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Abstract

In this paper we introduce an exponential variant of Bernstein-Durrmeyer
operators. Regarding this new operators we obtain some convergence results,
a Voronovskaya type theorem and some quantitative estimates using the first
order modulus of continuity and the second order modulus of smoothness and
then the relation between them and K-functionals. Also we study their simul-
taneous approximation properties.
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1 Introduction

Recently, a lot of studies regarding exponential variants of classical approximation
operators have been obtained. Among these we mention the exponential variant of:
Bernstein operators (see [5]), Szasz-Mirakjan operators (see [1], [2]) and also in ([4])
the authors introduced an exponential version of Kantorovich operators. Namely,
they introduced the operators:

n k+1

(1) Kaf@) =3 " pp p(ans1(2))(n + 1) /

k=0 n+1

ft)e #dt,  €10,1], n € N,
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where

(2) Prg(x) = (Z) (1 —a2)" % 0<k<n,
iz

and f is a continuous function on [0,1], an(z) := %% _11 and g > 0. The authors
en —

proved that these operators preserve exponential function exp,(z) = e** and a lot
more properties of these operators. Also another version of exponential Kantorovich
operators was introduced in [6] and more results concerning approximation by ex-
ponential type operators can be seen in [3] and [12].

Other important operators in Approximation Theory are Bernstein-Durrmeyer
operators (which were introduced by Durrmeyer in [11] and independently by A.
Lupas in [14] with their properties later studied in [7], [8], [9], [10], [16] and many
others), which are of the form:

n 1
B Maf@) = 0+ )Y e @) [ s @t € 1701
k=0 0

The aim of our paper will be to introduce an exponential variant of operators in
(3) as follows:

n 1
(4) MEf(2) = (n+ 1) S p(e) /0 Pr(8) f (et

k=0

with f € C([0,1]), =z € [0,1], n € N, and where p > 0 is a real parameter.
First, we have the following simple remark, which states that our operators
preserve exponential functions exp,(z) = e#*, z € [0, 1].

Remark 1 For z € [0,1] and n € N we have that:

n

n 1
Micapu(a) = (1 Ve 3" pae) [ pus(®idt = e 3" poae) = .
k=0 0 k=0

Next, the following identity holds.

Remark 2 For f € C([0,1]), n € N, z € [0, 1] we have
(5) My f(x) = expy(z) Mn(f exp_,,)(x).

Note that our operators are constructed in a similar fashion as the operators in
(1), however here we won’t need the modification of the argument of the Bernstein
basis polynomials py, 1.

Let

(6) wl(fa 5) = sup{]f(t) - f(x>‘7 ‘t - .%" <duwte [O, 1]7 6> 0},
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be the first order modulus of continuity. For f € C*([0,1]) by the second order
modulus of smoothness we mean

(7) wy(f,6) = sup  sup |AR(f,x)],
hE[O,d} $€[0,1—%]

where A2 (f,x) = f(z) — 2f(x + h) + f(z + 2h) is the second order finite difference
of f.

Using the above moduli we will provide some quantitative estimates of the degree
of convergence of our operators. Another estimation of the degree of approximation
by our operators will be given using the well-known Peetre’s K - functionals

8)  Ki(f:0) = inf {[[f = gllo+ (9P}, fE€C(0,1]), §>0, j=1,2.
geCi0,1]

and the following relation between K; and wj:
Kj(f,0) < Cwi(f,0), j =1, 2

where C' is a constant depending only on j (for more details see [13]). Here by
C7([0,1]) we mean the space of functions having continuous j* derivative on [0, 1]
for j =1, 2.

Our paper will be divided in five sections. In Section 2 we will prove that
our operators satisfy the famous Korovkin’s theorem conditions and also that they
converge to functions belonging to a weighted version of L? spaces. Next, in Section
3 we will obtain a Voronovskaya type theorem. In Section 4 we will provide some
quantitative estimates of the degree of approximation by our operators and finally
in Section 5 we will prove a simultaneous approximation result.

2 Convergence results

Let v;(x) = 2 exp, (), i =0, 1, 2, z € [0,1]. Then in view of the following Lemma
we can consider functions ;, ¢ = 0, 1, 2, as the test functions which will be used
when verifying the conditions of Korovkin theorem for operators M,;.

Lemma 1 The set {vi(z)| i=0, 1, 2,...,  €[0,1]} is a Chebyshev system.

Proof. Let us take xg, x1, 2 € [0,1] with zy # x1 # 2. Since the determinant
of {70(20),71(71), 72(x2)} is a Vandermonde determinant multiplied by exp,,(xo +
x1 + x2) which is not zero, then this set is a Chebyshev set.

In what follows, by C(]0, 1]) we mean the space of continuous functions on [0, 1].
For test functions ~g, 1, 72 the following result holds.

Lemma 2 The following identities are true:

(9) Mpyo(z) = v0(z) = expu(),
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(10) Mi(a) =~ (@) + — 520(@)
1) Mim(@) = — 2D @) 0(a)
W )+ 3) 2 (n+2)(n+3) " (n+2)(n+3)"°

Proof. We have that M}v;(x) = exp,(z)Mye;(z), i = 0, 1, 2 where ¢;(z) = 2,
i =0, 1, 2 so from the expression of Me;(z),i =0, 1, 2 (see [9]) our results hold.

Now we can prove our convergence result.

Theorem 1 Let f € C([0,1]). Then M. f converges uniformly to f on [0,1].

Proof. From (9), (10) and (11) we have that M} v;(z) — ~i(x), ¢ = 0, 1, 2 as
n — oo. Also, since g, v1 and 79 form a Chebyshev set, by Korovkin theorem we
have that M) f converges uniformly to f on [0, 1].

Further, we will prove that our operators approximate functions belonging to
LP spaces. However, since our operators are defined as in (4) it will be in hand to
work with a weighted version of LP spaces, namely we will prove the convergence of
operators M in L%,([0,1]). Having this in mind, we say that a function f : [0,1] — R
belongs to L% ([0,1]) if f € LP([0,1]) and

(12) 1 llp = {/01 \e_mf(t)\pdt}; < oo

Even though, if f € L}([0,1]) then f € LP([0,1]) (and conversely), our choice of the
space is motivated by the definition of operators M.

Theorem 2 Let f € Li,([0,1]). Then:

(13) 1M Fllpge < W f -

Moreover,

(14) lim (M5 f ~ f]

pu = 0.
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Proof. Let f € L}([0,1]). From Jensen inequality we have that:

1M fIE, = /0 (n+1) zpnk / Do) f(t)edt| do
<[ ank i+ (| lpn,k<t>f<t>|pe—wtdt) s
1
- —g /0 Pu(t) | £ P dE /0 Pr(2)(n + 1)da

n 1
= Z / Pr () | f ()P e P dt
/ ank: (t)|P e PP dt
0

k=0

which proves (13).
Now, in order to prove (14) since C([0,1]) is dense in LP([0,1]) then if f €
L7([0,1]), for € > 0, there is g € C([0,1]) such that || f — g|, < §. So,

M=l = {/1 e [f(t) — g dt};
<{/ F®) ‘pdt};:|!f—g\p<

(17) 1My f = Fllpn < IMaf = Mgl + 1Mpg = gllpu + 19 = fllpp-

(16)

Next, we have that

Since:
Mg = gllpp < IMyg —gllp < [IM;g — gllsos

and from Theorem 1 there exists n. € N such that n > n. € N, V n € N, so, it
follows that:

DN ™

I1My;9 = gllp, <

Furthermore, from (13) we have that:

1My f = Mygllpu < 1Mpllp, -

Hk\m

hence:
My f = fllpu <29 = Fllpp + 1Mpg = gllpu <e,

which proves relation (14).
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3 Voronovskaya theorem

In this section we will give a Voronovskaya result regarding our operators M. In
what follows by C2([0, 1]) we mean the space of continuous functions on [0, 1] which
admit a second derivative at z € (0,1).

Theorem 3 If f € C?([0,1]) then, for x € [0,1]:
(18) Tim (M f — F)(x) = 1%(l - 2) — u(1 - 2] f(2)
+[1 =22 — 2px(1 — 2)|f'(z) + 2(1 — 2) f"(2).
Proof. Let g € C?([0,1]) be a function such that g(t) = e # f(t). Using Taylor’s

formula with integral remainder for function g we have that:

(19) 9(1) = 9(a) + g (@)t — ) + 3¢ ()¢ — ) + R(t, )

where R(t,z) = f;(t —u)[¢g"(u) — ¢"(x)]du.
Now, applying operators M, to (19) we get:

(20)  Mng(z) = g(x)mo(z) + g'(x)ma(x) + 19"(96)m2(96) + Mu(R(:, 2)) (),

2
where mj(z) = M, ((e1 — weg)?)(z), j = 0,1,2,... are the moments of Bernstein-
Durrmeyer operators.
Since,

g'(x) = e " f (@) = pe " f (@),
and
g"(@) = f(2)e ™ = 2uf'(x)e™ + p* f(x)e™H,
multiplying (20) by e** and using the fact that (My f)(z) = e** M, (fexp_,)(z) we
get:

f
(21) 1
2
t

mo(t) = 1,

ma () = =50 (),
2n — 6 2
IO A P Yoy
12(n—1) , 6
i mrnl DO D
B 12 (n® — 21n + 10)
e e R IR RICE TN

. 24 (3n — 5) b+ 24

(n+2)(n+3)(n+4)(n+5) n+2)(n+3)(n+4)(n+5)’

mo (t) =

m3 (t) = w/(t)v
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so, after multiplying (21) by n , and passing to the limit as n — oo, we obtain:
Tim n(Mf — () = [22(1 - ) - p(1 - 20)]f(@) + [1 - 20— (1 - @) ()
+z(1 —2)f"(x) + e li_>m nMy,(R(-,z))(x).

Lastly, we will prove that lim,,_,o nM,,(R(-,x))(x) = 0. In this sense we have:
t t

R(t,2)] < / (t — u)lg"(u) — " (&) du < / (t — uhon(g", |u— z])du

<an(g) [¢-w (1425 Yo

where we choose § = ﬁ Using the identity:

(u—2)? = (u—1t)>+2u—t)(t —z) + (t — )2,
in the inequality above we obtain:
[R(t,2)] < wi(g”,9)
X </ (t —u)du + 512/ (t —u)[(u—1t)% +2(u—t)(t — x) + (t — x)Q]du>
0P ],

=wi(g”,0) [ 5 "

therefore, we will obtain that:

W (RCDDE) < (o) (Jrmata) + it

but, since the parenthesis above is bounded we have lim,,_,o n M, (|R(-,z)|)(z) = 0,
hence we get our Voronovskaya type result.

4 Quantitative estimates

In this section we will provide some quantitative estimates of the approximation by
operators M:. Namely, we have the following result.

Theorem 4 For f € C([0,1]), n € N, z € [0,1] and 6 > 0, we have

2n—6)z(l —z)+2
02(n+2)(n+3)

(22)  |fx) - Mpf(x)| < [1 n ] w1 (f - cap_p,6).

and
|1 — 2x|
d(n+2)

(2n —6)x(1 —x)+2
20%(n +2)(n + 3) ) wa (f - exp—p, 5)]

(@) = M f(z)] < e [ w1 (f - eap_u, )

(23) + (1 +
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Consequently, we have

24) I = 000 < e (oo ).

and

@) - dgfl s e | e (Fremo )+ o (Fremon )|

Proof. We have
|f(z) — M* f(2)] = e"*|g(x) — Mpg(z)],

where we denoted g = fexp_,. Then, for 6 > 0, applying the estimate given in [15],
since Mpeop(z) = 1, we have

9(x) = Mag(w)| < (14672 M(er — weo)*(x) )i (g, 6).

Also, using the estimate given in [17] we have

1
|9(2) = Mng(2)] < 5[Mn(e1 = zeo)(2)|wi(g, )
1
+(1+ S5 Maler — ze0)2(z) Jwalg, 6).
242
Then, using the known relations we get

2n —6)x(1 —x) + 2
202(n+2)(n+ 3)

1 -2z

SOTIORE M, (e1 — zeg)*(z) = (

M, (e1 — zeg)(x)

Relations (24) and (25) are obtained from relations (22) and (23) by taking § = ﬁ
and by simple majorizations.

Further, another estimate using w; can be given in the following theorem.

Theorem 5 Let f € C([0,1]). For x € [0,1] and n € N, we have that:

(26) (@) = M f ()] < ( ; ;) ” (f e %) .

Proof. Let x € [0,1] and 6 > 0. We have that:

. M;o(z) Miro(®) e arefa
) = M) = [t - M o) [0 1) — ag g
= @) Pole) = Mi0(w)] + —— [M0(@) (@) = 20(@) M3 @)

_ @Mgm F(@) = y0(x) f|(2).
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But, for t € [0, 1] we have

flz) [

er eMt

vo(8) f(x) —v0(2) f()] = | f(z) — e f(t)] < e+
< expu(- + x)wi(f - exp_y, [t — x|)

2
¢ 52:16) )wl(f-exp_u,5),

<expu(-+x) (1 +

hence,

(e — zeg

2
Mzt @) = @) 1) < M ( (14 OO ) eam+0) (- o)
= (eQ’w + %e’”ﬁMn((el — xeo)2)> wi(f-exp_,,0).

However, we have that:

2n — 6 2
2 M, (e1 — )= — 7 (11— S
27 el = T  ar ) e s)
n+1 1
< —.
< (n+2)(n+3)<2n
Now, setting § = ﬁ, we have:

) = MEF@)] < (@54 3 (700

)

In what follows, we will proceed with giving an estimate of the degree of ap-
proximation, of functions belonging to C([0,1]) in terms of the moduli in (6) and
(7) using Peetre’s K-functionals from (8) and the relation between them and the
smoothness moduli.

Si-

which is our result.

Theorem 6 If f € C([0,1]) and n € N we have that:

et +4p

(28)  IMf - flle < S

(2 + 1) + 4
Hme-%K%WW1<f7 (2p+1) )

et (8n + p?) +4p
F2u+1)+4
K2 ¢
+ n,MWQ <f7 \/6“(8n+ﬂ2) +4ILL> )

et (8n+p?)+4p] (pe+2)
2nlet (2u+1)+4]

1 _
where K, , = C1
constants.

21 8 2 Apet .
and Kg,u = Cg% with C1 and Cq
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Proof. Let us fix f € C([0,1]) and g € C?([0,1]). Then we have:

M f = flloo < IMpf = Mpglloo + [[Myg = glloo + 119 = flloo-

Because M, f(z) = et*M,(fexp_,)(z), so |My| < e, which means that the

relation above becomes:

(29) 1My f = flloo < 2€¥(|f = glloc + M7 = 9lloo;

so, we will need to estimate ||M;g — g|lc. To do this, first, let b € C?([0,1]) such
that h(t) = e #g(t) and let us write the Taylor polynomial with integral remainder
= faf h"(u)(t — u)?du associated to h :

h(t) = h(z) + b/ (2)(t — ) + R(t, z),
which after multiplying by e#* becomes:
g(t) = ee " 7g(z) + e (¢ (z) — pg(2)](t — x) + e R(t,2),

therefore, applying M to the relation above and taking into consideration that
M (exp,(e1r — zep)?)(z) = e"* My ((e1 — weg)')(z), i =0, 1,... we get:

(Mg~ 9)(@) == (&) — ng(@) 5 + My (" R(.2)) (2).
But,
t ! " t ! " t(t ) "
et / R (u)(t — w)du| < et / |h"(w)| - (t —u)du < e 7||h [l co-
Then
* ! 1—2x 1 2 "
(30) |(Mpg —9)(@)| < lg'(z) — pg(@)| - | = | + 5" Mn((er — ze0)) (@) 17| oo-

‘We have:

[ ||oo = max 9" (z)e ™" — 2ug (z)e M + pPg(z)|

< Mlg" oo + 26119 lloe + 12 l1glloo,

therefore returning to (30), using the inequality in (27) and the fact that ||g]lco <
IIf — glloo + || flloo We get:

(Mg — g)(x)] < % (I9' (@) + plg(z)]) + i(HgHHoo +24][¢ loo + 1219]l00)

etu? + 4 et +2
< T o+ 27 2 e+ S g
ue +4p wet + 2
< BB IF = glloo + 1£1lo0) + 19/lloe + < lg" o

2n
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Now, going back to (29) we have that:

4 H(8n + p?) + 4 2
Yy e ik Uy G e RS Pk N N
N fon )+ ] (17 - sl 1 1)

* 2nfet(2u + 1) + 4] e“(8n+u )+ 4p

e2M(8n + p?) + dpet If = gl et(2u+1)+4 19”1
dnler(2p + 1) + 4] el (8n 4 p2) +4p >

so, after passing to the infimum in the left hand side of the inequality above we
obtain

ue —|—4u

M f = flloo < [1flloe +

[e(8n + p?) + 4p] (pet + 2) (f eF2u+1)+4 )
2nler(2p + 1) + 4] Tel(8n + p?) +4p

62'“(871 + p?) + 4pet er(2u+1)+4
+ K f, .
dnler(2u+ 1) + 4] et (8n 4 p?) +4p

which after using the fact that IC;(f,d) < Cjw;(f,6),j =1, 2, where C is a constant
depending only on j, we get our result.

5 Simultaneous approximation

In what follows we will provide a simultaneous approximation result concerning our
operators. In order to do this we will need the r** order derivative of M?*. First let
us recall a result which is due to Derriennic (see [9]):

Lemma 3 Let f € C"(|0,1]). Then, for x € [0,1], n € N:

d" (n+1)n! -

(r)
(31) d$TMnf($) (n—r n—l—r an rk / pn—l—r,k-ﬁ-r(t)f (t)dt

Next, we will make the following notation

n—j

> il / P (D F (Dt

n+1 In!
(n =) (n+j)! £

(32) @njf(x) =

Remark 3 We have that:

(3) M )(@) = Qo fO ().

From (32) we can see that operators @, ; are linear and positive and the following
Lemma, due to Derriennic (see [9]), holds.

Lemma 4 Let f € C([0,1]) be a function. Then Qy ;f converges uniformly to f.
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Now, we can proceed with the main result of this section.

Theorem 7 Let f € C"([0,1]) and s =0,1,...,r. Then we have that:

S

(34) lim

n—oo dxs

My f)(z) = f)(a),

uniformly with respect to x € [0, 1].

Proof. First we will find the r*" derivative of our operators. From Leibniz rule
follows:

(35) 0N =3 (7)ot fe e,
=0
Now, (33) yields
(36) @ == 3 (7)ir9Qu (1))
=0

Again, using Leibniz rule above we have:

B0 e =3 (1) (Z () <—u>j-8f<8>e—“'> (@)

7=0 s=0

and after a change in summation order we get:

r

A on@ =3 (1) ()@,

s=0 j=s

(38)

Next, from Lemma 4 we have that:
(39) Quj(fPe#N) (@) = (fe™) (@) +0(1), (n— o).
Now, after passing to the limit and replacing (39) in (38) we get

- sz;wsﬂs) (x) 2(—”“ G)C)

which after using the well known identity:

s ()0 -{0 1%

j=s

yields

which is our result.
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