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Generalized Kantorovich operators!

Bianca loana Vasian

Abstract

In this paper we will propose a class of generalized Kantorovich type oper-
ators constructed using a general differential operator with non-constant coef-
ficients D'g () = Zé:o a; (z) g™ (z) and its corresponding antiderivative op-
erator I' with respect to the composition D! o I' = I'd. The operators studied
are of the type K,, = D' o L, o I' where L,, are positive linear operators. For
these operators we will prove an approximation result and a Voronovskaja type
theorem. Also, a simultaneous approximation result will be provided for a par-
ticular case. The operators studied in this paper are linear but not positive
operators.
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1 Introduction

It is well known that classical approximation operators are positive linear operators.
For this kind of operators, the approximation of continuous functions can be proved
by Korovkin type theorems.

In this paper we will introduce a new class of operators which approximate all
continuous functions on [0, 1] but are not positive operators.
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68 B. 1. Vasian

We will propose a generalization of some positive linear operators in Kantorovich
sense and we will prove that the approximation of all continuous function on [0, 1]
holds. Also, a general Voronovskaja type theorem will be provided.

For a particular choice of coefficients of differential operator D!, we will see that
these operators posses the property of simultaneous approximation as well.

Finally, we will provide an approximation theorem and some Voronovskaja type
theorems for the Kantorovich generalization of the Bernstein operators, Durrmeyer
operators, Kantorovich operators, Stancu operators and U}, operators.

This topic was studied in particular cases in some papers such as [7, 12, 15, 16].

2 Construction of the operators

We will prove a uniform approximation result and a Voronovskaja type theorem
for some Kantorovich type operators constructed using a more general differential
operator: let [ € {1,2,...},
l
(1) D'g(z) =Y ai(z) " (x),
i=0

with a; (z) € C(R), i € {0,1,...,1}. By an antiderivative operator corresponding
to D' we mean an operator I which satisfies D! o I' = Id. This condition leads to:

(Do) ()=

which is equivalent with:

I-1)

@ a@ (1) o @ (1) v @) (1) + a0 @) (1) = £

Equation (2) is a linear differential equation of order [ with non-constant coefficients.
For this kind of differential equation we recall the following existence and unicity
theorem:

Theorem 1 [2] Suppose that a; € C(I), i € {0,1,...,l}, where I C R is an
open interval with a € I. Having by, b1,...,b; € R such that the initial conditions
y) (a) = b; holds, i € {0,1,...,1}, the equation

B @@y ta @y 4 ta@)y fa(@)y=f(2), feC),
has an unique solution y € C' (I).

From the above theorem we have that for equation (2) there are solutions, and
by imposing some initial conditions we will find a unique one. We mention that
for the construction of the operators studied in this paper, the exact expression of
the antiderivative operators does not play an important role since choosing a dif-
ferent antiderivative operator, our operator will be different, but the approximation
processes we study do not depend on the choice of the antiderivative operator.
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Remark 1 From Theorem 1 we have that the solution of (2) exists on an open
interval I. In order to prove our results, let us take I such that [0,1] C I.

Definition 1 Let (Ly,),, be a sequence of linear and positive operators on [0,1]. We
introduce the following Kantorovich type operators

(4) K,=D'oL,ol,

which have the expression

(5) ( oLy o[l) (f, z)

D'(Ly (F,x))
l
=Y a;(x) LY (F,2), x€[0,1], feC[0,1],
=0

where F (z) = I'f (x).

In order to prove our results we will need the following.

Let I be a compact interval and M, j, (x) = Ly, ((t_kf)k ) :c) , x el

In paper [8] it was proved the following result.

Theorem 2 Let (L), be a sequence of positive and linear operators such that L,
is convex of order r — 1, with r > 0 an integer. Suppose that M, 4 (z) = o (Mp 2 (z))
uniformly for x € I, and M, (x) = 1, and that there exists two functions a,b :
I — R such that limy, oo nMy 1 () = a(x) and lim,_oo nMy 2 (z) = b(x). Then,
for f € C™2 (1) the following limit holds uniformly:

6)  lim 0 |[LD (f,2) - 7 (@)] = [a@) f' (@) +b(2) /" (@), @e L.

n—oo

3 Approximation properties

For the operators K, introduced above we can state the following approximation
results.

Theorem 3 Let (Ly,),, be a sequence of linear and positive operators on [0, 1], which

has the property of simultaneous approrimation HL%k)g — g®|| = 0 uniformly on

[0,1], g€ C¥[0,1], k=0,1, 1 € {0,1,2...}. Then the following convergence holds
(7) |EKnf — fll = 0, uniformly on [0,1],

with f € C'[0,1].
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Proof. Let f € C'[0,1].

=0
1 l
~ | a @ (Fe) - 0@ FO @)
i=0 l | 1=0 |
— > (@) (L;” (F,z) — F% <x>)|
=0

LY (F,z) = FY (x)

l
< lai ()] ,Vaelol].
i=0
Now, because a; € C [0, 1] are continous, therefore functions a; are bounded, and be-
cause L,, has the property of simultaneous approximation we can state the following;:
Ve >0
| Ky, (f,x) — f(z)] <e, Yz €[0,1] and f € C[0,1],

hence the unform convergence
[ Knf = fII =0

holds on [0, 1].
Using Theorem 2 we can prove the following Voronovskaja type theorem for our
operators K.

Theorem 4 Let (L), be a sequence of positive and linear operators such that L,
is convex of order r — 1, with r > 0 an integer. Suppose that M, 4 (z) = o (Mp 2 (z))
uniformly for x € [0,1], and M, o (z) = 1, and that there exists two functions
a,b:[0,1] = R such that lim,_oc nM, 1 (z) = a () and limy,_oo nMp 2 () = b(z).
Let K, = D'o L,y oI'. Then, for f € C™*2(0,1] the following limit holds uniformly:

n—o0

l .
(8) lim 7 (K, (f,2) ~ f(2)] = Y ai(2) [a(z) F' () + b (x) F" ()]
=0

=D'(a(x) F' () +b(z) F" (v)), = €[0,1].

Proof. Let us compute the following
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Now, passing to the limit when n — oo we obtain

lim n (K, (f,2) — f ()] = iai (@) { 1im n [ (F,2) ~ FO ()]}
1=0

n—0o0 n—oo

l

= Z a; (a;) [a (:L’) F' (.CU) +b (.CU) F (:ZJ)] (2)

1=0

=D! (a(z)F' (z)+b(z) F" (), z €0,1].

4 Simultaneous approximation result

In this case we consider a; (x) = a; € R, i € {0,1,...,1}, [ > 0, real constants and
the differential operator

l

(9) D*f (z) =) aif D (2),

1=0

and I*! a corresponding antiderivative operator with respect to D* o I*!g = ¢, which
leads to a linear differential equation of order [ with constant coefficients a; € R. For
this kind of equation it is well known that solutions exist but they are not unique

until we impose some initial conditions which are not needed for the following result.
Denote I* f := F*.
Let L,, be a sequence of operators and define K as:

(10) K*=D"0oL,oI".
For operators K, we can state the following simultaneous approximation result:

Theorem 5 Let (Ly,), be a sequence of operators having the property that (Lng)(j) —
g9 uniformly for x € [0,1] and g € C7[0,1], 0<j <r+1, 7 > 0. Then

(11) (K: )™ — 0 fecro],
and F* € C™*1[0,1].

Proof. Let us consider the derivative of K} f :

(12) (K;;f)(r) _ [(D*l oL, OI*lf) ($)}(T)

1 (r)
- lz aiL{) (F,x)
1=0

l
=> L™ (Fx).
=0
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Now, because of the simultaneous approximation property of L,, we have that for
all e; > 0,4 € {0,1,...,1}, the inequality ,(f+T) (F,x) — FU+7) (:U)‘ < ¢; holds,
therefore we get:

(13) ()™ = 10 (@)] = G (Fy2) = 1O ()

l

(r)
S 0z (Fra) Zapu ]
1=0

ZI: ( LG (F,z) — PO+ (x)>'

l
<> lail |L
=0

LE (F,2) = O ()

l
< ailei <,
=0
therefore |(K*f)") — fr) (g;)‘ < ¢ uniformly for z € [0,1].

5 Particular cases

In this section we will study the generalized Kantorovich modification for some well
known operators.
In order to simplify the notations we introduce the following differential operator

l
(14) Dig(z) = y'ai(x)g" " (x).
=1

5.1 Bernstein operators

Let B,, be Bernstein operators,

(15) Bu(f.0) =Y ma)f (5. el fecil,
k=0

where pp i, (x) = (Z)xk(l —x)n_k, for 0 < k < n, and pp(x) = 0 for k > n.
It is well known that Bernstein operators play an important role in approximation
theory. Some of the results obtained for Bernstein operators will be useful in our
paper. We will recall some of them.
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Theorem 6 [3/Let f € C[0,1], then the following uniform convergence holds
(16) 1Buf = £ 0.
We will also need the simultaneous approximation result:
Theorem 7 [5/If f € C¥[0,1], then
(17) |Bup)® = s 0.
Let L,, = Byy;. Therefore,

(18) KE (f,2) = (D'o Buyio I') (f,0)
l

=S ai (@) BY, (Fa), 2 €[0,1], f€C0,1].
=0

Because Bernstein operators have the simultaneous approximation property, we
can state the following result obtained by applying Theorem 3:

Theorem 8 The following convergence
(19) K} (f,x) = f (2)
holds uniformly for x € [0,1] and f € C'[0,1].

Now, in order to obtain a Voronovskaja type result for K2 (f,z) we will need
the following

z(l—=z
(20) Mpo(xz) = 1; Myi(x) =0; Mpo(x)= (Zn);
z(l—ux) 6 1
We can see that My, 4 (x) = o (M, 2 (z)), hence Theorem 4 can be applied with
(21) a(z) = liin nMy 1 (x) =0 and
- _x(l—x)
b(x) = nll_}ngo nMy o (x) = —

Let us denote:

l
(22) A(@)=Y (a;’ (2) FD (z) + 24! (z) FE+D (x)) Lz e0,1], a € C2[0,1].
1=0

We have:
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Theorem 9 Let a; € C?[0,1] and F € C*2[0,1]. The following limit holds
(23) lim n [K7 (f,2) = f ()]

:%a:(l—x)f”(:v)+£(x), ze0,1], fec0,1].

where

OD,F" (x) 19°DyF () 1, (1-x)A(z).

1-2 Pt i 4
(1=20) — 5 —h=1 =5z =175

£@)=3

Proof. We apply Theorem 4 for K2 with a(x) = 0 and b(z) = @ We get
by using Leibniz rule:

lim [Kf(f,a;) - f(a:)} = D! (56(12_56)17"(:1;))

) Zl:a"(x) (1 rw) !

=0
l 7 . . (k) ]
L () (252 v
=0 k=0
l ..
=0
Ca(l-2) o, 1-200DLF"(x)  10°DLF (a)
= DD @)+ — TR e R

We now treat separately the term D'F”(x). In order to get the desired result we
shall compute the second derivative of the expression D'F(z) = f(x). We get

f//(ﬂf) = Z a;/(;c)F(l) (;p) + 2 Z CL;( Z+1 + Z az F('L+2 7
which leads to

l
(24) D'F'(x) = f"(@) = (af (@) FO () + 20} () FHDE) = [ () - A(a),

=0

hence our result is proved.

5.2 Durrmeyer operators

Let D,, be Durrmeyer operators defined as

Du(f,2) = (n+1) ank /pnmf(t)dt, rel01], feC,
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with pp i () = (})2" (1 - 2)"* for 0 < k <n, and Pk () =0 for k& > n.
Durrmeyer operators are useful in approximation of functions f € L; [0,1] . It was
also proved that Durrmeyer operators can be used in simultaneous approximation:

Theorem 10 [4/If f € C*[0,1], then
|un)® = 59 0.

We choose L,, = D, 4; in our construction, therefore

(25) KD (f,x) = (D'e Dpsio 1) (£.2)

= a; () DY), (F,z), x € [0,1], feC[0,1].
=0

Now, because the simultaneous approximation result holds, we can state the

following uniform approximation result for operators Kf? by applying Theorem 3:

Theorem 11 The following convergence

(26) KY (f,2) = f ()
holds uniformly for x € [0,1] and f € C'[0,1].

It is also known that D,, are convex operators of order r — 1, r > 0 (see [7]) and
that

1—2x
n+2’

 @2n—-6)zx(1—2)+2
Mu2(@) = ot s

Mno(x) = 1, Mn,l (1‘) =

)

and that My, 4 () = o (M, 2 (x)) uniformly for z € [0,1].
Now, we can apply Theorem 4 with the following

(27) a(x) = ILm nMy 1 (z) =1 -2z and
b(z) = li_}nl nMpo(x) =2 (1—x),
and we get:

Theorem 12 Let a; € C%[0,1] and F € C'*2[0,1]. The following limit holds

(28) lim n [K}L) (f,z)—f (x)]

n—oo

=a(1—a)f" (@) + (1 -22) f'(2) +0(x), x€[0,1], feC?[0,1],
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where

l L on
. oD; F" (x
D) =~ (-0 >l @) FO @) - (- 22) [y + 22 D
=0
92D F' (x) OD.F' (x)
—Tgb:l - 2T’y:1-

Proof. The proof is similar to the one of the Theorem 9, taking into account
the term D'F’(z) which can expressed as

l

(29) D'F'(z) = f'(x) = > aj(x)F ) (x).
i=0

5.3 Kantrovich operators

Let K,, be Kantorovich operators defined as

kE+1

R () = (4 )Y s (@) [ F @)t w € p1), £ e o1,
k=0 nt+l

n+1

with pp i () = ()2 (1 - 2)"F for 0 < k <n, and Pk () =0 for k& > n.
For these operators we have that the simultaneous approximation result holds:

Theorem 13 [7] If f € C*[0,1], then

[CHRSE

— 0.

We choose L,, = K,,1; in our construction, therefore

(30) KX (f,2) = (Do Ruyio 1') (f,0)

=Y ai (@)K, (Fa), ze[0,1], feC0,1].
i=0

Now, because the simultaneous approximation result holds for K ,{( , we can apply
Theorem 4 and we get the following uniform approximation result:

Theorem 14 The following convergence

(31) KK (f,2) = f(x)

holds uniformly for x € [0,1] and f € C'[0,1].
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It is also known that Kantorovich operators K,, are convex operators of order
r—1, r >0 (see [7]) and that

Myo(z) = 1, Mn,l(x)zzl(n_f’i),
3r(l—2x)(n—1 1
Mia(@) = 2 6(7311)2)+ !

and that M, 4 () = o (M, 2 (x)) uniformly for z € [0,1].
Now, we can apply Theorem 4 with the following

_1721:

(32) a(z) = nlgrolo nMp(x) = 5 and
- _z(l—x)
b(x) = nh_}ngo nMp o (x) = —
and we get:

Theorem 15 Let a; € C%[0,1] and F € C'*2[0,1]. The following limit holds

(33) lim n |[KX (f,2) = f (@)
_a:(l—m) 1" (1-2x) , n ()
where
! . ODLF" (x
1@ =~ (1-0) Y d ) FO @) - (- 22) [+ 2
1=0
&?DLF' (x) OD.F' (x)
—Tb:l - 27’@::17

as i Theorem 12.

Proof. The result is obtained by similar computation as in Theorems 9 and 12.

5.4 Stancu operators

Let Sy # be Bernstein-Stancu operators defined as

S (fox) = pak (@) f (f;g) z 0,1, feco],
k=0

with pp (z) = (3)z* (1 - 2)"* for 0 < k < n, and Pk () = 0 for k > n, and
ke e0,1], 0<k <n.
For these operators we have that the simultaneous approximation result holds:



78 B. I Vasian
Theorem 16 [1]If f € C*[0,1], then

[CRRE

— 0.

We choose L,, = S%

npy Il our construction, therefore

(34) K3 (fi0) = (Do Spfio 1) (£.)

=3 a (@) (s:;ﬁ)(“ (F.z), z€[0,1], feC[o,1].
=0

Because the simultaneous approximation result holds for K, we can state the
following uniform approximation result using Theorem 3:

Theorem 17 The following convergence
(35) K (f.0) = f (@)
holds uniformly for x € [0,1] and f € C'[0,1].

It is also known that the Stancu operators S,O{’B are convex operators of order
r—1, r >0 (see [8]) and that

Mz @) = 1M @)= 0
.3 1| {fa—pBz 2 n \?z(l-x)
My (@) 2 <n+ﬁ> * <n+ﬁ> n ]

and that Mﬁf (x)=o0 (MSQB (a:)) uniformly for z € [0,1].
Now, we can apply Theorem 4 with the following

(36) a(z) = li_}rn an‘f () = a— Bz, and
L oz (l—x)
b(z) = nh_}rrgo nMy o (x) = —
and we get:

Theorem 18 Let a; € C2[0,1] and F € C'*2[0,1]. The following limit holds
(37) lim n [ (f,) = f (v)]

= (o= pa) ' () + T2

5 () —0(x), zc[0,1], feC?0,1],
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where
; z(1—ux) OD! F' ()
0 (z) = (o — Br) Za ) FO) ( +TA(x)+ﬁz”67y|y:1
1 — 20 ODLF" (x) 10°DLF' (x)
¥ P LG
2 oy 2 Jy

Proof. By direct computations, similar to Theorem 9.

5.5 UF operators

Uf, operators are defined as

(38) Z Fpng (), feC0,1], z€[0,1],
with
1
(39) FPL(f) = /0 F () 1, (8)dt, and

thp—1 (1 _ t)(n—k)p—l
40 ph o () dt = ,
40) #() B (ko (n— F) )
where B (-, ) is Euler’s Beta function and p > 0.
For the U} operators we have the following results proved in paper [9].

Theorem 19 [9/ Uf are convex operators of orderr—1, 0<r <n, p>0, n>1.

Theorem 20 [9] The following simultaneous approximation holds:

(41) lim (@™ = g0 0,11,
€ (0, 00].
Also, in this paper they computed the following
(42) Mpo(z) = 1; My (z) =0,
My (2) (P-;(lgbpr(rll; x)
Now, we take L,, = UZH and we get
(43) UK? (f,z) = <Dl oU”., ofl> (f.2), feC0,1], z€[0,1].

Since U} have the simultaneous approximation property, we can state the following
approximation result concerning U K}, by applying Theorem 3:



80 B. I Vasian
Theorem 21 The following convergence
(44) UKy (f,x) = f (2)
holds uniformly for x € [0,1] and f € C'[0,1] and p € (0, ).
And also, because U, is convex of order r — 1, M,, 4 () = o (My2 (x)) uniformly

for x € [0,1], and M, o () = 1, we can state the following Voronovskaja type result
using Theorem 4 with a(z) = 0 and b(x) = %x(l —z):

Theorem 22 Let a; € C2[0,1] and F € C'*2[0,1]. The following limit holds

(45) lim n (UK (f.2) — f (@)
1 1-—
:(p+ );p( x>f”(:1;)+w(:z:),:1;€[0,1],fECz[O,l],
2(1—2 o 1 2 T 62 I nl} T
where w (x) = —%A (x) + %01 (1 —2x) %()bﬂ - %H%()Ly:l-

6 Nonpositivity of operators

Proposition 1 Operators KZ, KP | K2 K,[;{ and UK}, are linear but not positive
operators.

Proof. The linearity of operators is obvious from the definition and from the
fact that Bernstein operators, Durrmeyer operators, Stancu operators, Kantorovich
operators and U} operators are linear. For the positivity we will give some coun-
terexample:

Example 1 Let D*f (z) = f' () — xf (x). For this example we will need the exact
expression of the antiderivative operator I* associated to D*, therefore we choose
I* such that D* o I* = Id and it satisfies the initial condition I*f(0) = 0. For
simplicity, we make the notation I* f := F. The condition D*oI*f = D*F = f leads
to the following differential equation with initial condition:

Fl—xzF=f
(46) { F0)=0 °

for which we have the solution

(47) Fa)=c% /Omf(t) 5 dt.
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2
Now, take f*(t) = e7 5 > 0 and let us compute, for n = 1 the expression of the
operator K{:

(48) K{ (f*,2) = (D* o Byo I') f* (x) = D*(Bs (F, x))

= B, (F,x) — xBs (F, )
=2F (;) (:U3—x2—2x—|—1)+F(1) (2.1‘—:[)2)

If we take x = 1, we obtain
1 3 2 42 e 2 2
(49) KP (1) = —268/ 6_5t62€_2dt+€2/ e leTe 2 dt
0 0
=—8.8531 x 107% <0,
therefore the operators K are not positive.

Example 2 If we take the same differential operator D* f () = f' (z) —x f (x) with
2 _2
its corresponding antiderivative operator F (x) = ez fo ft)e 5 dt, we get
(50) KF (f,2) = (D o 8570 I') f* (@) = D*(55°7 (F,))
= S0P (F a) — 2857 (F,z)

:2F< @ )(—aj3—|—23}2—|—m—2)+F<1+a) (2:1:3—2:22—4:54—2)

240 2+
2+
+F<2+g> (23:—:z3).

2
If we chose f*(t) = €T >0 ,a=1, B =2, and we compute for x =1 we get

(51) K2 (f*,1) = —1.8393 < 0,
hence K;? are not positive operators.

Example 3 In order to prove that K,?, K,If and UK}, are not positive, we will
consider the following differential operator Df = f'— f, which has the corresponding
antiderivative operator If (z) == F (z) = €® Jo [ (¢)e~tdt, obtained after imposing
the initial condition If (0) = 0. We choose n = 1 and f(t) = ¢ > 0. For the
Kantorovich modification of Durrmeyer operators we get:

(52) KP (f.2) = D} (F.a) - Dy (F.a)
1 1
—3(—3—1—4x—$2)/ (1—t)2F(t)dt+3(4—10:):—1—952)/ (- t) F (1) dt
0 0

+3 (22 — 2%) /1 t*F (t) dt.
0
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Computing in x = 1 we obtain:
KP (f,1) = —0.16784 < 0.

For the Kantorovich modification of Kantorovich operators we have

(53) KK (f,2) = K} (F ac) ~ K <F :r)

=
i

:3(—3+4x—x2)/3F(t)dt+3(2—61:+2x3)/ F(t)dt
0

W=

+3 (22 — 2°) /21 F(t)dt,

3

and by taking x = 1 we get:
KK (£,1) = -1.0011 < 0,

therefore the Kantorovich modifications of Durrmeyer operators and Kantorovich
operators are not positive operators.

For UK}, we consider f (t) = ¢! > 0 and p = 5. The value of the operators in
rx=11s

(54) UKS(f,1) = UY (F, 1) —Up (F, 1)
= —2F5, + F (1)
— 14714 < 0,

hence the Kantorovich modification of UL is not a positive operator.
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