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Abstract

The composition F,, of Rathore and Gamma operators was considered in
the literature. We introduce a generalization of F,,. For it we determine the
eigenstructure and establish the corresponding Voronovskaja type formula.
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1 Introduction

Integral operators acting on some subspaces of C[0,00) as well as compositions of
such operators were considered in several papers and investigated from various points
of view. The composition F,, of Rathore and Gamma operators was introduced and

studied in [5]. Some properties of it can be found in [2]. An extension Fidof F, is

considered in [1]. In this paper we describe the eigenstructure of ]-"Jf} and establish
the corresponding Voronovskaja type formula, generalizing some results from [2].

The operators mentioned above are explicitly presented in what follows.
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The Rathore operator is defined by (see [4])

nnz

['(nz)

Wof(z) = /0 = ety f(t)dt.

The Gamma operator is described in [3, 9.1.11] as follows

xn—l—l 00 na
Gusto) =0 [T e ps)as.

n!

As mentioned above, the following operator was introduced in [5]
Fpn = Wy oGy

The explicit form of the operator F;, is (see [5])

n )y, 00 nr—1
(1) an(x) = ( 73| -~ /0 (1 _|_tt)n+nz+1f(t)dt'

Denote e;(t) =/, t >0, j =0,1,... We have (see [5])

B (nx)lj
(2) Fnej(z) = Wa
where a®* := fz_ol(a +cl), ak:= f:ol(a —dl), a0:=1, a%:=1.

Let ¢ > 0. In [1] an extension of this operator was considered as follows

FAF (1) 2) 1= Fupe (f (t) ) e

2 Eigenstructure of the operators Fl
From (2) we get

(nz)bv

nc7k

3) Fidey () =

Therefore, the eigenvalues of ]-',[f] are the numbers defined as

P e = ok k=0,...,n.

Let

k
(4) uf}k(x) = Z ag}kwas”,
v=0
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be the monic eigenpolynomial associated with /‘E}M k=0,...,n. In particular,

(5) o =1, k=0,

1
Since f}lc]ei =e;, 1 = 0,1, it follows that ULC,}O = eg, u[nc]l = ey, u7[f12 =%+ Ea:, and
consequently,
(6) Ao =1, =0, alfh =1,

From (3) and (5) one has

k
(7) Zai}k,u(ncy = Mn Zan k 1/

v=0
Using the Stirling numbers of the first kind s(j,7), we can write

v

(8) ()" =" s(v,d)(—1)""'nia’,

=0

Relations (7) and (8) lead to

¢ 11/7,7,7, ¢ 1/
3"l 200 - —nckz ol

v=0 i=0
Consequently,
k- k v—i, i k
>3 ald, DT S el
nkl/ ncy _‘ nck nkz ’
=0 v=1 =0
and so,

ney nék n, ki’

—1)Vipt k
Zaf]kys(y’l)( L =0,k
This can be written under the form

. i )(—1)—ind B
9) ol - + Z ankz/ )n == ol . i=0,...,k

n k K nc 7 nc v nc,@ n,k,z’
v=i+1

From (9) and (5) we get the following result.

Theorem 1 The coefficients O‘Ef]k s t=k—=1k—=2,...,1,0, can be obtained recur-
rently from the relations

c,k,,c,i _1)1/71' i

[c} o no=n"
(10) an,k,i - nknc L pinck Z n k g
v=i+1

= ,i=0,....k—1,
n-

(11) o =1, k=0,
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[¢]

In the sequel we will be concerned with the limit of a; . ..

Theorem 2 For each k>0 and i =0,...,k there exists the limit

= pm .
Moreover,
i(i+1) )
12 e — i(i e =0 k-1
(12) ki e(k —i)(k 414 — 1) BtD ! B ’
and
N (= 1+ 1) (k= 1)
1 e — (= i =0,....k
(13) X ( c> ZHI —2k+1) =0
Proof. From (10) we obtain
(14)
¢k Cri k . v—i i . N
f nSEnGL « svi)(=1)""'n [ s(i+1,i)n
an,k,i - nknqi _ ninc,k {V:;_2 an,k,l/ néy - an,k,i+1 nqﬂ ’
i=0,... k—1.

Relation (11) leads to l,[:’]k = 1. Combining this fact with (14), we get (12).
Now a proof by induction yields (13).

3 Voronovskaja formula for fy[f]

In this section we give a Voronovskaja type formula for the operators .7-"7[10}. Using
relation (3), the moments and the central moments up to order four are given in the
next lemmas.

Denote U, (t) =t — x.

Lemma 1 The operators .7:,[10] verify
o) Fi(eos) = 1,

b) .7:7[10](61;37) =,

) ey = 124D,
f, _ x(nz+1)(nr+2)
d) Fn'(e3;w) = n—c)(n—2c)

d) ]:7[51(64;38) = ;
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Lemma 2 The operators ]-'T[f] verify
a) Fi(Wyw) =0,

b) li_>m nFlA (02 ) = z(cx + 1),

¢) lim n?FlAW3: 1) = 20(ca +1)(2cz + 1),

n—oQ

d) ILm n?FlA (Wl z) = 302 (cx +1)2.

Theorem 3 Let x € [0,00) and f continuous and bounded on [0,00) such that there
exists f"(x) finite. Then

(15) tim n (@)~ f()) = 2D pra

n—oo

Proof. Using Lemma 2 and a general approximation theorem for positive linear
operators due to Sikkema [6], we obtain the Voronovskaja type result (15).
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