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Summary. In this article, we develop the proof of the so-called Wallis for-
mula using the Mizar formalism. The purpose of this formalization is to complete
the proof of Stirling’s formula using elementary techniques of calculus; however,
the formal encoding of the Wallis-type integral is also included.
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INTRODUCTION

In this article, we prove the Wallis product formula using the Mizar forma-
lism [4]. This result constitutes the main step in the proof of Stirling’s formula,
which is considered challenging and is listed as the 90th item in Freek Wiedijk’s
“Top 100 Mathematical Theorems” [I3]. Consequently, Stirling’s formula has
been formalized over the past decade in many computerized proof asistants,
such as HOL Light [5], Rocq [1], and Isabelle [3] (with versions also available in
Metamath [7] and Lean [§]). While some mechanized proofs implicitly use the
gamma function I'(z), we focus instead on more elementary tools from mathema-
tical analysis (similar philosophy motivated the approach in [12], another item
from [13] formalized recently by the present author). In the article, we formulate
and prove several auxiliary results, mainly concerning the Wallis integral, which
are needed to carry out the proof of Stirling’s formula smoothly.

Throughout the formalization, we follow the approach of [2], [6]. The actual
encoding in Mizar consists of five main sections, which we outline below. After

the preliminaries, in Section 2, we introduce two functions, even_seq(n) and
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odd_seq(n). These represent, respectively, the sequences of even and odd natural
numbers of length n, and their products correspond to double factorials. We
establish the properties of double factorials as theorems to be used in later
proofs.

In Section 3, in order to formalize the fact that any positive integer power of
a continuous function f is continuous, we introduce the transformation @ that
treats f as an element of an R-algebra. More precisely, let A be an arbitrary set,
and let RAlgebra(A) denote the set of all real-valued functions on A forming
an R-algebra. When a function f from A to R is considered as an element of
RAlgebra(A), we write @f. Additionally, when ¢ is an element of RAlgebra(A),
we define the inverse transformation, which regards g as a function from A to
R, using the same symbol @g.

In Section 4, we apply the result from Section 3 to the trigonometric function
sinz and obtain the following recurrence relation from the integration by parts
of sin" z over 0 to 3:

jus

1 T
I(n):nn I(n—2), where I(n):/ozsin”xdm_

The aforementioned function I(n), often denoted by W, in the literature, is
represented as WallisInt (Def. 5, actually just >I’) in the source. Using this
recurrence relation, we obtain the result of the Wallis integral:

(2m)!! —
Gmion  LnEiml
/ sin" xdx =
R B

This formula was used in Section 5 to derive the Wallis product formula (for

another expansion of number 7 in Mizar, see [9]). Here, for any 0 < 6 < 7,

sin??7 16 > sin?” 6 > sin?**1 9 > 0 holds, it follows that
I(2n—1) 1(2n)
I2n+1)  I(2n+1)
From the recurrence relation and
I(2n) (2n —1)(2n — 3)---1\? 1
Ien+1) ( 2n)(2n —2)---2 ) ("_) ™
which leads to the inequality
1 on—1)(2n —3)---1\? 1
145> (! (%)(;;_2).)”2 ) (n-3)7>
We denote this middle term as Wallis_Seq.n in the actual Mizar code (see
Def. 6) and derive the limit formula by computing its limit value.

> 1.
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1. PRELIMINARIES

Now we state the propositions:
(1) Let us consider a natural number n, and a real number z. If 0 < z < 7,
then 0 < (the function sin)(z) < 1.
(2) Let us consider natural numbers n, m, and a real number z. If n < m
and 0 < x < 1, then 2™ < z".
(3) Let us consider a non zero natural number n, and a real number x.
Suppose 0 < x < 5. Then

2:n—'1

(i) (the function sin)(z)*™ < (the function sin)(z) , and

(ii) (the function sin)(z)*"™ < (the function sin)(z)*™.

The theorem is a consequence of (1) and (2).

2. SOME RESULTS ON DOUBLE FACTORIAL

Let m be a natural number. The functor even-seq(m) yielding a finite sequ-

ence of elements of Z is defined by
(Def. 1) lenit = m and for every natural number i such that ¢ € dom 4t holds
it(i) =2-1.

Let m be a non zero natural number. The functor odd-seq(m) yielding a finite
sequence of elements of Z is defined by the term

(Def. 2) even-seq(m) + (dom(even-seq(m)) — —1).
Now we state the propositions:
(4) Let us consider a non zero natural number n. Then
(i) dom(even-seq(n)) = Segn, and
(ii) dom(odd-seq(n)) = Segn, and
(iii) lenodd-seq(n) = n, and
(iv) leneven-seq(n) = n.
(5) Let us consider a non zero natural number n, and a natural number
i. Suppose ¢ € dom(odd-seq(n)). Then (odd-seq(n))(i) = 2 -4 — 1. The
theorem is a consequence of (4).

Let n be a non zero natural number. Note that even-seq(n) is positive yiel-
ding and even-seq(n) is non empty and odd-seq(n) is positive yielding and
odd-seq(n) is non empty and even-seq(n) is increasing and odd-seq(n) is in-
creasing. Let us consider a non zero natural number n. Now we state the pro-
positions:
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(6) even-seq(n + 1) = even-seq(n) ~ (2 (n + 1)).
PROOF: Set p = even-seq(n+1). Set ¢ = even-seq(n). Set x = (2- (n+1)).
dom g = Segn. For every natural number k£ such that 1 < k < lenp holds
p(k) = (¢~ z)(k). O

(7) Tleven-seq(n+1)=2-(n+1)-([[even-seq(n)). The theorem is a con-
sequence of (6).

(8) (i) even-seq(1l) = (2), and

(ii) even-seq(2) = (2,4), and

(iii) even-seq(3) = (2,4,6).
The theorem is a consequence of (6).

Let us consider a non zero natural number n. Now we state the propositions:

(9) odd-seq(n + 1)[ Segn = odd-seq(n). The theorem is a consequence of
(6).
(10) odd-seq(n+1) = odd-seq(n) ™ (2-n+1). The theorem is a consequence
of (4) and (9).
(11) (i) odd-seq(1l) = (1), and
(ii) odd-seq(2) = (1,3), and

(iii) odd-seq(3) = (1,3,5).
The theorem is a consequence of (4) and (10).

Let us consider a non zero natural number n. Now we state the propositions:

(12) JJeven-seq(n+1)=2-(n+1)- ([]even-seq(n)). The theorem is a con-
sequence of (6).

(13) [lodd-seq(n+1) = (2-n+1)-(J]odd-seq(n)). The theorem is a conse-
quence of (10).
Let us consider a non zero natural number k. Now we state the propositions:
(14) Tleven-seq(k) = 2~ - k!.
PROOF: Define P[natural number] = []even-seq($;) = 2%1 - §,!. For every
non zero natural number n such that P[n] holds P[n + 1]. P[1]. For every
non zero natural number n, P[n]. O
(15) [lodd-seq(k) = (22,;2!!.
PROOF: Define P[non zero natural number| = [T odd-seq($1) = ;3123 !_. For

|
every non zero natural number n such that P[n] holds P[n + 1]. P][1]. For
every non zero natural number n, P[n]. O
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3. TREATING A FUNCTION AS ELEMENTS OF R-ALGEBRA

Let A be a set and f be an element of RAlgebra A. The functor ®f yielding
an element of R4 is defined by the term
(Def. 3) f.

Let f be a function from A into R. The functor ¢f yielding an element of
RAlgebra A is defined by the term

(Def. 4)  f.

Let f be an element of RAlgebra A. Let us observe that ®®f reduces to f.
Let f be a function from A into R. Observe that ®®f reduces to f. Now we state
the propositions:

(16) Let us consider a non empty set A, and elements f, g of RAlgebra A.
Then

(i) f-9="f 9, and
(i) °f-g="F 9.
(17) Let us consider a non empty set A, an element a of R, and an element

f of RAlgebra A. Then a-%f =a- f.
Let us observe that RAlgebraR is scalar unital. Now we state the proposi-
tions:

(18) RAlgebraR is a real linear space.

(19) Let us consider a non empty set A, and elements f, g of RAlgebra A.
Then +ga(f,9) = +ga(°f, %)

(20) Let us consider a non empty set A, and an element f of RAlgebra A.
Then

(i) (=1)-f=(-1)-°f, and
(i) %(=1)-f =—°f, and
(iii) OrAlgebraa =0+ ©f.
(21) Let us consider a non empty set A, and elements f, g of RAlgebra A.
Then f +g = +%.
(22) Let us consider elements f, g of RAlgebraR. Then f — g = ©f — ©g. The
theorem is a consequence of (20).
(23) Let us consider a unital, associative, non empty multiplicative magma
M, a natural number n, and an element a of M. Then a"*! = a" - a.
(24) Let us consider a nacguéal number n, and a function = from R into R. If
(

x is continuous, then x)  is continuous.
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PROOF: Define P[natural number|] = @(@az)$1 is continuous. For every na-

tural number n such that P[n] holds P[n + 1]. For every natural number
n, P[n]. O

(25) Let us consider a function z from R into R, a natural number n, and
a real number a. If (*®2)(a) > 0, then (%(%2)")(a) = (“%x)(a)".
PROOF: Define P[natural number] = (@(@x)$1)(a) = (@@x)(a)$1. For every
natural number n such that P[n| holds P[n + 1]. P[0]. For every natural
number n, P[n]. O

(26) Let us consider a function x from R into R, a non zero natural number
n, and a real number a. If (“%)(a) = 0, then (%(%)")(a) = 0.
PROOF: Define P[natural number| = (@(@x)$1)(a) = 0. For every non zero

natural number n such that P[n] holds P[n+1]. For every non zero natural
number n, P[n]. O

(27) Let us consider an open subset Z of R, a non zero natural number n,
and a function  from R into R. Suppose z is differentiable on Z. Then
%(®z)" is differentiable on Z.
PROOF: Define P[natural number] = 4(%)
every non zero natural number n such that P[n] holds P[n + 1]. For every

%' is differentiable on Z. For
non zero natural number n, P[n]. O

(28) Let us consider a natural number n, a non empty, closed interval subset
I of R, and a function z from R into R. Suppose x is continuous. Then

(i) 4®)"|I is continuous, and

(ii) ()" is integrable on I, and
(iii) “(%z)"|I is bounded.
The theorem is a consequence of (24).

From now on r denotes a real number. Now we state the proposition:

(29) Let us consider a natural number n, a non empty, closed interval subset
I of R, and a function z from R into R. Suppose x is continuous. Then

(1) (r-%%)™)|I is continuous, and
(i) r-%(%)" is integrable on I, and
(iii) (- %(®%)™)|I is bounded.
The theorem is a consequence of (24).
Let us consider a non zero natural number n. Now we state the propositions:
(30) (i) (*(%(the function sin))")(0) = 0, and

(ii) (*(*(the function sm))n)(g) =1.
The theorem is a consequence of (25) and (26).
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(31)  (*(“(the function s.in))nﬂ)’rR =
((n 4+ 1) - %(%(the function sin))") - ®*(the function cos).
PROOF: Set Z = R. Set z = the function sin. Define P[natural number] =
(@(@:B)&Jrl)’m =(($1+1)- @(@x)$l) - @9(the function cos). For every non
zero natural number n such that P[n] holds P[n + 1]. P[1] by [10, (8)],
(23), (16), [14), (68)]. For every non zero natural number n, P[n]. O

s

2
4. RECURRENCE RELATION ON [sin” z dx AND THE WALLIS INTEGRAL
0

Now we state the propositions:
(32)  (%(“(the function sin))l)’ﬂR is differentiable on R.
(33) Let us consider a non zero natural number n.
Then (4(%(the function sin))nJrl)’HR is differentiable on R.
PROOF: Set Z = R. Set # = the function sin. %“x)" is differentiable
on Z and ®%% is differentiable on Z. ((n + 1) - 4(©(the function sin))") -
@9(the function cos) is differentiable on Z by [14, (67)], [I1, (6),(7)]. O
(34) Let us consider a natural number n. Suppose n > 2.
Then %(®(the function sin))n_l1 is an integral of ((n—'"1)-%(®(the function
sin))n7’2) - @(the function cos) on R. The theorem is a consequence of
(16), (27), and (31).

; RN T
(35) 0/@(@(the function sin)) (z)dz = 5
(36) / 9(%(the function sin))l(x)da: =1.
/

(37) (The function sin) - (the function sin) + (the function cos) - (the function
COS) = 1RA1gebraR-
PROOF: For every object o such that o € dom(R —— 1) holds
((the function sin) - (the function sin) + (the function cos) - (the function
cos))(0) = (R+— 1)(0). O

(38) (i) (*(the function sin))2 + (%(the function cos))2 = 1RAlgebraR, and
(ii) (®(the function sin))2 = (the function sin) - (the function sin), and
(iii) (®(the function Cos))2 = (the function cos) - (the function cos), and
(iv) (*(the function sin))2 = (“(the function sin)) - (%(the function sin)),

and



92 YASUSHIGE WATASE

(v) (%(the function cos))2 = (%(the function cos)) - (%(the function cos)).
The theorem is a consequence of (23), (16), (21), and (37).

The functor WallisInt yielding a sequence of real numbers is defined by

us

2

(Def. 5) for every natural number m, it(m) = /@(@(the function sin))" (z)da.
0

5. THE WaALLIS PropucT FORMULA

Now we state the proposition:

(39) Let us consider a natural number n. Suppose n > 2.
Then 2="L. WallisInt(n —'2) = WallisInt(n). The theorem is a consequence

n

of (23), (16), (24), (34), (38), (22), (20), (29), (28), and (30).

Let us consider a non zero natural number n. Now we state the propositions:
(40) Wallistne(2 -7 + 1) = JLeeredn.
PROOF: Define P[non zero natural number] = WallisInt(2 - $; + 1) =
[ [ even-seq($1)
H odd-seq($1+1) °
P[n + 1]. P[1]. For every non zero natural number n, P[n]. O
(41) WallisInt(2 - n) = % .z
PROOF: Define P[non zero natural number] = WallisInt(2 - $;) =
[ ] odd-seq($1) o
[ Jeven-seq($1) 2
P[n + 1]. P[1]. For every non zero natural number n, P[n|. O

For every non zero natural number n such that P[n] holds

. For every non zero natural number n such that P[n] holds

6. THE WALLIS ProDUCT

Now we state the proposition:

(42) Let us consider a non zero natural number n, and a real number z.
Suppose 0 < x < 7. Then

(i) (%(%(the function sin))*™)(z) < (%(%(the function sin))*"" *)(z), and
(i) (%(%(the function sin))*"*")(z) < (%(%(the function sin))*")().
The theorem is a consequence of (1), (25), and (3).

Let us consider a non zero natural number n. Now we state the propositions:
(43) (i) WallisInt(2 - n) < WallisInt(2 - n —" 1), and
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(ii) WallisInt(2 - n + 1) < WallisInt(2 - n).
PROOF: Set Iy = %((the function sin))zn_,1
Set I} = %(“(the function sin))zn Set I, =
Io[[0, 5] is continuous and Iy is integrable on [0,
I, 1[0, 5] is continuous and I is integrable on [0,
I51[0, %] is continuous and I is integrable on [0, 7] and I3[[0, §] is bounded.
For every real number x such that = € [0, 5] holds Iz(x) < I1(x). For every
real number z such that = € [0, 5] holds Il( ) < Ip(z). O

: WallisInt(2-n)
(44) () 1< Wlsme@asr and

%(%(the function sin))znﬂ.

and Io[[0, 5] is bounded.

3 f

%] and I [0, §] is bounded.
3] f

ds

..\ WallisInt(2-n (I odd-seq(n))
(ii) WallisInt(Q(-nJr)l) - (]1__[[even-se?1(n))2 n-((1+ ﬁ) - ).

The theorem is a consequence of (41), (13), (40), and (43).

4 < ([T odd-seq(n))*
( 5) (1455 7) (I even—seq(n))

(46) —Wﬁ?};}fﬁgiﬂ) <1+ ﬂ. The theorem is a consequence of (40), (39), and

(43).

A7 Hodd seq(n)) <
( ) Heven seq(n)) "
The functor WallisSeq yielding a sequence of real numbers is defined by

(I odd- seq(k-i—l))

(J] even- seq(kJrl)) (k + 1)

The functor WSeq yielding a sequence of real numbers is defined by
1

(It 3ty ™

> - n. The theorem is a consequence of (44).

1. The theorem is a consequence of (44) and (46).

(Def. 6) for every natural number k, it(k) =

(Def. 7) for every natural number n, it(n) =

Now we state the propositions:
(48) (i) lim WallisSeq = 2, and

(ii) WallisSeq is convergent.

PRrROOF: For every real number r such that » > 0 there exists a natural
number ng such that for every natural number n such that ng < n holds
| WallisSeq(n) — 1| < r. Consider a being a real number such that a =
% and for every real number r such that » > 0 there exists a natural
number ng such that for every natural number n such that ng < n holds
| WallisSeq(n) — a| < r. O

(49) WallisSeq is positive yielding.

Let us observe that WallisSeq is positive yielding. Now we state the propo-
sitions:

(50) Let us consider a positive yielding sequence sg of real numbers. Suppose

so is convergent. Then

(i) /s2 is convergent, and
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(i) lim./s2 = /lim sa.
ProOOF: Consider a being a real number such that for every real number r
such that 0 < r there exists a natural number n such that for every natural
number m such that n < m holds |s2(m)—a| < r. For every natural number

k, /s2(k) = /s2(k). \/s2 is convergent and lim /53 = v/lim s5. [J

(51) lim /WallisSeq = ﬁ The theorem is a consequence of (48) and (50).
(52) Let us consider a non zero natural number n. Then /WallisSeq(n—'1) =

[1]

2]
8]
[4]
[5]

[6]

(12]
(13]

(14]

% The theorem is a consequence of (15) and (14).
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