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Abstract

This contribution’s aim is to find unique common fixed points using our
concept of occasionally weakly biased mappings of type (A), in complete strong
b-metric spaces, and by minimal conditions. To convince the readers of the
validity and pertinently of our results, we provided for each theorem its suitable
example. Our theorems improve some existing results in metric as well as strong
b-metric spaces.
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1 Introduction

We all know that, a standard metric space is a set of points say for instance X
equipped with a standard distance function d, called a standard metric, that satisfies
the next conditions:

1. non-negativity: for all ¢; and ¢ belong to X, d(¢1,t2) > 0,

2. identity of indiscernible: for all 11 and ¢ belong to X, d(t1,12) =0 11 =
L2,

! Received 2 August, 2025
Accepted for publication (in revised form) 20 August, 2025

64



Strong b-Metric Spaces and Common Fized Points 65

3. symmetry: for all 11 and ¢2 belong to X, d(t1,t2) = d(t2,t1),

4. triangle inequality: for all i1, 9, t3 belong to X, d(i1,t2) < d(t1,t3) +
d(3, L2).

Also, we all know that Banach fixed-point theorem states that: if we have a
complete standard metric space say for instance (X, d) and a contraction mapping
T : X — X, then, T possesses a unique fixed point.

To improve and generalize this ”star” result, a huge number of mathematicians
concentrated on the standard metric space. They made some significant changes
especially in the triangle inequality. In particular, Bakhtin [2] and Czerwik [17] pro-
posed the notion of b-metric space as an extension of the standard metric space where
the triangle inequality is relaxed to a weakened form; i.e., d(x,y) < bld(z, 2)+d(z, y)]
where b > 1 is a real element. Again, Kirk and Shahzad [19] gave a novel no-
tion called strong b-metric space as another generalization of the standard met-
ric space, where the triangle inequality is again relaxed to a weakened form; i.e.,
d(z,y) < bd(z,z)+d(z,y) or d(z,y) < d(z,z) + bd(z,y) where b > 1 is a real point.
For this end, we note that, several researchers used strong b-metric spaces to prove
the existence and uniqueness of fixed and common fixed points, for example see [1],
(18], [19], [20], [21], [22], and [23]. We also mention that, a lot of papers treated
the existence and uniqueness of fixed and common fixed points for single and multi-
valued mappings in different spaces, see for instance [4], [5], [6], [7], [8], [9], [10], [11],
[12], [13], [14] and [15].

Now, to establish minimal conditions under which pairs of mappings will have
common fixed points, we suggested a novel notion of occasionally weakly biased
mappings of type (A) (see [3]). It refers to, if we have pairs of mappings in a
mathematical space where there is at least one coincidence point where the mappings
outputs are equal, and at this specific point, the mappings commute. Our notion is
weaker than some previous concepts.

In this article, we will use our notion to prove the existence and uniqueness of
common fixed points in strong b-metric spaces, and with convinced examples, we
will show the pertinently of our results.

2 Needed Statements

Definition 1 Let X # () be a set. A mapping d : X x X — [0,400) is said to be
standard metric if for all o1, 02, 03 belong to X, the next axioms hold:

a: d(o1,02) =0< 01 = 02,
az: d(p1,02) = d(02, 01),

az: d(p1,02) < d(o1,03) + d(p3,02),
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the pair (X, d) is called standard metric space.

Definition 2 (/2/, [17]) Let X # 0 be a set and b > 1 be any real number. A
mapping d : X x X — [0,400) is said to be b-metric with coefficient b if for all o1,
02, 03 belong to X, the next axioms hold:

ai: d(o1,02) =04 01 = 02,
as: d(glv 92) - d(QZu Ql)’
az: d(o1, 02) < b[d(o1, 03) + d(e3, 02)],

the triplet (X, d,b) is called b-metric space.

Definition 3 ([19]) Let X # 0 be a set and b > 1 be any real number. A mapping
d: X xX —[0,+00) is said to be strong b-metric with coefficient b if for all o1, 02,
03 belong to X, the next axioms hold:

a: d(o1,02) =0 < o1 = 09,
az: d(o1,02) = d(02,01),
az: d(o1,02) < bd(o1,03) + d(os, 02) or d(o1,02) < d(o1,03) + bd(03, 02),

the triplet (X, d,b) is called strong b-metric space.

Definition 4 ([3]) Self-mappings L and M of a strong b-metric space (X,d,b) are
occasionally weakly L-biased (respectively M-biased) of type (A), if and only
if, there is an element & € X which satisfies LE = ME, this implies

d(LLE, ME) < d(MLE, LE),
d(MME, LE) < d(LME, M¢),

respectively.

3 Owur Main Theorems

Theorem 1 Consider four mappings A, B, S and T from a complete strong b-
metric space (X,d,b) into itself which satisfying the two conditions:

1. A and S as well as B and T are occasionally weakly A-biased (respectively
B-biased) of type (A),

2. for all x and y belong to X, we have

d(Sz,Ty) < ¢;max{d(Az,By),d(Ax,Sz),d(By, Ty)}
+d9 max{d(Sz,By),d(Az, Ty)}

where (b+ 1)0; + 02 < 1.
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Then, the four mappings have a unique common fixed point.

Proof. In the following, we will prove the existence and uniqueness of the
common fixed point of the four mappings.

Existence: From the first condition, there are two elements (say a and f)
belong to X such that Aa = Sa, B = TS and

d(AAa,Sa) < d(SAa, Aa),
d(BBS,TH) < d(TBA, BS).

To prove the existence,we must go through three inevitable steps:

First step: Assume that Aa # B, then, we have

d(Sa, TB) < ¢ max{d(Aa,Bp),d(Aa,Sa),d(Bs, TS)}
+09 max{d(Sc, Bf),d(Aa, TH)}

which is equivalent to

d(Sa, TB) < 41 max{d(Sa, TB),d(Sa,Sa),d(TB,TB)}
+d09 max{d(Sa, TB),d(Sa, TS3)}
= (61 + 62)d(Sa, T)
< d(Sa, Tp)

which is a contradiction, hence, Sae = TS.

Second step: Suppose that SSa # Sa, then, we have

d(SSa, TPB) < ¢ max{d(AS«,Bp),d(ASa,SSa),d(BS, TH)}
+09 max{d(SSa, Bf),d(AS«, T5)}

which is equivalent to

d(SSa,Sa) < 01 max{d(AAq,Sa),d(AAx,SSa),d(Sa,Sa)}
+09 max{d(SSa, Sa), d(AAa, Sa)}

= 0 max{d(AAa,Sa),d(AAa,SSa)}
+d2 max{d(SSa, Sa), d(AAa,Sa)}
01 max{d(AAa,Sa),bd(AAa,Sa) + d(Sa, SSa)}
+d2 max{d(SSa, Sa), d(AAa,Sa)}
01 max{d(SA«a, A«a),bd(SAa, Aa) + d(Sa, SSa) }
+62 max{d(SSa, Sa), d(SAa, Aa)}
= ¢;max{d(SSa, Sa), (b+ 1)d(SSa, Sa)} + d2d(SSc, Sax)
= [(b+1)6; + 65)d(SSa, Sa)
< d(SSa,Sa)

IN

IN
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which is a contradiction, hence, SSa = Sa and therefore ASa = Sa.

Third step: Now, assume that TTS # T, then, we have

d(Sa, TTB) < 0pmax{d(Aa,BTp),d(Axa,Sa),d(BTS, TTA)}
+0o max{d(Sa, BTf),d(Aa, TTS)}

which is equivalent to

d(TB, TTB) < & max{d(TB,BBB),d(BB3,TTS)}

+do max{d(TS,BBj),d(T3,TTS)}

81 max{d(TB,BBg),bd(BBS,B3) + d(BS, TTA3)}

+82 max{d(TS,BBf),d(T3, TTS)}

81 max{d(BB, TBp), bd(TBS3,Bp) + d(T3, TTH)}

+82 max{d(BB, TBp),d(T3, TTp)}

= ¢ max{d(TB, TTR), (b+ 1)d(TB, TTB)} + d2d(TH, TTSH)
= [(b+1)d; + d2]d(TB, TTP)

< d(TB,TTB)

which is a contradiction, thus, TS = TT/ and therefore T3 = BT/3. Consequently,
n=Aa=Sa=Bg =Tg is a common fixed point of the four mappings.

IN

IA

Uniqueness: Finally, assume that there exists another fixed point than 7 say
for instance p, then, we have

d(Sn,Tp) < & max{d(An,Bp),d(An,Sn), (Bu, Tu)}
+09 max{d(Sn, Bu), d(An, Tu)}

which is equivalent to

d(n,p) < d1max{d(n, p),d(n,n),d(u, p)} + 62 max{d(n, p), d(n, 1)}
= [01 + G2)d(n, p)
< d(n, p)
this contradiction requires the equality between n and pu.
Example 1 Let X = {0,1,2}. Define
d: XxX—][0,+00)
(z,y) = (x —y)*.
Now, Consider four mappings as follows:

Ax — 0 when x =0 Br — 0 when x =0
| 2 when z € {1,2}, | z when z € {1,2},

Sz = Tx = 0 when x € {0,1,2}.

In the following lines, we will prove three required axioms:
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First axiom: (X,d,b = 3) is a complete strong b-metric space.

Second axiom: Mappings A and S as well as B and T are occasionally weakly
A -biased (respectively B-biased) of type (A).

Third axiom: The inequality of the above theorem is satisfied.

Indeed, we have

1) (X,d,b = 3) is a complete strong b-metric space because X is finite and
discrete, and we have

d(0,0) = d(1,1)=4d(2,2) =0,
d(0,1) = d(1,0) =1,
d0,2) = d(2,0) =4,
d(1,2) = d2,1)=1,
and
= d(0,1) <3.d(0,2) +d(2,1) = 13,
4 = d(0,2) <3.d(0,1) + ,2) =4,
1 = d(1,2) <3.d(1,0) + ,2) =17

2) It is easy to see that mappings A and S as well as B and T are occasionally
weakly A-biased (respectively B-biased) of type (A).

3) Taking 6, = 63 = %, then, (b+1)61 + 0o = % < 1. We have
Stage 1: fora =0=y, Ar=Sx =0= By =Ty and

0 = d(Sz,Ty)
< ¢ max{d(Az,By),d(Ax,Sz),d(By, Ty)}
+d2 max{d(Sz, By),d(Az, Ty)} = 0.

Stage 2: For x and y belong to {1,2}, Ax =2, By =y, Sx = 0= Ty. For this
stage, we have two cases:

1. By =1, then, we have

0 = d(Sz,Ty)
1 1
< 8max{1,4,1}+6max{1,4}
4

3
1 max{d(Az,By),d(Az,Sz),d(By, Ty)}

+do max{d(Sz,By),d(Az, Ty)},
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2. By = 2, then, we have

0

IA I

d(Sz, Ty)

1 1

g max{0,4,4} + 6 max{4,4}
4

3
o1 max{d(Az, By), d(Az,Sz),d(By, Ty)}

+d69 max{d(Sz, By), d(Az, Ty)}.

Stage 3: For x =0 and y belongs to {1,2}, Ax = 0= Sz =Ty, By =y. For
this stage, we have two cases:

1. By =1, then, we have

0 =

<

d(Sz, Ty)

1 1

G max{1,0,1} + 5 max{1,0}
1

3
01 max{d(Aw, By)v d(A{L‘, SZE), d(By) Ty)}

+d2 max{d(Sz, By), d(Ax, Ty)},

2. By = 2, then, we have

0

IA

d(Sz, Ty)

1 1

6 max{4,0,4} + 6 max{4,0}
4

3
o1 max{d(A:z:, By)v d(A{E, SIE), d(Byv Ty)}

+62 max{d(Sz,By),d(Az, Ty)}.

Stage 4: For y =0 and x belongs to {1,2}, Ax =2, St =0 =By =Ty, and

0

IN

d(Sz, Ty)

1 1

5 max{4,4,0} + 5 max{0,4}
4

3
6 max{d(Az, By),d(Az,Sz), d(By, Ty)}

409 max{d(Sz, By), d(Az, Ty)},

so, the second condition of the theorem is satisfied, therefore, the four mappings
admit “zero” as the unique common fized point.
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Theorem 2 Consider four mappings A, B, S and T from a complete strong b-
metric space (X,d,b) into itself which satisfying the two conditions:

1. A and S as well as B and T are occasionally weakly A-biased (respectively
B-biased) of type (A),

2. for all x and y belong to X, we have

d(Sz,Ty) < &d(Ax,By)+ d2d(Ax,Sz) + J3d(By, Ty)
+d4 max{d(Sz,By),d(Axz, Ty)}

where 61 4+ (b+ 1)(02 + d3) + 04 < 1.

Then, the four mappings have a unique common fixed point.

Proof. As in the proof of the first theorem, according to condition one, there
are two elements (say « and ) belong to X such that Ao = S, B4 = T and

d(AAa,Sa) < d(SAa, Aa),
d(BBS, Tf) < d(TBS, BY).

To prove the existence and uniqueness of the common fixed point, we need four
steps.

Step one: We will prove that Ao = BS. Suppose we are the contrary, then,
we get

d(Sa, TB) < 01d(Aa,Bf) + d2d(Aa, Sa) + d3d(BS, T)
+d4 max{d(Sa,Bp),d(Aa, TS)}

which is equivalent to

d(Sa, TB) < [01 + 04)d(Sar, T)
< d(Sa,TP)
which is a contradiction, consequently Saa = Aa = BS = TS.

Step two: Now, we will prove that Sa« = TS is a common fixed point of
mappings A and S. Indeed, we have

d(SSa, TB) < 61d(ASa,Bp) + 62d(ASa, SSa) + 63d(Bj, TfH)
+d4 max{d(SSa,Bf),d(AS«, TS)}
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which is equivalent to

d(SSa,Sa) < §1d(AAa,Sa)+ Jd(AAa,SSa)

+64 max{d(SSa, Sa), d(AAx,Sa)}
01d(AAcq,Sa) + biad(AAa, Sa) + dod(Sa, SSav)
+64 max{d(SSa, Sa), d(AAcx,Sa)}

0d(SAca, Aa) + bo2d(SAa, Aa) + d2d(Sar, SSav)
+04 max{d(SSa, Sa), d(SAa, Ac)

= [01 + (b4 1)d2 + d4]d(SSa, Scv)

< d(SSa,Sa)

IN

IN

the above contradiction implies that SSa = Sa and in consequence ASa = Sa.
Step three: In the next, we will prove that the common fixed point of A and
S is also the common fixed point of B and T. Indeed, we have
d(Sa, TTS) < 6d(Aa,BTp) + dad(Ac,Sa) + 03d(BTS, TTS)
+04 max{d(Sa, BT3),d(Aca, TTP)}

which is equivalent to

d(TB,TTB) < 6,d(TB,BBp)+ 63d(BBj3, TTS)

+6, max{d(TB,BBj),d(T3, TTS)}
61d(TS,BB) + béz3d(BBS, Tf) + d3d(TS3, TTS)
+6, max{d(TB,BBj),d(T3, TTS)}

61d(BB, TBJ) + bé3d(TBS,BS) + d3d(TS3, TTS)
+d4max{d(BS, TBg),d(TS3, TTB)}

= [01 4 (b+ 1)d3 + d4]d(TS, TTS)

< d(TB,TTH),

IN

IN

the above contradiction implies that T8 = TTS, in consequence, TS = BTS,
therefore, Ao = Sao = B = T = x1 is a common fixed point of the four mappings.

Step four: Assume that there is another common fixed point say xo, then, we
have

d(Sx1,Tx2) < d1d(Ax1,Bxa) + d2d(Axi, Sx1) + 3d(Bxa, Txz2)
+d4 max{d(Sx1,Bx2),d(Ax1, Tx2)}
which is equivalent to
d(x1,x2) < 61d(x1,x2) + dad(x1, X2)
= [61 + da)d(x1, x2)
< d(x1,x2)

a contradiction, hence, the common fixed point is unique.
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Example 2 As in the first ezample, let X = {0,1,2}. Define

d: X xX = [0,400)

(z,y) = (z —y)*.

Now, Consider four mappings as follows:

Ar— 0 when x = 0, By — 0 when x = 0,
| 2 when x € {1,2}, | 1 when z € {1,2},

Sx = Tz = 0 when z € {0,1,2}.

We already proved that (X,d,b = 3) is a complete strong b-metric space. Also,
it is very easy to see that mappings A and S as well as B and T are occasionally
weakly A-biased (respectively B-biased) of type (A). Taking 61 = 02 = d3 = §4 = 1—11,
then, 81 + (b+1)(62 + d3) + 62 = P < 1.

Let the constructed table

[ ) r=y=0|z,ye{l,2} |z=0andy € {1,2} | y=0 and x € {1,2}
d(Sz, Ty) 0 0 0 0
d(Az,By) 0 1 1 4
d(Az,Sz) 0 4 0 4
d(By, Ty) 0 1 1 0
d(Sz,By) 0 1 1 0
d(Az, Ty) 0 4 0 4

Discussion: We have four cases:
First case: If x =y =0, then, Ax = Sx = By = Ty = 0, therefore

0=4d(Sz,Ty) < 61d(Az,By) + d2d(Ax,Sz) + 63d(By, Ty)
+64 max{d(Sz,By),d(Az, Ty)} = 0.

Second case: Ifz, y € {1,2}, Ax =2, Sz =0, By =1, Ty =0, hence

1 1 1 1
=d(Sz, T < —X14+—x%x4+—x14+— 1,4
0=d(Sz,Ty) < 11~ +11>< +11>< +11max{,}
10
11

= 5d(Az,By) + d2d(Az,Sx) 4 63d(By, Ty)
+d4 max{d(Sz,By),d(Az, Ty)}.
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Third case: Ifx =0, y € {1,2}, Ax =0, St =0, By =1, Ty =0, thus

1 1 1 1
= < —_ —_— R R
0=d(Sz,Ty) < 11><1—i—11><0—i—11><1+11max{1,0}
_ 3
1

= 0d(Az,By) + d2d(Az,Sz) + 63d(By, Ty)
+d4 max{d(Sz, By), d(Az, Ty)}.

Fourth case: Ify=0,z € {1,2}, Az =2,Sx=0, By=0, Ty =0, and

1 1 1 1
= < — — — I
0=d(Sz,Ty) < 11><4+11><4+11><0+11max{0,4}
12
o

= 0d(Az,By) + d2d(Az,Sx) 4 d3d(By, Ty)
+04 max{d(Sz,By),d(Az, Ty)},

consequently, only “zero” satisfies the equalities A0 = S0 = B0 =T0 = 0.

4 Conclusion

In this contribution, we proved the existence and uniqueness of common fixed points
for two pairs of occasionally weakly biased mappings of type (A) in complete strong
b-metric spaces. Our theorems improve some existing results in complete metric as
well as complete strong b-metric spaces.
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