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Assessment of product quality 
risks by qualimetric methods using 
functionally dependent statistics

A B S T R A C T
In modern production systems, ensuring high product quality while minimising risk is  
a critical challenge. Traditional quality assessment methods often rely on expert 
judgment or complex models, which may introduce subjectivity or require large datasets. 
This study aims to develop a universal methodology for assessing product quality risks 
using a mathematically grounded approach that eliminates the need for expert-based 
evaluations and can be easily implemented in various industrial contexts. A qualimetric 
method based on nonlinear mathematical dependence using the error function “erf” is 
proposed. The method transforms measured quality indicators into a dimensionless 
scale and derives functionally dependent statistics under the assumption of a uniform 
distribution. The model is validated through analytical derivations and numerical 
experiments on piston components in precision mechanical engineering. A new 
mathematical model was established to calculate the probability density function of 
transformed quality indicators. The methodology enables the estimation of the 
probability that a quality indicator will fall within a risky range near tolerance limits. 
Numerical experiments confirmed the validity of the model, demonstrating its 
applicability to real-world production scenarios and its alignment with known principles 
of qualimetry. The proposed method provides a universal, objective, and practical tool 
for risk-based quality assessment. It can be applied across different industries, integrated 
into existing quality management systems, and used to support decision-making in 
production control. Future research should expand the model to accommodate non-
uniform distributions and explore its integration with real-time quality monitoring 
systems.
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Introduction

The development of the public production of any 
country, its position in the global trade market, as 
well as the growth of national prosperity and living 
standards, are all closely connected to maintaining  
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a high level of quality in products, services, and the 
functioning of socio-economic systems such as edu-
cation, healthcare, environmental protection, and 
labour safety. Since the beginning of social produc-
tion, mankind has been managing product quality. 
The quality of products and services offered by  
a national producer significantly influences foreign 
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policy, national security, and the overall stability of 
the national currency. It also plays a key role in deter-
mining the standard of living and quality of life within 
the country.

Risk is a critical factor in decision-making and is 
essential for making effective management choices. 
In a market economy, businesses achieve competi-
tiveness through innovation, which inherently carries 
risks. Risk-based decisions lead to more efficient 
production processes, benefiting entrepreneurs, con-
sumers, and society at large (Crawford & Jabbour, 
2023).

Risk is both a cause of possible losses and a source 
of possible profit. The primary objective of risk man-
agement is not to avoid risk altogether, but to make 
risk-related decisions based on objective criteria. Risk 
reduction is possible by improving the reliability of 
goods and systems, reducing the possible intensity of 
undesirable factors (for example, limiting the stock of 
hazardous substances), and increasing the protection 
of facilities from their impact. Risk reduction is pos-
sible (Settembre-Blundo et al., 2021):
•	 at the stage of planning an operation (project) or 

designing samples - by introducing additional 
reliability elements and other necessary meas-
ures;

•	 at the decision-making stage - by using appropri-
ate criteria for evaluating the effectiveness of  
a decision, such as the Wald or Savage criteria 
(“expect the worst”);

•	 at the stage of technical systems operation - by 
observing operating modes and their control.
Within each of the areas, the measures taken will 

have different effectiveness. These measures are costly 
and need to increase as the complexity of the systems 
increases. Therefore, under certain conditions, it may 
be more economically feasible to spend money not on 
preventing or reducing the degree of risk, but on 
compensating for possible losses, using the insurance 
mechanism.

Production risks include, in particular, the risks 
of defective products. In the context of mass produc-
tion, enterprises have technical control departments, 
quality bureaus and other units that control product 
quality. In the machine building industry, the average 
cost of control operations is approx. 10 % of the cost 
of production. Part of the risk losses can be compen-
sated for by maintenance services for products that 
are already in the hands of consumers (Ha et al., 
2022). 

Another group of production risks is related to 
the performance of existing technological processes 

- accidents of varying severity, which lead to produc-
tion reduction and stoppage. Production reduction 
and stoppage are the consequences of an accident or 
equipment breakdown, leading to direct losses of 
profit due to a decrease in production output and 
indirect losses due to the non-delivery of products to 
customers (Raian et al., 2023).

The production of high-quality products is linked 
to the quality of technological processes at all stages 
of the production life cycle. Any technological pro-
cess is associated with the risk that standardised 
product quality indicators will deviate from the ideal 
values provided in regulatory documents and techni-
cal regulations (Pirbalouti et al., 2023).

Many scientific fields, such as game theory, prob-
ability, mathematical statistics, decision-making, 
psychology, military sciences, economics, demogra-
phy, medicine, biology, law, and others, study the 
concept of risk. Modern scientific achievements allow 
for considering risk at two levels: theoretical, where it 
is studied as a social phenomenon with its own 
essence and patterns of development and manage-
ment under conditions of uncertainty, and applied, 
which arises from specific research in various scien-
tific fields (Fleurbaey & Zuber, 2022).

In the field of qualimetrics, a crucial aspect when 
evaluating the quality of objects is understanding the 
type of relationship between the measured quality 
indicators and their corresponding scores on  
a dimensionless scale. This is significant because the 
relationship between quality indicators and their 
scores may not always be linear. Statistical methods 
are often employed to effectively manage and assess 
the quality of qualimetric objects. In this context, it is 
important not only to have information on the distri-
bution of the quality indicators in their original 
measurement units but also to understand how these 
indicators are distributed on a dimensionless scale. 
This article presents research focused on identifying 
the patterns and regularities of the distribution of 
quality indicator scores when mapped onto a dimen-
sionless scale.

The purpose of the article is to develop and vali-
date the effectiveness of a universal methodology for 
assessing the risks associated with products of  
a specified quality using nonlinear mathematical 
dependencies.

The article presents the results of a literature 
review on existing approaches to product quality risk 
assessment and the justification for developing  
a universal methodology based on nonlinear mathe-
matical dependencies. The research methodology is 
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described in detail, including the transformation of 
quality indicators into a dimensionless scale and the 
determination of probability density functions. The 
results of applying the proposed method to the evalu-
ation of high-precision mechanical parts are pre-
sented and discussed, highlighting its advantages 
over traditional expert-based approaches. Generali-
sations of the findings are provided, along with an 
explanation of the study’s limitations and potential 
applications in various industries. The conclusion 
and recommendations for future research directions 
are outlined in the final section.

1. Literature review

1.1. Risk essence and methods of risk 
assessment

As outlined in EN IEC 31010:2019, IDT Risk 
Management - Risk Assessment Techniques (ISO 
31010, 2019), and the ISO Guide 73:2009 Risk Man-
agement - Terminology - Guidelines for Use in 
Standards (	 ISO Guide 73, 2009), risk is defined as 
the likelihood and frequency of adverse impacts 
within areas of human activity. It serves as a crucial 
factor in decision-making, forming the foundation 
for effective management strategies. In a competitive 
market economy, innovation plays a pivotal role in 
driving business success; however, it inherently 
involves taking risks. Businesses can achieve more 
efficient production processes by embracing risk-ori-
ented approaches, benefiting entrepreneurs and con-
sumers, and positively contributing to society as  
a whole.

Risk refers to the probability of losses or a short-
fall in income compared to anticipated outcomes. It 
serves as a tool for addressing uncertainty - essen-
tially, the absence of reliable information or assur-
ance. In practice, risk often involves decision-making 
in situations where choices are unavoidable. In such 
cases, it becomes possible to quantitatively and quali-
tatively assess the likelihood of achieving desired 
outcomes, encountering failures, or deviating from 
established goals.

Globally and locally, over 30 methods for general 
risk assessment are employed, as outlined in the 
standard ISO 31010 (2019). These methods enable 
decision-makers and stakeholders to gain a clearer 
understanding of potential risks that could impact 
goal achievement, as well as to evaluate the adequacy 
and effectiveness of existing controls. 

This standard expands on the principles outlined 
in ISO 31000:2018, IDT “Risk Management - Guide-
lines” (	 ISO 31000, 2018), offering practical guidance 
on selecting and applying systematic methods for 
comprehensive risk assessment. It supports broader 
risk management activities by providing insights into 
various methodologies and references to interna-
tional standards that detail their concepts and appli-
cations. Notably, this standard is not intended for 
certification, regulatory compliance, or contractual 
use.

This standard does not define specific criteria for 
determining when risk analysis is necessary, nor does 
it mandate the use of any particular method for  
a given application. Additionally, it does not cover all 
possible risk analysis methods; the absence of  
a method in the standard does not imply its invalidity. 
The applicability of a method to a specific situation 
does not automatically make it the optimal choice for 
use.

A comprehensive risk assessment empowers 
decision-makers and stakeholders to gain deeper 
insights into risks that could impact the achievement 
of objectives and the effectiveness of existing controls. 
This understanding serves as a foundation for choos-
ing the most suitable risk management strategies. The 
results of the assessment become integral to the 
organisation’s decision-making processes, ensuring 
informed and strategic actions (Ismail et al., 2024; 
Glette-Iversen et al., 2023).

Comprehensive risk assessment involves a col-
laborative approach to identifying, analysing, and 
evaluating risks. The application of this process varies 
based on the context of the risk management frame-
work, as well as the specific methods and techniques 
employed. Given the diverse nature of risks and their 
potential causes and impacts, this process often 
necessitates a multidisciplinary approach to ensure 
all relevant factors are thoroughly addressed (Fraume 
et al., 2020; Hu et al., 2023).

Risk analysis is a critical step in gaining a deeper 
understanding of potential risks. It supports the 
overall risk assessment process and informs decisions 
about whether action is required and which strategies 
or methods are best suited for addressing the risks. 
This process involves identifying potential outcomes 
of risk events and their probabilities, considering the 
presence and effectiveness of existing controls. By 
combining these outcomes and probabilities, the 
analysis determines the overall level of risk, serving as 
a foundation for effective risk management (Aven, 
2023).
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Fig. 1. Generalised risk management process flowchart 

 
 

 
Fig. 2. Graphical view of mathematical dependence (1) 

Source: (Cherniak et al., 2024). 

 

 
Fig. 3. Graphical view of the mathematical dependence (1) at Xmin = 10, Xmax = 20 

Risk analysis involves examining the causes and 
sources of risks, their potential consequences, and the 
likelihood of these consequences. It is essential to 
identify the factors that influence these outcomes and 
probabilities. A single event may have multiple conse-
quences, impacting various objectives. The analysis 
should also consider the available controls and their 
effectiveness. In more complex cases, it may be neces-
sary to use multiple methods to fully assess the risk. 
Risk analysis often involves quantifying a range of 
possible outcomes resulting from an event, situation, 

or circumstance, along with their associated proba-
bilities, to assess the level of risk. However, in certain 
cases - such as when the consequences are minimal or 
the likelihood of occurrence is extremely low - it may 
be sufficient to evaluate just one parameter in order to 
decide (Simpson, 2024; Nateghi & Aven, 2021).

In certain situations, a consequence may arise 
from multiple events or conditions, or a specific event 
might remain unidentified. In such cases, the overall 
risk assessment concentrates on evaluating the 
importance and vulnerability of system elements to 
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determine the appropriate risk management 
approaches, which may involve protection levels or 
recovery strategies (Li, 2020).

Risk analysis methods can be qualitative, semi-
quantitative, or quantitative, depending on the spe-
cific needs of the application, the availability of 
reliable data, and the organisation’s decision-making 
requirements. In some cases, certain methods and 
levels of analysis may be mandated by law. A qualita-
tive assessment categorises consequences, likelihood, 
and risk levels using descriptive terms such as high, 
medium, or low. The consequence and likelihood are 
then combined to determine the resulting risk level 
according to qualitative criteria. Semi-quantitative 
methods use numerical scales to assess consequences 
and probabilities, which are then combined using  
a formula to calculate the overall risk level. These 
scales may follow linear, logarithmic, or other types 
of relationships, and the formulas may differ based on 
the method used (Tzanakakis, 2021).

Quantitative analysis evaluates the practical sig-
nificance of consequences and their probabilities, 
calculating risk levels in specific units identified dur-
ing the environmental assessment. However, a full 
quantitative analysis may not always be feasible or 
appropriate due to factors such as insufficient infor-
mation, lack of data, human factors, or because the 
costs associated with quantitative analysis may not be 
justified or required. In such cases, a comparative 
semi-quantitative or qualitative risk ranking, involv-
ing specialists with expertise in the relevant fields, 
can be an effective alternative (Elhammady & Fis-
chmeister, 2023; Urbano et al., 2023). 

A risk object refers to an economic system whose 
efficiency and operational conditions are not prede-
termined. A risk subject is an individual or entity 
with an interest in the outcomes of managing the risk 
object and the competence to make decisions regard-
ing it (Lee, 2021). A risk source is any factor (such as 
a phenomenon or process) that introduces uncer-
tainty into the expected outcomes or creates conflict. 
In economics, the classical theory of entrepreneurial 
risk equates risk to the mathematical expectation of 
losses resulting from the selection of a particular 
decision, meaning that risk represents the cost associ-
ated with implementing that decision (Kilström  
& Roth, 2024).

The term “risk” is applied differently across vari-
ous social and natural sciences, each with its own 
focus and research methods. In the context of sus-
tainable development, the concept of “risk” gives rise 
to different types, such as economic, social, psycho-

logical, political, biomedical, legal, natural, man-
made, environmental, and more. The international 
standard ISO 31010 (2019) provides a comprehensive 
list of risk assessment methods that can be applied in 
different fields of sustainable development. It also 
outlines the advantages, disadvantages, and applica-
tion principles of each method. By using this standard 
(ISO 31010, 2019), one can select the most appropri-
ate method for risk assessment in any area of sustain-
able development or combine methods to create 
custom approaches tailored to specific applied risk 
assessment challenges.

The concept of risk is utilised across a wide range 
of social and natural sciences, each with its own focus, 
subject matter, and research methods. This enables 
the identification of various aspects of risk, including 
economic, social, psychological, political, biomedical, 
legal, natural, man-made, environmental, and others.

Risk assessment methodology is heavily influ-
enced by the industry in question, as it is shaped by 
several key factors, such as the specifics of techno-
logical and product sales cycles, the nature of business 
entities’ assets, the dynamics of scientific and techno-
logical advancements, economic development mod-
els, and information and communication support, 
among others. To effectively analyse risk, it is essential 
to first understand it. Risk analysis provides the nec-
essary inputs for evaluating the degree of risk and 
guides discussions on whether risk management is 
needed, as well as the appropriate strategies and 
methods for managing those risks.

1.2. Modern approaches to assessing 
industrial risks

Production risks encompass the risk of defective 
products. In mass production settings, companies 
typically have dedicated departments, such as techni-
cal control departments, quality bureaus, and other 
units, to oversee product quality. In the machine-
building industry, the average cost of control opera-
tions is about 10 % of production costs. Some of the 
risk losses can be offset through maintenance services 
for products already in the hands of consumers.

Another category of production risks is associ-
ated with the execution of existing technological 
processes, including various severity accidents, from 
minor disruptions to catastrophic events with human 
casualties. Such incidents can occur at industrial 
facilities due to various factors: natural causes (earth-
quakes, floods, and lightning), man-made factors 
(wear and tear of buildings, equipment, design errors, 
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human mistakes, or equipment damage during 
repairs), or mixed causes (such as disruptions to the 
natural balance due to human activity, like the emer-
gence of an oil and gas fountain during well drilling). 
In such cases, environmental risks may arise, such as 
accidental discharges of process fluids into rivers or 
gas emissions into the atmosphere. For these inci-
dents, companies may face fines imposed by environ-
mental authorities. Accidents or equipment 
breakdowns lead to reduced production or even 
shutdowns, resulting in direct profit losses due to 
decreased output and indirect losses from product 
delivery delays and lawsuits from consumers.

“Failure Mode and Effects Analysis (FMEA)” is  
a widely recognised and effective method used to 
assess risks in the operation of technological processes 
across various industries (Ouyang et al., 2020). This 
method is effective in reducing the number of poten-
tial risks in production; however, it has its limitations. 
The primary drawback of FMEA is that it focuses on 
the results rather than the causes that lead to an unfa-
vourable situation. Moreover, FMEA relies heavily on 
expert assessments, which can introduce subjectivity 
into the process.

Ouyang et al. (2020) introduced an alternative 
approach to the FMEA method by applying fuzzy set 
theory, enabling the estimation of risk probabilities 
within specified intervals. This method reduces the 
influence of expert opinion on subjective risk assess-
ments and allows for the comparison of probabilities 
across different risks, offering more nuanced informa-
tion for improved risk management. The authors also 
compared various methods for analysing the causes 
and consequences of failures, providing insights into 
their effectiveness in selecting the most appropriate 
risk assessment method for specific applications.

Stødle et al. (2024) examined the use of artificial 
intelligence in risk analysis, emphasising the impor-
tance of combining automated algorithms with 
human oversight. They demonstrated that modern AI 
approaches enhance the description of consequences, 
management of uncertainties, and knowledge han-
dling, thereby opening new possibilities in the field. At 
the same time, the authors highlighted the limitations 
of full automation, noting that critical risk manage-
ment decisions cannot be entirely delegated to algo-
rithms. They thus presented AI as a tool that 
strengthens analytical capabilities and improves deci-
sion-making efficiency rather than replacing human 
expertise.

Gul et al. (2024) proposed an innovative SBBWM 
model that combines stratification, the Bayesian 

approach, and TOPSIS sorting, which significantly 
improves the accuracy and adaptability of professional 
risk assessment. However, the study is limited to the 
case of flour production, which calls into question the 
universality of the results for other industries. 
Although the method considers the uncertainty and 
conflict of expert assessments, it requires significant 
resources to collect and process data from several 
experts. Thus, the model is promising but needs fur-
ther testing and optimisation for practical use in dif-
ferent production environments.

 Arroyo-Montaño et al. (2025) used a mixed 
methodology, combining quantitative data (surveys) 
and documentary analysis, and found a positive atti-
tude towards the use of monitoring for risk identifica-
tion, strategic alignment and quality, although they 
identified challenges related to staff training, policy 
updates and the effectiveness of alerts.

Tetelepta et al. (2025) demonstrated the practical 
application of the HIRARC methodology in the logis-
tics company PT XYZ, covering 12 typical operations 
with injury potential and proposing realistic control 
measures such as training, PPE, and technical instruc-
tions. Cheng et al. (2024) developed a fall-risk assess-
ment model that accounts for both geographical 
location and physiological factors to improve predic-
tion accuracy. They created a real-time algorithm 
enabling rapid identification of high-risk situations 
and immediate warnings, which has strong potential 
in occupational safety, healthcare, and public safety.

Different economic sectors employ distinct meth-
ods for assessing product quality and associated risks, 
which depend on several factors. Riabchykov et al. 
(2022) investigated the probabilities associated with 
actual cavity sizes of porous materials when converted 
into foam, using them as quality indicators. Elmad-
houn et al. (2025) devoted their work to the imple-
mentation of quality risk management at the final 
operational stage of sterile drug production (at the 
stages of sterilisation, packaging, labelling, inspection, 
and storage), using the ICH Q9 methodology and 
FMEA analysis for the systematic identification and 
mitigation of risks in a pharmaceutical context. Arti-
cles by other authors (Riabchykov et al., 2023a; Riab-
chykov et al., 2023b) demonstrated that the efficiency 
of medical materials is influenced by the size of the 
scattering field of actual quality indicators.

Several scientific studies (Wang et al., 2025; Bur-
duk et al., 2025) explored methods for assessing pro-
duction risks, specifically the probability of unexpected 
results. This approach is applied across various sectors 
of the national economy, including energy and nuclear 



74

Volume 17 • Issue 3 • 2025
Engineering Management in Production and Services

facilities (Hovorov et al., 2025; Khomiak et al., 2025; 
Khomiak et al., 2024), the oil industry (Tang et al., 
2024), the chemical industry (He et al., 2025), and 
construction (Cai et al., 2024; Zhao, 2024).

In assessing complex indicators as combined val-
ues of individual quality indicators, various methods 
are used. Wickramaratne (2024) described the use of 
weighted average values for combining individual 
quality indicators into complex metrics.

Bubela et al. (2025) assessed the risks of cyber-
physical systems, in particular, researching potential 
vulnerabilities in the integration of physical devices 
and digital components. The authors analyse how fac-
tors related to security, reliability and data manage-
ment can affect the smooth operation of such systems, 
emphasising the need for proactive risk management 
to ensure stable functioning.

Guliyeva (2021) developed a system of indicators 
for measuring quality of life, integrating both objec-
tive and subjective factors to capture the well-being of 
the population. The author argued for a multidimen-
sional approach, which proved more effective than 
traditional one-dimensional assessments, and pro-
vided practical guidance for policy and management 
improvement.

Dyadyura et al. (2023), Cherniak et al. (2024), and 
Rudyk et al. (2024) examined statistical methods for 
relating the actual values of individual quality indica-
tors for various qualimetry objects to their dimension-
less assessments, facilitating integration into  
a comprehensive quality measure. Hovorov et al. 
(2025), Hrinchenko et al. (2019), and Panda et al. 
(2024) proposed a nonlinear mathematical relation-
ship for assessing energy efficiency in the energy sec-
tor, demonstrating the universality of such an 
approach across different measurement units and 
indicator ranges.

An alternative mathematical model is proposed 
for a comprehensive evaluation of quality indicators 
for manufacturing parts, such as bodies of revolution, 
in the machine-building industry. This model is flexi-
ble, allowing its shape to vary based on the chosen 
shape parameter, which is determined by an expert.

When assessing sustainable development indices, 
mathematical dependencies are employed that do not 
rely on expert methods but instead focus solely on the 
maximum permissible values of the quality indicator 
(Fedorovich et al., 2023; Fedorovich et al., 2024; 
Komari et al., 2023). It is recommended to follow the 
requirements outlined in the international standard 
ISO 9001 (2015) to ensure the quality of measure-
ments for individual indicators. A methodological 

analysis of the requirements of this standard is pro-
vided in publications (Trishch et al., 2024).

Risk assessment is mandatory when implement-
ing international standards for quality management 
systems of testing and calibration laboratories. One of 
the requirements of this standard is the development 
and maintenance of a procedure for estimating meas-
urement uncertainty. Recent scientific papers consider 
the extended measurement uncertainty in product 
quality assurance (Vasilevskyi, 2021; Vasilevskyi et al., 
2021; Vasilevskyi et al., 2022; Vasilevskyi et al., 2023; 
Vasilevskyi et al., 2024). The fundamental require-
ments of this standard are presented by Trishch et al. 
(2019).

AI-driven risk assessment tools can predict the 
probability of manufacturing low-quality products by 
continuously monitoring process parameters and 
identifying deviations from optimal conditions. These 
systems leverage machine learning algorithms to pro-
vide rapid, detailed insights into process health, sup-
porting proactive interventions to prevent quality 
issues. The integration of AI in risk management 
frameworks has demonstrated significant improve-
ments in the accuracy and speed of risk detection 
compared to traditional methods (Canon et al., 2023; 
Sureshkumar et al., 2024; Palakurti, 2025; Yazdi et al., 
2024).

An analysis of several publications related to qual-
ity assessment of various qualimetry objects and 
quality risk assessment demonstrates that most exist-
ing methodologies rely on the involvement of experts. 
Based on the findings from these scientific publica-
tions, the development of a universal methodology for 
assessing quality risks in any qualimetry objects with-
out expert involvement appears to be a pressing chal-
lenge. Moreover, determining the probabilities of 
product quality risks in the production process using 
objective methods is an urgent task. This can be 
addressed through the application of mathematical 
statistics methods.

2. Research methods

2.1. Mathematical nonlinear functional 
dependence

Any product manufactured through a techno-
logical process is characterised by a set of quality 
indicators, which are governed by regulatory docu-
ments or customer requirements outlined in agree-
ments. Product quality is defined as the set of 
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characteristics that meet consumer expectations. It is 
essential to know the values of individual quality 
indicators in quantitative terms, or as measured val-
ues, to manage technological processes effectively. 
This information is crucial for controlling a techno-
logical operation.

To provide a comprehensive assessment of the 
quality of a technological system, it is necessary to 
determine a composite quality indicator, which com-
bines all individual quality indicators into a single 
value. For this combination to be meaningful, the 
quality indicators must share a common scale and 
evaluation range. This is achieved using nonlinear 
mathematical dependencies, which convert individ-
ual quality indicators into dimensionless terms. By 
applying mathematical statistics methods, these qual-
ity indicator values are transformed into functionally 
dependent values or statistics.

Based on an analysis of existing mathematical 
dependencies used in qualimetry to assess the quality 
of various objects, it is evident that these methods 
have limitations. Therefore, the authors propose an 
alternative mathematical relationship, grounded in 
the error function. The error function, denoted as 
erf(x) in mathematical statistics, is commonly used in 
statistical processing methods. It has the following 
form:

The error function (1) is defined in scientific lit-
erature as follows: “If a random variable x has a mean 
of 0 and a variance of 1/(√2), and it follows a normal 
distribution, then applying the mathematical depend-
ence (1) to it yields the probability that Y will fall 
within the interval [-x, x]” (Cherniak et al., 2024). 
The graphical representation of this mathematical 
relationship is shown in Fig. 2.
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𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦𝑑𝑑𝑑𝑑
𝑐𝑐𝑐𝑐 ,  (7) 

 
 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.1
0 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.2
0.1 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.3
0.2 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.4
0.3 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.5
0.4 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.6
0.5 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.7
0.6 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.8
0.7 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.9
0.8 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073; 

      
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)1
0.9 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

 ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦0
−∞ = 0.168;
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1 = 0.168.

  

�𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = 0.168 + 0.666 + 0.168 = 1
  

(1)

The mathematical dependence (1) takes an expo-
nential form and has an inflexion point at x = 0. This 
aligns with established principles in qualimetry. 
According to the qualimetry theory, quality indica-
tors at the edges of the tolerance field have a lower 
probability density compared to those in the middle. 
The tolerance field represents the range between the 
smallest and largest acceptable values for a quality 
indicator. These limits and the tolerance field are 
typically defined by regulatory documents that gov-
ern product quality requirements.

Therefore, mathematical dependence (1) is rea-
sonable and can be considered a universal tool for 
assessing single quality indicators of any qualimetry 
object with established permissible limits and a toler-
ance field. However, since the tolerance field and 
permissible limits vary for each qualimetry object, 
the mathematical dependence (1) cannot be univer-
sally applicable as the evaluation range (-6, 6) is pre-
defined on the (X) axis.

To address this, it is proposed to apply mathe-
matical transformations that allow for the creation of 
a universally applicable mathematical dependence. 
This is achieved by using the principle of dividing  
a segment into specified proportions. The transfor-
mations result in a new mathematical dependence 
that can be universally applied to any qualimetry 
object.
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𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦𝑑𝑑𝑑𝑑
𝑐𝑐𝑐𝑐 ,  (7) 

 
 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.1
0 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.2
0.1 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.3
0.2 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.4
0.3 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.5
0.4 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.6
0.5 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.7
0.6 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.8
0.7 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.9
0.8 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073; 

      
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)1
0.9 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

 ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦0
−∞ = 0.168;

  
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦∞
1 = 0.168.

  

�𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = 0.168 + 0.666 + 0.168 = 1
  

(2)

where erf(x) - the error function, Xmin and Xmax - 
allowable values of single quality indicators; and X - 
the measured value of the quality indicator.

The graphical form of the mathematical depend-
ence (2) is shown in Fig. 3, provided that the unit 
quality indicator has the following boundary con-
straints: Xmin = 10, Xmax = 20.

 

 
 

Fig. 1. Generalised risk management process flowchart 

 
 

 
Fig. 2. Graphical view of mathematical dependence (1) 

Source: (Cherniak et al., 2024). 
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The proposed mathematical dependence (2) 
presents several advantages over existing methods 
used in qualimetry:

1. Nonlinear Nature. The nonlinear character of 
dependence (2) aligns with the theoretical principles 
of qualimetry. It is supported by the fact that quality 
indicator estimates change minimally at the edges of 
the evaluation scale. This property makes the method 
particularly suitable for assessing quality indicators 
that exhibit such behaviour.

2. Ease of Use. Unlike existing methods that 
require complex calculations and expert assessments, 
the proposed dependence utilises the error function, 
which is already built into Microsoft Excel. This 
eliminates the need for specialised software, making 
it easier to automate the assessment process. As  
a result, the method can be applied to a wider range of 
objects, including processes, products, and knowl-
edge across various sectors of the economy.

3. Practical Application. The proposed mathe-
matical dependencies offer a practical tool for evalu-
ating the quality of diverse objects. They can also be 
incorporated into regulatory documents at the 
organisational or enterprise level to standardise and 
streamline the quality assessment process. This 
enhances the flexibility and accessibility of the 
method in different industries and applications.

2.2. Assessing the probability of 
product quality risks

Modern technological systems must incorporate 
risk assessment procedures, as understanding the risk 
of producing low-quality products allows for influ-
ence over process control and the implementation of 
corrective actions. This enables ongoing monitoring 
of individual quality indicators and corrective meas-
ures to ensure their actual values remain within the 
established permissible limits. As existing interna-
tional regulations do not provide specific methods for 
risk assessment, each company is required to develop 
its own approach based on the quality indicators, 
production volume, and the availability of skilled 
personnel.

The development of methods for assessing the 
risks associated with low-quality products should be 
grounded in the concept of “risk”. The risk of produc-
ing low-quality products is understood as the proba-
bility that the quality indicators of the products will 
approach the permissible limits within the tolerance 
field. Since the calculation of probabilities is a key 

aspect of mathematical statistics, suitable mathemati-
cal tools must be utilised for risk evaluation.

Assume that the distribution of random values 
for any quality indicator follows a uniform distribu-
tion law with the corresponding density function.
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𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 ≤ 𝑥𝑥𝑥𝑥 ≤ 𝑏𝑏𝑏𝑏

0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 > 𝑏𝑏𝑏𝑏
  (3) 

 
 

� 𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
+∞

−∞
= �

1
𝑏𝑏𝑏𝑏 − 𝑎𝑎𝑎𝑎

𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
𝑏𝑏𝑏𝑏

𝑎𝑎𝑎𝑎
= 1 

 
 

𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒(𝐶𝐶𝐶𝐶2(𝑦𝑦𝑦𝑦)) ⋅ |𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦)|  (4) 
 

where:  
 

𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦) = 1
2
⋅ (1

4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 −

1
4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)𝜋𝜋𝜋𝜋

1
2 �

2 + 1
2
𝜋𝜋𝜋𝜋 ⋅ (2𝑦𝑦𝑦𝑦 − 1)2 + 7

48
𝜋𝜋𝜋𝜋2 ⋅ (2𝑦𝑦𝑦𝑦 − 1)4 +

+ 127
2880

𝜋𝜋𝜋𝜋3 ⋅ (2𝑦𝑦𝑦𝑦 − 1)6
�   (5) 
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𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦𝑑𝑑𝑑𝑑
𝑐𝑐𝑐𝑐 ,  (7) 

 
 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.1
0 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.2
0.1 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.3
0.2 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.4
0.3 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.5
0.4 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.6
0.5 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.7
0.6 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.8
0.7 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.9
0.8 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073; 

      
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)1
0.9 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

 ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦0
−∞ = 0.168;

  
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦∞
1 = 0.168.

  

�𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = 0.168 + 0.666 + 0.168 = 1
  

(3)

where a and b are the parameters of the distribution 
law.

In this case, the area under the surface of the 
distribution law takes the value 1.

 
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = 2

√𝜋𝜋𝜋𝜋
∫ 𝑒𝑒𝑒𝑒−𝑡𝑡𝑡𝑡2𝑥𝑥𝑥𝑥
0 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  (1) 

 
 

 𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥) = 1
2

+ 1
2
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(−2 + 4 𝑋𝑋𝑋𝑋−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
) (2) 

 

𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = �
0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 < 𝑎𝑎𝑎𝑎
1

𝑏𝑏𝑏𝑏−𝑎𝑎𝑎𝑎
𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 ≤ 𝑥𝑥𝑥𝑥 ≤ 𝑏𝑏𝑏𝑏

0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 > 𝑏𝑏𝑏𝑏
  (3) 

 
 

� 𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
+∞

−∞
= �

1
𝑏𝑏𝑏𝑏 − 𝑎𝑎𝑎𝑎

𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
𝑏𝑏𝑏𝑏

𝑎𝑎𝑎𝑎
= 1 

 
 

𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒(𝐶𝐶𝐶𝐶2(𝑦𝑦𝑦𝑦)) ⋅ |𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦)|  (4) 
 

where:  
 

𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦) = 1
2
⋅ (1

4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 −

1
4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)𝜋𝜋𝜋𝜋

1
2 �

2 + 1
2
𝜋𝜋𝜋𝜋 ⋅ (2𝑦𝑦𝑦𝑦 − 1)2 + 7

48
𝜋𝜋𝜋𝜋2 ⋅ (2𝑦𝑦𝑦𝑦 − 1)4 +

+ 127
2880

𝜋𝜋𝜋𝜋3 ⋅ (2𝑦𝑦𝑦𝑦 − 1)6
�   (5) 
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𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦𝑑𝑑𝑑𝑑
𝑐𝑐𝑐𝑐 ,  (7) 

 
 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.1
0 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.2
0.1 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.3
0.2 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.4
0.3 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.5
0.4 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.6
0.5 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.7
0.6 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.8
0.7 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.9
0.8 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073; 

      
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)1
0.9 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

 ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦0
−∞ = 0.168;

  
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦∞
1 = 0.168.

  

�𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = 0.168 + 0.666 + 0.168 = 1
  

The substitution of the actual value of a single 
quality indicator of any product (qualimetry object) 
and the permissible values in the mathematical 
dependence (2) results in an estimate of this quality 
indicator on the dimensionless scale ОY. Many such 
values provide statistics of quality indicator estimates 
in the form of random variables. The use of the math-
ematical apparatus of mathematical statistics obtains 
the probability density function of random variables 
of quality indicator estimates q(y):

 
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = 2

√𝜋𝜋𝜋𝜋
∫ 𝑒𝑒𝑒𝑒−𝑡𝑡𝑡𝑡2𝑥𝑥𝑥𝑥
0 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  (1) 

 
 

 𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥) = 1
2

+ 1
2
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(−2 + 4 𝑋𝑋𝑋𝑋−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
) (2) 

 

𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = �
0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 < 𝑎𝑎𝑎𝑎
1

𝑏𝑏𝑏𝑏−𝑎𝑎𝑎𝑎
𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 ≤ 𝑥𝑥𝑥𝑥 ≤ 𝑏𝑏𝑏𝑏

0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 > 𝑏𝑏𝑏𝑏
  (3) 

 
 

� 𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
+∞

−∞
= �

1
𝑏𝑏𝑏𝑏 − 𝑎𝑎𝑎𝑎

𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
𝑏𝑏𝑏𝑏

𝑎𝑎𝑎𝑎
= 1 

 
 

𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒(𝐶𝐶𝐶𝐶2(𝑦𝑦𝑦𝑦)) ⋅ |𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦)|  (4) 
 

where:  
 

𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦) = 1
2
⋅ (1

4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 −

1
4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)𝜋𝜋𝜋𝜋

1
2 �

2 + 1
2
𝜋𝜋𝜋𝜋 ⋅ (2𝑦𝑦𝑦𝑦 − 1)2 + 7

48
𝜋𝜋𝜋𝜋2 ⋅ (2𝑦𝑦𝑦𝑦 − 1)4 +

+ 127
2880

𝜋𝜋𝜋𝜋3 ⋅ (2𝑦𝑦𝑦𝑦 − 1)6
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𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦𝑑𝑑𝑑𝑑
𝑐𝑐𝑐𝑐 ,  (7) 

 
 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.1
0 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.2
0.1 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.3
0.2 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.4
0.3 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.5
0.4 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.6
0.5 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.7
0.6 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.8
0.7 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.9
0.8 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073; 

      
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)1
0.9 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

 ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦0
−∞ = 0.168;

  
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦∞
1 = 0.168.

  

�𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = 0.168 + 0.666 + 0.168 = 1
  

(4)

where: 

 
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = 2

√𝜋𝜋𝜋𝜋
∫ 𝑒𝑒𝑒𝑒−𝑡𝑡𝑡𝑡2𝑥𝑥𝑥𝑥
0 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  (1) 

 
 

 𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥) = 1
2

+ 1
2
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(−2 + 4 𝑋𝑋𝑋𝑋−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
) (2) 

 

𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = �
0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 < 𝑎𝑎𝑎𝑎
1

𝑏𝑏𝑏𝑏−𝑎𝑎𝑎𝑎
𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 ≤ 𝑥𝑥𝑥𝑥 ≤ 𝑏𝑏𝑏𝑏

0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 > 𝑏𝑏𝑏𝑏
  (3) 

 
 

� 𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
+∞

−∞
= �

1
𝑏𝑏𝑏𝑏 − 𝑎𝑎𝑎𝑎

𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
𝑏𝑏𝑏𝑏

𝑎𝑎𝑎𝑎
= 1 

 
 

𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒(𝐶𝐶𝐶𝐶2(𝑦𝑦𝑦𝑦)) ⋅ |𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦)|  (4) 
 

where:  
 

𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦) = 1
2
⋅ (1

4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 −

1
4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)𝜋𝜋𝜋𝜋

1
2 �

2 + 1
2
𝜋𝜋𝜋𝜋 ⋅ (2𝑦𝑦𝑦𝑦 − 1)2 + 7

48
𝜋𝜋𝜋𝜋2 ⋅ (2𝑦𝑦𝑦𝑦 − 1)4 +

+ 127
2880

𝜋𝜋𝜋𝜋3 ⋅ (2𝑦𝑦𝑦𝑦 − 1)6
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𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦𝑑𝑑𝑑𝑑
𝑐𝑐𝑐𝑐 ,  (7) 

 
 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.1
0 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.2
0.1 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.3
0.2 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.4
0.3 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.5
0.4 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.6
0.5 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.7
0.6 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.8
0.7 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.9
0.8 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073; 

      
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)1
0.9 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

 ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦0
−∞ = 0.168;

  
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦∞
1 = 0.168.

  

�𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = 0.168 + 0.666 + 0.168 = 1
  

 
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = 2

√𝜋𝜋𝜋𝜋
∫ 𝑒𝑒𝑒𝑒−𝑡𝑡𝑡𝑡2𝑥𝑥𝑥𝑥
0 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  (1) 

 
 

 𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥) = 1
2

+ 1
2
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(−2 + 4 𝑋𝑋𝑋𝑋−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
) (2) 

 

𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = �
0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 < 𝑎𝑎𝑎𝑎
1

𝑏𝑏𝑏𝑏−𝑎𝑎𝑎𝑎
𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 ≤ 𝑥𝑥𝑥𝑥 ≤ 𝑏𝑏𝑏𝑏

0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 > 𝑏𝑏𝑏𝑏
  (3) 

 
 

� 𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
+∞

−∞
= �

1
𝑏𝑏𝑏𝑏 − 𝑎𝑎𝑎𝑎

𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
𝑏𝑏𝑏𝑏

𝑎𝑎𝑎𝑎
= 1 

 
 

𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒(𝐶𝐶𝐶𝐶2(𝑦𝑦𝑦𝑦)) ⋅ |𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦)|  (4) 
 

where:  
 

𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦) = 1
2
⋅ (1

4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 −

1
4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)𝜋𝜋𝜋𝜋

1
2 �

2 + 1
2
𝜋𝜋𝜋𝜋 ⋅ (2𝑦𝑦𝑦𝑦 − 1)2 + 7

48
𝜋𝜋𝜋𝜋2 ⋅ (2𝑦𝑦𝑦𝑦 − 1)4 +

+ 127
2880

𝜋𝜋𝜋𝜋3 ⋅ (2𝑦𝑦𝑦𝑦 − 1)6
�   (5) 
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π   (6) 

 
 

𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦𝑑𝑑𝑑𝑑
𝑐𝑐𝑐𝑐 ,  (7) 

 
 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.1
0 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.2
0.1 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.3
0.2 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.4
0.3 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.5
0.4 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.6
0.5 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.7
0.6 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.8
0.7 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.9
0.8 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073; 

      
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)1
0.9 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

 ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦0
−∞ = 0.168;

  
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦∞
1 = 0.168.

  

�𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = 0.168 + 0.666 + 0.168 = 1
  

Fig. 4 shows a graph of the probability density 
function (4).

The determined probability density function of 
random variables pertaining to numerical values of 
single quality indicator assessments on a dimension-
less scale makes it possible to find the probability that 
the value of a random variable Y can be in a certain 
range (c, d):

 
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = 2

√𝜋𝜋𝜋𝜋
∫ 𝑒𝑒𝑒𝑒−𝑡𝑡𝑡𝑡2𝑥𝑥𝑥𝑥
0 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  (1) 

 
 

 𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥) = 1
2

+ 1
2
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(−2 + 4 𝑋𝑋𝑋𝑋−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
) (2) 

 

𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = �
0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 < 𝑎𝑎𝑎𝑎
1

𝑏𝑏𝑏𝑏−𝑎𝑎𝑎𝑎
𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 ≤ 𝑥𝑥𝑥𝑥 ≤ 𝑏𝑏𝑏𝑏

0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 > 𝑏𝑏𝑏𝑏
  (3) 

 
 

� 𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
+∞

−∞
= �

1
𝑏𝑏𝑏𝑏 − 𝑎𝑎𝑎𝑎

𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
𝑏𝑏𝑏𝑏

𝑎𝑎𝑎𝑎
= 1 

 
 

𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒(𝐶𝐶𝐶𝐶2(𝑦𝑦𝑦𝑦)) ⋅ |𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦)|  (4) 
 

where:  
 

𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦) = 1
2
⋅ (1

4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 −

1
4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)𝜋𝜋𝜋𝜋

1
2 �

2 + 1
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𝜋𝜋𝜋𝜋 ⋅ (2𝑦𝑦𝑦𝑦 − 1)2 + 7
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+ 127
2880
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𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦𝑑𝑑𝑑𝑑
𝑐𝑐𝑐𝑐 ,  (7) 

 
 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.1
0 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.2
0.1 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.3
0.2 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.4
0.3 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.5
0.4 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.6
0.5 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.7
0.6 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.8
0.7 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.9
0.8 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073; 

      
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)1
0.9 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

 ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦0
−∞ = 0.168;

  
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦∞
1 = 0.168.

  

�𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = 0.168 + 0.666 + 0.168 = 1
  

(7)

where q(y) - probability density function of the distri-
bution of a random variable Y.

If the tolerance field of a quality indicator is 
divided into zones, it is evident from the principles of 
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qualimetrics that manufacturers aim for the actual 
values of the quality indicator to be centrally posi-
tioned within the tolerance field. Values at the edges 
of the tolerance field are considered risky, as random 
factors affecting the technological system may cause 
the actual quality indicator to fall outside the toler-
ance field, leading to a product defect. Therefore, it is 
crucial for decision-makers to understand the prob-
ability of the actual value of the quality indicator 
falling within a certain range, which equates to the 
probability of producing low-quality products.

The likelihood that a random value of quality 
indicator estimates falls within a specified interval is 
calculated to determine this probability. This is done 
by determining the integral based on the formula (7).

Table 1 is constructed based on the results of the 
calculations.

 
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = 2

√𝜋𝜋𝜋𝜋
∫ 𝑒𝑒𝑒𝑒−𝑡𝑡𝑡𝑡2𝑥𝑥𝑥𝑥
0 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  (1) 

 
 

 𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥) = 1
2

+ 1
2
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(−2 + 4 𝑋𝑋𝑋𝑋−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
) (2) 

 

𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = �
0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 < 𝑎𝑎𝑎𝑎
1

𝑏𝑏𝑏𝑏−𝑎𝑎𝑎𝑎
𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 ≤ 𝑥𝑥𝑥𝑥 ≤ 𝑏𝑏𝑏𝑏

0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 > 𝑏𝑏𝑏𝑏
  (3) 

 
 

� 𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
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1
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= 1 

 
 

𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒(𝐶𝐶𝐶𝐶2(𝑦𝑦𝑦𝑦)) ⋅ |𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦)|  (4) 
 

where:  
 

𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦) = 1
2
⋅ (1

4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 −

1
4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚)𝜋𝜋𝜋𝜋
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2 �

2 + 1
2
𝜋𝜋𝜋𝜋 ⋅ (2𝑦𝑦𝑦𝑦 − 1)2 + 7
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𝜋𝜋𝜋𝜋2 ⋅ (2𝑦𝑦𝑦𝑦 − 1)4 +
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𝜋𝜋𝜋𝜋3 ⋅ (2𝑦𝑦𝑦𝑦 − 1)6
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𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦𝑑𝑑𝑑𝑑
𝑐𝑐𝑐𝑐 ,  (7) 

 
 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.1
0 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.2
0.1 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.3
0.2 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.4
0.3 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.5
0.4 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.6
0.5 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.7
0.6 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.8
0.7 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.9
0.8 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073; 

      
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)1
0.9 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

 ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦0
−∞ = 0.168;

  
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦∞
1 = 0.168.

  

�𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = 0.168 + 0.666 + 0.168 = 1
  

 
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = 2

√𝜋𝜋𝜋𝜋
∫ 𝑒𝑒𝑒𝑒−𝑡𝑡𝑡𝑡2𝑥𝑥𝑥𝑥
0 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  (1) 

 
 

 𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥) = 1
2

+ 1
2
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(−2 + 4 𝑋𝑋𝑋𝑋−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
) (2) 

 

𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = �
0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 < 𝑎𝑎𝑎𝑎
1

𝑏𝑏𝑏𝑏−𝑎𝑎𝑎𝑎
𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 ≤ 𝑥𝑥𝑥𝑥 ≤ 𝑏𝑏𝑏𝑏

0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 > 𝑏𝑏𝑏𝑏
  (3) 

 
 

� 𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
+∞
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1
𝑏𝑏𝑏𝑏 − 𝑎𝑎𝑎𝑎

𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
𝑏𝑏𝑏𝑏

𝑎𝑎𝑎𝑎
= 1 

 
 

𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒(𝐶𝐶𝐶𝐶2(𝑦𝑦𝑦𝑦)) ⋅ |𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦)|  (4) 
 

where:  
 

𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦) = 1
2
⋅ (1

4
𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 −

1
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1
2 �
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𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦𝑑𝑑𝑑𝑑
𝑐𝑐𝑐𝑐 ,  (7) 

 
 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.1
0 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.2
0.1 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.3
0.2 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.4
0.3 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.5
0.4 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.6
0.5 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.7
0.6 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.8
0.7 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.9
0.8 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073; 

      
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)1
0.9 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

 ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦0
−∞ = 0.168;

  
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦∞
1 = 0.168.

  

�𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = 0.168 + 0.666 + 0.168 = 1
  

 
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = 2

√𝜋𝜋𝜋𝜋
∫ 𝑒𝑒𝑒𝑒−𝑡𝑡𝑡𝑡2𝑥𝑥𝑥𝑥
0 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  (1) 

 
 

 𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥) = 1
2
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  (3) 
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where:  
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1
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𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦𝑑𝑑𝑑𝑑
𝑐𝑐𝑐𝑐 ,  (7) 

 
 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.1
0 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.2
0.1 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.3
0.2 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.4
0.3 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.5
0.4 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.6
0.5 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.7
0.6 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.8
0.7 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.9
0.8 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073; 

      
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)1
0.9 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

 ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦0
−∞ = 0.168;

  
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦∞
1 = 0.168.

  

�𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = 0.168 + 0.666 + 0.168 = 1
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 𝑦𝑦𝑦𝑦(𝑥𝑥𝑥𝑥) = 1
2

+ 1
2
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(−2 + 4 𝑋𝑋𝑋𝑋−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚−𝑋𝑋𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
) (2) 

 

𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥) = �
0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 < 𝑎𝑎𝑎𝑎
1

𝑏𝑏𝑏𝑏−𝑎𝑎𝑎𝑎
𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑎𝑎𝑎𝑎 ≤ 𝑥𝑥𝑥𝑥 ≤ 𝑏𝑏𝑏𝑏

0 𝑎𝑎𝑎𝑎𝑑𝑑𝑑𝑑 𝑥𝑥𝑥𝑥 > 𝑏𝑏𝑏𝑏
  (3) 

 
 

� 𝑒𝑒𝑒𝑒(𝑥𝑥𝑥𝑥)𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
+∞

−∞
= �

1
𝑏𝑏𝑏𝑏 − 𝑎𝑎𝑎𝑎

𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥
𝑏𝑏𝑏𝑏

𝑎𝑎𝑎𝑎
= 1 

 
 

𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑒(𝐶𝐶𝐶𝐶2(𝑦𝑦𝑦𝑦)) ⋅ |𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦)|  (4) 
 

where:  
 

𝐶𝐶𝐶𝐶1(𝑦𝑦𝑦𝑦) = 1
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𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦𝑑𝑑𝑑𝑑
𝑐𝑐𝑐𝑐 ,  (7) 

 
 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.1
0 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.2
0.1 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.3
0.2 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.4
0.3 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.5
0.4 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.6
0.5 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.045; 

∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.7
0.6 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.048;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.8
0.7 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.056;

   
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)0.9
0.8 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.073; 

      
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)1
0.9 𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦 = 0.111;

 ∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦0
−∞ = 0.168;

  
∫ 𝑞𝑞𝑞𝑞(𝑦𝑦𝑦𝑦)𝑑𝑑𝑑𝑑𝑦𝑦𝑦𝑦∞
1 = 0.168.

  

�𝑃𝑃𝑃𝑃(𝑐𝑐𝑐𝑐 < 𝑦𝑦𝑦𝑦 < 𝑑𝑑𝑑𝑑) = 0.168 + 0.666 + 0.168 = 1
  

The integration results demonstrate that the sum 
of the areas of the intervals from 0 to 1 equals one, 
which validates the accuracy of the scientific research. 
For further development of the methodology for 
assessing the quality risks of qualimetry objects, it is 
essential to determine the distribution law of the 
random variables Y. This means selecting an appro-
priate distribution law with which the random varia-
bles will align. Understanding the distribution law 
will enhance the efficiency of solving practical risk 
assessment tasks.

3. Research results

To validate the effectiveness of the proposed risk 
assessment method, it is suggested to apply it to 
evaluate the quality of industrial production, specifi-
cally in the manufacture of high-precision parts in 
mechanical engineering. Internal combustion engines 
are critical components of vehicles, and the parts of 
the piston group (piston and cylinder liner) are 
among the most precise components in these engines. 
Thus, the proposed method was tested by using it to 
assess the risks associated with producing a low-
quality piston part.

In mechanical engineering, high-quality parts 
are those whose dimensions are as close as possible to 
the centre of the tolerance field. The tolerance field is 
defined by the difference between the minimum and 
maximum acceptable values for the part, as outlined 

Tab. 1. Probability of a random variable Y falling into the interval (c, d)

Range (с, d) 0-0.1 0.11-0.2 0.2-0.3 0.3-0.4 0.4-0.5 0.5-0.6 0.6-0.7 0.7-0.8 0.8-0.9 0.9-1 ∑

Probability 
P(c<y<d) 0.111 0.073 0.056 0.048 0.045 0.045 0.048 0.056 0.073 0.111 0.666
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Fig. 4. Graph of the probability density function of random variables (4) 
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in the technical documentation. Therefore, if the 
dimensions of a part approach the edges of the toler-
ance field, this signals that the manufacturing process 
may need correction or adjustment.

When manufacturing high-precision parts, sta-
tistical methods and mathematical statistics are used 
for quality control. The law governing the distribu-
tion of part dimensions, treated as random variables, 
is typically a uniform distribution, based on the 
principles of mechanical engineering technology.

A numerical experiment will be conducted to 
apply the proposed risk assessment method for evalu-

ating the production of a low-quality piston part, 
specifically focusing on the risk that the dimensions 
of the part may fall at the edges of the tolerance field.

The quality of the “piston” part is largely charac-
terised by the accuracy of the diameter dimensions: 
d1 = 82.867 ± 0.005 mm; d2 = 82.238 ± 0.005mm;  
d3 = 81.704 ± 0.005 mm; and d4 = 21.979 ± 0.005 mm. 
A measurement experiment is carried out, which 
consists of measuring the listed quality indicators of 
parts in the order of their manufacture in the form of 
deviations from the middle of the tolerance field. 
According to formula (2), the assessment of the qual-

Tab. 2. Experimental data for assessing the quality indicators of the “piston” parts in the order of their manufacture

No. d1 = 82.867 ± 0.005 mm d2 = 82.238 ± 0.005 mm d3 = 81.704 ± 0.005 mm d4 = 21.979 ± 0.005 mm

хmin=82.862 mm хmin=82.233 mm хmin=81.699 mm хmin=21.974 mm

хmax=82.872 mm хmax=82.243 mm хmax=81.709 mm хmax=21.984 mm

Evaluation y(x) of a quality indicator on a dimensionless scale

1 0.213 0.170 0.935 0.893

2 0.480 0.813 0.002 0.976

3 0.997 0.436 0.037 0.993

4 0.009 0.138 0.036 0.004

5 0.040 0.254 0.969 0.217

6 0.026 0.460 0.503 0.018

7 0.133 0.970 0.777 0.984

8 0.210 0.145 0.995 0.106

9 0.824 0.108 0.995 0.993

10 0.011 0.976 0.039 0.989

11 0.026 0.060 0.996 0.953

12 0.474 0.875 0.314 0.080

13 0.361 0.023 0.092 0.063

14 0.053 0.998 0.320 0.570

15 0.363 0.293 0.346 0.950

16 0.617 0.286 0.003 0.400

17 0.394 0.081 0.067 0.706

18 0.984 0.975 0.072 0.961

19 0.004 0.995 0.110 0.004

20 0.950 0.169 0.073 0.828

21 0.938 0.082 0.983 0.698

22 0.992 0.481 0.008 0.098

23 0.891 0.006 0.970 0.992

24 0.998 0.474 0.535 0.009

25 0.739 0.621 0.668 0.988

26 0.046 0.113 0.655 0.055

27 0.014 0.305 0.563 0.974

28 0.005 0.649 0.979 0.167

29 0.963 0.993 0.013 0.859

30 0.171 0.797 0.978 0.297
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Tab. 3. Probability of finding the value of estimates of a random variable Y in the range (c, d)

Range (с, d) 0-0.1 0.1-0.2 0.2-0.3 0.3-0.4 0.4-0.5 0.5-0.6 0.6-0.7 0.7-0.8 0.8-0.9 0.9-1.0 ∑

Probability 
P(c<y<d)

0.17 0.11 0.1 0.07 0.05 0.05 0.07 0.1 0.11 0.17 1

ity indicator is determined by y(x) on a dimensionless 
scale. The results of the assessment are summarised in 
Table 2.

Substituting the results of the measurement 
experiment from Table 1 into formulas (4), (5) and 
(6) provides the experimental (empirical) probability 
density function q(y).

Applying formula (7) obtains the probabilities of 
falling into the assessment range (c, d). The results of 
the calculations are presented in Table 3.

The integration results demonstrated that the 
sum of the probabilities for the estimates of the ran-
dom variable Y equals one, providing experimental 
confirmation of the reliability of the scientific 
research.

The next stage in advancing the proposed quali-
metric method involves determining the distribution 
law of functionally dependent statistics along the OY 
axis and deriving effective estimates for its parame-
ters. This will necessitate further scientific investiga-
tion to ensure accuracy and applicability.

4. Discussion of the results

The proposed method of assessing product qual-
ity risks using functionally dependent statistics based 
on the error function complements and enhances 
existing risk assessment methodologies. In contrast 
to traditional approaches such as FMEA (Ouyang et 
al., 2020), which rely heavily on expert judgment and 
often focus on the consequences rather than the 
causes of defects, the presented approach enables the 
calculation of quality risks based on mathematical 
formalism. This reduces subjectivity and enhances 
reproducibility.

The use of a nonlinear error function aligns with 
the theoretical principles of qualimetry, as supported 
by studies by Khomiak et al. (2025; 2024), which 
propose similar nonlinear transformations in the 
energy sector. Furthermore, the application of a 
dimensionless scale, as developed in this article, cor-
responds with the findings by Cherniak et al. (2024) 
and Trishch et al. (2024), where quality indicators are 
evaluated without reference to measurement units, 
making cross-comparison possible across various 
domains.

Unlike methods based on fuzzy logic (Gul et al., 
2024; Irfan et al., 2022) or artificial neural networks 
(Canon et al., 2023; Palakurti, 2025; Yazdi et al., 
2024), which require either expert-defined member-
ship functions or large datasets for training, the pro-
posed method is based purely on objective statistical 
distributions. This allows for its application even in 
data-scarce environments, such as in high-precision 
engineering or pilot-scale production, where real-
time decision-making is crucial.

As such, the proposed method fills a significant 
methodological gap by offering a universal, mathe-
matically rigorous, and easily implementable 
approach to quantifying quality risks. It can be inte-
grated into existing quality management systems 
(e.g., ISO 9001 and ISO/IEC 17025) and used to 
enhance product quality monitoring, particularly in 
industries where standardisation and risk minimisa-
tion are critical.

Conclusions

This study presents and validates a universal 
methodology for assessing the risk of manufacturing 
products of a given quality by applying nonlinear 
mathematical dependencies derived from the error 
function. The proposed approach enables the transfor-
mation of measured quality indicators into a dimen-
sionless scale and the construction of functionally 
dependent statistics. The key theoretical contribution 
lies in substantiating the applicability of the error func-
tion to qualimetric assessments under the assumption 
of uniform distribution of quality indicators.

From a theoretical standpoint, the developed 
model contributes to the field of qualimetry and sta-
tistical quality control by offering a mathematically 
grounded, non-subjective approach to evaluating 
quality risk. Unlike traditional expert-based methods 
(e.g., FMEA), this methodology allows for analytical 
determination of risk intervals without human bias. 
The application of nonlinear functional dependence 
provides a more accurate reflection of quality varia-
tion near tolerance boundaries, aligning with the core 
principles of qualimetry.

Practically, the model can be integrated into 
quality assurance procedures in high-precision 
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industries such as mechanical engineering, metrol-
ogy, and manufacturing of critical components. The 
implementation of the proposed method in spread-
sheet tools (e.g., Excel) allows for easy adoption in 
real production environments without the need for 
complex software or AI systems. It also enables con-
tinuous monitoring of product quality and early 
detection of trends leading to defects.

One key limitation of the current study is the 
assumption of a uniform distribution of quality indi-
cators. While this assumption is reasonable in certain 
manufacturing contexts, it may not hold universally, 
especially in processes characterised by systematic 
deviations or multimodal distributions. Another 
limitation is the use of synthetic data in testing, 
which, although illustrative, requires further valida-
tion on large-scale real production datasets across 
multiple industries.

Future research should focus on extending the 
methodology to account for other statistical distribu-
tions, such as normal or beta distributions, which 
may better represent quality variation in different 
sectors. Additionally, integrating this model with 
real-time data acquisition systems and developing 
automated software tools for dynamic risk visualisa-
tion could enhance its practical value. Comparative 
studies involving industry-standard methods (e.g., 
Six Sigma, AI-based prediction models) will help 
position this methodology more clearly within the 
landscape of quality management tools.
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