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Exponential Bernstein-Durrmeyer operators 1

Ştefan-Lucian Garoiu

Abstract

In this paper we introduce an exponential variant of Bernstein-Durrmeyer
operators. Regarding this new operators we obtain some convergence results,
a Voronovskaya type theorem and some quantitative estimates using the first
order modulus of continuity and the second order modulus of smoothness and
then the relation between them and K-functionals. Also we study their simul-
taneous approximation properties.
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1 Introduction

Recently, a lot of studies regarding exponential variants of classical approximation
operators have been obtained. Among these we mention the exponential variant of:
Bernstein operators (see [5]), Szasz-Mirakjan operators (see [1], [2]) and also in ([4])
the authors introduced an exponential version of Kantorovich operators. Namely,
they introduced the operators:

(1) Knf(x) :=

n∑
k=0

eµxpn,k(an+1(x))(n+ 1)

∫ k+1
n+1

k
n+1

f(t)e−µtdt, x ∈ [0, 1], n ∈ N,
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where

(2) pn,k(x) =

(
n

k

)
xk(1− x)n−k, 0 ≤ k ≤ n,

and f is a continuous function on [0, 1], an(x) := e
µx
n −1

e
µ
n−1

and µ > 0. The authors

proved that these operators preserve exponential function expµ(x) = eµx and a lot
more properties of these operators. Also another version of exponential Kantorovich
operators was introduced in [6] and more results concerning approximation by ex-
ponential type operators can be seen in [3] and [12].

Other important operators in Approximation Theory are Bernstein-Durrmeyer
operators (which were introduced by Durrmeyer in [11] and independently by A.
Lupas, in [14] with their properties later studied in [7], [8], [9], [10], [16] and many
others), which are of the form:

(3) Mnf(x) = (n+ 1)

n∑
k=0

pn,k (x)

1∫
0

pn,k (t) f (t) dt, f ∈ L∞[0, 1].

The aim of our paper will be to introduce an exponential variant of operators in
(3) as follows:

(4) M∗
nf(x) = (n+ 1)eµx

n∑
k=0

pn,k(x)

∫ 1

0
pn,k(t)f(t)e

−µtdt,

with f ∈ C([0, 1]), x ∈ [0, 1], n ∈ N, and where µ > 0 is a real parameter.
First, we have the following simple remark, which states that our operators

preserve exponential functions expµ(x) = eµx, x ∈ [0, 1].

Remark 1 For x ∈ [0, 1] and n ∈ N we have that:

M∗
nexpµ(x) = (n+ 1)eµx

n∑
k=0

pn,k(x)

∫ 1

0
pn,k(t)dt = eµx

n∑
k=0

pn,k(x) = eµx.

Next, the following identity holds.

Remark 2 For f ∈ C([0, 1]), n ∈ N, x ∈ [0, 1] we have

(5) M⋆
nf(x) = expµ(x)Mn(f exp−µ)(x).

Note that our operators are constructed in a similar fashion as the operators in
(1), however here we won’t need the modification of the argument of the Bernstein
basis polynomials pn,k.

Let

(6) ω1(f, δ) = sup{|f(t)− f(x)|, |t− x| < δ x, t ∈ [0, 1], δ > 0},
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be the first order modulus of continuity. For f ∈ C1([0, 1]) by the second order
modulus of smoothness we mean

(7) ω2(f, δ) = sup
h∈[0,δ]

sup
x∈[0,1−h

2
]

∣∣∆2
h(f, x)

∣∣ ,
where ∆2

h(f, x) = f(x)− 2f(x+ h) + f(x+ 2h) is the second order finite difference
of f.

Using the above moduli we will provide some quantitative estimates of the degree
of convergence of our operators. Another estimation of the degree of approximation
by our operators will be given using the well-known Peetre’s K - functionals

(8) Kj(f, δ) = inf
g∈Cj [0,1]

{∥f − g∥∞ + δj∥g(j)∥∞}, f ∈ C([0, 1]), δ > 0, j = 1, 2.

and the following relation between Kj and ωj :

Kj(f, δ) ≤ Cωj(f, δ), j = 1, 2

where C is a constant depending only on j (for more details see [13]). Here by
Cj([0, 1]) we mean the space of functions having continuous jth derivative on [0, 1]
for j = 1, 2.

Our paper will be divided in five sections. In Section 2 we will prove that
our operators satisfy the famous Korovkin’s theorem conditions and also that they
converge to functions belonging to a weighted version of Lp spaces. Next, in Section
3 we will obtain a Voronovskaya type theorem. In Section 4 we will provide some
quantitative estimates of the degree of approximation by our operators and finally
in Section 5 we will prove a simultaneous approximation result.

2 Convergence results

Let γi(x) = xi expµ(x), i = 0, 1, 2, x ∈ [0, 1]. Then in view of the following Lemma
we can consider functions γi, i = 0, 1, 2, as the test functions which will be used
when verifying the conditions of Korovkin theorem for operators M∗

n.

Lemma 1 The set {γi(x)| i = 0, 1, 2, . . . , x ∈ [0, 1]} is a Chebyshev system.

Proof. Let us take x0, x1, x2 ∈ [0, 1] with x0 ̸= x1 ̸= x2. Since the determinant
of {γ0(x0), γ1(x1), γ2(x2)} is a Vandermonde determinant multiplied by expµ(x0 +
x1 + x2) which is not zero, then this set is a Chebyshev set.

In what follows, by C([0, 1]) we mean the space of continuous functions on [0, 1].
For test functions γ0, γ1, γ2 the following result holds.

Lemma 2 The following identities are true:

(9) M∗
nγ0(x) = γ0(x) = expµ(x),
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(10) M∗
nγ1(x) =

n

n+ 2
γ1(x) +

1

n+ 2
γ0(x)

(11) M∗
nγ2(x) =

n(n− 1)

(n+ 2)(n+ 3)
γ2(x) +

n

(n+ 2)(n+ 3)
γ1(x) +

2

(n+ 2)(n+ 3)
γ0(x)

Proof. We have that M∗
nγi(x) = expµ(x)Mnei(x), i = 0, 1, 2 where ei(x) = xi,

i = 0, 1, 2 so from the expression of Mnei(x), i = 0, 1, 2 (see [9]) our results hold.

Now we can prove our convergence result.

Theorem 1 Let f ∈ C([0, 1]). Then M∗
nf converges uniformly to f on [0, 1].

Proof. From (9), (10) and (11) we have that M∗
nγi(x) → γi(x), i = 0, 1, 2 as

n → ∞. Also, since γ0, γ1 and γ2 form a Chebyshev set, by Korovkin theorem we
have that M∗

nf converges uniformly to f on [0, 1].

Further, we will prove that our operators approximate functions belonging to
Lp spaces. However, since our operators are defined as in (4) it will be in hand to
work with a weighted version of Lp spaces, namely we will prove the convergence of
operatorsM∗

n in Lp
µ([0, 1]). Having this in mind, we say that a function f : [0, 1] → R

belongs to Lp
µ([0, 1]) if f ∈ Lp([0, 1]) and

(12) ∥f∥p,µ =

{∫ 1

0

∣∣e−µtf(t)
∣∣p dt} 1

p

<∞.

Even though, if f ∈ Lp
µ([0, 1]) then f ∈ Lp([0, 1]) (and conversely), our choice of the

space is motivated by the definition of operators M∗
n.

Theorem 2 Let f ∈ Lp
µ([0, 1]). Then:

(13) ∥M∗
nf∥p,µ ≤ ∥f∥p,µ.

Moreover,

(14) lim
n→∞

∥M∗
nf − f∥p,µ = 0.
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Proof. Let f ∈ Lp
µ([0, 1]). From Jensen inequality we have that:

∥M∗
nf∥pp,µ =

∫ 1

0

∣∣∣∣∣(n+ 1)
n∑

k=0

pn,k(x)

∫ 1

0
pn,k(t)f(t)e

−µtdt

∣∣∣∣∣
p

dx

≤
∫ 1

0

n∑
k=0

pn,k(x)(n+ 1)

(∫ 1

0
pn,k(t) |f(t)|p e−pµtdt

)
dx

=

n∑
k=0

∫ 1

0
pn,k(t) |f(t)|p e−pµtdt

∫ 1

0
pn,k(x)(n+ 1)dx

=

n∑
k=0

∫ 1

0
pn,k(t) |f(t)|p e−pµtdt

=

∫ 1

0

n∑
k=0

pn,k(t) |f(t)|p e−pµtdt

= ∥f∥pp,µ,

(15)

which proves (13).
Now, in order to prove (14) since C([0, 1]) is dense in Lp([0, 1]) then if f ∈

Lp
µ([0, 1]), for ε > 0, there is g ∈ C([0, 1]) such that ∥f − g∥p ≤ ε

4 . So,

∥f − g∥p,µ =

{∫ 1

0

∣∣e−µt [f(t)− g(t)]
∣∣p dt} 1

p

≤
{∫ 1

0
|f(t)− g(t)|p dt

} 1
p

= ∥f − g∥p ≤
ε

4
.

(16)

Next, we have that

(17) ∥M∗
nf − f∥p,µ ≤ ∥M∗

nf −M∗
ng∥p,µ + ∥M∗

ng − g∥p,µ + ∥g − f∥p,µ.

Since:

∥M∗
ng − g∥p,µ ≤ ∥M∗

ng − g∥p ≤ ∥M∗
ng − g∥∞,

and from Theorem 1 there exists nε ∈ N such that n ≥ nε ∈ N, ∀ n ∈ N, so, it
follows that:

∥M∗
ng − g∥p,µ ≤ ε

2
.

Furthermore, from (13) we have that:

∥M∗
nf −M∗

ng∥p,µ ≤ ∥M∗
n∥p,µ · ∥g − f∥p,µ ≤ ε

4
,

hence:

∥M∗
nf − f∥p,µ ≤ 2∥g − f∥p,µ + ∥M∗

ng − g∥p,µ < ε,

which proves relation (14).
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3 Voronovskaya theorem

In this section we will give a Voronovskaya result regarding our operators M∗
n. In

what follows by C2([0, 1]) we mean the space of continuous functions on [0, 1] which
admit a second derivative at x ∈ (0, 1).

Theorem 3 If f ∈ C2([0, 1]) then, for x ∈ [0, 1]:

lim
n→∞

n(M∗
nf − f)(x) = [µ2x(1− x)− µ(1− 2x)]f(x)(18)

+[1− 2x− 2µx(1− x)]f ′(x) + x(1− x)f ′′(x).

Proof. Let g ∈ C2([0, 1]) be a function such that g(t) = e−µtf(t). Using Taylor’s
formula with integral remainder for function g we have that:

(19) g(t) = g(x) + g′(x)(t− x) +
1

2
g′′(x)(t− x)2 +R(t, x)

where R(t, x) =
∫ t
x(t− u)[g′′(u)− g′′(x)]du.

Now, applying operators Mn to (19) we get:

(20) Mng(x) = g(x)m0(x) + g′(x)m1(x) +
1

2
g′′(x)m2(x) +Mn(R(·, x))(x),

where mj(x) = Mn((e1 − xe0)
j)(x), j = 0, 1, 2, . . . are the moments of Bernstein-

Durrmeyer operators.
Since,

g′(x) = e−µxf ′(x)− µe−µxf(x),

and
g′′(x) = f ′′(x)e−µx − 2µf ′(x)e−µx + µ2f(x)e−µx,

multiplying (20) by eµx and using the fact that (M∗
nf)(x) = eµxMn(f exp−µ)(x) we

get:

M∗
nf(x) = f(x)m0(x) +m1(x)(f

′(x)− µf(x))

+
1

2
m2(x)(f

′′(x)− 2µf ′(x) + µ2f(x)) + eµxMn(R(·, x))(x).
(21)

Let us denote ψ(t) = t(1− t). It is well-known that ([9]):

m0(t) = 1,

m1 (t) =
1

n+ 2
ψ′ (t) ,

m2 (t) =
2n− 6

(n+ 2) (n+ 3)
ψ (t) +

2

(n+ 2) (n+ 3)
,

m3 (t) =
12 (n− 1)

(n+ 2) (n+ 3) (n+ 4)
ψ′ (t)ψ (t) +

6

(n+ 2) (n+ 3) (n+ 4)
ψ′(t),

m4 (t) =
12
(
n2 − 21n+ 10

)
(n+ 2) (n+ 3) (n+ 4) (n+ 5)

ψ2 (t)

+
24 (3n− 5)

(n+ 2) (n+ 3) (n+ 4) (n+ 5)
ψ (t) +

24

(n+ 2) (n+ 3) (n+ 4) (n+ 5)
,
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so, after multiplying (21) by n , and passing to the limit as n→ ∞, we obtain:

lim
n→∞

n(M∗
nf − f)(x) = [µ2x(1− x)− µ(1− 2x)]f(x) + [1− 2x− 2µx(1− x)]f ′(x)

+x(1− x)f ′′(x) + eµx lim
n→∞

nMn(R(·, x))(x).

Lastly, we will prove that limn→∞ nMn(R(·, x))(x) = 0. In this sense we have:

|R(t, x)| ≤
∫ t

x
(t− u)|g′′(u)− g′′(x)|du ≤

∫ t

x
(t− u)ω1(g

′′, |u− x|)du

≤ ω1(g
′′, δ)

∫ t

x
(t− u)

(
1 +

(u− x)2

δ2

)
du,

where we choose δ = 1√
n
. Using the identity:

(u− x)2 = (u− t)2 + 2(u− t)(t− x) + (t− x)2,

in the inequality above we obtain:

|R(t, x)| ≤ ω1(g
′′, δ)

×
(∫ t

x
(t− u)du+

1

δ2

∫ t

x
(t− u)[(u− t)2 + 2(u− t)(t− x) + (t− x)2]du

)
= ω1(g

′′, δ)

[
(t− x)2

2
+ n

(t− x)4

12

]
,

therefore, we will obtain that:

nMn(|R(·, x)|)(x) ≤ ω1

(
g′′,

1√
n

)(
1

2
nm2(x) +

n2

12
m4(x)

)
,

but, since the parenthesis above is bounded we have limn→∞ nMn(|R(·, x)|)(x) = 0,
hence we get our Voronovskaya type result.

4 Quantitative estimates

In this section we will provide some quantitative estimates of the approximation by
operators M∗

n. Namely, we have the following result.

Theorem 4 For f ∈ C([0, 1]), n ∈ N, x ∈ [0, 1] and δ > 0, we have

(22) |f(x)−M⋆
nf(x)| ≤ eµx

[
1 +

(2n− 6)x(1− x) + 2

δ2(n+ 2)(n+ 3)

]
ω1 (f · exp−µ, δ) .

and

|f(x)−M⋆
nf(x)| ≤ eµx

[
|1− 2x|
δ(n+ 2)

ω1 (f · exp−µ, δ)

+

(
1 +

(2n− 6)x(1− x) + 2

2δ2(n+ 2)(n+ 3)

)
ω2 (f · exp−µ, δ)

]
(23)
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Consequently, we have

(24) ∥f −M⋆
nf∥ ≤ 3

2
eµ · ω1

(
f · exp−µ,

1√
n

)
.

and

(25) ∥f −M⋆
nf∥ ≤ eµ ·

[
1√
n
· ω1

(
f · exp−µ,

1√
n

)
+

5

4
ω2

(
f · exp−µ,

1√
n

)]
.

Proof. We have
|f(x)−M⋆f(x)| = eµx|g(x)−Mng(x)|,

where we denoted g = f exp−µ. Then, for δ > 0, applying the estimate given in [15],
since Mne0(x) = 1, we have

|g(x)−Mng(x)| ≤
(
1 + δ−2Mn(e1 − xe0)

2(x)
)
ω1(g, δ).

Also, using the estimate given in [17] we have

|g(x)−Mng(x)| ≤
1

δ
|Mn(e1 − xe0)(x)|ω1(g, δ)

+
(
1 +

1

2δ2
Mn(e1 − xe0)

2(x)
)
ω2(g, δ).

Then, using the known relations we get

Mn(e1 − xe0)(x) =
|1− 2x|
n+ 2

, Mn(e1 − xe0)
2(x) =

(2n− 6)x(1− x) + 2

2δ2(n+ 2)(n+ 3)
.

Relations (24) and (25) are obtained from relations (22) and (23) by taking δ = 1√
n

and by simple majorizations.

Further, another estimate using ω1 can be given in the following theorem.

Theorem 5 Let f ∈ C([0, 1]). For x ∈ [0, 1] and n ∈ N, we have that:

(26) |f(x)−M∗
nf(x)| ≤

(
e2µx +

1

2
eµx
)
ω1

(
f · e−µ·,

1√
n

)
.

Proof. Let x ∈ [0, 1] and δ > 0. We have that:

|f(x)−M∗
nf(x)| ≤

∣∣∣∣f(x)− M∗
nγ0(x)

γ0(x)
f(x)

∣∣∣∣+ ∣∣∣∣M∗
nγ0(x)

γ0(x)
f(x)−M∗

nf(x)

∣∣∣∣
=

1

γ0(x)
|f(x)| · |γ0(x)−M∗

nγ0(x)|+
1

γ0(x)
|M∗

nγ0(x)f(x)− γ0(x)M
∗
nf(x)|

=
1

γ0(x)
M∗

n|γ0f(x)− γ0(x)f |(x).
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But, for t ∈ [0, 1] we have

|γ0(t)f(x)− γ0(x)f(t)| = |eµtf(x)− eµxf(t)| ≤ eµ(t+x)

∣∣∣∣f(x)eµx
− f(t)

eµt

∣∣∣∣
≤ expµ(·+ x)ω1(f · exp−µ, |t− x|)

≤ expµ(·+ x)

(
1 +

(t− x)2

δ2

)
ω1(f · exp−µ, δ),

hence,

M∗
n|γ0f(x)− γ0(x)f |(x) ≤M∗

n

((
1 +

(e1 − xe0)
2

δ2

)
expµ(·+ x)

)
ω1(f · exp−µ, δ)

=

(
e2µx +

1

δ2
eµxMn((e1 − xe0)

2)

)
ω1(f · exp−µ, δ).

However, we have that:

Mn(e1 − xe0)
2(x) =

2n− 6

(n+ 2) (n+ 3)
x(1− x) +

2

(n+ 2) (n+ 3)
(27)

≤ n+ 1

2
(n+ 2)(n+ 3) <

1

2n
.

Now, setting δ = 1√
n
, we have:

|f(x)−M∗
nf(x)| ≤ (e2µx +

1

2
eµx)ω1

(
f · e−µ·,

1√
n

)
,

which is our result.

In what follows, we will proceed with giving an estimate of the degree of ap-
proximation, of functions belonging to C([0, 1]) in terms of the moduli in (6) and
(7) using Peetre’s K-functionals from (8) and the relation between them and the
smoothness moduli.

Theorem 6 If f ∈ C([0, 1]) and n ∈ N we have that:

∥M∗
nf − f∥∞ ≤ µ2eµ + 4µ

4n
∥f∥∞ +K1

n,µω1

(
f,

eµ(2µ+ 1) + 4

eµ(8n+ µ2) + 4µ

)
(28)

+K2
n,µω2

(
f,

√
eµ(2µ+ 1) + 4

eµ(8n+ µ2) + 4µ

)
,

where K1
n,µ = C1

[eµ(8n+µ2)+4µ](µeµ+2)

2n[eµ(2µ+1)+4] and K2
n,µ = C2

e2µ(8n+µ2)+4µeµ

4n[eµ(2µ+1)+4] with C1 and C2

constants.
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Proof. Let us fix f ∈ C([0, 1]) and g ∈ C2([0, 1]). Then we have:

∥M∗
nf − f∥∞ ≤ ∥M∗

nf −M∗
ng∥∞ + ∥M∗

ng − g∥∞ + ∥g − f∥∞.

Because M∗
nf(x) = eµxMn(f exp−µ)(x), so ∥M∗

n∥ ≤ eµ,, which means that the
relation above becomes:

(29) ∥M∗
nf − f∥∞ ≤ 2eµ∥f − g∥∞ + ∥M∗

ng − g∥∞,

so, we will need to estimate ∥M∗
ng − g∥∞. To do this, first, let h ∈ C2([0, 1]) such

that h(t) = e−µtg(t) and let us write the Taylor polynomial with integral remainder
R(t, x) =

∫ t
x h

′′(u)(t− u)2du associated to h :

h(t) = h(x) + h′(x)(t− x) +R(t, x),

which after multiplying by eµt becomes:

g(t) = eµte−µxg(x) + eµte−µx[g′(x)− µg(x)](t− x) + eµtR(t, x),

therefore, applying M∗
n to the relation above and taking into consideration that

M∗
n(expµ(e1 − xe0)

i)(x) = eµxMn((e1 − xe0)
i)(x), i = 0, 1, . . . we get:

(M∗
ng − g)(x) =: (g′(x)− µg(x))

1− 2x

n+ 2
+M∗

n (e
µ·R(·, x)) (x).

But, ∣∣∣∣eµt ∫ t

x
h′′(u)(t− u)du

∣∣∣∣ ≤ eµt
∫ t

x
|h′′(u)| · (t− u)du ≤ eµt

(t− x)2

2
∥h′′∥∞.

Then

(30) |(M∗
ng − g)(x)| ≤ |g′(x)− µg(x)| ·

∣∣∣∣1− 2x

n+ 2

∣∣∣∣+ 1

2
eµMn((e1 − xe0)

2)(x)∥h′′∥∞.

We have:

∥h′′∥∞ = max
x∈[0,1]

|g′′(x)e−µx − 2µg′(x)e−µx + µ2g(x)|

≤ ∥g′′∥∞ + 2µ∥g′∥∞ + µ2∥g∥∞,

therefore returning to (30), using the inequality in (27) and the fact that ∥g∥∞ ≤
∥f − g∥∞ + ∥f∥∞ we get:

|(M∗
ng − g)(x)| ≤ 1

n

(
|g′(x)|+ µ|g(x)|

)
+
eµ

4n
(∥g′′∥∞ + 2µ∥g′∥∞ + µ2∥g∥∞)

≤ eµµ2 + 4µ

4n
∥g∥∞ +

µeµ + 2

2n
∥g′∥∞ +

eµ

4n
∥g′′∥∞

≤ µ2eµ + 4µ

4n
(∥f − g∥∞ + ∥f∥∞) +

µeµ + 2

2n
∥g′∥∞ +

eµ

4n
∥g′′∥∞.
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Now, going back to (29) we have that:

∥M∗
nf − f∥∞ ≤ µ2eµ + 4µ

4n
∥f∥∞ +

[
eµ(8n+ µ2) + 4µ

]
4n

∥f − g∥∞ +
µeµ + 2

2n
∥g′∥∞ +

eµ

4n
∥g′′∥∞

=
µ2eµ + 4µ

4n
∥f∥∞ +

[
eµ(8n+ µ2) + 4µ

]
(µeµ + 2)

2n[eµ(2µ+ 1) + 4]

(
∥f − g∥∞ +

eµ(2µ+ 1) + 4

eµ(8n+ µ2) + 4µ
∥g′∥

)
+
e2µ(8n+ µ2) + 4µeµ

4n[eµ(2µ+ 1) + 4]

(
∥f − g∥∞ +

eµ(2µ+ 1) + 4

eµ(8n+ µ2) + 4µ
∥g′′∥∞

)
so, after passing to the infimum in the left hand side of the inequality above we
obtain

∥M∗
nf − f∥∞ ≤ µ2eµ + 4µ

4n
∥f∥∞ +

[
eµ(8n+ µ2) + 4µ

]
(µeµ + 2)

2n[eµ(2µ+ 1) + 4]
K1

(
f,

eµ(2µ+ 1) + 4

eµ(8n+ µ2) + 4µ

)
+
e2µ(8n+ µ2) + 4µeµ

4n[eµ(2µ+ 1) + 4]
K2

(
f,

√
eµ(2µ+ 1) + 4

eµ(8n+ µ2) + 4µ

)
,

which after using the fact that Kj(f, δ) ≤ Cjωj(f, δ), j = 1, 2, where Cj is a constant
depending only on j, we get our result.

5 Simultaneous approximation

In what follows we will provide a simultaneous approximation result concerning our
operators. In order to do this we will need the rth order derivative of M∗

n. First let
us recall a result which is due to Derriennic (see [9]):

Lemma 3 Let f ∈ Cr([0, 1]). Then, for x ∈ [0, 1], n ∈ N:

(31)
dr

dxr
Mnf(x) =

(n+ 1)!n!

(n− r)!(n+ r)!

n−r∑
k=0

pn−r,k(x)

∫ 1

0
pn+r,k+r(t)f

(r)(t)dt.

Next, we will make the following notation

(32) Qn,jf(x) =
(n+ 1)!n!

(n− j)!(n+ j)!

n−j∑
k=0

pn−j,k(x)

∫ 1

0
pn+j,k+j(t)f(t)dt

Remark 3 We have that:

(33)
dj

dxj
(Mnf)(x) = Qn,jf

(j)(x).

From (32) we can see that operators Qn,j are linear and positive and the following
Lemma, due to Derriennic (see [9]), holds.

Lemma 4 Let f ∈ C([0, 1]) be a function. Then Qn,jf converges uniformly to f.
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Now, we can proceed with the main result of this section.

Theorem 7 Let f ∈ Cr([0, 1]) and s = 0, 1, . . . , r. Then we have that:

(34) lim
n→∞

ds

dxs
(M∗

nf)(x) = f (s)(x),

uniformly with respect to x ∈ [0, 1].

Proof. First we will find the rth derivative of our operators. From Leibniz rule
follows:

(35)
dr

dxr
(M∗

nf)(x) =
r∑

j=0

(
r

j

)
µr−j d

r

dxr
(Mnfe

−µ·)(x)eµx,

Now, (33) yields

(36)
dr

dxr
(M∗

nf)(x) = eµx
r∑

j=0

(
r

j

)
µr−jQn,j((fe

−µ·)(j))(x)

Again, using Leibniz rule above we have:

(37)
dr

dxr
(M∗

nf)(x) = eµx
r∑

j=0

(
r

j

)
µr−jQn,j

(
j∑

s=0

(
j

s

)
(−µ)j−sf (s)e−µ·

)
(x),

and after a change in summation order we get:

dr

dxr
(M∗

nf)(x) = eµx
r∑

s=0

r∑
j=s

µr−s(−1)j−s

(
r

j

)(
j

s

)
Qn,j(f

(s)e−µ·)(x).(38)

Next, from Lemma 4 we have that:

(39) Qn,j(f
(s)e(−µ·))(x) = (f (s)e−µ·)(x) + o (1) , (n→ ∞).

Now, after passing to the limit and replacing (39) in (38) we get

lim
n→∞

dr

dxr
(M∗

nf)(x) = lim
n→∞

eµx
r∑

s=0

r∑
j=s

(
f (s)(x)e−µx + o (1)

)
µr−s(−1)j−s

(
r

j

)(
j

s

)

=

r∑
s=0

µr−sf (s)(x)

r∑
j=s

(−1)j−s

(
r

j

)(
j

s

)
which after using the well known identity:

r∑
j=s

(−1)j−s

(
r

j

)(
j

s

)
=

{
1, s = r
0, s < r

yields

lim
n→∞

dr

dxr
(M∗

nf)(x) = f (r)(x),

which is our result.
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