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Abstract

The composition Fn of Rathore and Gamma operators was considered in
the literature. We introduce a generalization of Fn. For it we determine the
eigenstructure and establish the corresponding Voronovskaja type formula.
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1 Introduction

Integral operators acting on some subspaces of C[0,∞) as well as compositions of
such operators were considered in several papers and investigated from various points
of view. The composition Fn of Rathore and Gamma operators was introduced and

studied in [5]. Some properties of it can be found in [2]. An extension F [c]
n of Fn is

considered in [1]. In this paper we describe the eigenstructure of F [c]
n and establish

the corresponding Voronovskaja type formula, generalizing some results from [2].

The operators mentioned above are explicitly presented in what follows.
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The Rathore operator is defined by (see [4])

Wnf(x) =
nnx

Γ(nx)

∫ ∞

0
e−nttnx−1f (t) dt.

The Gamma operator is described in [3, 9.1.11] as follows

Gnf(x) =
(nx)n+1

n!

∫ ∞

0

1

sn+2
e−

nx
s f(s)ds.

As mentioned above, the following operator was introduced in [5]

Fn := Wn ◦Gn.

The explicit form of the operator Fn is (see [5])

(1) Fnf(x) =
(nx)n+1

n!

∫ ∞

0

tnx−1

(1 + t)n+nx+1
f(t)dt.

Denote ej(t) = tj , t ≥ 0, j = 0, 1, . . . We have (see [5])

(2) Fnej(x) =
(nx)1,j

(n)1,j
,

where ac,k :=
∏k−1

l=0 (a+ cl), ac,k :=
∏k−1

l=0 (a− cl), ac,0 := 1, ac,0 := 1.

Let c > 0. In [1] an extension of this operator was considered as follows

F [c]
n (f(t);x) := Fn/c

(
f

(
t

c

)
; cx

)
, c > 0.

2 Eigenstructure of the operators F [c]
n

From (2) we get

(3) F [c]
n eν(x) =

(nx)1,ν

nc,ν
.

Therefore, the eigenvalues of F [c]
n are the numbers defined as

µ
[c]
n,k =

nk

nc,k
, k = 0, . . . , n.

Let

(4) u
[c]
n,k(x) :=

k∑
ν=0

α
[c]
n,k,νx

ν ,
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be the monic eigenpolynomial associated with µ
[c]
n,k, k = 0, . . . , n. In particular,

(5) α
[c]
n,k,k = 1, k = 0, . . . , n.

Since F [c]
n ei = ei, i = 0, 1, it follows that u

[c]
n,0 = e0, u

[c]
n,1 = e1, u

[c]
n,2 = x2 +

1

c
x, and

consequently,

(6) α
[c]
n,0,0 = 1, α

[c]
n,1,0 = 0, α

[c]
n,1,1 = 1.

From (3) and (5) one has

(7)
k∑

ν=0

α
[c]
n,k,ν

(nx)1,ν

nc,ν
= µ

[c]
n,k

k∑
ν=0

α
[c]
n,k,νx

ν .

Using the Stirling numbers of the first kind s(j, i), we can write

(8) (nx)1,ν =
ν∑

i=0

s(ν, i)(−1)ν−inixi,

Relations (7) and (8) lead to

k∑
ν=0

ν∑
i=0

α
[c]
n,k,ν

s(ν, i)(−1)ν−inixi

nc,ν
=

nk

nc,k

k∑
i=0

α
[c]
n,k,ix

i.

Consequently,

k∑
i=0

k∑
ν=i

α
[c]
n,k,ν

s(ν, i)(−1)ν−ini

nc,ν
xi =

k∑
i=0

nk

nc,k
α
[c]
n,k,ix

i,

and so,
k∑

ν=i

α
[c]
n,k,ν

s(ν, i)(−1)ν−ini

nc,ν
=

nk

nc,k
α
[c]
n,k,i, i = 0, . . . , k.

This can be written under the form

(9) α
[c]
n,k,i

ni

nc,i
+

k∑
ν=i+1

α
[c]
n,k,ν

s(ν, i)(−1)ν−ini

nc,ν
=

nk

nc,k
α
[c]
n,k,i, i = 0, . . . , k.

From (9) and (5) we get the following result.

Theorem 1 The coefficients α
[c]
n,k,i, i = k− 1, k− 2, . . . , 1, 0, can be obtained recur-

rently from the relations

(10) α
[c]
n,k,i =

nc,knc,i

nknc,i − ninc,k

k∑
ν=i+1

α
[c]
n,k,ν

s(ν, i)(−1)ν−ini

nc,ν
, i = 0, . . . , k − 1,

(11) α
[c]
n,k,k = 1, k = 0, . . . , n.
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In the sequel we will be concerned with the limit of α
[c]
n,k,i.

Theorem 2 For each k ≥ 0 and i = 0, . . . , k there exists the limit

l
[c]
k,i := lim

n→∞
α
[c]
n,k,i.

Moreover,

(12) l
[c]
k,i =

i(i+ 1)

c(k − i)(k + i− 1)
l
[c]
k,i+1, i = 0, . . . , k − 1,

and

(13) l
[c]
k,i =

(
−1

c

)k−i k−i∏
l=1

(k − l + 1)(k − l)

l(l − 2k + 1)
, i = 0, . . . , k.

Proof. From (10) we obtain
(14)

α
[c]
n,k,i =

nc,knc,i

nknc,i − ninc,k

{
k∑

ν=i+2

α
[c]
n,k,ν

s(ν, i)(−1)ν−ini

nc,ν
− α

[c]
n,k,i+1

s(i+ 1, i)ni

nc,i+1

}
,

i = 0, . . . , k − 1.

Relation (11) leads to l
[c]
k,k = 1. Combining this fact with (14), we get (12).

Now a proof by induction yields (13).

3 Voronovskaja formula for F [c]
n

In this section we give a Voronovskaja type formula for the operators F [c]
n . Using

relation (3), the moments and the central moments up to order four are given in the
next lemmas.

Denote Ψx(t) = t− x.

Lemma 1 The operators F [c]
n verify

a) F [c]
n (e0;x) = 1,

b) F [c]
n (e1;x) = x,

c) F [c]
n (e2;x) =

x(nx+ 1)

n− c
,

d) F [c]
n (e3;x) =

x(nx+ 1)(nx+ 2)

(n− c)(n− 2c)
,

d) F [c]
n (e4;x) =

x(nx+ 1)(nx+ 2)(nx+ 3)

(n− c)(n− 2c)(n− 3c)
.
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Lemma 2 The operators F [c]
n verify

a) F [c]
n (Ψx;x) = 0,

b) lim
n→∞

nF [c]
n (Ψ2

x;x) = x(cx+ 1),

c) lim
n→∞

n2F [c]
n (Ψ3

x;x) = 2x(cx+ 1)(2cx+ 1),

d) lim
n→∞

n2F [c]
n (Ψ4

x;x) = 3x2(cx+ 1)2.

Theorem 3 Let x ∈ [0,∞) and f continuous and bounded on [0,∞) such that there
exists f ′′(x) finite. Then

(15) lim
n→∞

n
(
F [c]
n f(x)− f(x)

)
=

x(cx+ 1)

2
f ′′(x).

Proof. Using Lemma 2 and a general approximation theorem for positive linear
operators due to Sikkema [6], we obtain the Voronovskaja type result (15).
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