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Abstract

This paper introduces a novel subclass of generalized bi-Bazilevi¢ functions,
which unifies and bridges several well-known subclasses, such as bi-starlike and
bi-convex functions. We derive bounds for the initial coefficients of the defined
class through the generating function of Horadam polynomials and establish
estimates for the famous Fekete—Szegd inequality. Additionally, we provide
relevant connections to previously established results. By specializing the pa-
rameters in our main results, we obtain further interesting findings that extend
the scope of this study.

2010 Mathematics Subject Classification: 30C45, 30C50, 30C80, 33C45.
Key words and phrases: Analytic functions, Bi-univalent functions,
Bi-Bazilevic¢ functions, Bi-Starlike and Bi-Convex functions, Fekete-Szego estimate,
Horadam polynomials.

1 Introduction

Let H denote the class of analytic functions f defined on the unit disk i = {{ : ¢ €
C, |¢] < 1}. The subclass A consists of functions f € H of the form

(1) FQO=¢+D> bl" (€U,
n=2
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subject to the normalization conditions f(0) = 0 and f’(0) = 1. Additionally, let S
represent the class of all functions in A that are univalent in .

For two functions f; and fy in H, we say fi is subordinate to fo in U/ if 3 an
analytic function ¢ with ¢(0) = 0 and |¢(()| < 1, satisfying f1(¢) = f2(¢(¢)). This
subordination is denoted by fi < fo. If f2 is univalent in U, then

fi<fe (zeU) & f1(0) = f2(0) and fi(U) C fo(U).

The class of starlike functions, §*, and the class of convex functions, C, are among
the most well-studied subclasses of S. These subclasses are defined as follows:

S*:{fES:ReGJ{;S)) > 0, (eu}

and

C:{feS:Re<1+CJ£/;(C<))> > 0, (eu}.

Another noteworthy subclass of S, which serves as a bridge between S&* and
C, was introduced by Miller et al. in [21] and Darus and Thomas in [8]. These
subclasses are defined as:

st = {resmo(4-mLE (14 SO 2o, ceu)

Cf”(C))” (Cf’(())l_”

MY = €S:R 1+ > 0, eU .

{f ¢ <( 70 ) Ur© ‘

The class M (k) was initially studied in [17, 22], where it was shown that M(k) C S*.
Similarly, [8] established that M" C S*.

A function f € A is called a Bazilevi¢ function [6] of type (x,v), where k > 0
and v € R, if it is represented as

and

1/(k+iv)
> , CeU,

¢ .
@ )= ((a ) [ horse

where f; € §*, p € H with p(0) = 1, and Re[p(¢)] > 0 for all ¢ € U. The class of
Bazilevi¢ functions of type (k,v) is denoted by B(k,v). Bazilevi¢ [6] proved that
B(k,v) is a subclass of S. The definition in (2) can also be expressed equivalently

_ v [ (1N (1)
B(m,u){fES.R (f(C) <f1(§)> < c ) >>O, CEL{},

where f; € §*. By choosing suitable choice of parameters, the following subclasses
of § can be derived:
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1. The class B(k,0) = B(k), was introduced and examined by Singh [29] known
as the Bazilevi¢ functions of type .

2. The class B(1,0) = K corresponds to the class of close-to-convex functions.

3. When f1(¢) = ¢ and v = 0, the resulting class B;(x) was introduced and
analyzed by Singh [29]. Furthermore, B;(0) = S§* and Bi(1) = R represent
the class of functions whose derivative has a positive real part in U.

The Bazilevi¢ function class B(k, v) is regarded as one of the largest subclasses of
univalent functions, incorporating several prominent subclasses of S. The following
inclusion relationships are well-established (see [20, 9, 28]):

Cc S cKcB(k) CB(k,v)CS.

Considerable attention has been given to the study of Bazilevi¢ functions. For
more detailed information, one can refer to [11, 12, 16, 23, 24, 35, 25, 26] and [36].

Fitri and Thomas [12] introduced the class BY(x) as an analogue of M". A
function f € A, satisfying f({) # 0 and f/'({) # 0, is said to belong to the class
By (k) if

(3)
v 1—v
Re QfK)_+QWO+%K_D(UWQ_1>][‘J«3] >0, Cel.

e f1(©) f(¢) )¢

where k > 0 and v > 0.

In [12, Theorem 1, p. 3], it was established that BY(x) C B(k), which implies
that all functions in the class By (x) are univalent in .

The Koebe one-quarter theorem [9] asserts that every function f € S possesses
an inverse f~! = g, defined by

) W =¢  Cel
and
) fla@)=w, el <n(f): ()=
where

(6) gw)=w+ Y anw" =w—byw? + (263 — bg)w® — (5b5 — Bbybs + ba)w? + - -

n=2

If a function f € A and its inverse f~! = ¢ are univalent in U, then f is said
to be bi-univalent in /. The class of all such functions is denoted by . In 1967,
Lewin [18] introduced the class ¥ of bi-univalent analytic functions and established
that every f € 3 satisfies |az| < 1.51. Subsequently, in 1980, Brannan and Clunie
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[7] conjectured that |as| < /2 for all f € . Later, in 1985, Kedzierawski [15]
confirmed this conjecture for a special case in which both f and f~! = g are starlike
functions. This result led to the following bounds:

(1.5894 if fand g € S,
V2 if f and g € §*,
1.224 if feCandgeS,

las| <

1.507 if feS*and g €S.

The study by Srivastava et al. [33] serves as a significant reference for revisiting
the study of ¥ and presenting notable examples of functions in 3. Some well-known
examples of functions in the class ¥ include:

—log(1 —¢), 1EC, and log 1_2
It is significant that the famous Koebe function does not belong to ¥. Moreover,
the following functions,

20— ¢ and L
2 1-¢%’
are members of S, yet they do not belong to X.

In recent mathematical literature, researchers have made significant progress in
deriving initial coefficient estimates |az| and |as| for functions in the classes S and
Y, extending the foundational work of Srivastava et al. [33]. However, determin-
ing general coefficient bounds |a,| for n € N with n > 3 remains an active area
of research, offering valuable opportunities to explore the subfamilies of ¥. These
studies also focus on functions associated with certain orthogonal polynomials, such
as Horadam polynomials, Hermite polynomials, Lucas polynomials, Laguerre poly-
nomials, Chebyshev polynomials and so on (see [3, 30, 37, 2, 38, 5, 4, 1, 19, 27]).
The Horadam polynomials, in particular, have garnered significant attention due to
their broad applicability, as they include several well-known polynomials as special
cases.

Hoérgum and Koger [14] provided an in-depth study of the Horadam polynomials
hn(y), which are defined by the recurrence relation:

(7) hn(y) = pyhn—1(y) + qhn—2(y), n>3and n €N,
with the initial terms:
(8) hi(y) = a and ha2(y) = by,

where a, b, p, and ¢ are real constants. The recurrence relation (7) leads to the
characteristic equation:

t? —pyt —q =0,
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which has the roots:

gy = DY VPY A Py — VP*y* +4q
5 :

2

and Yo =

As noted earlier, Horadam polynomials reduces to several well-known polynomi-
als. Further details regarding these reductions are available in [13, 14]. Moreover,
the generating function of the Horadam polynomials h,(y), as derived in [14], is
given by:

N n-1_ ot (b—ap)y¢
(9) M(y, ¢) = Zl hn()C" = e

Inspired by the aforementioned literature, particularly those of Abirami et al.
[3] and Srivastava et al. [30], we define a subclass of ¥ as follows:

Definition 1 Forv >0, k > 0, a function f € ¥ of the form (1) is said to belong
to the class GBx(k,v;y) if:

QO QD (PO N[O 7 —a
eror o 0 (g ) o] <mwo e

and for g(w) = f~1(w) defined by (6),

e ey (5 )] ] e

holds for all {,w € U. Here, a and b are real constants as defined in (8).

Remark 1 It is worth noting that subclasses of analytic bi-univalent functions, such
as bi-Bazilevi¢, bi-Starlike, bi-Convex functions and so on can be derived by assigning
specific values to k and v in Definition 1:

1. The class GBx(0,0;y) = S (y) consists of functions f € ¥ satisfying:

¢f'(<)
f(Q)

were discussed in [30, 3].

wg'(w)

g(w)

<I(y,{)+1—a and < I(y,w) +1 —a,

2. The class GBx(0,1;y) = Ks(y) consists of functions f € ¥ satisfying:

¢f"(¢) wg" (w)
f'(¢) g (w)

was studied in [3].

1+ <(y,{)+1—a and 1+ < (y,w) +1—a,

3. The class GBx(k,0;y) = Rx(y) consists of functions f € ¥ satisfying:

£ <=y, )+1—a and ¢'(w)<(y,w)+1—a.
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4. The class GBx(1,1;y) = Tx(y) consists of functions f € 3 satisfying:

¢f"©) wg"(w)
f'(¢) g'(w)

5. The class GBx(0,v;y) = Mx(v,y) consists of functions f € ¥ satisfying:

Q)+ <I(y,{) +1—a and ¢'(w)+ <M(y,w) +1—a.

1—v v
I ¢r"() I
[ 7©) ] g | STwot !
W] "w)]”
wg' (w wg" (w
[ g(w) ] 1 + g/(w) ‘< H(yaw) + 1 - a:

was considered in [3].
6. The class GBx(k,0;y) = Bx(k,y) consists of functions f € ¥ satisfying:
¢f'(©)

(9IS

For all the above classes, (,w € U, f is of the form (1), g = f~1 is defined by (6)
and a and b are real constants as defined in (8).

wg'(w)

II 1-— d ———
< I(y,¢) + a an TR ()

< II(y,w) + 1 —a.

Remark 2 The geometric properties of the function in the class GBx(k,v;y) depend
on the specific values assigned to the parameters. For instance, if we set a = p =
y=1,b=2, and g =0, we obtain

e i v (T8 -] [kGa] 1

In this case, the function f maps the open unit disk U onto the half-plane defined

(Cel).

by Re (ig) > 0, since the expression

! f// / v / 1-v .
enoe it 0 (T 1)) (o] takes s in
half-plane.

Remark 3 By settinga =1, b=p =2, g = —1, and letting y — t, the generating
function in (9) simplifies to the generating function of the Chebyshev polynomials of
the second kind, U, (t). These polynomials are defined as:

1—t¢ 31 1
Un(t) = (n+ 1) o FY <—n7n+2; ;; 5 > _ Sln(n—{— )90

- ,  wheret = cos g,
sin @

using the celebrated Gauss hypergeometric function oFy. In this view, the class S5 (y)
stated in Remark 1 reduces to the class S5 (t), which has been previously studied in

/1, 19].



Bi-Bazilevi¢ functions defined by Horadam Polynomials 7

2 Coefficient Estimates

In this section, we find the coefficient estimates for the defined class GBx(k,v;y) as
follows:

Theorem 1 Ifk >0, v >0, and f € GBx(k,v;y) is of the form (1), then

- \/|(011/2 + oov + 03)b2y% — 2(bpy? + aq)(1 + k)2(1 + V)QI’

and
las| < by N by ,
2+r)(1+2v) (1+4+k)?21+v)?
where
(10) o1 =K24+26+1, o9=1-—k% and o3=r>~+3k+2.

Proof. Let f € GBx(k,v;y) be given by (1). Then there exist analytic functions
o o
u(C) = > (™ and v(w) = Y dpw™, such that
n=1

n=1
(11) u(0) =0, v(0) =0, lu(Q)] < 1, and v(w)| <1, ((,wel).
Furthermore, it is well known that
(12) len] <1 and |d,| < 1.

Let

A (Ol

v 1—v
QSO L (O Q)
o g T ”( 1)] [ ] |

Fle)= [ ¥ 7

and

/ " ’ v , 1—-v
G(w)::F_l(w):[gwgw L wg (w)_i_(ﬁ_l)(wg(w)_l)] [gwg(w)] |

T w)wr g (w)

In view of (1), it can be computed that:
(13)

2
F() = 1+(1+/€)(1+1/)a2(+< My"+ Nv+ 5

2

a%+<n+2><2u+1>a3><2+---,

where

M=r*+2k+1, N=-r’—4k—7 and S=r’>+k—2.
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Similarly,

(14) -
Glw) = 1—(1+H)(1+y)a2w+< My +2N”+S

a%—(n+2)(2u+1)a3>w2+-~- ,

where
M=r>+2k+1, N=-r’>+45+9, and S =rk’>+5k+6.
By Definition 1, we can write:

F)=U(y,v()+1—a and Gw)=I(y,u(w))+1—a.

Equivalently,
(15) F(¢) = 1+ hi(y) — a+ ha(y)u(C) + ha(y)[u(@)2 + -,
and

(16) G(w) =1+ h1(y) — a+ ha(y)v(w) + ha (o)) + -
From (15) and (16), and in view of (9), we have:

(17) F(C) =1+ ha(y)esC + [ha(y)ea + ha(y)c2] 2 + - - |
and

(18) G(w) =1+ ho(y)drw + [ha(y)da + ha(y)dZ]w? + - .

Comparing the corresponding coefficients in (13) and (17), as well as in (14) and
(18), we obtain:

a9 e = ke,
o) |MEENVES | 2ot e = hal)en + hal)ch
ey (R0t a = k@),

(22) M””j”*g G~ (k+2) v+ Dag = ha(y)ds + hs(y)d2.

From (19) and (21), we get:

(23) cl = —dl,
(24) 20+ 8)° (L +v)%a; = [ho(y)(cf +di).

Adding (20) and (22), we get:

(M 4+ M)v? 4+ (N + N)v + (S + 5)

(25) 5

a5 = ha(y)(c2 + da) + hs(y)(cf + di).
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Substituting (24) into (25), we get:
[h2(y)]*(c2 + da)
(0102 + 09w + 03)[ha(y)]* — 2hs(y) (1 + K)*(1 +v)*
In view of (8), (12), and (26), we have:
~ Vlo1? + oav + 03)b%y? — 2(bpy? + aq)(1 + K)2(1 + v)?|
Subtracting (22) from (20), we get:

_ ha(y)(e2 — do)
27) B0t R (1t 2v) | a3

(26) a3 =

From (27) and (24), we have:
ha(y)(c2 —da) | [ha(y)]*(cf + @)
22+ k)(14+2v)  2(1+k)2(1 +v)?
From (8), (12), and (28), we have:
by by

29 < .
(29) < e T A Rra 12
Theorem 1 leads to the following corollaries, as a consequence of Remark 1.

Corollary 1 /30, Corollary 1, p. 5] If f € S5(y) and is of the form as in (1), then

(28) a3z =

by|+/|by|
| ‘_ ’y’ ’y and |a|<|2y| b2y2.
VI —p)by® — aq]
Corollary 2 [3, Corollary 3, p. 5] If f € Kx(y) and is of the form as in (1), then
b by| b
las] < byl /16y and ‘a,<|y|Jr
V(26 — 4p)by? — 4aq| 6 4
Corollary 3 If f € Rx(y) and is of the form as in (1), then
e EVIRL ]
~ /166757 —8(bpy? + aq)| -3 4
Corollary 4 If f € Tx(y) and is of the form as in (1), then
aal < v2|by|+/|by| and |as| < Iyl | by
~ V/]1062y2 — 32(bpy? + aq))| -9 16
Corollary 5 If f € Mx(v,y) and is of the form as in (1), then
2|b by| b2y?
as] < V2|by|/Iby] and |as| < |by| y

= V0P P — 20y T )L F o TN

Corollary 6 If f € Bx(k,y) and is of the form as in (1), then

V2[byl+/Tbyl

V(824 3k + 2)b2y2 — 2(bpy? + aq)(1 + k)2

2,2
and |az| < by by

|ag| < S U pr
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3 Fekete-Szego Estimates

In the following theorem, we derive the famous Fekete-Szego Estimate for the defined
class GBsx,(k,v;y)

Theorem 2 Let k >0, v >0, and p € R. If f € GBx(k,v;y), then

( by
(2+ k) (1 +2v)
il 1| < L0 v+ 0322 = 2bpy? + ag) (1 + 1)*(L+ v)?)

2
az — pas| <
S 2oy s — 1]
(0112 + gav + a3)b%y? — 2(bpy? + aq)(1 + £)2(1 + v)?]
if | — 1] > |(010% + oav + 03)b%y — 2(bpy® + aq)(1 + k)*(1 + v)?|

202y2(2 + k)(1 + 2v) ’

where o1, o9, and o3 are the constants defined in (10).

Proof. From (27), for u € R, we write:

ha(y)(ca — d2)
(k+2)(142v)

(30) a3 — paz = 5 + (1 — p)as.

From (26) and (30), we have:
ha(y)(c2 — da) (1= ) [h2(y)]*(c2 + do)

ag — paz = 2k +2)(1+2v) (0102 + oov + 03)[ha(y)]? — 2hs(y) (1 + k)2(1 + v)?
1 1
(31) = ha(y) (Q HETCESIE 21/))02 N (Q 22+ R)(1+ 2y)>d2] ’
where

_ (1 = p)[ha(y)]? '
(0102 + oav + 03) [ha(y)]? — 2h3(y) (1 + £)*(1 + v)?
Hence, we can conclude that

ha(y)| : 1
Crma+z) 0SS sersaTay

1

In view of (8), the proof of Theorem 2 is now complete.
In the view of Remark 1, we state the following corollaries:

(32)  Jas—pad| <

Corollary 7 [30, Corollary 3, p. 5] If f € S5(y) and p € R, then

b b— p)by? —
b, - < (=D el
|a — pa3| <
|by|* | — 1] il 1> (b — p)by® — aq]
(b —p)by? — aq|’ - 2b2y?
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Corollary 8 If f € Kx(y) and u € R, then

b ) b — 2p)by? — 2aq
Ma Zf|/~L_1| S ‘( 33)2:1:/2 ‘7
lag — paj| <
byl — 1] if 1 1 > (0= 20)by” — 2ag]
(b — 2p)by? — 2aq]|’ - 302y?

Corollary 9 If f € Rx(y) and u € R, then

by ‘ 3b%y? — 4(bpy? + aq
ua @f’M_H < ‘ 3b(2y2 )’7
|az — pa3| <
byl — 1] if 1 > 130"~ Albwy” + ag)
3b2y% — 4(bpy? + aq)|’ - 3b%y? '

Corollary 10 If f € Tx(y) and p € R, then

|by| il 1] < |(5b — 16p)by? — 16aq|
’ = 9b2y)2 ’
|az — paj| < ,
[by|* |1 — 1] Sl 1> |(5b — 16p)by? — 16aq|
|(5b — 16p)by? — 16aq|’ - 9b22 '

Corollary 11 If f € Mx(v,y) and u € R, then

( |byl
21+ 2v)’

if [ =1 <
2Jby*|u — 1|
|(v2 + v + 2)b2y2 — 2(bpy? + aq)(1 + v)?|’

|(* + v+ 2)b°y* — 2(bpy* + aq) (1 +v)?|
4b%y%(1 + 2v) ’

(v + v+ 2)b°y* — 2(bpy* + aq) (1 + v)?|
4b%y%(1 + 2v) ’

lag — paj| <

if lw=1] =

Corollary 12 If f € Bx(k,y) and p € R, then

by
2+ kK’

if lp—1[ <
2

laa — o] < 2[byl)ps — 1]

(K% + 3k + 2)b%y? — 2(bpy? + aq) (1 + K)?|’

|(* 4 3k + 2)b%y* — 2(bpy” + ag)(1 + K)?|
202y2(2 + k) ’

(K% + 3k + 2)b%y* — 2(bpy® + aq) (1 + £)?|
202y2(2 + k) ’

if lp—1[ =
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