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Abstract Keywords:

The article presents an analytical solution for determining the vertical Castigliano’s Theorem;
deformation of a three-hinged arch subjected to a point load at its Deflection;

apex. The theoretical approach is grounded in Castigliano's theorem Three-hinged Arch;
and utilizes the principle of superposition of strain energy along the Strain Energy;

arch. A parametric study is included, examining various curvature Semi-circle.

radius-to-beam thickness ratios to assess when the contributions of
strain energy from shear and axial forces must be considered. The
parametric study is based on varying the ratio R/h, which ranges from
a value of 100 to 0.25. The findings are validated through finite
element analysis (FEA) computational models and experimental
measurements.

1 Introduction

For the calculation of deflections in curved beams, Castigliano's theorem, based on the principle
of strain energy, can be utilized. In practice, a common scenario involves curved beams where the
cross-sectional dimensions are small compared to the radius of curvature. In cases of analysing
curved beams with a high R/h ratio, the vertical deformation of the curved beam can be calculated
using a formula derived from the strain energy predominantly caused by bending moments. The
analytical expression for vertical deformation caused primarily by the bending moment for straight and
curved beams is presented in [1].

For engineering practice, it is important to understand the significance and contribution of other
internal forces to the overall deformation, and therefore, the article provides an analytical solution for
calculating the vertical deformation at the apex of a curved beam, including cases where the R/h ratio
is low, requiring the contribution of strain energy induced by axial and shear forces to be considered.
The threshold at which axial and shear forces become significant is determined from a parametric
study using finite element models. The result of the parametric study highlights the significance of
individual internal forces depending on the R/h ratio. The theoretical study is also validated through
experimental measurements conducted under laboratory conditions at the University of Limerick in
Ireland.

2 Castigliano’s teorem

According to [2], Castigliano's theorem can be applied to calculate deflections in structures
when the principle of superposition is valid, and the structural behaviour is linearly elastic. The
capabilities of materials for elastic deformation based on their material properties are described in
studies [3, 4, 5]. Additionally, a critical condition is that the expression for strain energy must be a
function of the applied loads rather than displacements. When these conditions are met, the vertical
deformation can be determined using Castigliano's theorem:

au

s=2 (1)
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where:

U - strain energy,

P - load,

0 - resulting deflection of the structure.

According to [6], the magnitude of strain energy, including all acting internal forces as well as
the interaction between axial force and bending moment, can be expressed as follows:

M2 N2  MN aQ?
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2EI  2AE RAE = 2AG

)ds, (2)

where:

M, N, Q - internal forces,

A - cross sectional area,

E - Young's modulus,

G - Shear modulus,

a - Timoshenko shear coefficient,
| - moment of inertia.

In bending within the plane of curvature, as noted by [7-8], each cross-section will experience
an axial force N, a shear force Q, and a bending moment M. The aim of the presented study is to
evaluate, based on Equation (2), the percentage contribution of all these internal forces to the vertical
deflection of a three-hinged semi-circular arch subjected to a point load at its apex.

3 The theoretical solution for three-hinged arch

The analytical solution for the vertical deflection at the apex of a semi-circular arch is developed
for a three-hinged arch with a point load at the apex. The geometry of the arch (Fig. 1) is described
using polar coordinates for half of the span, considering symmetry.
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Fig. 1: The geometry of a three-hinged arch subjected to a point load at its apex can be described in
polar coordinates.

Based on the given geometry, the internal force magnitudes can be expressed in polar
coordinates using equations (3), (4), and (5).

M= ?(1 — Cos(8) — Sin(6)), (3)
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N = _Z—P(Sin(é?) + Cos(0)), (4)
Q = Z(Sin(6) — Cos(9)), (5)
where:

R - radius of the circle,
6 - angular coordinate.

By substituting the expressions (2), (3), (4), and (5) into equation (1), it is possible to define the
relationship for calculating the vertical deflection:

5= _ 4,5, f§(£+£—ﬂ+a—(22)Rd9] —9. [PR3(n—3)+P
ap;  dp; 0 \261 ' 24E RAE ' 24G 4EI
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, (6)

Considering the symmetric nature of the semi-circular three-hinged arch subjected to a load at
its apex, it is sufficient to solve the integral equations for only half of the arch, from the support to the
apex. To account for the other half of the structure, the final solution must be multiplied by a factor of
2. The limits of the integral are also derived from the conditions of symmetry. By substituting equations
(3), (4), and (5) into equation (2), applying the corresponding integral limits, and differentiating the
resulting expression for strain energy with respect to the applied load, we obtain an analytical solution
for the vertical deflection of the three-hinged semi-circular arch.

The first term in the solution presented in equation (6) represents the contribution of the bending
moment to the total deflection at the apex. The second term accounts for the effect of axial forces. The
third term captures the interaction between the bending moment and the axial force, while the final
term represents the contribution of shear force to the total vertical deformation.

Boresi [9], in his study, notes that when the bending moment M and the axial force N have the
same sign, the resulting expression for the inter-action term becomes negative. In typical cases, the
strain energy contribution from the interaction term is very small and, in many instances, negative.
Based on the conclusions presented in [9], it is recommended to disregard the interaction term in the
equation if its value is negative. This simplification is justified because the negative interaction term
often has a negligible impact on the overall strain energy and deformation.

Based on the presented arguments and the negative result of the interaction term between the
bending moment and the axial force, this term is neglected in further calculations in the article for
verifying experimental measurements and validating the parametric study.

4 Parametric study

Based on the geometry of the three-hinged arch (Fig. 1) and Equation (6), a parametric study
was conducted for various ratios of the radius of curvature (R) to the section height (h), ranging from
100 to 0.25. The accuracy of the theoretical results derived using Castigliano's theorem was verified
through finite element analysis models. For the tested ratios, the following material properties were
assumed: Young’s modulus E = 210 GPa, Poisson’s ratio v = 0.28, shear coefficient for rectangular
sections a = 1.2, and a constant cross-sectional width was maintained. Additionally, the same load
was applied to all models.

For the comparison of theoretical solution results, multiple models based on the finite element
method were developed. The models were created using brick volumetric elements, and the results
were subsequently verified using beam models. The volume-element based model was implemented
as a contact problem in Abaqus, with hinged boundary conditions (Fig. 2) modelled to reflect the
experimental validation described in Section 5. The approximate global size of mesh seeds was
determined through a convergence test, resulting in a value of 1 mm. Further mesh refinement did not
lead to a significant increase in accuracy.
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Fig. 2: The boundary conditions of the FEA model with the allowance of rotation at the apex and at the
support locations of the three-hinged arch.

Table 1: Results of the parametric study and the percentage contribution of internal forces.

R | Theow | FEAmodel | Discrepancy | il | force | Force
[%] [%] [%]
100 2.02E+02 2.02E+02 0.002 99.97 0.02 0.01
33.333 | 7.51E+00 7.51E+00 0.000 99.77 0.14 0.09
20 1.63E+00 1.63E+00 -0.002 99.36 0.38 0.26
10 2.07E-01 2.07E-01 0.002 97.51 1.48 1.02
8 1.08E-01 1.08E-01 -0.001 96.16 2.27 1.57
6.667 6.34E-02 6.34E-02 0.000 94.56 3.22 2.22
5.714 4.07E-02 4.07E-02 -0.001 92.73 4.30 2.97
5 2.79E-02 2.79E-02 -0.001 90.72 5.49 3.79
4 1.50E-02 1.50E-02 -0.001 86.22 8.15 5.63
2.857 6.20E-03 6.20E-03 -0.001 76.14 14.11 9.75
2 2.654E-03 2.654E-03 0.012 60.99 23.07 15.94
1.333 1.170E-03 1.170E-03 0.018 41.00 34.89 24.10
1 7.203E-04 7.200E-04 0.046 28.10 42.52 29.37
0.800 | 5.180E-04 5.180E-04 0.002 20.01 47.31 32.68
0.667 | 4.053E-04 4.050E-04 0.075 14.80 50.39 34.81
0.571 3.338E-04 3.340E-04 -0.067 11.32 52.45 36.23
0.5 2.843E-04 2.840E-04 0.110 8.90 53.88 37.22
0.444 2.480E-04 2.480E-04 0.002 717 54.91 37.93
0.4 2.202E-04 2.200E-04 0.077 5.89 55.66 38.45
0.364 1.981E-04 1.980E-04 0.056 4.91 56.24 38.85
0.333 1.802E-04 1.800E-04 0.099 4.16 56.68 39.15
0.308 1.653E-04 1.650E-04 0.179 3.57 57.03 39.40
0.286 1.527E-04 1.530E-04 -0.174 3.09 57.32 39.59
0.267 1.420E-04 1.420E-04 -0.011 2.70 57.55 39.75
0.25 1.327E-04 1.330E-04 -0.244 2.38 57.73 39.88

The maximum recorded discrepancy between the results of the FEA models and the
theoretical solution was just 0.24 %, confirming the high reliability of the analytical approach. Tab. 1
presents the percentage contributions of internal forces affecting the resulting vertical deformation at
the apex of the arch under a concentrated load applied at the apex. These contributions are shown as
a function of the R/h ratio. Based on the data in the graphical representation in Fig. 3, it can be
observed that as the R/h ratio decreases, the influence of axial and shear forces on the total
deformation of the semi-circular arch increases significantly.
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Fig. 3: Graphical dependence of the R/h ratio and the percentage contribution of internal forces to the
vertical deflection.

The effect of internal forces on the total deformation is reflected in the form of strain energy. For
an R/h ratio of 10, the strain energy contribution from the bending moment constitutes 97.5 % of the
total. This suggests that for arches with such a ratio, the vertical deformation could be calculated
analytically by considering only the first term in Equation (6). Neglecting the contributions of axial and
shear forces in this case would not introduce significant. However, for lower R/h ratios, the results
indicate the necessity of including the effects of axial and shear forces in manual calculations to
achieve sufficient accuracy.

5 Experimental measurements

To verify the accuracy of the theoretical solution, an experimental measurement was conducted
in laboratory conditions (Fig. 4) at the University of Limerick. The tested semi-circular arch (made of a
low carbon steel) had a radius of R = 0.5 m and cross-sectional width of b = 0.025 m and height
h = 0.020 m. The assumed material properties were a Young's modulus of E = 210 GPa and Poisson’s
ratio of v = 0.28.

Fig. 4: Experimental measurement of the arch with a radius of 500 mm, component details.
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The supports were pinned, and an apex pin was also included to yield a three-hinged arch (Fig.
1). The support points of the arch carried vertical and horizontal reactions and allowed rotation of the
support, while the hinged connection at the apex of the arch was secured with a steel pin, allowing
free rotation at this point. The measurement results are presented in Table 2.

Table 2: Results comparison.
R/h P | ATheory | AEXP
[-] [N] [mm] [mm]

25.36 | 2000 6.620 6.813

The percentage difference between the theoretical predicted apex deflection and the measured
deflection was 2.92 % at a force of 2 kN.

5.1 Discussion on Further Research

The results of the presented case study provide a basis for ongoing research on secondary
bending, which occurs in multilayered beam structures, both straight and curved. The secondary
bending effect [1] manifests as deformations in the beams between shear blocks (Fig. 5). This
phenomenon induces an additional contribution of strain energy along the beam, which subsequently
leads to an increase in deflection at the arch apex.

Similarly to the presented solid model case, the Castigliano theorem can be applied to calculate
the resulting deformation. However, in the case of a multilayered beam assembly, a detailed analysis
of the distribution of internal forces in the regions between shear blocks is required.

Fig. 5: Secondary bending, tests on a two-layer beam assembly.

For a proper analysis of the strain energy magnitude in a multilayered beam assembly based on

Castigliano’s theorem, it is essential to determine in which cases, for which parameters, and to what
extent the significance of individual internal force components increases, starting with the fundamental
scheme of a solid three-hinged semicircular arch.
Given the planned testing of multiple two-layer semicircular arch samples with varying numbers and
positions of shear blocks, the presented case (Fig. 4) was not only used for result validation but also
for assessing the design of the test setup, the hinged behaviour of supports, rotation at the apex, and
potential sample tilting during the experiments.

6 Conclusion

The article presents the theoretical solution for the vertical deflection at the apex of a three-
hinged semi-circular arch subjected to a point load acting at the apex. The solution also accounts for
the strain energy due to axial and shear forces acting on the arch.

This study includes a parametric analysis for various R/h ratios, with results showing that for low
ratios, it is necessary to include the effects of axial and shear forces in the calculation. For a ratio of
R/h = 5, neglecting these effects would lead to an error of 9.28 %. All results of the theoretical study
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were verified using FEA models. Understanding the contribution of each term provides valuable insight
into the structural behaviour, helping Engineers optimize the design.

The achieved difference between the theoretical solution for the vertical deflection of the three-
hinged semi-circular arch at the apex, according to equation (6), and the experimental measurements
is at most 0.24 %.

The achieved difference between the theoretical solution and experimental measurement is
2.92 %. The difference between the results can be attributed to the discrepancy between the actual
material properties and the idealized material properties used in the calculation, as well as
inaccuracies in the geometry along the arch caused by the water jet cutting process used to create the
arch. Experimental measurement could be refined by conducting material tests [10, 11].

The results of the parametric study and experimental measurements provide insight into the
contribution of individual internal forces to the overall vertical deformation of the circular arch. The
presented solution could be extended to analyse non-semi-circular arches based on the relationships
in [12]. However, the presented analytical solution offers a quick and practical engineering approach to
preliminarily estimate the deformation of the arch and verify the size of the sections used in the
construction. The use of curved elements in architecture is becoming more common. Therefore, it is
necessary to focus on simplified approaches for verifying safety and dimensioning structural elements.
These methods could also be applied to more complex shapes of shell structures, as discussed in [13-
15]. Additionally, grid-shell structures created in a more complex manner, including active bending
[16], could also benefit from such approaches. In these cases, materials other than steel, such as
timber or GFRP, can be used. According to the information in [17], the use of GFRP material is also
increasing today, and based on the graphical representation of Young's modulus of elasticity and
flexural strength in [3], this material is considered sufficiently elastic to create curved shapes.
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