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On a transformation of a sequence of real numbers !

Daniel Florin Sofonea, Ioan Tincu

Abstract

In this paper, we determine finite sections of a regular transformation, using
random variables which follows the geometrical law, respectively Pascal’s law
and the central limit theorem.
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1 Introduction

Let A = ||lay k|lnken be a matrix with real elements. The sequence of real numbers

(Sn)nen is said to be A-summable to the value s € R if each of the series o, =

o0

g anj - Sk, n=0,1,... is convergent and if o, — s for n — oo (or lim o, = s).
n—0o0

k=0

Summation method A is regular if any convergent series is A-summable to its
limit.
Theorem 1. (Toeplitz) (see[2]) Summation method A is reqular if and only if:

(1) lim a, =0, forall k natural.
n—oo

n—oo

(2) lim Za”’k =1,
k=0
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n
(3) Z lankx| < M, forevery n natural, M being a constant independent of n.
k=0

oo

Remark 1. If the elements of matrix A are positive and Z an i =1, for every n
k=0

natural, then the conditions (2) and (3) are verified.

Note:
e M(f) represents the expectation of a random variable f,
e D?(f) represents the variance (dispersion) of a random variable f,
e [x] represents the wolle part of z.

Theorem 2. (A. Reny) (see[1], [3]) Let fi(t), fa(t), ..., fn(t),... be a sequence of
independent random variables which follows the same distributions. If M = M(fi)

and D = D(fy), k = 1,2,..., we note by By = f1+ ... + fn, 0} = 511]_—)(]\;()571) and

by F,, g« (x) the distribution function corresponding to the variable 3};, then

n—o0

(4) lim Fl ge () = \/; / e P24t (V)z € R.
T

T
1
The function ®(z) = \/? / et/ 2dt, represents the standard normal distribu-
T
—00

tion function.
If the random variables n; and ny verify the conditions 12 = a - 171 + b,a,b € R,
a > 0, then distribution functions of these random variables verify

(5) Fyy(z) = F,, (H)

a
Definition 1. The discrete random variable X is said to follows Pascal s law if has

k
the distribution ( > , where
P(n, k) k=0,1,2,...

n+k—-1\ ,
(6) P(n,k)=< . >p-qk,p€(0,1),q=1—p'

Remark 2. Forn =1, we hold that X follows the geometrical law, i.e. X has the
k
distribution ( k) ,p€(0,1),g=1—p.
P97/ k=0,12,..
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2 Principal results

When the independent random variables fi, ..., f, follows the geometrical law

k
< k;) ,p€(0,1), ¢ =1 — p, then random variable
P-q") p=01.2,.

Bn = f1+ ...+ fn follows Pascal’s law, i.e. it has the distribution ( ) ,
P(n, k) k=0,1,...
n+k—-1\ ,
P(n, k) = P A
The distribution function of the random variable 3, is
_y _ [ ezo0 .
Fop(z) = kZ_OP(n,k‘)H(:Jc — k), where 6(z) = { 0 z<0 represents Heaviside's
function.
As M(By) = % and D(fn) = —”;q, from (5), we obtain
[mm_nqm]
p p2
. > Jng  ng./ng n+k—1\ ,
np(T) = ZP(n, k)6 (x + —5— - k) = Z ( . )p g~
k=0 b b k=0
From Theorem 2 it follows that
|::13\/;Tq+nq;éﬁ:|
) n+k—1\ ,
(7) TLIL)H;O ,;) ( i )p ¢ =®o(x), (V)x > 0.
Remark 3. As the function ®(x) is bounded for x > 0, we can consider
(8) lim Fopr) =1, forall x real positive.
n—00 <I>(x) ’

Let (sp)nen by any sequence of real numbers.
With the help of the result from (7) and (8), we can build the following regular
transformation of the sequence (s, )nen:

|:x‘/;Tq+nq];éW:|
(9) T (ps ) = S cnk- sk
k=0
1 k—1
where ka(l‘) = w <n +k‘ >pn ) qkax >0,g=1-p,pe (07 1)

For x =0, we get

(10) T (p;0) = 2p" )

(n—i—k—l
k=0

. )qkSk, g=1-p,pe(0,1).
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Using the formula
1 S~ (a+k—1\ ,
11 = 1
(1) = kg( ) )z,z|< ,

we can determine the following regular transformation of the sequence (sy,)nen

(12) TP (z) = (1—2)*) (O‘ H]j B 1) 2y, |2| < 1.
k=0

In (10), we put, in place of n, the quantity nA, with A > 0, ¢ = z and in (12) we
consider a = n\ with A > 0.

nizvniz
(1-2)2

A+k—1
(13)  TW(z,X;0) = 2(1 — z)™ (” +k >zksk, z € (0,1),\ > 0.
k=0

~(nA+k—1
(14) TP (z,\) = (1 - z)")‘z (n +k: )zksk, |z| < 1,A > 0.
k=0

1
Remark 4. The transformation §T7§1)(z, X;0) is a finite section of the transforma-

tion T,g2)(z, A) for z € (0,1),A > 0.

1
For z = 3 we obtain

|:n)\\/2n)\:|
1 1 nA\+k—1\s
Mz x0)= —— ok
Tn <2’)\’ O> oni—1 kz_o < k ) 9k’
1 1 w—/n\ +k —1\ s
2 _
T¢ )<2,)\> = WZ( N >2k A>0
k=0
3 Application
- k—1
Knowing that the transformation 7),(z) = (1 — z)”z <n + i )zksk with |z] < 1
k=0

of the sequence (s, )nen is regular, we consider the following transformation of the
sequence (sp)nen defined by

Nn(2)

TM(z) = (1-2"A Y

<n+k—1
k=0

i )zksk, with z € (0,1).
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What conditions do A and N, (z) have to satisfy so that the transformation 7
is regular?
Answer: From (9), for ¢ = z, we get

z\/nz | nzy/nz
I—z " (1-2)2

T(l)(z;x):u Z <n+k_1>zksk, z>0,z€(0,1).

d(x) — k
Consequently, we consider
1 x\/z 2z
A= —— Ny(z)=
o) V) [\/ﬁl—z+n\/ﬁ(1—z)2]
with z > 0 and z € (0,1).
We have: N
lim n(2) =0, fora>3/2
n—oo N
. Np(z) 2z
nlg]go PR G forz e (0,1).
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