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Abstract: In this paper, we address a non-convex vector opti-
mization problem, in which the objective function and constraints
are defined as differences of convex vector-valued maps. By employ-
ing a separation argument, we derive necessary optimality condi-
tions, expressed in terms of e-regularized subdifferentials, for a point
to be an e-weak local quasi-efficient solution. To ensure the paper is
self-contained, we also present sufficient optimality conditions and
provide examples to illustrate the results.
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1. Introduction

In optimization programming, finding an exact minimizer is not always possible,
leading to the development of approximate solutions, such as e-solutions and e-
quasi-solutions, which are essential in algorithmic analysis. This concept, intro-
duced by Loridan (1982), is notably inspired by Ekeland’s Variational Principle
(Ekeland, 1974). Subsequently, many researchers explored approximate solu-
tions in convex and nonconvex optimization problems, establishing necessary
conditions for these solutions under various constraint qualifications (Attouch
and Rishi, 1993; Dutta, 2005; Hamel, 2001; Mordukovich and Wang, 2002).

Over the past decades, the concept of approximate solutions for multiob-
jective optimization problems (MOPs) has garnered significant attention from
researchers, due to several reasons. On the one hand, iterative and heuristic
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algorithms inevitably produce approximate solutions. On the other hand, while
the set of efficient solutions may be empty, under relatively mild conditions,
the set of approximately efficient points can still be nonempty. The concept
of e-approximate solutions was extended to MOPs by Loridan (1984). Since
then, several researchers have investigated approximate solutions in the context
of multiobjective optimization (Gadhi, 2024; Ghaznavi-Ghosoni and Khorran,
2011; Li and Wang, 1998; Liu, 1999). For example, Li and Wang ((1998) intro-
duced the concept of e-proper efficiency and established the necessary conditions
for e-properly efficient points in a general MOP, using a scalarization technique.
Later, Liu ((1999) derived a necessary and sufficient condition for e-properly ef-
ficient points in a convex MOP. Then, Ghaznavi-Ghosoni and Khorram (2011)
established the necessary and sufficient conditions for approximate weakly effi-
cient points in an MOP.

In this paper, we study the optimality conditions for e-weak quasi-efficient
solutions in the context of difference-of-convex (D.C.) vector optimization prob-
lems

P): Ky —Min G(z)— H (x)
' subject to: xz € C and Gy (z) — Hy (x) € =Kz,

where X is a normed linear space, Y and Z are topological vector spaces, Ky C
Y and Kz C Z are pointed, closed, and convex cones with nonempty interiors,
G, H: X — Y are Ky-convex mappings, G1, Hy : X — Z are Kz-convex
mappings and C' is a closed and convex subset of X.

The abbreviation D.C. refers to cases, in which the objective and/or con-
straint functions are expressed as differences of convex functions. Notably, many
nonconvex mappings encountered in nonsmooth optimization fall into this cat-
egory. Over the past few decades, extensive research has been conducted on
nonconvex vector optimization problems (see Benslimane, Gadhi and Zerrifi,
2024; Gadhi, 2024; Gadhi and Metrane, 2004; Laghdir and Metrane, 2005; Guo
and Li, 2014; Khazayed and Farajzadeh, 2022; Shafie and Bozorgnia, 2019; Su
and Hang, 2022). For instance, Su and Hang (2022) established Kuhn-Tucker
and Fritz John necessary optimality conditions for local weak minimizers in
fractional multiobjective programming problems involving set, cone, and equal-
ity constraints, along with sufficient optimality conditions for these minimizers.
Gadhi and Metrane (2004) employed the Diff-Max concept and e-subdifferentials
for convex mappings to derive sufficient optimality conditions for a D.C. vec-
tor optimization problem of type (P). Meanwhile, Gadhi, Laghdir and Me-
trane (2005) provided global necessary and sufficient optimality conditions for
D.C. vector optimization problems with reverse convex constraints. Guo and
Li (2014) formulated necessary and sufficient conditions for an e-weak Pareto
minimal point and an e-proper Pareto minimal point, using an alternative theo-
rem in conjunction with the concept of approximate pseudodissipativity (Penot,
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2011). Having challenged some of Guo and Li’s results using counterexamples,
Shafie and Bozorgnia (2019) and Khazayel and Farajzadeh (2022) proposed al-
ternative optimality conditions. Recently, Gadhi (2024) established sufficient
optimality conditions for (P) using e-approximate pseudo-dissipativity, and, in
the process, corrected certain existing results from Guo and Li (2024), Khazayed
and Farajzadeh (2022) and Shafie and Bozorgnia (2019)

All the results cited above were formulated using e-subdifferentials for con-
vex mappings, where the perturbation ¢ € Ky is assumed to be constant. But
what if this perturbation were not constant and, instead, decreased as we ap-
proached the point under consideration? Such a technique could lead to more
precise and refined optimality conditions, taking into account the local behavior
of the function. Additionally, given the convex nature of the functions defining
the problem, we wonder if it is possible to directly derive the optimality con-
ditions, without relying on alternative theorems for the necessary conditions or
approximate pseudo-dissipativity for the sufficient ones.

To address the questions that have just been raised, we have undertaken
this work. Our approach consists of using the Hahn-Banach separation theorem
and e-regularized subdifferentials to establish the necessary conditions for a
point to be an e-weak local quasi-efficient solution of problem (P). With these
results established, and using a result of Diir (2003), related to local minima
of D.C. functions, we provide sufficient conditions for e-weak quasi-efficiency
and illustrate our findings with examples. When ¢ = 0Oy, we recover certain
results that have already been published in the literature. To the best of our
knowledge, no previous work has addressed optimality conditions for e-weak
local quasi-efficiency in D.C. vector optimization problems using e-regularized
subdifferentials.

The remainder of the paper is organized as follows: Section 2 presents the
basic definitions and preliminary material from nonsmooth variational analysis.
Sections 3 and 4 discuss the main results, focusing on the optimality conditions.
Finally, Section 5 provides the conclusion.

2. Preliminaries

In this paper, we consider X, Y and Z as topological vector spaces, where
the origins of Y and Z are denoted by 0Oy and 0z, respectively. The dual
spaces of Y and Z are denoted by Y™ and Z*, respectively, with the duality
pairing represented by (.,.). Let L (X,Y") denote the set of all linear continuous
operators from X to Y. We define Ky C Y (and similarly Kz C Z) as a proper,
convex, and closed cone with a nonempty interior (i.e., intKy # (), which
induces a partial order in Y (and in Z), defined by

Yy<gz<=z—ye€Ky.
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The positive dual cone K5 of Ky is defined by
Ky ={y"eY*: (y*,y) >0forallye Ky}.

Note that when Y = R, the cone Ky is defined as [0, +00[, and consequently, its
dual cone K3 is also [0, 4o00[. For a subset Z of X, d= stands for the indicator
function, defined by

0 if ez,
55(””)'_{ too if z¢=.

The following property, established by Craven (1995), will be used throughout
the rest of the paper.

PRrROPOSITION 1 (CRAVEN, 1995) If intKy # 0, then

y € intKy < (y*,y) >0, Vy* € K3\ {0}.

Let C' be a nonempty convex subset of X. Given that convexity is crucial
to the following investigations, let us revisit the following concept, see Zowe
(1974). A vector-valued map F : X — Y is said to be Ky-convex on C if for
all 1, o € C and 0 < XA < 1, one has

v (331) + (1 — )\)F(Z‘g) — F(/\l‘l + (1 — /\) J)g) c Ky.

Given € € Ky and T € X, the e-subdifferential of F' at T and the e-regularized
subdifferential of F' at T are defined by

O.F (@) ={TeLlL(X,)Y):F(x)-FZ)-T(x—-7)+e€ Ky, Vx € X}
and

OLF (T) :=
{TeL(X,)Y):F(x)—-F@) —T(x—T)+e|x—Z|| € Ky, Vo € X},

respectively. The key distinction between e-subdifferentials and e-regularized
subdifferentials lies in the perturbation: in the e-subdifferential, the pertur-
bation ¢ is constant, while in the e-regularized subdifferential, ¢ is scaled by
the norm ||z — Z||, making it more sensitive to the distance between z and 7.
This implies that the perturbation’s effect diminishes as x approaches . Conse-
quently, 07 F (Z) refines 0. F (T) , offering a potentially smaller and more precise
set of subgradients by adapting the perturbation to the local geometry around
x. Observe that both 0.F (Z) and 97 F (Z) reduce to the strong subdifferential
OF (Z) (Zowe, 1974), given by

OF (T):={T € L(X,Y): F(z) - F(7) - T (x —7) € Ky, Vo € X},
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whenever € = Oy. It is worth mentioning that 0L F (z) = 9(F +¢||. — Z||) (T)
and that OF (T) C OIF (%) for all ¢ € Ky, which implies that Zalinescu’s
conditions (Zalinescu, 2008, Corollary 4) for ensuring the nonemptiness of the
strong subdifferential OF (T) are also sufficient to guarantee the nonemptiness
of the e-regularized subdifferential O F () .

EXAMPLE 1 Let T := 0 and consider the function F (x) := e®” . In this case, we
have

O-F (T) = [-2/£,2Ve] and OLF (T) = [—¢,¢], Ve >0,
which implies that
OLF (T) & 0-F (T), V4>¢e>0.

Clearly, this example shows that necessary optimality conditions expressed in
terms of e-reqularized subdifferentials, rather than e-subdifferentials, can provide
sharper conditions.

To progress, we need the following definition.

DEFINITION 1 Let € € Ky and let Q2 be the set of all feasible solutions of (P),
defined by

Q:={xeC|G(z)—H(z)e —Kz}.

A feasible vector T € Q is said to be a e-weak local quasi efficient solution of
problem (P) iff there exists a neighborhood U of T such that for all x € U NQ,
we have

(G(z) - H(2)) = (G(@) - H(T)) +elz—Z| ¢ —intKy. (1)

A feasible vector T € Q is said to be a weak local efficient solution of problem
(P) iff there exists a neighborhood U of T such that for all x € U NS, we have

(G (2) = H (2)) = (G (z) — H (T)) ¢ —intKy. (2)

It is worth noting that any weak local efficient solution of problem (P) is also an
e-weak local quasi-efficient solution. However, the converse does not necessarily
hold, as demonstrated below.

EXAMPLE 2 LetT =0, X =Z =R, Y =R? C=[-2,2], Ky =R, K; =
R, and e = (1,0). Consider the functions G, H, Gy, Hy : R — R?, defined by

G(z) = (2%, —Vx), H(2) = (|z],2%), G1(z) =2 and H, (z) = 2.
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On the one hand, we have Q = [0,1], with G, H being Ky -convezr on €, and
G1, Hy being Kz-convex on . As

(G (2) — H (2)) — (G (@) — H(@)+¢ |le — 7| = (2>, —/z —2?) ¢ —intR2,

we conclude that T € Q is an e-weak local quasi efficient solution of problem
(P). On the other hand, T is not a weak local efficient solution of problem
(P). Indeed, for any neighbourhood U of T and for sufficiently large n, we have
% eUNQ, and

The following example illustrates an important property of the sequence
of approximate weak efficient solutions, namely, that it converges to a weak
efficient solution of problem (P).

EXAMPLE 3 Let {e},5; and {h,}, >, be sequences such that 0 < h,, < %+ and
en  — 0. Define the functions F, G : R — R? by

n——oo

G(z) = (Gy (z),Gy(x)) := (mQ,x4) and H (x) = (Hy (x), Hy (2)) := (2 || ,acQ) ,
Vx € R.

It can be verified that T = 1 and T = —1 are weak global efficient solutions of
the problem

) R2 — Min  G(x) — H ()
(@) { sugject to : reR

with
G(z)—H (z)=(-1,0).

The sequence x,, := 1+ hy,, which converges to T, is an (&n,en)-weak global
quasi-efficient solution of (Q). Indeed, let

U (x) = (U (z), P2 (z)) where Uy () =G (z) — Hy (z) and
Uy (z) := Go () — Ha (x) ,Vz € R.

Then,

U (z) = (2% = 2z|,z* —2%), ¥y (z) =2 —2|2| and ¥, (2) =zt —2?,
Vz € R.
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For n large enough and x sufficiently close to x,,, we have x > 0 and &, < 1. As
Uy (z) — Uy (zn) +en|r—a| =22 =224+ 1—h2 + ¢, |z, — 7]

we can write
Uy (2) = Uy (@) 4+ 6n |2 — 20| = (@ — 1) = B2 + &, |20 — 2|

Since
(x—=1°=@—an+an—1)° =@ —2,)° +2(@—2) b + b2

we obtain

Uy (2) =Wy (@) +en | — 20| = (& — 20)° + (2 — 2n) (2 + &0 sign (@ — 2,)) .
As 0 < hy, < %, we have

(x — xn) (2hy, + & sign (z — x4,))
(x —xn) (2hp +e,) >0 if x—x,>0,

(x —xn) 2Ry, —en) >0 if x—x, <0,
and thus
Uy () — ¥y (x) +en | — 0] > 0.
Consequently,

U (z) — U (2,) +en |z — 20| ¢ —intRY.

3. Necessary optimality conditions

The following theorem provides the necessary optimality conditions for an e-
weak local quasi-efficient solution to the cone-constrained vector optimization
problem (P), where the objective function and constraint set are represented by
differences of two vector-valued maps. Since problem (P) encompasses various
models of vector optimization problems, several corollaries are presented to
establish necessary optimality conditions for an e-weak local efficient solution in
each case. Additionally, when € = Oy, these conditions reduce to the necessary
optimality conditions for a weak local efficient solution for the respective vector
optimization problems.



296 N. A. GADHI AND I. A. ZERRIFI

THEOREM 1 Let T € Q and € € Ky. Suppose that T is an e-weak local quasi-
efficient solution of problem (P). Then, for all T € OIH () and Th € 0H; (T),
there exist y* € K3 and z* € K} such that (y*,z*) # (Oy«,0z+) and

{y*oT-|-z*oT168;(y*oG—|—z*OG1+5C)($), (3)
(z*,G1(T) — H1 (7)) =0,

where p := (y*, 2e) .

PROOF The proof of this theorem is structured in three steps: the initial setup
and construction of a key set =, the establishment of the main properties of
=, and the derivation of the multiplier rule, using the Hahn-Banach separation
theorem.

A - Initial setup
Since T is an e-weak local quasi-efficient solution of problem (P), we can
find a neighborhood U of Z such that

G(z)—H(@)—G@)+H(T)+e|z—7| ¢ —intKy, Ve € UNQ. (4)
Let T € L H (%) and Ty € 0H; (T) be arbitrarily chosen. Consider the set

E={(p,g) €Y xZ:IxeCnNU}
such that
Gx)-G@) —T(x—%)—p+2|z—7| € —intKy
Gy (.Z‘)—Hl (f)—Tl (1‘—5)—(}6 —intK 4 ’

B - Properties of the set =
Let us prove that = is a nonempty, convex, and open subset of Y x Z that
does not contain the origin.

(1) E is nonempty, because (v,s+ Gy (T) — H1 (T)) € E, for all v €
intKy and s € intK .

(ii) The origin is not an element of Z. On the contrary, assume there
exists € U N C such that

{ Gx)—G@)—T(x—7T)+ 2 ||z — || € —intKy (5)
Gi(z)—H,(T)—Ty(xr —7) € —intKy.

Since T' € OTH (z) and Ty € 0H; (T), one has

H(x)-H (Z)-T (x —T)4el||lz — || € Ky and Hy (z)—H; (Z)-T1 (x — ) € Kz,
(6)
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for all z € X.
By combining (5) and (6), we obtain

Gx)—G@)+e|lx—Z| € H(z)— H(T) — Ky —intKy
and

Gi(z)—H,(T) € Hy (z) — Hy (T) — Kz —intKy.
This simplifies to:

{ (G(x)—H(z))— (G(@)— H(@) +e|x—7| € —intKy,
G1 (SC) — H; (1‘) c Gy (f) — Hy (f) —intKy; C — Kz —intK; C —Kz.

And this leads to a contradiction with (4), since x € €.

(iii ) E1is a convex set. Indeed, let A € [0,1], (p1,¢1) € Z and (p2,¢2) € E.
By definition, there exist x;1 € U N C and x5 € U N C such that

G(x1)—G@) —T(x1 —T) —p1 + 2¢||z1 — T|| € —intKy
Gi(v1) —H1 () = Th (21 —T) —q1 € —intKz,

and

G($2) — G(f) — T(l‘g —f) — pg + 2¢ ||.732 —EH € —intKy
G, (SCQ) — Hy (f) —Ti (:L‘g — f) —qo € —intKy.

Consequently, there exist 1, o € intKy and ty, t3 € intKy such

that
—r1=G(x1)—-G@)—T(x1 —T) —p1 + 2|21 — 7|,
—ry =G (x2) — G(T) — T (x2 — T) — pa + 2¢ ||x2 — T,
—t1=G1(x1)—H1 (@) —T1 (11 — T) — @1,
7t2 = G1 (1‘2) — H1 (f) - T1 (1‘2 — SC) — ({2
Fix

x:=Ax1+ (L= N ag, r:=Ar1 + (L= X)rg, t:= A1+ (1 — N)ta,

p:=Ap1+ (1 —=X)p2 and ¢ := Ag1 + (1 — A) 2.

Using the convexity assumption of G and G, the convexity of u —
|lu —Z||, and the properties Ky + Ky C Ky and Kz + Kz C Kz,
we obtain:

p—r+T(x—-7)€G(zx)—G(T)+ 2|z —Z||+ Ky
and
q—t—‘rTl(x—f)EGl(SL’)—Hl(f)-i-Kz.
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Thus, there exist rg € Ky and tg € Kz such that

G@)—-G@)+p+T(x—7)=r+r9+2e|z—7|
and
H (Z)-Gi(z) +q+ T (x —Z) =t +to.

Since

r+rg € intKy + Ky C intKy,
t+tyg € intKy + Ky CintKy,

it follows that
Gx)—G@)—p—-T(x—7)+2|x—7| € —intKy

and
Gi(z)—H,(T)—q—Ti(xr—7) € —intKyz.

Therefore, (p,q) € E.

= is an open set. Indeed, consider (p,q) € E. From the definition,
there exists € U N C such that

{ Gx)—G@)—T(x—T)—p+2|z—T|| € —intKy
Gi(z)—H,(T)—Th (x —T) —q € —intKy.

Consequently, there exist r € int Ky and t € int Kz such that

{ Gx)—-G@) —-T(x—-T)—p+2|z—=T|| =—r
Gi(r)—Hy(Z) - T (z—7) —q=—tL.

Since intKy and intKz are open sets, there exists § > 0 such that

r+acmtKy, G1(T), t+b€intKyz,
G()-T(x-7)-(p+a)+2lz-7|=GZ) —1r—a,
Gi(z) =T (x—7)—(¢+b) = H (T) —t b,

for all (a,b) € By «z (0,9).
Consequently,

{ G(x)-T(x—7)— (p+a)+2|zr—-7| € G(T)—intKy
H(z)-Ty(x—7)—(q+0b) € H (T) — intKy,

for all (a,b) € By xz (0,9). Then, (p,q) + By (0,0) C E. This shows
that = is open.
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C - Considering the aforementioned properties of the set = and applying a
separation theorem, we can find that (Oy«,0z+) # (y*, 2*) € Y* x Z* such
that

((y",2"), (p,q)) = 0 for all (p,q) € E.

Let t e UNC, r €intKy, s € intKz and 7,0 > 0. Taking
p=Gx)—G@)—-T(x—-T)+7r+2|z—7|

and
q=Gi(x)— Hy(Z) —T1(x —T) + os,

one has (p,q) € E; then

(y*,G(x) =G @) —T(x—T)+7r+ 2 ||z — Z||)
+(z",G1(x) —H1(Z) —T1 (x —T) + 0os) > 0. (7)

As 7> 0 and ¢ > 0 are arbitrary, (7) yields

("' ,G(z) =G @) —T(x —T) + 2 ||z — 7|
(2", G (2) — Hy (T) - Ty (x — 7)) > 0.

Consequently,
(", G @)+ (=", G1(2)) = (y o T +2" o T, 2 —T) + (y*, 2¢) |2 — 7|

> (y" G (@) + (=", H1 (). (8)
Considering again (7), for = T, we have

T(y*,r)+o (2", s) + (z*,G1 (T) — Hy (T)) > 0. 9)
Since 7 > 0 and ¢ > 0 are arbitrary, it follows that
o(z*,s)+(z",G1(T) — H1 (T)) > 0
and
T(y*,r) + (z*,G1 (T) — H1 (T)) > 0.
Hence,
(,8) 2~ (%, G1 (7) — Hi (B) and (y°,7) >~ (,G1 (%) ~ i (3)
for all 7 > 0 and o > 0. Letting 0 — 400 and 7 — 400, we get
(z*,8) >0 and (y*,r) > 0.

As r € intKy and s € intKy are arbitrary, we conclude that y* € K3
and z* € K7,.
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e Since G (T) — Hy (T) € —Kz and € € Ky, we have
p=(y*,2e) >0and (z*,G1 (T) — H1 (T)) <0. (10)
With o > 0 and 7 > 0 being arbitrary, (9) implies
(z",Gy (T) — Hy (T)) > 0. (11)
Upon combining (10) and (11), we conclude that
(2", Hy (7)) = (7, G (7)) - (12)
e Now, by combining (8) and (12), we get

(", G(z)) +(z*,G1 () =y o T+ 2" o Th,x —T) + pllz — T
> (y*,G(T)) + (z*,G1 (T)), Yz e CNU.

By considering the indicator functions, we obtain
(", G (x)) + o0 (x) + (2", G1(x) = (Y o T+ 2" 0T,z —T) + pllz — 7
> (y", G (@) + (z",G1 (T)), Yz e U.

Although this inequality is established only in a neighborhood of Z, the convexity
of the scalar function

= (", G (@) +dc () + (=", G1 (1)) = (y" o T+ 2" o Tr,w —T) - p |l — 7
guarantees that
Yy oT +z" 0T €0, (y" oG+ 2" oG +dc) (T).

This concludes the proof. [ ]

The following example illustrates Theorem 1.

ExaMPLE 4 Let X =Z =R, Y =R? C=[-1,1], Ky =R}, Kz =Ry, e =
(i,i) € Ky and T = 0. Consider the functions G, H, Gy, Hy : R — R?,
defined by

G(z)= (m4, lz|), H (z) = (2%,¢"), G (z) =tz and H, (z) = 2°.

It is worth noting that G, H are Ky -convex and Gy, Hy are Kz-convex. More-

over, we have 2¢ = (3,%), Ky = RY, K; = Ry, 0/H(z) = [}, 5] %

[3,2], 0H, () = {0} and Q = [-1,0]U [§,1].
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e First and foremost, it is important to highlight that T is not a weak local
efficient solution of (P). Indeed,

(G(z)—H(2))— (G@) — H (@) = (2" —2”,|z| —e* + 1), Vo €.

For any neighborhood U of T, there exists a sufficiently large n such that
LeUunQ, with

L L <0and |L—er +1<0.
As a result:

(G(E)-HE) (@ —H@) = (& - ]3| -t +1) € —intky.

e T is an e-weak local quasi-efficient solution of (P). Indeed,
(Gx)—H(x))—(G(@) —H @) +eclz—T| = (x4—x2+i|x\,%|x| —6I+1),
Vz € R.
As z* — 22 + % |z| >0, for allxz € U := ]—%,%[, we deduce that
(G (z) — H(2))—(G (@) — H(T))+e|r — 7| ¢ —intR2, Vo € UNQ = ]-%.0].

o Let T € OTH (T) and Ty € OH, (T) be arbitrarily chosen. For y* = (1,1)
and z* =1, we have

y*,2¢)

{ y oT +2 0Ty €3], oy (y 0 G+2"0Gi+60) (),
(z*,G1(T) — Hy (7)) = 0.

Indeed, as € = (
[%, g] , we have

LY,y =01, =1 T1=0adT € [-1,1] x

p=_(y*2)=1+5 =1, yoT+z"0Ty € [1,2] and (z*,G:1(T) — H, (z)) = 0.
Consequently,

y* ol (x)+2" oGy (2) +0c () +p |l — | = o' + o+ 22| +6c (2), = €R,
(13)

and

(y"oT+z"oT)(z—7) < 3|z], z€R. (14)
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e Upon combining (13) and (14), we obtain
(yY"oT +2"0Ty)(x—T) <y oG (x)+2 oG (2)+dc (x)+p |z — T, z € R,
and thus

Y oT+2 0Ty €3 (y" oG +2" oGy +5c) (T).

The following result offers necessary optimality conditions for a weak local ef-
ficient solution to the vector optimization problem (P), derived from Theorem
1, by setting € = Oy-.

COROLLARY 1 Suppose that T € Q is a weak local efficient solution of problem
(P). Then, for all T € 0H (%) and Ty € OH1 (T), there exist y* € K} and
z* € K}, such that (y*,z*) # (Oy+,0z+), and

y*oT+z" 0Ty €d(y oG +2"0Gi+60)(T),
(z*,G1(T) — Hy (7)) = 0.

If Gy = 0z and H; = 0gz, then problem (P) reduces to a D.C. vector
optimization problem

(P - Ky —Min G(z) — H (x)
L subject to : xeC.

This leads to the following corollary, derived from Theorem 1. Notably, in
Corollary 2, if ¢ = Oy, we recover a result from Gadhi and Metrane (2005,
Theorem 3.2). Furthermore, if we also have Y = Z = R, Ky = K; = R,
and C = X, then we recover a well-known result from Hiriart-Urruty (1989
Proposition 3.1).

COROLLARY 2 Let T € C and € € Ky . Suppose that T is an e-weak local quasi-
efficient solution of problem (Py). Then, for all T € 0LG1 (T), there exist y* €
K3\ {Oy~} such that

y*OTea;'(y*OG—i—éc)(E),

where p := (y*,2e) .

If H = 0y and H; = 0y, then problem (P) simplifies to the convex vector
optimization problem

(Py) : Ky —Min  G(z)
2 subject to : x € Cand Gy (v) € —Kz,

leading to the following corollary, based on Theorem 1.
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COROLLARY 3 Let T € Q and € € Ky. Suppose that T is an e-weak local quasi-
efficient solution of problem (Pz) . Then, there ezist y* € K§ and z* € K}, such
that (y*,2*) # (Oy«,0z+), and

{ 0€d(y"oG+2z"0G1+6c)(T),
(z*,G1 (7)) =0,
).

where p := (y*, 2e

4. Sufficient optimality conditions

In this section, we present sufficient optimality conditions for the e-weak local
quasi-efficient solution of problem (P).

THEOREM 2 Let T € ), € € Ky. Suppose that there exist a scalar v > 0 and
vectors y* € K3 \{0} and z* € K}, such that

Oa ("o H+2"0H1)(T) COa(y oG+2" oG+ ({y"e) . —Z[)(T), Va € [0,4],
(15)
and
(z*,G1 () — Hy (T)) = 0. (16)

Then, T is an e-weak local quasi-efficient solution of problem (P).

PrROOF By hypothesis, there exist a scalar v > 0 and vectors y* € K \{0}
and z* € K}, such that (15) and (16) are satisfied. According to Diir (2003,
Theorem 2.1), T is a local minimum of the D.C. function

Y oG4+z"oG+ Yy e)|l. — || —y o H— 2" o Hy.

Consequently, there exists a neighborhood U of T such that, for all x € U, the
following inequality holds:

Yy oG (T)+2"0G1(T)—y" o H(T)— 2" o Hy (T)
<y oG @)+ 2 oGy (@) —y" o H (z) — 2o H () + 57 2) 1o — 7

Let xz € QNU be arbitrarily chosen. Since Gy (z)—H; (z) € —Kz and z* € K},
it follows that

2" o (G (z) — Hy (z)) <0.
Thus, we obtain

Yy oG (T)+z%0G1 (T)—y*oH (T)—2z"oH; (T) < y* oG (x)—y*oH (z)+(y",e) ||z — Z|| .
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Since (z*, Hy (T) — G1 (T)) = 0, we deduce

Y oG @) —y o H(T) <y oG (a) —y* o H(x)+ (y',e) z— 7.
Consequently,

0 < (4", (G (2) — H (2)) — (G (2) — H (7)) + (y",&) lo — 7] -
Finally, we obtain

(G (2) ~ H ()~ (G @) — H @) +¢ |z — 7| ¢ —int Ky.
As x € QN U was chosen arbitrarily, it follows that

(G(x)—H(x))—(G@) —H@))+e|z—7| ¢ —int Ky, for allz € QNTU,

which implies that Z is an e-weak local quasi-efficient solution of (P) . ]

Below, we give an example that illustrates our findings.
EXAMPLE 5 Lete = (1,0), =0, C =R, X =Z =R, Y = R?, Ky =
R, Kz =Ry and let G (z) = (|z],2*), H(z) = (22,2%), Gi () = |z| and
Hy (z) = x. Here, Q =R, and
intKy =]0,400[x]0,+00[, K\ {(0,0)} = RZ\ {(0,0)} and K = [0, +ool.
Notice that
G(z)— H (z) = {(|z| — 2% 2" —2?)}, forallz € X.

e [t is straightforward to verify that conditions (15) and (16) are met for
v=1%>0, y*=(3,0) € K;\{(0,0)} and z* = § € K},. Specifically, we
have

(z*,G1(T) — Hy (T)) =0
and
y*oH (x)+z"oH; (x) = %xz—l—%x and y* oG (x)+2" oG (x)+{y*, &) ||z — T|| = |=|.
Given that for all « € [0,~] we have
Ouy" o H + 20 Hy) (z) = | 13000, 1423
and
Oa(y* oG+ 2" oG+ (v, e) || — Z) (&) = [-1,1],

we deduce that (15) and (16) are both satisfied.
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o Applying Theorem 2, we can conclude that T is an e-weak local quasi-
efficient solution of (P).

REMARK 1 Condition (15) extends the sufficient optimality condition, proposed
by Dir (2008, Theorem 2.1), to the vector setting. Notably, whenY =R, Ky =
R*, G1 =0z and Hy = 0z, it reduces precisely to the scalar condition, given in
Diir (2003, Theorem 2.1). This condition may be satisfied if the scalar functions
y* oG et z* o Gy dominate y* o H et z* o Hy in terms of convexity or growth.

If Gy =0z and H; = 0z, then, considering Theorem 2, we derive Corollary 4,
which offers sufficient optimality conditions for the nonconvex vector optimiza-
tion problem (P;). It is worth mentioning that, in Corollary 4, if ¥ = R and
e = 0, we recover the result from Bomze and Lemaréchal (2010, Theorem 1.2).

COROLLARY 4 Let T € C and € € Ky. Suppose that there exist a scalar v > 0
and vectors y* € Ky \{0} and z* € K} such that

Oo (y" 0 H)(T) S 0a (y" 0 G+ (y" ) | —Z])) (7)), Yar € [0,].
Then, T is an e-weak local quasi-efficient solution of problem (Py) .
If H =0y and H; = 0y, then, by leveraging Theorem 2, we obtain Corollary

5, which provides sufficient optimality conditions for ensuring solutions to the
convex vector optimization problem (P).

COROLLARY 5 Let T € Q2 and € € Ky. Suppose that there exist a scalar v > 0
and vectors y* € K3 \{0} and z* € K} such that

0€ 00y oG +2"0G1+ (Y e)[l. =) (T), Ya€[0,7],
and
(z",Gy (T)) =0.

Then, T is an e-weak local quasi-efficient solution of problem (Ps) .

5. Conclusion

In recent years, vector optimization problems have attracted significant atten-
tion from mathematicians, with efficient solutions in the Pareto sense being
widely recognized as a crucial concept. In this paper, we employ a separation
argument along with e-regularized subdifferentials to establish the necessary op-
timality conditions for a point to be an e-weak local quasi-efficient solution to
a D.C. vector problem. Next, we present sufficient optimality conditions for e-
weak local quasi-efficiency and illustrate our findings through suitable examples.
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Our results open several promising avenues for future research, including the
development of numerical methods for identifying e-weak local quasi-efficient
points. Another promising direction for future work could be to explore ap-
proximate solutions for bilevel optimization problems, particularly when data
functions are fully convex (i.e., convex with respect to all their variables), using
a similar approach to the one applied in this research.
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