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On a transformation of a sequence of real numbers 1
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Abstract

In this paper, we determine finite sections of a regular transformation, using
random variables which follows the geometrical law, respectively Pascal′s law
and the central limit theorem.
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1 Introduction

Let A = ∥an,k∥n,k∈N be a matrix with real elements. The sequence of real numbers
(sn)n∈N is said to be A-summable to the value s ∈ R if each of the series σn =
∞∑
k=0

an,k · sk, n = 0, 1, ... is convergent and if σn → s for n → ∞ (or lim
n→∞

σn = s).

Summation method A is regular if any convergent series is A-summable to its
limit.

Theorem 1. (Toeplitz) (see[2]) Summation method A is regular if and only if:

(1) lim
n→∞

an,k = 0, for all k natural.

(2) lim
n→∞

∞∑
k=0

an,k = 1,
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(3)
n∑

k=0

|an,k| ≤ M, for every n natural, M being a constant independent of n.

Remark 1. If the elements of matrix A are positive and
∞∑
k=0

an,k = 1, for every n

natural, then the conditions (2) and (3) are verified.

Note:

• M(f) represents the expectation of a random variable f ,

• D2(f) represents the variance (dispersion) of a random variable f ,

• [x] represents the wolle part of x.

Theorem 2. (A. Reny) (see[1], [3]) Let f1(t), f2(t), ..., fn(t), ... be a sequence of
independent random variables which follows the same distributions. If M = M(fk)

and D = D(fk), k = 1, 2, ..., we note by βn = f1 + ...+ fn, β
∗
n =

βn −M(βn)

D(βn)
and

by Fn,β∗(x) the distribution function corresponding to the variable β∗
n, then

(4) lim
n→∞

Fn,β∗(x) =
1√
2π

x∫
−∞

e−t2/2dt, (∀)x ∈ R.

The function Φ(x) =
1√
2π

x∫
−∞

e−t2/2dt, represents the standard normal distribu-

tion function.

If the random variables η1 and η2 verify the conditions η2 = a · η1 + b, a, b ∈ R,
a > 0, then distribution functions of these random variables verify

(5) Fη2(x) = Fη1

(
x− b

a

)
.

Definition 1. The discrete random variable X is said to follows Pascal′s law if has

the distribution

(
k

P (n, k)

)
k=0,1,2,...

, where

(6) P (n, k) =

(
n+ k − 1

k

)
pn · qk, p ∈ (0, 1), q = 1− p.

Remark 2. For n = 1, we hold that X follows the geometrical law, i.e. X has the

distribution

(
k

p · qk

)
k=0,1,2,...

, p ∈ (0, 1), q = 1− p.
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2 Principal results

When the independent random variables f1, ..., fn follows the geometrical law(
k

p · qk

)
k=0,1,2,...

, p ∈ (0, 1), q = 1− p, then random variable

βn = f1 + ...+ fn follows Pascal′s law, i.e. it has the distribution

(
k

P (n, k)

)
k=0,1,...

,

P (n, k) =

(
n+ k − 1

k

)
pn · qk.

The distribution function of the random variable βn is

Fn,β(x) =
∞∑
k=0

P (n, k)θ(x − k), where θ(x) =

{
1, x ≥ 0
0, x < 0

represents Heaviside′s

function.

As M(βn) =
nq

p
and D(βn) =

√
nq

p
, from (5), we obtain

F ∗
n,β(x) =

∞∑
k=0

P (n, k)θ

(
x

√
nq

p
+

nq
√
nq

p2
− k

)
=

[
x
√
nq

p
−nq

√
nq

p2

]
∑
k=0

(
n+ k − 1

k

)
pn · qk.

From Theorem 2 it follows that

(7) lim
n→∞

[
x
√
nq

p
+

nq
√
nq

p2

]
∑
k=0

(
n+ k − 1

k

)
pn · qk = Φ(x), (∀)x ≥ 0.

Remark 3. As the function Φ(x) is bounded for x ≥ 0, we can consider

(8) lim
n→∞

Fn,β∗(x)

Φ(x)
= 1, for all x real positive.

Let (sn)n∈N by any sequence of real numbers.
With the help of the result from (7) and (8), we can build the following regular

transformation of the sequence (sn)n∈N:

(9) T (1)
n (p;x) =

[
x
√
nq

p
+

nq
√
nq

p2

]
∑
k=0

cn,k · sk

where cn,k(x) =
1

Φ(x)

(
n+ k − 1

k

)
pn · qk, x ≥ 0, q = 1− p, p ∈ (0, 1).

For x = 0, we get

(10) T (1)
n (p; 0) = 2pn

[
nq

√
nq

p2

]
∑
k=0

(
n+ k − 1

k

)
qksk, q = 1− p, p ∈ (0, 1).
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Using the formula

(11)
1

(1− z)α
=

∞∑
k=0

(
α+ k − 1

k

)
zk, |z| < 1,

we can determine the following regular transformation of the sequence (sn)n∈N

(12) T (2)
n (z) = (1− z)α

∞∑
k=0

(
α+ k − 1

k

)
zksk, |z| < 1.

In (10), we put, in place of n, the quantity nλ, with λ > 0, q = z and in (12) we
consider α = nλ with λ > 0.

(13) T (1)
n (z, λ; 0) = 2(1− z)nλ

[
nλz

√
nλz

(1−z)2

]
∑
k=0

(
nλ+ k − 1

k

)
zksk, z ∈ (0, 1), λ > 0.

(14) T (2)
n (z, λ) = (1− z)nλ

∞∑
k=0

(
nλ+ k − 1

k

)
zksk, |z| < 1, λ > 0.

Remark 4. The transformation
1

2
T (1)
n (z, λ; 0) is a finite section of the transforma-

tion T
(2)
n (z, λ) for z ∈ (0, 1), λ > 0.

For z =
1

2
, we obtain

T (1)
n

(
1

2
, λ; 0

)
=

1

2nλ−1

[
nλ

√
2nλ

]
∑
k=0

(
nλ+ k − 1

k

)
sk
2k

,

T (2)
n

(
1

2
, λ

)
=

1

2nλ

∞∑
k=0

(
nλ+ k − 1

k

)
sk
2k

, λ > 0.

3 Application

Knowing that the transformation Tn(z) = (1− z)n
∞∑
k=0

(
n+ k − 1

k

)
zksk with |z| < 1

of the sequence (sn)n∈N is regular, we consider the following transformation of the
sequence (sn)n∈N defined by

T (1)
n (z) = (1− z)nA

Nn(z)∑
k=0

(
n+ k − 1

k

)
zksk, with z ∈ (0, 1).
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What conditions do A and Nn(z) have to satisfy so that the transformation T
(1)
n

is regular?
Answer: From (9), for q = z, we get

T (1)
n (z;x) =

(1− z)n

Φ(x)

[
x
√
nz

1−x
+nz

√
nx

(1−z)2

]
∑
k=0

(
n+ k − 1

k

)
zksk, z ≥ 0, z ∈ (0, 1).

Consequently, we consider

A =
1

Φ(x)
, Nn(z) =

[√
n
x
√
z

1− z
+ n

√
n

z
√
z

(1− z)2

]
with z ≥ 0 and z ∈ (0, 1).

We have:

lim
n→∞

Nn(z)

na
= 0, for a > 3/2

lim
n→∞

Nn(z)

n3/2
=

z
√
z

(1− z)2
, for z ∈ (0, 1).
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