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Differential Operator !
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Abstract

In this work, the geometric properties of new subclasses A7 (p,t,b,a) and
M, ;”(p, t,b,c;; A) were studied. In particular the characterisation property and
coefficient bound for functions in A7 (p,,b, «), distortion and growth property
for functions in M{"(p,t,b, a; A) and inclusion relations for functions in the two
subclasses were established.
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1 Introduction and Definitions
Let A denote the class of functions that are analytic in the unit disk,
U={ze€C:|z| <1}.

Also, we let S denote a subclass of A consisting of functions that are univalent in
the unit disk Y and have the following normalization (see Duren [8]).

(1) f(2) zz—i-Zakzk.
k=2
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p-valent function with negative coefficients 37

Definition 1 Let T'(m,p) denote the class of functions f(z) of the form:

2) f@=2— Y ad (ax>0mpeN),
k=m+p

which are analytic and p-valent functions in the unit disk U (see [4] and [17]).

Definition 2 Let

o0
fe == Y a0
k=m+p
and
o
g(z) =2 + Z b2"
k=m+p

, then convolution(Hadamard product) of f and g is defined as

o0

(f*g)(z) =2 — Z arbrz®, ze
k=m-+p

(see [3] and [11])

Definition 3 The set of points z where
i) |z — 20| < p, p>0is p—neighbourhood of points zy € C and
i) 0 <|z—z0| <p, p>0 isdeleted p—neighbourhood of points zy € C,(see Duren

[8])-

Definition 4 Let f € T(m,p), then (m,d) — neighbourhood of functions f €
T(m,p) is define as

(3)
N%a(f?Q) =
{g:q(z) € T(m,p),q(2) =2 =332, 1, ck?®  and D hemp Flak — cx| < 0}

In particular, if
h(z) =2 (peN), then
(4)

NP s(hiq) ={q:q(2) € T(m,p),q(z) =2F — > 2® and > kle] <6}
k=m-+p k=m+p

For concept on (m, §)-neighbourhood (see [7], [10], [13], [17] and [18]).
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Definition 5 Let f € A, then the Opoola differential operator DZ/B’#f(z) tA— A
1s defined by

Dgﬁ,“f(z) = f(2)
Dig f(z) =1+ (B—p—1t)f(2) —2(8— p)t+ 2tf'(z) = 2D, f(2)
(5) D?,ﬁ,uf(z) = ZDt(Dtl,B,uf(Z))

rouf(2) = 2Du(D}5 (%)),

where
o

D.f(z) = 1+Z[1—1—(k‘+ﬂ—p—1)t]”akzk_1, necNg, t>0, zeld and 0<pu<p
k=2

(see [5], [6], [9], [12] and [15]) for few authors who has used this operator.

Theorem 1 Let f be analytic inside and on simple closed curve C' such that f is
not a constant, then the maximum value of f, |f(z)| is attained on C and not inside

C. (see [1] and [11]).

Definition 6 Let the function f € T(m,p) and g € S, then f € A (p,t,b, ). If it
satisfies:

(6)

’1 [z«F(t,ﬁ,m +9)(2))’
Fop * 9)()

b
(z€U; mpeN; beC\{0}; t>0;, 0<a<l, mpeN)
and

(1) Fep(2) = Q= (B=p—Dt)f(2) +2tf'(z) —2(B—p), (=0, 0<p<p).

Definition 7 Let f € T(m,p) and q € A7'(p,t,b,), then f € M (p,t,b,a; A). If
it satisfies the following non-homogeneous Cauchy-FEuler differential equation:

e

&

2
(8) 2 dz?

dw
+2(1+A)E+A(1+A)w = (p+A)(p+A+1)q(2), (w= f(2);A> —p).
It is noteworthy that class A;”(p,t, b, &) generalises some well-known subclasses of
p-valent functions with negative coefficients and a complex order. For example,

Remark 1 ift =0, a=1,b=p(l—a), pe N;0<a<1land m+p=n),
then A7'(p,t,b,a) becomes T'S;(p,m, ) studied by (see Ali, Khan, Ravichandran
and Subramanian [3]).
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Remark 2 ift = 0 and o = 1, then A7 (p,t,b, ) gives class Sy(p,n,b,m) studied
by (see Prajapat, Raina and Srivastava [16]).

Remark 3 if a = 8 and Fyp,(2) = F\(2) in equation (7), then A7 (p,t,b,a) be-
comes Sy (p, A\, b, B) studied by (see Mostafa [13]). Just to mention few.

2 Main Results

Theorem 2 Let the function f € T(m,p). Then f € A7 (p,t,b, ) if and only if

(9)

[e.9]

> (ktalbl=p)[1+(k+5—p—1)tarby < a[b] [1+(p+B—p—1)t]—(1+a [b|—p)(B-p)t,
k=m-+p

(beC\{0}; t>0; 0<a<l).

Proof. Let f € A7'(p,t,b, ), then by definition
‘1 { A Fwpp *9)(2)" pH .
b (F(t,ﬁ,,u) * g)(Z)

2(Fie,p * 9)(2))
(F(t,,b’,u) * g)(Z)

1

e —

1] <a

Since |R(2)| < |z|
it implies that,

rbr‘ { F(fSL *g;é:;)/‘p}'”
e

!
=p— a]b|<3%{ Flep * 9))]
Fopm *9)(2)

}<p+aw

o enflien,

Fiepu(2) = 2tf'(2) — Zt(ﬁ w)+ L+ (B—p—1)t)f(2)
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2tf!(2) = ptzP — Z ktay2".

k=m+p
Therefore
Fipu(z) = ptaf — Z ktagz" — 2t(B—p)+ L+ (B—p—1)t)(2P — Z akzk)
k=m-+p k=m+p
Fup(2) = [+ (o4 8 — = D — 28—t — (14 (k4 B—p— D] 3 apsh
k=m++p
Taking S — u = 7 in the above equation, to have
Fopu(z) =1+ @+7—1)t]zF —2rt — [1+ (k+7 - 1)t] Z apz®
k=m++p
and
Tt s
(A1) (Fuppm*x9)(2) = L+ (p+7 = 1)t = ]2 —[1+ (k+7 - 1)1] > apbs”.
k=m-+p

Differentiating (11), to have

(12) [(Flepp*9) ()] = pll+(p+r—1)t7 —rt— Y k[14+(k+7—1)tarbpz"""
k=m+p

and

(13) z[(F(t7/37M)*g)(z)]' =pll+(p+7—1)t]2P -1tz — Z k[1+ (k+7—1)t]apbp2",
k=m+p

substituting (11) and (12) into (10), to have

1+(p+7—1
%{M (p+7 oo

2P =t =302 kL (4T — 1)t]azby2"
1+p+7-1)

t]eP — 7tz = >0 U+ (B4 7 — D)tagbyz”

ol Pt @+7— 1] — Tt TP — 3 i B+ (R + 7 — Dtagdy 2P < o
L+ (p+7—Dt] =7zt =372 [1+ (b + 7 — D)t]agbgzr—p

Choosing the value of z on the real axis and |z| — 1, gives

pl+@+7— Dt =1t =372 k[L+ (k+7 — 1)t]agby
L+ p+7—-Dt] =7t =332, 1+ (k+7— 1)t]arbk

>p—alb
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ie

(14) pll+(p+7—1t] -1t — i k[l + (k+ 7 — 1)t]arby >

k=m+p
(p—olpl) |1+ @+7—Dt] =1t — > [1+ (k+7— Lt|arbs
k=m+p
ie afb|[l+(p+7—1)t]—[(1—p)+alb|]rt > Z (k—p+alb])[1+ (k+7—1)t]arby
k=m-+p

= Z (k—p+alb)[1+ (k+7—Dt]arby < a|b|[1+ (p+7—1)t] — (1 — p+ «|b|)Tt.
k=m+p

Thus, by the maximum modulus theorem,

(15)

[e.9]

> (k=pralb)[1+(k+p—p—1)tarby < albl[1+(p+B—p—1)t]—(1-p+alb])(5-p)t.
k=m-+p

Conversely,
assume that (9) holds and letting 8 — u = 7, to obtain that,

Y (k—p+ap)[l+ (k+7—Dtjarbe < afp|[L+ (p+ 7 — 1)t] — (1 —p+ alb)7t
k=m+p

oo

(16) = > (m+ab)[1+(k+7—1)tarby < afpl[1+(p+7—1)t] - (1—p+alb|)rt
k=m+p
(17) i.e k;_p[l + (k47— Dtagby < albl[1+ (p+7 ;ll—i)_t]a@‘(l —p+ O[‘b’)Tt.

Now,

z((F(t,,B,u) xg)(2))

(Fle,p) *9)(2))

pll+(p+7—Dt]zP — 7tz =332 K[+ (k47 — 1)t]agbyz"
L+ (p+7—Dter — 1tz — Y o0 1+ (k+7 — Dtlagbpz

(18)

-
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(p - 1)th1_p - ZzO:erp(k - p)[l + (k +T - 1)t]akbkzk_p

19 = [ES)
(19) L+ @+7—0t] —rtztr =377 1+ (k47— D)t]agbgzh—P

Choosing the value of z along real axis and r — 1, to have

(20) (P =7t =3k myp(k = P)L+ (k + 7 — D)t]arby
L+ (+7—Dt] =7t =32, [+ (k+7 = 1)t]arby
|0 = )7t = S5 ey (k= D)L+ (k7 = 1)t
(1) =

[+ (7= 1)t] = 7 = S22 [1+ G 7 = by
Considering the denominator in (21),

[e.9]

Lt +r—D—7t— > [+ (k+7—1)tlagd
k=m+p

>+ @+r—1)t] -7t — f: [+ (k+7 — 1)t]ayb
k=m-+p

L+ +r—D =7t —| Y [1+ (k+7— Dtagbs
k=m+p
>[4+ p+r—Dt]—7t— > |1+ (k+7— L)t|apb]
k=m+p
>[4+ p+r—Dt)—7t— >[I+ (k+7—Dtlagby, agbi > 0.
k=m+p

Substituting the above inequality into (21), gives

2A(Fepm * 9]
22) [(Fit.8.0) * 9)] p‘ :
(0= )7t = S22 = D)L+ (k7 = 1)t]agby
L+ (p+7—=Dt) =7t =352+ (b +7— Dtfagby
(p— D)7t =30 i p(k =P+ (b + 7 — D)t]agby
(23) < alb|

L+p+7—-0t] =7t =332, 1+ (k+7—1)t]arbg
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(24)
a‘b’ ZEO:WH-IJH + (ki + 7= 1)t]akbk <

alp|[(1+(p+7—1)t) — 7t] - ‘(p — D1t = 3 (k= p) 1+ (k + 7 — Dt]agb| .

Using triangle inequality and simplifying (24), gives

(25) k%p[l (k47— 1)f]agh, < 20 @R+ Tn:i)i)|b_| (p—1+ofb)

Hence, f € A (p,t,b, ).

Theorem 3 Let the function f € Ay'(p,t,b,a). Then for by, > bmyp

S gy < OBl 045 == D)= (= p-+ a3 - )t

(26) k:mﬂoak < (m+ o)1+ (m+p+ B —p— Dt]bmip
and

N (m +p)[afbl (1 + (p+ 8 — pp— 1)t) — (L= p+ afp])(8 — p)t]
20 k%pkak = (m+alp)[1+(m+p+ B —pu—1)t]bnyp ’
(p > [b])

Proof. Let f € A'(p,t,b,a) and 8 — p =7 . Then from (17),

Z (m+alb])[1+ (k+7— Dtlagby < afb|[1+ (p+7—1)t] — (1 — p+ alb|)7t
k=m-+p

= S (metalb) L+ (mtp+m—Darbm iy < alb|[1+(p+7— 1)t — (1—p-+alb])rt
k=m-+p

o0

a1+ (p+7-—1)t]— (1 —p+ «alb|)rt

Al = )
k:%;p (m+ b1+ (m+p+7 = 1)t]bmip

From (15), to have

pll+(p+7—1)t] — 1t — i k[1+ (k+7 — 1)tJagbg
k=m-+p
>p—a)) |1+ @+7-Df] =7t — Y [1+ (k+7— tjaby
k=m-+p
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Simplifying and substituting (9) into the above inequality, gives

> k[l+ (m+p+T = Dtlabmiy
k=m-+p
alp|[l+ (p+7—1)t] — (1 —p+ b7t
m + a|b|

< afp|[1+(p+7—1)t]=(1—p+alb|)Tt+(p—alb])

)

e N (m +p) [albl[1 + (p+ 7 — 1)t — (1 — p + afp|)rt]
ie k%pkak < (m~+alb)[1+ (m+p+7—)tlbpiyp

which gives the desired results.
Theorem 4 Let f € M (p,t,b,a;A) and z € 4, then
(28)

,Z‘p_{albl[l +p+tB—p-—Dti|l—(A—p+ap)(B-—wit}(p+A)(p+A+1)
(m+alp)1+ (m+p+ B8 —p—Dt](m+p+ A)bmiyp

2| < | f(2)]
and

(29)
[F ()] < 27—

{ab[[l+(p+B—p—1t =1 -—p+ap)(B-—pwt} p+ANpP+A+1) 2|
(m+alb)[I+ (m+p+B8—p—Dt(m+p+ Nbmip

Proof. Let f € T(m,p), ¢ € AJ'(p,t,b,a), occurring in the non-homogeneous
Cauchy-Euler differential equation (8) with ¢y >0 (k> m+p)and f—p =71
ie qc T(m’p)v and Q(Z) = 2P - ZZ‘o:m—f—p Ckzk, Ck > 07

S0,

2 d
250 4o+ A)zd—f FA(L+ANw = (p+A)(p+ A+ 1)g(2)

dz?
becomes,
[p(p — 1) +2p(1 + A) + A1 + A)] 2P — i [k(k —1) 4+ 2k(1+A) + A1 + A)] a2F
k=m+p
=(p+Mp+A+1D[P - > @z,
k=m+p

comparing the coefficient of the above equation, gives

k(k — 1)+ 2k(1+ A) + A0+ A)]ag = (p+ A)(p+ A+ 1)y

g (p+MN)(p+A+1)c
PR A kA LA+ R+ A
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@+ MNP+ A+ e
(k+A)2+(E+A)
Therefore,
(p+A)(p+A+1)
— > )
W= ANk EAT D Fzmtp)
So that
fE == Y at
k=m+p
— (P+MNp+A+1)
= P _
(30) becomes f(z) =z k:Zm:er TN AT 1)ckz
and
— (P+MNp+A+1)
< p m+p > 0.
(31) LCE D W s v e LU IC L

Since ¢ € AJ'(p,t,b, ), then from Theorem (2), to have

ap|[l+(p+7—1)t — (1 —p+ alb))rt

(32) Ck < (m+alb))1+ (m+p+7—1)tbpip

, k>m+p.

Substituting (32) into (31) gives,

{ap|l+@+7—-1Dt]— QA —p+ap|)rt}(p+A)(p+A+1)

V@HSVW+[ (m+ alp)[1+ (m+p+7 — Dby,

> 1
{ Z (k:+A)(k:+A+1)] '

k=m+p

(31a)

Finally,

[e.9] o0

3 1 S 1
(k+A)(k+A+1) E+A k+A+1
k=m+p k=m-+p

(33) :7n+;+AQ\ER“—m—pfﬂn—p—lpj)

45

|Z|m+p
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Now, (31a) becomes

{ap|l+(p+7—Dt]+ 1 —p+ab))rt} (p+A)(p+A+1)

@ < b oI+ (m 4 p & 7 = Uflbmry(m +p £+ A)

|Z|m+p'

Applying triangle inequality on (31), to obtain

{Oc‘bl[]. + (p+7 _ 1)ﬂ _ (]_ —p+ a|b|)7‘t} (p+ A)(p+A+ 1) |Z|m+P

‘f(2)| > |Z|p - (m_|_ Oz|b|)[1 + (m +p+T— 1)t]bm+p(m +p+ A)

Theorem 5 Let f € M (p,t,b,a;A) and z € 4, then

D)=+ LI 0B — = 1] — (1= p+ alb)(8 = 1)1} (4 A)p+ A+l 4 pm) s
’ (m+ b+ (m +p+ 5 — p— Dilbmp(m +p+ A) 8

and

+ {apll+@+B-—p—1t] —A-p+ap)(B-wt}(p+A)(p+A+1)Y(m+p,n)
(m+alb)[1+ (m+p+ B8 —p—D)t]bmip(m+p+A)

1| < vl

|z

where

d}(p,n)_ (p_n)! - {p(p—l)"‘(p—n+1)v n;«é()

Proof. Let f € T'(m,p) and q € AJ*(p,t,b, ) occurring in the non-homogeneous
Cauchy-Euler differential equation (8), with ¢z >0 k> m + p. From (24),

(oL + (08— = 11) = (1= p + aB)(E =} p+ N +AED)

[FEI < |2 + (m + albD[L+ (m +p+ B — j1— Dlbmp(m+ p+ \)

/ p-1, (ol +(p+B—p— 1] - (A —p+ap)(B—wt}(p+Ap+A+1)(m+D) mip-1
[F (@) <plel” + (m+ a1+ (m+p+B—p—Dtbmip(m +p+ A) .

+ {apll+(p+B-—pu—1t] -1 -—p+ap)(B—wt}(p+A)(p+A+1)¥(m+p,n)
(m—l—a\b\)[l + (m+p+ﬁ i 1)t]bm+p(m—|—p+A)

17| < vl

|z

where

B p! _JLn=0
Y(p,n) = (»—n)! {p(p—l)-"(p—n‘f’l)a n#0
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Theorem 6 Let f € AT'(p,t,b,a), then
(34) A;n(p7 t7 ba O[) C Ng-L’(S(ha Q)v

where

(35)
W)= and o= Pl (5 —p= 1] = (= p+alp))(5 -t}
(m + afb)[L + (m+p+ 8 — p— Ditlbmp

Proof. Let f € AJ'(p,t,b, ), then from (23)

S (m+p) {ap|l+(p+B—p—1)t]— (1—p+ab)(B— pt}
2 hax s (m+alb)[L+(m+p+B8—p—1)tbmyp

k=m-+p
Thus,
o
Z kap <6, |ag| = ay
k=m+p
and
(o]
f(z) =2 — Z apzk
k=m-+p

which gives f(z) € N}, 5(h,q) with

(m+p){ap[l+(+8—p—1t—(1—p+ald)(B—pt}
(m+alb))[L+ (m+p+8—p—1)tbnp

Theorem 7 Let f € M (p,t,b,c; A), then

6:

(36) M (p,t,b,05A) C N 5(f5 )

where q(z) = {q tq(z) = 2P =3 cpzFand D hemap @k — ck| < (5} and

(37)
5=

m+p@P+A)p+A+2) [(m+p) {albl1+(p+B8—p—1)t] - (1—p+a|b\)(ﬁ—u)t}}
m+p+A (m+ab)[I+m+p+5—p— )tlbmip '

Proof. Let f € M;"(p,t,b,a; A),then

p+AN)p+A+1)
— >
a (k—l—A)(k—i—A—i—l)Ck k:_m+p

and

Z klag — ci| < Z key, + Z kap, (ag,ci > 0)

k=m+p k=m+p k=m+p
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, to have

(3%) S Ha-al< Y [1+(P+A>(p+A+1) ke
k=m-+p k=m+p

Since q(z) € A7'(p,t,b, @), from Theorem 1,

S ko < TR0+ (- p = 1) — (= p+ a3 - ]

(m+ o)1+ (m +p+ 5 — 1 — 1)Jbmsp (p > [b])

k=m+p
So (35) becomes

oo

Z Elar — ci| <

k=m-+p

14 i (p+A)+A+1) {(m+p)[a\b\(1+(p+/37ufl)t)*(17p+a|bl)(/3’fu)

k=m+p

< (1+ (p+A)(p+A+1>> {(m+p)[albl<1+(p+6—u— Vt) - (1—p+alb\>(6—u)t}}
m+p+A (m+ab)[1+(m+p+ 8 —p— 1)tlbmip

< <m+ (p+A)(p+A+2)> [(m+p)[a|bl(1+(p+5—u— D)+ (1 —p+a|b\)(ﬂ—u)t]}
- m+p+A (m+ab)[1+ (m+p+8—p—1)tbnp

ie f €Ny s(f:q) with

5— <m+(p+A)(p+A+2)> [(m+p)[a!bl(1+(p+ﬁ—u— i) — (1 —p+a|bl)(ﬁ—#)t]]
- m+p+A (m+alb))[1+ (m+p+6—p—1)tbnip '
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