant k is determined by comparing its value
with the analogous quantities computed for all other
feasible moves A;. The precise probabilistic deci-
sion rule for iteration ¢, ant k, and the edge connect-
ing the vertices i and j is given as follows:
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0 otherwise

In the original algorithm, after each iteration,
all m generated solutions are used to update the
pheromone trail. First, pheromone values are re-
duced by an evaporation mechanism governed by
the parameter p € [0,1). Then they are increased
based on the solutions constructed, their costs Ly,
and a constant Q. The following formulas present
this procedure in detail:

Ti(t+1) =prj(t) + Y AT )
=1

Arf‘j _ {LQk if k-th e.lnt uses edge (i, j) 3)
0 otherwise

Several variants of the ACO algorithm have
since been developed as its successors. Among the
most well-known, and the one we use as the base-
line for our research and comparisons, is the Max-
Min Ant System (MMAS) [32]. The MMAS in-
troduces two key modifications to the original algo-
rithm: the pheromone update is based solely on the
best solution, and explicit lower and upper bounds
on pheromone levels are applied at each iteration.

2.2 Multi-objective Ant Colony Optimiza-
tion

Given the strong performance of the ACO algo-
rithm on many graph-structured global optimization
problems, researchers naturally began exploring its
use in other contexts, including multi-objective op-
timization. In such problems, multiple objective
functions must be considered, and improving a so-
lution with respect to one objective often leads to its
deterioration with respect to others. Consequently,
there is usually no single optimal solution; instead,
a set of solutions emerges in which no individual
solution is clearly superior. A common method for
selecting a subset of high-quality solutions—when
the number of objectives is moderate (roughly up to
a dozen), is to use dominance relations to identify
the Pareto front. However, as the number of objec-
tives increases, the solution space becomes subject
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to the curse of dimensionality, and a weighted ag-
gregation approach is often used to evaluate solu-
tion quality [23].

Given two solutions s and s* with associ-
ated cost vectors y = (y1,y2,...,yx) and y* =
(¥1:¥5,---,¥;), respectively, where each component
represents the value of one of the k objective func-
tions to be minimized, we say that solution s domi-
nates solution s™ if:

Viyi<yi Ay #y* “4)

The dominance relation between feasible solu-
tions allows the construction of the Pareto front,
which is composed of all solutions that are not dom-
inated by any others. The fact that the algorithm’s
outcome is a set of solutions, rather than a single
one, also makes it difficult to directly evaluate the
algorithm’s efficiency. Improving the quality of the
solutions themselves is challenging, both with re-
spect to implementation and evaluation. Moreover,
in multi-objective settings, it can be crucial not only
to find high-quality solutions but also to achieve a
wide and uniform coverage of the Pareto front. To
compare the performance of multi-objective algo-
rithms, several metrics have been proposed, among
which the hypervolume [34] and the epsilon indica-
tor [33] are the most widely used.

The wide variety of methods for extending the
ACO algorithm to multi-objective problems has re-
sulted in numerous publications over the years that
focus on comparing these approaches or organizing
them into taxonomies [13, 3, 21, 12]. These works
indicate that, aside from other less critical aspects,
the proposed algorithms primarily differ in the fol-
lowing elements:

— number of colonies — single or multiple;

— number of pheromone matrices — single or mul-
tiple (typically one per objective);

— number of heuristic matrices — single or multiple
(typically one per objective);
— solution construction strategy:

— focused on a single objective;

— dynamic — merges information from multiple
objectives (e.g., assigning different objective
weights to each ant);

— fixed — analogous to the dynamic case, but
the combination of objectives is predeter-
mined a priori for the whole run of the algo-
rithm, usually using domain-specific knowl-
edge;

— evaluation & pheromone update — may or may
not rely on Pareto dominance, for example:

— non-dominated solutions;
— best solution for each individual objective;

— best solution according to a weighted aggre-
gation of objectives.

Since all these algorithms share the same under-
lying framework, with only certain parts adapted for
the multi-objective context, the ACO algorithm can
be viewed as a collection of interchangeable com-
ponents [8, 4, 16, 2]. These components are gen-
erally compatible, resulting in thousands of possi-
ble algorithmic variations. To explore this design
space, Lopez-Ibanez et al. [19] proposed an auto-
mated framework for testing different combinations
of components specifically on problems with two
objectives.

2.3 Automatic algorithm configuration

Metaheuristic optimization algorithms typically
rely on multiple parameters, which makes objec-
tively assessing their performance challenging. As
the number of parameters controlling an algorithm
increases, the corresponding search space grows ex-
ponentially, turning the task of finding suitable val-
ues into a complex hyper-optimization problem. In
practice, only a limited number of configurations
can be evaluated. A simple approach is to select
a small set of candidate values for each parame-
ter and exhaustively test all combinations. A more
advanced, publicly available tool for automatic al-
gorithm configuration is irace [17]. This software
employs iterated racing procedures, including the
iterated F-race algorithm, which has been success-
fully applied, among other methods [6, 20, 24], to
the automatic configuration of multi-objective ACO
algorithms [18, 19, 5]. Given an algorithm, its pa-
rameter definitions, and a set of problem instances,
irace systematically explores the parameter space to
identify configurations that are statistically superior
to the alternatives.
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3 Multidimensional pheromone

In this section, the multidimensional ACO
pheromone in application to multi-objective opti-
mization is detailed.

3.1 Pheromone representations in ACO

As discussed in the previous section, the most
popular and widely adopted variants of the ACO
share, among other aspects, two common features
on which we would like to concentrate:

1. A similarly simple representation of the
pheromone table: each edge is associated with
a single scalar value (or, in the multi-objective
case, at most one value per objective).

2. The number of solutions employed in the learn-
ing process: although not strictly fixed, these
algorithms follow an elitist strategy to update
the pheromone, typically relying on only a small
subset of the generated feasible solutions (often
even a single solution per iteration), those evalu-
ated as the best (according to various evaluation
criteria).

Our earlier work [30, 31] investigated the
scalability of ACO-based algorithms in high-
performance computing (HPC) environments and
their ability to support extremely large ant colonies
that generate hundreds or thousands of feasible so-
lutions per iteration. The experiments indicated that
incorporating a greater number of solutions into
the pheromone update process improves the qual-
ity of the final results. However, the traditional
pheromone model is too limited to effectively en-
code the richer information that can be extracted
from more than just the top-performing solutions.
To address this limitation, we aim to extend the
pheromone structure so that it can store more in-
formation.

To capture more intricate information on the
feasible solutions generated so far, we introduce
a multidimensional pheromone representation. In-
stead of storing a single pheromone value t;;(¢) for
each edge (for each objective, when applicable),
we propose using a vector T;;(t) = (’cilj (1),..., ’65 (1)),
where K is the total number of pheromone dimen-
sions, and each component is independently up-

dated by a different group of feasible solutions. By

increasing the dimensionality of the pheromone, we
expect to be able to uncover, exploit, and benefit
from indirect information about the problem’s solu-
tion space that is embedded in a wider set of feasible
solutions.

In the context of this research, it is also rele-
vant to mention an alternative approach to extend
the pheromone with an additional dimension, as
presented in [15]. Although there is some concep-
tual overlap between that work and our proposal,
it should be emphasized that the extension in [15]
is tailored specifically to the single-objective Vehi-
cle Routing Problem (VRP). In contrast, our aim
is to design a problem-independent pheromone ex-
tension that is also suitable for multi-objective opti-
mization.

3.2 Application to global optimization

As an initial step in investigating this research
direction, we applied the proposed concept to the
domain of single-objective optimization problems
[27, 29]. These papers describe a modification of
the MMAS algorithm in which the pheromone ta-
ble is replaced by a multidimensional counterpart,
and they report the experimental results used to as-
sess this change and compare it with the original
algorithm.

Introducing such a modification into the ACO
algorithm requires suitable adaptations in the com-
ponents related to the pheromone table, namely
its update procedure and its role in the decision-
making process.

The pheromone update consists of two mecha-
nisms: evaporation and reinforcement. Both must
be revised to reflect the fact that instead of a single
value per edge, there are now multiple values. For
evaporation, all coordinates of 7;;(r) are multiplied
by the evaporation parameter p, so each of them de-
creases by a certain fraction after every iteration.
However, the reinforcement mechanism has to be
reformulated in a more elaborate manner.

The primary purpose of the multidimensional
pheromone is to extract information from a larger
set of solutions generated in each iteration. To this
end, we group the solutions used for pheromone up-
dating according to their cost, and each k-th group
then updates the corresponding k-th coordinate of
the pheromone:



APPLICATION OF MULTIDIMENSIONAL ACO PHEROMONE FOR. .. 23

Sk
Tt +1) = prij(n) + ) AT 5)
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Q if the /-th ant in the
A,Clg{ _ k-th group uses edge (i,/) (6)
iy .
0  otherwise

Unlike the standard ACO formulation (see Eq.
(3)) where the reinforcement parameter Q is divided
by the cost of the solution, here a constant Q is used.
This is because the solutions have already been par-
titioned into quality-based groups; applying a con-
stant Q shifts the emphasis of learning from abso-
lute cost to relative group membership.

We refer to the way solutions are grouped as the
update type (UT) and propose two variants:

1. PartFromIndex (PFI) — solutions are sorted by
cost and divided into groups containing the same
number of elements.

2. PartFromEvaluation (PFE) — the cost interval
defined by the minimum and maximum solution
values is divided into equal subranges and the
solutions with cost within each subrange form a

group.

Equation (1) shows how the pheromone trail,
represented as a single value 7;;() for each edge, is
used to construct solutions in the original ACO al-
gorithm. If multiple values are stored instead of just
one, they must be aggregated to a single value. We
refer to this aggregation method as an aggregation
type (AT). In our initial research for multi-objective
optimization [28] we have used the following three
variants that proved to be more effective in the area
of single-objective optimization [27, 29]:

1. ExponentialRandom (ER) — a randomized selec-
tion of one of the available coordinates, where
the probability of choosing a coordinate up-
dated by worse solutions decreases exponen-
tially, starting from a probability of 0.5 for the
first coordinate (i.e., the one updated by the best
solutions).

2. ExponentialRandomMax (ERM) — a modifica-
tion of the Exponential Random variant; if the
ER method selects the k-th coordinate of the
pheromone, the ERM returns the maximum
value among the first k coordinates.

3. PairingCombination (PC) — a multi-step proce-
dure that aims to promote edges that appear
more frequently in better solutions than in worse
ones, and to demote edges that occur more often
in worse solutions than in better ones.

Those three variants were used in the first part
of the experiments — grid search (see section 4.2).
However, in the second part of the experiments —
automatic algorithm configuration (see section 4.3)
— we have also included the two remaining aggre-
gation types proposed in [29], namely,

1. Expected Combination (EC) — a multi-step pro-
cedure that stems from viewing the pheromone
values as a type of probability distribution indi-
cating how frequently a solution containing this
edge belongs to the group represented by each
value and then computing a kind of expected
evaluation value for the edge on that basis.

2. Weighted Combination (WC) — the pheromone
values are merged using a weighted product,
where the first value is assigned a weight of
0.5, and each subsequent value receives a weight
equal to half that of the preceding one (with the
last weight adjusted so that all weights sum to

1).

3.3 Generalization for multi-objective op-
timization

The version originally used in the single-
objective algorithm was adapted for the multi-
objective context. We implemented a separate
pheromone table for each optimization criterion, a
common practice in multi-objective ant algorithms.
After each iteration, each table was updated in a
manner similar to the single-objective case. How-
ever, in the original setting, all solutions gener-
ated in the most recent iteration were used directly,
a choice that is less straightforward in the multi-
objective scenario. To address this, we introduced
an additional configuration parameter —- the so-
lution selection strategy (SSS), which determines
which solutions from the repository are used in the
pheromone update phase. Three strategies were de-
fined:

1. LastlterationAll (LIA) — all solutions from the
most recent iteration (our current approach in the
global optimization variant),



24 G. Starzec, M. Starzec, M. Zajecka-Bebel, A. Byrski, E.G. Talbi, D. Rutkowska

2. LastlterationPareto (LIP) — Pareto front formed
by the solutions of the most recent iteration,

3. GlobalPareto (GP) — Pareto front formed by all
solutions found so far by the algorithm.

Note that the first strategy always returns ex-
actly as many solutions as there are ants. For the
other two, the number of retrieved solutions is not
fixed: for LastlterationPareto, it is at most the num-
ber of ants, whereas for GlobalPareto, it can go up
to the total number of feasible solutions found so
far.

The selected solutions were then sorted by cost
with respect to each objective, and the best N (or
all if fewer than N were available) were passed on
for further processing. For the basic pheromone ta-
bles, all of these selected solutions contributed to
updating the pheromone values on their correspond-
ing edges. This yields an N-best-per-objective ap-
proach for the standard pheromone update. Ob-
serve that if N is at least as large as the number of
solutions obtained from the repository, then all re-
trieved solutions are used in the update, and there-
fore all objective-specific pheromone tables are up-
dated identically. However, this is not the usual sit-
uation and depends on the configuration of N, the
chosen solution selection strategy, and the current
state of the algorithm.

For the multidimensional pheromone, the pro-
cedure was modified accordingly. After extracting
the solutions from the repository, sorting them by
the cost for a given objective, and selecting the top
N, we processed them in essentially the same way
as in the global optimization algorithm. Thus, they
were partitioned into groups and each group up-
dated a particular segment of the pheromone table.
As a result, even if all the solutions selected par-
ticipate in the update, the tables corresponding to
different objectives are modified differently. This
improves both the learning behavior and the diver-
sity of the search.

4 Experimental results

In this section, the conducted experiments and
their results, with regard to the multidimensional
ACO pheromones are presented.

4.1 Hypervolume measure for the algo-
rithm’s evaluation

The evaluation of the proposed algorithm was
performed with the framework already used for
previous experiments for global optimizations de-
scribed in [27] and [29]. The framework was
extended to solve the Multi-Objective Traveling
Salesman Problem (MOTSP). The efficacy of var-
ious configurations of the algorithm was assessed
based on a hypervolume measure [34]. For a bi-
objective problem, the hypervolume is a surface de-
termined by the Pareto front discovered by the al-
gorithm and a reference point with both coordinates
larger than those in the Pareto front elements.

Assessing the algorithm by the hypervolume
measure makes it a maximization problem since the
better the results (smaller costs), the larger the sur-
face. In the case of TSP problems, the solutions
costs are greater than 0. Therefore, in order to deal
with a minimization problem in our experiments
and keep the value in range [0,1], we propose to use
a hypervolume-based indicator / defined as follows:

H
I=1—— 7
Xy

given the reference point with coordinates (x,y) and
hypervolume surface H (see also Fig. 1). This in-
dicator normalizes hypervolume with respect to the
total reference area (x-y), effectively translating the
maximization of the surface H into a minimization
metric constrained to the interval [0, 1].

(X, ¥)
y1=-1 o

Figure 1. Hypervolume measure visualization for
bi-objective optimization
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4.2 Grid search with cross-validation

In the first phase of the experiments, we tested
the algorithm on a bi-objective TSP instance de-
rived from the kroA100 and kroB100 instances in
TSPLIB [25], here referred to as kroAB100. In the
bi-objective variant of TSP, the two objective func-
tions correspond to minimizing the travel distances
based on two distinct cost matrices (e.g., represent-
ing distance and time). Various algorithm config-
urations were evaluated, each configuration being
run 20 times, keeping balance between statistical
significance and the ability to execute the extensive
parameter grid search. Some of these results were
previously reported in [28]. Based on these find-
ings, the selected configurations were then cross-
validated on a range of additional instances, includ-
ing problems with routes of up to 300 points.

Table 1 presents the parameters used for the al-
gorithm configuration. The first part lists the param-
eters that were common for all versions of the algo-
rithm and had a single value used. The second part
is a list of parameters used for the configurations
both with the Basic and the MultiDim pheromone
tables with a set of possible values. The third part
presents the additional parameters used only for the
configurations with the MultiDim pheromone table,
also with a set of possible values. Based on our
learnings from single-objective experiments [29],
we have decided to focus only on three aggregation
types. The experiments included all possible com-
binations of the possible values of the parameters
(grid search).

The top results obtained in the experiments
are presented in Table 2. The tested configu-
rations were sorted by the average value of the
hypervolume-based indicator for the global Pareto
front after the last iteration. Then the top 15 of
them were listed, followed by the first two occur-
rences of configurations with the Basic pheromone
table. It should be noted that the execution time of
the algorithm using the MultiDim pheromone table
did not exceed more than 30% above what was mea-
sured for the algorithm using the Basic pheromone
table. In addition, since the configured number of
iterations allows the algorithm to stagnate, running
additional iterations would not change the results.

As we can see, the best-performing configura-
tions use the MultiDim pheromone. The first two

configurations using the Basic pheromone table do
not appear until positions 44 and 45. They both use
a 0.05 pheromone delta value and 10 solutions for
pheromone update. They differ in the SolutionSe-
lectionStrategy — one of them selects updating so-
lutions from all feasible solutions found in the it-
eration (LastlterationAll), and the other one only
from the Pareto optimal solutions from the iteration
(LastIterationPareto).

In fact, none of the top configurations uses
the GlobalPareto strategy, which probably causes
the algorithm to fall into premature convergence
in some local optimum. Most of them use more
than 10 solutions for the pheromone update pro-
cess (up to a maximum of 100). A general ten-
dency can be observed that usually selecting more
solutions is combined with a larger pheromone size
(e.g., pheromone size 4 is combined only with up to
30 updating solutions).

We can interpret it as follows: the more solu-
tions we use in the learning process, the more ca-
pacity we need to extract useful information from
them. The most common combination of update
and aggregation type is ExponentialRandomMax
with PartFromEvaluation. However, we can also
see ExponentialRandom and PartFromIndex occur-
ring — no sign of the PairingCombination, though,
although it performed reasonably well for single-
objective problems [29].

Figure 2 presents the average value from 20 re-
peats of the hypervolume-based indicator obtained
by three selected configurations in subsequent iter-
ations. Those three configurations are the best con-
figuration and two top configurations with the Basic
pheromone table (referenced by their ordinal num-
ber from Table 2). As we can see, the configurations
using the Basic pheromone table obtained better re-
sults in the early iterations, but were outperformed
by the algorithm with the MultiDim pheromone ta-
ble around iterations 55 and 80 respectively. The
MultiDim pheromone makes the learning process
slower at the beginning and converges later, but al-
lows for better final results.

From the best-performing configurations (see
Table 2), we have chosen a subset with the aim of
diversifying the parameters’ values. Figure 3 is a
box-and-whiskers chart for the hypervolume-based
indicator for them, where the numbers are the ordi-
nals from Table 2. The chart was already presented



26 G. Starzec, M. Starzec, M. Zajecka-Bebel, A. Byrski, E.G. Talbi, D. Rutkowska

Table 1. Grid search - configuration parameters and their values

Parameter Value(s)
Common const parameters
ants 100
alpha 2.0
beta 3.0
min pheromone 0.001
max pheromone 0.999
iterations 300
Common varying parameters
update ants 1, 10, 30, 60, 100
pheromone delta — increase and expiration 0.05, 0.1
LastlterationAll
solution selection strategy LastlterationPareto
GlobalPareto
MultiDim specific parameters
pheromone size 4,10, 20
update type PartFromEvaluation
PartFromIndex
ExponentialRandom
aggregation type ExponentialRandomMax
PairingCombination

Table 2. Average and standard deviation of the hypervolume-based indicator value from 20 repeats
(kroAB100). Top configurations all use the multi-dimensional pheromone with various combinations of
other parameters. The basic pheromone table does not appear until the 44th position.

# PhType PhDelta SSS UpdAnts PhSize AT UT I Avg. I Std Dev.
1 MultiDim 0.05 LIP 60 20 ERM PFE 0.176323 0.001376
2 MultiDim 0.05 LIP 100 20 ERM PFE 0.176564 0.000724
3 MultiDim 0.05 LIP 30 20 ERM PFE 0.177278 0.001094
4  MultiDim 0.05 LIP 100 10 ERM PFI 0.177436  0.001167
5  MultiDim 0.05 LIP 60 10 ERM PFI 0.177562 0.001330
6  MultiDim 0.05 LIP 10 4 ERM PFE 0.177688  0.000979
7  MultiDim 0.05 LIA 30 4 ER PFE 0.177737 0.001105
8  MultiDim 0.05 LIA 60 20 ER PFE 0.177915 0.001095
9  MultiDim 0.05 LIA 30 4 ERM PFE 0.178075 0.000901
10 MultiDim 0.05 LIA 30 4 ER  PFI 0.178101 0.001129
11 MultiDim 0.05 LIP 30 10 ERM PFE 0.178130  0.000942
12 MultiDim 0.1 LIP 60 20 ERM PFE 0.178164 0.001481
13 MultiDim 0.05 LIA 30 4 ERM PFI 0.178217 0.001105
14 MultiDim 0.05 LIA 60 20 ERM PFE 0.178374 0.001141
15 MultiDim 0.05 LIP 60 10 ERM PFE 0.178415 0.001084
44 Basic 0.05 LIP 10 - - - 0.180390 0.001380

45 Basic 0.05 LIA 10 - - - 0.180404 0.001023
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Figure 2. Hypervolume-based indicator value (average from 20 repeats) per iteration obtained for
kroAB100 by selected configurations (ordinal numbers from Table 2). Top configuration using
multidimensional pheromone (1) converges slower but gives better final results.

kroAB100
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Figure 3. Hypervolume-based indicator value obtained by selected configurations for kroAB100 across 20
repeats. The numbers on the x-axis correspond to the configuration ordinals in Table 2. Configurations
utilizing the MultiDim pheromone generally achieve better and more consistent performance compared to
the Basic variants (44 and 45).
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in [28], but we included it here again for easier ref-
erence for cross-validation experiments, in which
we have used the selected subset of the configu-
rations to solve a number of different bi-objective
TSP instances.

Table 3. Average and standard deviation of the
hypervolume-based indicator value from 20
repeats (kroCD100)

Configuration 7 Avg. [ Std Dev.
1 0.173772  0.001024
2 0.173685  0.001100
4 0.174644  0.001180
6 0.174228  0.001452
7 0.175390  0.001031
8 0.175380  0.001206
12 0.175482  0.001350
44 0.176471  0.001533
45 0.177666  0.001300

In the first cross-validation experiment, the se-
lected configurations were tested against an in-
stance based on the kroC100 and kroD100 instances
from TSPLIB, also referred to as kroCD100. The
results obtained are presented similarly to those
for kroAB100, listing the mean final hypervolume-
based indicator value and its standard deviation in
Table 3 and using a box-and-whiskers chart in Fig-
ure 4. Even though the configurations do not pre-
serve order if sorted by the average value of the
hypervolume-based indicator, they are fairly close
to that. More importantly, configurations utilizing
the MultiDim pheromone table consistently outper-
form those relying on the Basic pheromone table.
This is especially noticeable if we look at both the
value I and the repeatability of the results obtained.

Further cross-validation consisted in running
the same set of selected configurations on sev-
eral more instances, including some of the
larger sizes: kroEF100, paquete-euclidAB100,
kroAB150, kroAB200, and kroAB300, again
20 times each.  Figure 5 contains box-and-
whiskers graphs, analogous to the previous ones for
kroAB100 and kroCD100 presenting the results of
these experiments.

As we can see, as long as the instance size is
100, the configurations behave fairly consistently.
Nevertheless, based on the other instances, it seems
that the larger the instance, the more differences can

be seen in the performance of the algorithm depend-
ing on the values of the parameters. Two MultiDim
configurations: 4 and 6 seem to handle the increas-
ing size of the problem worst. Others do not ex-
hibit such a tendency, at least in comparison to each
other. However, even though the Basic configura-
tion with LastlterationAll solution selection strat-
egy (45) clearly remains the worst, the other Ba-
sic configuration (44) with LastIterationPareto rel-
atively improved its performance with increasing
size of the problem, finally taking the lead among
all the tested configurations for the biggest one
(kroAB300).

4.3 Automatic configuration of the algo-
rithm

The second part of the experiments focused on
an approach to algorithm evaluation based on an au-
tomated search of the parameter space, using the
irace package [17]. For this purpose, we have
used 4 bi-objective TSP instances during the train-
ing part, i.e., when looking for the best-performing
configurations: kroAB100, kroCD100, paquete-
euclidAB100, and kroAB300. The found configu-
rations were later used to solve 5 other bi-objective
TSP instances: kroEF100, kroAB150, kroAB200,
euclidAB300, and euclidAB500, during the test-
ing/evaluation part of the experiments.

Since the algorithm’s behavior is primarily in-
fluenced by the type of pheromone table and, in the
case of the MultiDim table, the aggregation type,
we conducted six irace scenarios. The first one
uses the Basic pheromone table and five use the
MultiDim pheromone table—one for each aggre-
gation type: ExponentialRandom, ExponentialRan-
domMax, WeightedCombination, PairingCombina-
tion, and ExpectedCombination. The remaining pa-
rameters were set as shown in Table 4. From each
scenario, the best-performing configuration was se-
lected and used for subsequent evaluation.

The settings of the irace software were mostly
set to default with a few exceptions. The perfor-
mance of the configurations in the grid search ex-
periments depended on the solved problem (espe-
cially problem size), and variance of the results was
fairly high compared to the differences in the con-
figurations’ performance. Therefore, we increased
the number of instances evaluated before the first
elimination test from default 5 to 12 (which also in-
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Figure 4. Hypervolume-based indicator value obtained by selected configurations (ordinal numbers from
Table 2) for kroCD100 across 20 repeats. The results are fairly consistent with those for kroAB100 (see

Fig. 3).

Table 4. irace - configuration parameters and their values

Parameter Value(s)
Common const parameters
ants 100
min pheromone 0.001
max pheromone 0.999
iterations 300

Common varying parameters

alpha

real range (0.1, 5)

beta

real range (0.1, 5)

update ants

integer range (1, 100)

pheromone delta — increase and expiration

real range (0.04, 0.1)

solution selection strategy

LastIterationAll
LastlterationPareto
GlobalPareto

MultiDim specific parameters

pheromone size

even integer range (2, 20)

update type

PartFromEvaluation
PartFromIndex
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Figure 5. Hypervolume-based indicator value obtained by selected configurations (ordinal numbers from
Table 2) for various MOTSP instances across 20 repeats. Relative effectiveness of the configurations starts
to differ, especially with increasing problem size. One of the Basic configurations (44) takes the lead for

the largest instance.
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creased the number of configurations sampled and
evaluated at each iteration to the same value). For
the same reason, we also increased the number of
instances evaluated between the elimination tests
from default 1 to 4. The budget was set to 100,000
seconds for the Basic scenario and to 200,000 for
the MultiDim scenarios (where the parameter space
has higher dimensionality due to additional two pa-
rameters - pheromone size and update type).

Table 5 presents the best configurations found
by irace for each scenario. In most cases, irace
selected the LastlterationPareto solution selection
strategy together with the PartFromEvaluation up-
date type (if applicable). The size of the pheromone
table was at least 12 and, as expected, MultiDim
configurations used at least 35 solutions (and up
to 94) for the pheromone update, extracting knowl-
edge from much more than just 10 solutions (as se-
lected for the Basic configuration).

Figures 6, 7 and 8 are box-and-whiskers graphs
of the hypervolume-based indicator for the irace-
selected configurations: Figure 6 for the training in-
stances and Figures 7 and 8 for the testing instances.
In order to allow for easier reference, comparison,
and evaluation of the results obtained, the graphs
also include scores for two representative config-
urations from the grid search experiments (section
4.2: 1 — the best among all configurations tested in
those experiments (and in particular MultiDim con-
figurations), and 44 — the best one with the Basic
pheromone table.

As we can see, the ExponentialRandomMax
aggregation type, which was the most promising
based on the previous experiments, is mostly bet-
ter than the Basic configuration (with the excep-
tion of paquete-euclidAB 100, for which it was com-
parable). For smaller problem instances with size
100 the ExpectedCombination configuration is gen-
erally best (or comparable to ExponentialRandom-
Max) and consistently better than the Basic configu-
ration. For larger instances, it performs worse; how-
ever, other MultiDim configurations start to over-
power the Basic one, with the PairingCombina-
tion configuration taking the clear lead. Also, the
WeightedCombination configuration becomes the
second-best for instances larger than 150 points. As
it seems, the larger the instance, the more evident
the gap between the configurations becomes, sug-

gesting that the MultiDim pheromone gains more
advantage being given a harder problem to solve.

Note that the above observations are consistent
for both training and test instances. Another im-
portant remark to make is that the execution time
of all configurations is fairly comparable. Based
on the number of algorithm executions during irace
runs, we can tell that even though the Basic con-
figuration is the fastest. The execution time for the
MultiDim configurations does not degrade too no-
ticeably: ExponentialRandom is comparable, Ex-
ponentialRandomMax and PairingCombination are
worse by about 10%, Expected by 15-20%, and
Weighted by 20-25%.

Figure 9 presents the global Pareto front found
for the euclidAB500 test instance by the Pairing-
Combination and Basic configurations selected by
irace. The x and y coordinates of the points pre-
sented are solutions costs of objective functions de-
termined by the euclidA500 and euclidB500 cost
matrices respectively. The figure clearly shows that
the algorithm with multidimensional pheromone ta-
ble overpowers the other one in the central part of
the Pareto front; i.e., it performs especially bet-
ter in the most important task related to the multi-
objective optimization as it finds significantly better
solutions balanced between both optimization tar-
gets. Additionally, during this run, the multidimen-
sional version took only around 4.5% more time
than the other one.

5 Conclusions

In this paper, we have widely evaluated a new
approach to solving multi-objective optimization
problems using a modified version of the ACO al-
gorithm. The concept of introducing a multidimen-
sional pheromone to this algorithm was first pre-
sented in the single-objective area in [27] and [29],
and was tested preliminarily in the multi-objective
environment in [28]. It is based on the idea that us-
ing a single value per edge to store the collective
information extracted from a created multitude of
solutions might not be enough and thus proposes to
store a set of values per edge instead.

We have broadly tested how this idea performs
applied to multi-objective optimization problems.
The experiments conducted on MOTSP instances
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Table 5. irace-selected configurations for different scenarios

Scenario o B PhDelta SSS Up.Ant. PhSize UT
ERM 1.6406 4.7953 0.0433 LIP 36 14 PFE
ER 1.369 4.8534 0.0711 LIP 94 20 PFE
PC 1.7993 49801 0.0573 LIP 75 14 PFE
EC 3.1165 49069 0.0805 GP 35 12 PFI
wC 0.6865 4.7997 0.0416 LIP 83 20 PFE

Basic 2.691 48517 0.0891 LIP 10 - -

kroAB100 kroCD100

0.154 0.179
0.182 0.177
0.18 % 0.175
0.178 0.173 $
0.176 ﬁ% 0.171 ° @ %
0.174 + #* 0.169 + $

0172 0.167
0.17 0.165
paquete_euclidAB100 kroAB300
0.216 0.127
0.214

& . it
SR R A

0.204 0.118
0.202 0.117

[ ERM ER MPC EEC EWC [EBasic @1 E 44(Basic)

Figure 6. Hypervolume-based indicator value obtained by irace-selected configurations for training
instances across 20 repeats. Top MultiDim (1) and Basic (44) configurations from section 4.2 are included
for reference. The irace EC configuration is leading for the smaller instances and the PC configuration for

the larger instance.
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Figure 7. Hypervolume-based indicator value obtained by irace-selected configurations for test instances
across 20 repeats. Top MultiDim (1) and Basic (44) configurations from section 4.2 are included for
reference. Similarly as for the training instances, the irace PC configuration is taking the lead over EC and
ERM with increasing problem size, followed by the WC configuration.

have first shown that selecting the algorithm’s pa-
rameters based on the results of a single instance
has a limited success rate. The top chosen configu-
rations with multidimensional pheromone mostly or
partly outperformed those using a basic pheromone
table as long as the instance size remained fairly
small, similar to the one used for initial evalua-
tion. However, this superiority did not sustain as
the solved problem increased in size.

Nevertheless, further experiments including
automatic algorithm configuration proved that
once properly configured, the multidimensional
pheromone gives better results than a basic
pheromone table. In fact exhibiting a bigger advan-
tage with increasing problem size, introducing an
acceptable degradation of execution time (e.g. only
4.5% for the best configuration and the largest in-
stance). More importantly, the biggest difference
in the obtained Pareto front is located in the cen-
tral part of it. This means that it shows particu-
larly strong performance in the key task of multi-
objective optimization, discovering significantly su-
perior solutions that balance both optimization tar-
gets.

Overall, this proves that the ACO algorithm can
effectively benefit from extending the pheromone
model storing the collective information in a more
capacious structure and obtain better final results
extracting knowledge from a larger number of fea-
sible solutions.

As a perspective, we aim at designing and
implementing a modification that would be more
strongly coupled with multi-objective optimization,
e.g., evaluating the solutions based on the Pareto
front and the relation of domination instead of sim-
ply numerical value of individual objectives. Ex-
periments with other families of multi-objective op-
timization problems and with more than two objec-
tives will be investigated.
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