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Abstract

For a modified sequence of Szész-Mirakyan operators we establish rates of
convergence using the Ditzian— Totik modulus of continuity. Moreover, we
characterize functions satisfying a Lipschitz type condition.
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1 Introduction

Throughout the paper we set I = [0,00), C(I) is the family of all continuous func-
tions f: I — R, and ex(z) = 2%, k € Ny .

As a modification of Szdsz-Mirakyan operators, for n € N and x € I, in [4]
Duman and Ozarslan introduced the operators

En(f7$) = Zf(%)pn,k(l‘)? pn,k(:E) =e Ta
k=0

where {u,(x)} is a sequence of continuously differentiable functions, u, : I — I.
These operators are interesting only if there exists xp > 0 such that wu,(xg) # xo,
otherwise, one recovers the classical Szasz-Mirakyan operators

Sp(f,z) = efmi Tgf(fl)xk

k=0
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2 J. Bustamante,

In [5] Duman and Ozarslan investigated the global approximation behavior of
the modified Szasz-Mirakyan operators F, in some weighted spaces.

For m € Ny and x € I, set pup(z) = 1/(1+2™) and consider the weighted space
Ci(I) = {f € C(I) : pmf is uniformly continuous and bounded on I} endowed

with the norm || f[[%, = sup,cr pm () | f(2) |
The following result was proved in [5].

Theorem 1.1 Let D,, be given by (4) and assume
(1) un,(0) =0 0<up(r) <z,z>0, neN,

and u,,(x) # 0, for x € I. Then, for every m € Ny there exists an absolute constant

M., > 0 such that, if f € C} (I) and x € I,

() | Bl i) — (@) |< Mynss? (£.4/0300) + “20) ol (.0 (a).

where vn(z) = & — un(2), Wy, (f,0) = SUPy<n<s ver tm(@) | flx+h) = f(2) | and

i(f,8) = sup sup HEH2N 2@+ h) +f(@)],
0<h<§ z€l 1+ am

Notice that (without additional conditions) we can not use Theorem 1.1 to obtain
an estimate of || Dy,(f) — fl];, in the norm of the space Cy,(I). In [5, pag. 77] Duman
and Ozarslan asserted that, if

(2) lim sup | up(z) —x|=0

n—oo zel

and f € C} (1), then lim,, o || Dn(f) — f||%, = 0.

In this work we study a variation of the operators F,, in other functional spaces
with other conditions concerning uy,(z).

For m € Ny set

1
Qm(fl?):m, xEI,

and consider the weighted space Cy,(I) of all functions f € C(I) such that

[fllm = sup om(z) | f(z) [< oo,
zel

and there exists A,,(f) € R such that

(3) Am(f) = lim o (z)f(x).

T—r00

Throughout this work we assume that m € Ny is fixed, C),(I) is defined as above
and

(@) Du(r3) = 3 1(E)puata),
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But

supsup | ul,(z) |< oo.

neN zel
and there exist constants K7 > 1 and Ko > 1 such that, for each n € N and every
x>0,

K
(5) 0 <z <up(r) <Kz, and | up(z) —z |< =2
n

It follows from (5) that u,(0) = 0. Notice that, if u,(z) # z, then the condition
z < up(z) was not considered by Duman and Ozarslan. In [5] there are not examples
of function w,, satisfying (1), different from e (z). It is easy to see that the functions

up(x) = $<1 + n(ll—i—:v))

satisfy the assumptions assumed by us.

Let D(I) be the family of all f € C(I) such that, for each n € N, the series
D, (f) converges absolutely.

For f € C\u(I), p(x) = v/z, and t > 0 define

6)  w?(f,t)m = sup sup | f(z+ ho(x)/2) - fr(n$ — he(x)/2) |
0<h<t zel, hp(z)/2<z (1+z)

In this work we proved the following assertions.

Theorem 1.2 For each m € Ny, there exists a constant Cy, such that, for every
feCu(l) andneN

IDuF) = £l < Cur (£, =)

where the modulus is defined in (6).

Theorem 1.3 For each 0 < a < 1 and f € C,,(I) the following assertions are
equivalent:

(i) There exists a constant Cy such that |Dp(f) — fllm < Cin=%2, for each
n € N.

(ii) There exists a constant Co such that w?(f,t), < Cit*, 0 <t < 1.

2 Auxiliary results

For n € N and z > 0 consider the following notations: set P, 1(z) = x and, for j € N

)

(7) Py jti(x) = a:(a: — l) (:E — l)
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Proposition 2.1 Assume that D, is given by (4).
(i) If f € D(I), then D,(f,0) = f(0).
(ii) For each j € N, one has

Dy (P js1,2) = ul, ! (2).

In particular

Dy(e1,2) = up(2) Dy (e2,2) = ui(x) + ,

and

Proof. (i) Since u,(0) =0, D,(f,0) = f(0), for each f € D(I).
(ii) It is clear that D (60, ) =1

Notice that que nP,1(k/n) =k and, for j € N,
+1 k :
WP (5) = k(b= 1) (k= ).
Therefore, for each fixed = > 0,

o0 k
nun (x J _ nup (T _ i nun (x
eun( )n]+an(Pn7j+1,x) _ Z (]E: . 1(_)))‘ = (nup(z))7 e (@)
k=j+1 1

and Dy, (P ji1,7) = ult (x).
In particular, if j =0, Dy, (Py1,2) = Dy(e1, ) = uy(z).
On the other hand, since P, 2(z) = 22 — z/n, then

1
Dn(e2,) = Dn(Po,2,%) + ~Dn(er, ) = up () +

Finally
D, ((e1 — )% x) = Dy(eg,z) — 2zDy(e1, z) + 22

= up(2) — 2zun(z) + 2% + Unn(ﬁf) = (up(z) — )% + uném

Lemma 2.1 There exists a constant C' such that, for each x € I and n € N,

D ((el—x) )<C—
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Proof. From Proposition 2.1 and conditions (5) one has

K K C

D,((e1—2)%, z) < (un(x)+2) | up(z)—z | +

In Proposition 2.1 we found a representation for D, (e1,z) and D,(e2,z). In
Proposition 2.2 we present a recurrence relation to compute D, (e;, x) for all ¢ > 2.

The falling factorial (z), is defined as (z), = z(z — 1)(z — n + 1). It is known
that (z), is a polynomial in x with expansion

n

®) (@ =Y s(n, k)t

k=0

where the coefficients s(n, k) are the Stirling number of first type [2, p. 48]. More-
over, the numbers s(n, k) satisfy the recurrence relation [2, p. 49|

s(n,0) = s(0,k) =0, s(0,0)=1

and, for n,k > 1, s(n,k) =s(n—1,k—1) — (n — 1)s(n — 1, k).
It can be proved that s(n,n) =1,

Proposition 2.2 For each it € N, ¢ > 2, one has

Dy(ei, x) = ul,(z) —

Proof. Taking into account that, for ¢ > 2,
nZPm<§> =z(z—1)---(z—i+1)=(x)
n

it follows from (8) that (recall that s(n,n) =1)

1<~ o=
Pi(z) = i E s(i,j)n's? = z* = s(i, j)nta?.
=0 =0

Hence, it follows from (ii) in Proposition 2.1 that

i1 .. i1 ..
S(Zvj)D’VL(e‘?x) 7 S(Z7J)
Dy (ei,x) = Dy(Pr i, ) — Z n’——ﬂj =l (x)— 7 Dy(ej,z). O
i=1 i=1

Lemma 2.2 There exists a constant C,, such that, for eachn € N and x € I, one
has
0<up(z) <Cp(l+z)™,

Moreover -
lim Uy ()

— =1.
z—o0 (1 + x)™
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Proof. For the inequality we should consider only the case = > 0.
Ifm=1,
0<up(x) <Kiz < Ki(l+x)

and

up(x) — x’ K,
1+ n(l+z)
Therefore
i U () up(z) —x 4+
If m > 1, then
m—1
0<up(z) < (up(x) —z+2)" =2+ Z < )x”(un(x) —z)""
7
i=0
m—1 m .’Il'i
<" 4G ) <Z>n P < GliAo)”
1=
On the other hand
m
lim @) (“”(x))m — 1. 0
z—oo (1 +2)™  2-c0\1l4z

Lemma 2.3 For each i,m € Ny, there exists a constant M; such that, for each
n € N and x € I, one has

0 < Dp(ej,x) < M;(1+ x)l and Dp((1+e1)™ z) < Mpy(1+2x)™

Proof. If i = 0 the inequality is simple because D,(ep,z) = 1. Hence, we
assume that ¢ € N.

(i) Since Dy (e;) = 0 (see Proposition 2.1) we consider the case z > 0.

If © = 1, the assertion follows from Lemma 2.2, because

Dp(e1,x) = up(r) < K1z < Kqi(1 + ).
Suppose that, for some ¢ € N and each j, 1 < 5 <, one has
Dy(ej,x) < Ciy(1+ ).

Since (14 )7 < (14 2)**! and the sum

| s(i + 1,7)
e e St
is bounded, from Proposition 2.2 and Lemma 2.2 we obtain
s(i+1,7)

7
0 S Dn(ei_;’_]_, I‘) = U;L+1(I) — Z W_Dn(ej,ﬁ) S sz+1(1 + 117)1+1
j=1
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and we have the result.
(ii) Set vy, = max{M;,0 < i < m}. Taking into account that (1+x)* < (1+2)™
for x > 0 and 0 < i < m, we obtain

m
m
Dy((14e)™ x) = E% <Z> (e x) < 'ymz ( ) (1+2)" < 2", (1 + z)™
1=
This completes the proof. O
Corollary 2.1 (i) IfneN, m>1, and 1 <i<m —1, then
lim o, (2)Dy (e, z) = 0.
T—r00
Moreover, for each m € Ny, one has
9) lim o (2)Dp(em,x) =1 = lim g (2)Dy(1/0m, ).
T—r00 T—>r00
Proof. (i) It follows from Lemma 2.3 because

(1+x) < (14 x)m1

om(@)Dnlen o) < Gy < G gy

For m = 0 equation (9) is trivial.
For m =1 equation (9) was verified in Lemma 2.2.
If m > 1, taking into account Proposition 2.2 and Lemma 2.2 we obtain

m—1 ..
. 5(4,%) _
xlggo 0m () Dy (em, ) = hn(f)lOQm ( < - =Dy (ei, @ )) =L
1=
Finally
lim 0, (2)Dp(1/0m,x) = lim op(2)Dy((1 4 €)™, x)

= 1im on@) 3 (") Dulese) = Jim on(@)Dafen) 1. O

- T—00
Jj=0

Corollary 2.2 If f € Cp,(I), then Dy ((e1 — x)f,z) € C(I). Moreover, there exists
a constant C such that, for each n € N and f € Cy,(I), one has

| Dal(er = 0)f,2) 1< Ca o (10" V2.

Proof. We will verify that the series D,,((e1 — x)f, z) converges absolutely. In
fact, it follows from Lemmas 2.3 and 2.1 that

| Dal(er = 2)f.2) 1< | £l Da( | e1 =@ | (1 4+ €)™ )

< VMo, || fllm (1+2)™ v/ Da((e1 — 2)%,2) < C|lf m (1 +2)™

515
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3 D, as a bounded endomorphism

Proposition 3.1 For each m € Ny, there exists a constant M, such that, for each
fe€Cn(l) and n € N,
[P ()l < M| flm

where M, is the constant in Lemma 2.3. Moreover
im0 () Dn(f, ) = Am(f),
T—>r00

where Ay, (f) is given as in (3).
In particular, for each n € N, D,, : Cp,,(I) — Cp(I).

Proof. If f € C,,(I), it follows from Lemma 2.3 that, for n € N and z € I,

om () | Du(f,2) < || fllm 0m(x) Dn((1 4 e1)™,2) < M| f|lm-

Let us verify that the limits limg_,o0 0m () Dy (f, ) exists.
From (9) we know that there exists N; > 0 such that, for x > Ny,

Qm(x)Dn(l/val') <2
If feCn(l), set
B =1+ | An(f) |+ fllm-
Since

K
=12 — Up(x) + up(x) < 72 + up(x),

we know that lim, o u,(z) = oo. Hence, there exists Ny > Nj such that, for
x > Na, nup(z) > 1.
Given € > 0, there exists N3 > Ny such that, for x > N3,

| om () f(z) = Am(f) |< %.

Since k/n — oo, as k — oo, there exists ¢ € N such that k/n > N3, for every
k > q. Hence

€
Notice that, if z > N3, then

mmon) 3o (D (1 Y™ ¢ mminto) 4 (14 2Y e ()t

q
n

k=0

Taking into account that (g is fixed)

q
T—00 e”“n(z) y—oo ey
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there exists N4 > N3 such that, for x > Ny,

Therefore, if x > N4, then

om(z) | Dn(f,x) = Am(f)Dn(1/ 0m, @) |

o ) [S p() (@n O/ (/1) = An())
2 - (om(k/n)f(k/n) — An(f))
< om() kz o (/1)
tom(@) | Y pn.k@)(@m(’f/n)g(fz%— Am(f)
k=q+1 m

< (Il 1 An() | ) *”““”)Z el (14 3)"
+ om (@ ank: ( k)m

k=q+1

§+69m( 2)Dp(1/0m, ) < €.

We have proved that

lim (gm(az)Dn(f,:c) — A (f)Dn(1/ 0m, 1:)) ~0.

T—00

Finally

2711_>1101o om(z)Dn(f, x)
= xhﬁ\rgo om(z) <Dn(f7 z) = Am(f)Dn(1/0m, ) + A (f) Dn(1/ 0m; x))
= An(f) mh_{lolo om(2)Dn(1/ 0m, ) = Am(f). O

Remark 3.1 Later we will need a modification of the first inequality in Proposition
3.1. If f € Cy,(I), then

‘ank (k+1>‘SHme@m ank ( k+1)

k\m
<2l () 3t (1+ 5)" < 2 M
k=0
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4 Some auxiliary inequalities

Recall that p(z) = /.
For m € Ny let C},(I) be the family of all absolutely continuous functions F €

Cin(I) such that F' € C(I) and
o F'llm = su;; | om(2)V/x F' (1) |< o0.
xre

Lemma 4.1 Suppose that m € Ng and F € C}(I).
(i) If z,y € I, and x > 0, then

7o) = P 1< 2200 oy (@ om s e gm).

(ii) There exists a constant C' such that, for each k € Ny and n € N, one has

P50 P (] = e R

Proof. (i) If 0 < z < y,

Vo | Fx) = F(y) |< \/E/OyI’F'(SﬂLdeSS nyV“FS\F’(SH)\ds

= [ LD < o, [T s
0 (+$+S) 0

< NeF lm(1 +y)™ (y — @)
If0 <y <z, then

_ Vs | Fi(s) | ds _ o |9F [mds
| Fla) <>|</y MR /y<1+> e

<@+l ln [ ) ) oF | (VE — v/5)

%

— 21+ @) [ F e < (14 @)™ F ).

NERR
(i) If k£ € Ny, then

D) < r ()< [
ds

(h+1)/n g
< N oF on(L 4+ (k + 1) /m))™ / a

77 o Vs

< 2@ o (14 /)™ (v/ Tk + 1) fn = V/ke/n)
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(14 k/n)™ 1
VE+1)/n+/k/n

(I+k/n)™ 1

v VE+T

Lemma 4.2 For each x > 0 and n € N, one has

< 2" |||

< ClloF'||m

> pn,k(x) < 1
E+1 ~— nug(x)

k=0

Proof. It follows from the relations

o0

> k+1
c (k+1)! — L -

o k1 k=0

5 The upper estimate

Proposition 5.1 Assume m € Ny and ¢(x) = \/x. There exists a constant C such
that, for eachn € N and F € CL (I), one has

Pl
Dy, Fllm <
IDA(F) = Fll < OF22E

Proof. If z = 0, taking into account Proposition 2.1 one has D, (F,0) = F(0).
If z > 0, it follows from Lemma 4.1 and Hélder inequality that

> pat)(7(3) - #)
k=0

[0 o = o1k 1y Ey
<2 kzopn,k( )(n K(l*) +<1+n>)

H(PF/Hm m 2m
<2 Tz {(1—1—95) + v/ Dp((1+e1) x}\/D e1 — )%, x)

(in the case m = 0 we do not need Holder inequality).
If m > 0, then (see Lemma 2.3)

VD (1+ €1)?™, 2) < /Mo (1 + 2)™.
Therefore, taking into account Lemma 2.1, one has

o ||
NG

| D, (Fyz)—F(z) |<C (1+w)m. O

B
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For f € Cy,(I) and ¢t > 0 define

(10) K#(f,m = inf  {If = Fll + tloF | }-

FeClk (I)

It is known that limy 04 w?(f,t),, = 0, for each f € Cy,(I). For this result
the condition limy_sco 0m () f(x) = A (f) is needed (see [3, p. 36-37]). Moreover,
there exist positive constants C1, Co and ¢y such that, for every t € (0,tp) and each

f € Chnoo(l),
(11) Clw@(fa t)m S K@(fy t)m S 02(*)(‘0(]0’ t)m

the second inequality holds for every t € (0, 1].

Now we prove the main result.

Proof of Theorem 1.2. It follows from standard arguments. If f € C,,(I) and
F € C}(I), then

1Dn(f) = Flim < [1Dn(f = F) = (f = F)llm + [ Dn(F) = Fllm.

Taking into account Proposition 3.1 and Proposition 5.1, there exists a constant
(1 such that

‘PF,Hm

1Du(f) = Fllm < (14 M) — Fll + o ! bt L

Therefore, there exists a exists a constant Cy such that

1D2(f) = flln < G inf 1] = Flln+ fusoF'um}

Fe

N ( f, < Cy?(f,

T vl

6 Characterization of Lipschitz classes

Lemma 6.1 Ifm € Ng, n € N and f € Cp, oo(I), then

[e.9]

(12)  Dyig = ety (el RELY k)
k=0
(13 =288 (e~ 0)1.) + &~ wn (D)D)

Proof. We can assume that f(0) = 0.
If k € N, then

Pr(@) = —nat (@)p + €0 ek @)
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1 k

Therefore

Dy (12) = ML) (L $ (@) hy 5 @)k

and

Dn(el.ﬂx) - un<$)Dn(f,IB>>

<
_ (Dal(er = @)f,2) + @Du(f,2) = un(@) Da(f,2)). O

Proposition 6.1 Assume m € Ny.
(i) For each n € N and f € Cy,(I), one has D, (f) € Cp(I).
(ii) There exists a constant C such that, for each f € Cp(I) and n € N,

I Dy (A)llm < CV | £l
En particular Dy,(f) € C}(I).

Proof. (i) We will verify that D, (f) is absolutely continuous, D/ (f) € C(I),
super om(x) | Dy (f,x) |< oo and

. / _
Jim o (2) Dy (f,2) = 0

We know that D, (f) € Cy(I) (see Proposition 3.1). From Corollary 2.2 and
(13) we deduce that D) (f) € C(I).

Since the sequence {u}(z)} is uniformly bounded, taking into account (12),
Proposition 3.1 and Remark 3.1, we obtain

om(@) | Dy(f,2) |= [ (o ank ((kJrl)—f(%))‘SCanHm.

Hence D), (f,z) € Cpn(I).

aaa

| Dul(er — 2)f.2) < Collflmoc (1 + )™ ?

On the other hand, taking into account (13), Lemma 2.2, (5), and Proposition
3.1, we know that

onla) | D11 "2 (| Da(er = f.) | 4 2 = ) | D) )
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< Cop s (o W < Oo( 22t sl

Since lim,_,o up () = 00, one has

lim g, (z) D), (f,z) = 0.

T—r00

We have proved that D) (f) € Cy,(I).
(ii) If nx > 1, then (recall that © < Kju,(z))

Vaon(@) | D)1 O (Y2 4 D)l < Co(Via+ 22

— (vt \} \/7;7)) 7l < Cs (Vi + Ty Il < Cav/al

But, if nz < 1 we use (12) to obtain

o (@ | Dl(f,) |< Comla wan () = 1(D)]

n

< CVan|fllm < CVallfllm- O

Proposition 6.2 If m € Ny, there exists a constant C,, such that, for every F €
Cl(I),n €N
H‘PD/ (EF)lm < Cm”‘PF/”m-

Proof. Since F(0) € Cy, (I), D},(F—F(0),z) = D;,(F,z), and (F(z)—-F(0)) =
F'(x), we can assume that F'(0) = 0.
We use equation (12).

If Fe Crl,%oo(l), as a consequence of Lemmas 4.1 and 4.2 we obtain

p e (1+k/n)™
V| D) (F,x) |< Covyna||oF |lm > p(x)——=—
! rart F VE+1

< Oz [9F | v/ Da((L+ €12, 2) Pn,k(x)>1/2

— k+1
1+x)™ x
< Coviz o F o S = ol — (1 4 )
Vg (x) up ()
and it is sufficient to prove the result. O

We need the following result.

Lemma 6.2 (see [1, p. 100]) Fiz o € (0,1), ¢ > 0, and let Q : [0,¢] — R be a
monotone increasing function. If there exists a constant M such that, for every
h,t €[0,d],

Q(h) < M(ta n (h/t)Q(t)),

then there exists a constant C' such that Q(h) < Ch®.
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Proof of Theorem 1.3. (i) = (ii). For h,t € (0,1], fix n € N such that

2
14 <<z
(14) <t <~

S|

Recall that D, (f) € Cf, (1) (see Proposition 6.1).
For each F € C’}moo(l), taking into account Propositions 3.1, 6.1 and 6.2, we
obtain

K2 (f, h)m < |Lf = Dn(Dn(f)llm + 2l Dy (D (£))llm
< = Du(Hllm + [1Dn(f = Du(f))llm
+hllo Dy, (Dn(f = F)llm + Rello Dy (D (F)) I m

< (14 C)llf = DalH)lbm + Coh (VAIDR(f = F)llm + o Da(F)lim)
< (14 C)lf = DalF)llm + Csh (VAlF = Fll + 0 F'lln)

1 1
< (o + V(I = Fllm + =0 F'llg)

Taking into account that F € CL (I) is arbitrary and (14), one has

K2(f, W) < 04(# + hy/nK® (f, \}ﬁ)m)

<+ 2%K@(f, D).

From Lemma 6.2 we know that K¥(f, h),, < Ch®, h € [0,1] and (ii) is a conse-
quence of (11).
(ii) = (i) It follows from Theorem 1.2. O

7 Conclusions

In Theorem 1.2 we verified the operators D,, can be use to approximate every func-
tion f € Cp(I). However, there are still some open problems related to these
operators. For example, it would be interesting to obtain a Voronovskaya-type theo-
rem.
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