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Abstract: We present a simple proof of a well-known axiomatic
characterization of state-salient decision rules, using Weak Domi-
nance Criterion and Global Independence of Irrelevant Alternatives.
Subsequently, we provide a simple axiomatic characterization of the
Strict-Condorcet choice function on the domain of all preference pro-
files that have a strict-Condorcet winner, assuming that if the first
two ranks are “occupied by the same two alternatives in all states of
nature”, then the chosen alternative will be the one from these two
that is preferred to the other with probability greater than half -
provided such an alternative exists. We also show that this result is
not valid if we extend the domain to the set of all preference profiles
that have a unique weak-Condorcet winner.
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1. Introduction

The motivation for the framework of this paper, i.e., decision making with state
(or criteria) dependent strict rankings of alternatives, can be found in Lahiri
(2019). Our mathematical framework here is the same as that of mathemat-
ical voting theory, originating in the work of Pattanaik (1970), although our
interpretation (as in Lahiri, 2019) is different.

To begin with, we provide a simple proof of an axiomatic characterization of
state-salient decision rules, which, in the context of the mathematically identical
framework of voting theory, due to Pattanaik (1970) and then Denicolo (1985),
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is about a voting rule being dictatorial if it satisfies the Weak Dominance Cri-
terion and Global Independence of Irrelevant Alternatives (GITA). Our proof is
different from the one available in Denicolo (1985). The first step of the proof
is motivated by the “Extremal Lemma” of Geanakopolos (2005). To the best
of our knowledge, there is no other direct and simpler proof of the result that
we are concerned with here, although our proof has similarities with the proof
of Theorem A in Reny (2001), which appeals to Monotonicity instead of Global
Independence of Irrelevant Alternatives.

Instead of providing the well-known axiomatic characterization of the Con-
dorcet choice function for the case of two alternatives, due to May (1952), the
excellent short book by W. D. Wallis (i.e., Wallis, 2014), premises the entire
presentation regarding the choice theory with state (or criterion) dependent
preferences, on the assumption that in the case of choice between two alterna-
tives, if there exists an alternative that is preferred to the other with proba-
bility at least half, then the former is chosen. In fact, a major justification for
the Global Independence of Irrelevant Alternatives assumption in the Arrowian
choice theory, is that it is satisfied by the above-mentioned choice procedure in
pairwise comparisons of alternatives, regardless of the number of alternatives
on offer. An alternative that is preferred with probability greater than half to
all other alternatives in pair-wise comparisons is said to be a strict Condorcet
winner. By its definition, if such an alternative exists, it must be unique. The
problem with making such an assumption is the one posed by the well-known
Condorcet paradox, which shows that there are preference profiles with three
or more alternatives, where such an alternative does not exist. We therefore re-
strict our analysis to those preference profiles, for which such alternatives exist
and provide a brief and easily understandable axiomatic characterization of the
resolute (singleton valued) choice function, which selects for each such profile
its unique strict Condorcet-winner. The resulting choice function is called the
strict Condorcet choice function.

An alternative is said to be Pareto-dominated if there exists another alterna-
tive that is strictly preferred to the former in all states of nature. An alternative
that is not Pareto-dominated, is said to be a Pareto-undominated alternative.
Clearly a strict-Condorcet winner is a Pareto-undominated alternative.

There is a considerably more complicated axiomatic characterization of the
strict-Condorcet choice function in Campbell and Kelly (2003), whose signifi-
cance and worth are not being questioned here. Like in Campbell and Kelly
(2003), in our axiomatic characterization, we refrain from assuming that the re-
solute choice function selects undominated alternatives. The purpose of our ax-
iomatic characterization is the maximum “simplicity”, which is possible, if we as-
sume that if the first two ranks are “occupied by the same two alternatives in all
states of nature”, then the chosen alternative will be the one from these two that
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is preferred to the other with probability greater than half — provided such an
alternative exists. We call this property, “Most Probable at the Top”. The other
property we invoke in our axiomatic characterization is the Global Independence
of Irrelevant Alternatives, used in Denicolo (1985). A detailed investigation of
the several Independence of Irrelevant Alternatives axioms, preceding the one
due to Denicolo (1985), can be found in Ray (1973). A more recent preoccupa-
tion with one of the versions of the axiom discussed in Ray (1973), is the subject
of the work of Salles (2023).

A weak-Condorcet winner is an alternative that is preferred to all other
alternatives with probability at least half and hence a preference profile that
has a weak- Condorcet winner may have more than one such alternative. We
provide an example with four alternatives and four states of nature, to show
that the choice function that selects the weak-Condorcet winners on the set of
all preference profiles that have a non-empty set of weak-Condorcet winners,
does not satisfy Global Independence of Irrelevant Alternatives. On this larger
domain, but with six states of nature, there is no resolute choice function that
always selects a weak-Condorcet winner and satisfies Global Independence of
Irrelevant Alternatives. In fact, on the domain of preference profiles with six
states of nature and at least three alternatives, where each preference profile
has a unique weak Condorcet winner, the resolute choice function that always
selects the unique weak-Condorcet winner, violates the Global Independence
of Irrelevant Alternatives, thereby implying that the previous result as well as
Global Independence of Irrelevant Alternatives are very restrictive.

After obtaining the results that are mentioned above, we introduce two con-
ditions on a general domain. The first says that if a strict-Condorcet winner
exists, it should be the only alternative to be chosen. The second says that
if a strict-Condorcet loser (i.e., an alternative that is ranked worse, with pro-
bability greater than half, than all other alternatives in pair-wise comparisons)
exists, then it should not be chosen. Clearly, the strict-Condorcet choice func-
tion satisfies both conditions. The Plurality rule satisfies neither, and the rule
that selects the Borda-winner, does not satisfy the former, but satisfies the lat-
ter. We provide two examples to show the claimed violations for Plurality and
Borda. Merlin (2003) presents a survey of the literature on these and other
voting rules.

In the final section of this paper, we extend the definition of Strict-Condorcet
choice function to the situation, where the number of states of nature is vari-
able. An axiomatic characterization of this choice function is an immediate
consequence of our axiomatic characterization of the Strict-Condorcet choice
function for a fixed set of states of nature.
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2. The framework

Let X be a non-empty finite set of alternatives, containing at least three alterna-
tives, from which a decision maker is required to choose exactly one alternative.
Unless otherwise required, we will represent the cardinality of X by ‘m’. There
is a non-empty finite set of future states of nature, which unravel only after the
decision maker has made his/her choice. Let N(n) be the set of first ‘n’ positive
integers for some positive integer greater than or equal to 2. This N(n) denotes
the set of states of nature, whose cardinality is equal to n.

A strict (preference) ranking on X is a reflexive, complete/connected /to-
tal, transitive and anti-symmetric binary relation on X. Generally, a preference
relation is denoted by R. If for =, y € X, it is the case that (z,y) € R, then we
shall denote it by zRy. If x,y € X with x # y, then zRy is interpreted as x is
strictly preferred to y.

Let L denote the set of all strict rankings on X.

Given R € L and x € X, let rk(z,R) = cardinality of {y € X|yRz}; rk(z,R)
is said to be the rank of z at R.

Thus, a (strict) ranking R of the alternatives in X can be viewed as a one-
to-one function from X to {1,...,m}, whose image at each x € X is said to be
the rank of x at the strict ranking, and for z, y € X with x # y, the rank of =
is less than the rank of y if and only if x is preferred to y at the strict ranking.

A (state-dependent) preference profile, denoted Ry, is a function
from N(n) to L. Ry is represented as the array <R;li € N(n)>, where R;
is the strict ranking of the decision maker of the alternatives in X in state of
nature 7. The set of all preference profiles is denoted LY.

A (strict) preference profile Ry (,) can be represented as an m x n matrix,
whose jt" column for j € {1,...,n} is the strict ranking, realized in the state of
nature ‘j’, i.e., that an entry at the intersection of the i** row and j** column
of Ry (n), called the (i,j)" entry of Ry(y), is the alternative that is ranked i'"
in state of nature ‘j’.

A domain DV is any non-empty subset of LN,

Let U(X) denote the set of all non-empty subsets of X.

A Choice Function (CF) on (a domain) DV is a function f from DN (™)
to U(X).

In related literature, a choice function is often referred to as a “winner
selection rule” and the set, assigned by the rule to a preference profile as the
choice set or the winner set at the profile.

A CF f on DV is said to satisfy the Weak Dominance Criterion
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(WDC) if for all z, y € X with x # y and Ry(,) € DN [zR;y for all i €
N(n)] implies [y & f(Rn(mn))-
The above criterion is available and discussed in Lahiri (2019).

The content of the following assumption is available in Denicolo (1985).

A CF f on DV is said to satisfy Global Independence of Irrelevant
Alternatives (GIIA) if for all Ry (,), RN(n) e DN and z, y € X with = # y:

[Rlevy}/: R;|{x7y}f0r all © € N(”)v T € f(RN(n))7 Yy ¢ f(RN(n))] implies
[y & F(Ryg)

The following definition of a choice function on the domain LN can be
found in Lahiri (2019).

A CF f on LN™ is said to be a state-salient decision rule (S-SDR),
if there exists a state of nature 4, such that for all z, y € X with x # y and
Ry € LN™): gRy implies y ¢ J(RNn@))-

It follows from the definition of an S-SDR that the state of nature that
decides the outcome is unique.

Given a preference profile Ry (,), an alternative z is a strict Condorcet-
winner at Ry, if for all y € X\{z}, the cardinality of {i € N(n)lzR;y} >
the cardinality of {i € N(n)|yR;z}.

It is easy to see that if a strict Condorcet-winner exists at Ry, then it
must be unique.

Given a preference profile Ry (,,), it is quite possible that a strict Condorcet-
winner does not exist at Ry ().

Let Dggﬁlt Condorcet = VBNn) € LN(™)|there is a strict Condorcet-winner at

For instance, any profile, in which some = € X is ranked first in more than
N(n)

Strict Condorcet”

5 states of nature, belongs to D

an odd integer.

A Resolute Choice Function (RCF) on a domain DV(®) is a “singleton-
valued” choice function on DN (),

If fis an RCF on DN(" then for Ry € DN instead of writing
[(Rn@my) = {z}, we will write f(Ry(n)) = 2.

The Strict-Condorcet Rule, denoted S-C on Dgt%it Condorcet 18 the RCF

such that for all Ry, € ngt(rglt Condoreets S-C(RN(n)) is the strict Condorcet-
winner at Ry (p)-

It is not necessary that ‘n’ be
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3. An axiomatic characterization of State Salient Decision
Rules

For z € X, let DN (z) = {Ry(n) € LN™|for all i € N(n), rk(z,R;) €{1,m}}.

THEOREM 1 A CF on LN satisfies WDC' and GIIA if and only if it is an
S-SDR.

PROOF: Let f be a CF on LN If f is an S-SDR, then it is easy to see
that it satisfies WDC and GITA. Hence, suppose f satisfies WDC and GIIA.

Step 1: Let x € X.

Since, by WDC, rk(z,R;) = 1 for all i € N(n) implies f(Ry()) = {7}, let
j(z) = min{j € N(n)| there exists Ry(,) € DV (z) satisfying {i|rk(z,R;) =
1}={ie N(n)|i < j} and f(Rnn)) = {z}}.

By GIIA, if for Ry(,) € L¥N™ and w € X\{z}, we have {i € N(n)|zR;w}=
{i e N(n)li <j(z)}, then, w ¢ f(Rn(n))-

Let y, z € X\{z}with y # z and Ry(,) € LN™ such that {i|zR;z} = {i €
N(n)|i < j(z)}, zR;y for all i € N(n) and zR;y for all ¢ < j(z), the relationship
between = and y being otherwise arbitrary. Thus, zR;zR;y for all i < j(x)
and zR;x for all ¢ > j(z) if j(z) < n. Further, suppose rk(z,R;), rk(y,R;),
rk(z,R;) € {1,2,3} for all i € N.

By WDC, f(Rn()) C {z,y,2}, and by WDC (once again) y ¢ f(Rn(n))-

Thus, f(RN(n)) = {3?}

By GIIA, for all Ry(,) € LN™ and y € X\{z}, zR;y for all i < j(z) implies

Thus, for all z € X, there exists j(z) € N(n) such that for all Ry, € LN
and y € X\{z}, 2R;y for all i < j(x) implies y ¢ f(Ry(n))-

Step 2: Let x € X and y, z € X\{z} with y # 2z, and let Ry, €
LN be such that zR;z, zR;y, relationship between z and y being arbitrary
for all i < j(x) (if j(x) > 1), 2Rj) *R(j2)y , 2Rix, for all i > j(x), rela-
tionship between z, y and y, z being arbitrary for ¢ > j(z). Further, suppose
rk(z, R;),rk(y, R;),rk(z, R;) € {1,2,3} for all i € N(n).

By the definition of j(z), and GIIA, combined with zR;z for all i < j(z),
zR;x for all i > j(x), we get that f(Ryn)) # {z}.

Since zR;y for all i < j(z) by the concluding statement of Step 1, we get
that y ¢ f(Rn(n))-
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Thus, z € f(Rym))-

By GIIA, for all y, 2 € X\{z}with y # 2 : [Ry(y € LV™ and 2R;(,)y]
implies [y ¢ f(Rym))]-

Step 3: We have shown that for each x € X, there exists j(z) € N such
for all y, z € X\{x}with y # 2z [R;V(n) € LN™ and ZR;(w)y] implies [y ¢

»

F(Ry))-

Towards a contradiction suppose that for some z, y € X with « # y, j(z) #
().

Let R;V(n) be any profile, satisfying yR;(z)w for all w € X\{y} and xR;.(y)w
for all w € X\{z}.

Since yR;(m)w for all w € X\{y}, we get f(R’]’V(n)) N (X\{y}) = ¢, whence
f(R’]’V(n)) = {y}.

At the same time, since xR w for all w € X\{z}, we get f(Ry,)) N
(X\{z}) = ¢, whence f(Ry,,) = {z}.

Thus, = = y, leading to a contradiction.

Hence, there exists a j € N(n) such that j(z) = j for all z € X, i.e., f is an
S-SDR. Q.E.D. 0

The following example concerns a CF different from S-SDR that satisfies
GITA. However, it does not satisfy WDC.

EXAMPLE 1 Given Ry, € LN™) let f(Ry) consist of the unique alternative
that is ranked last in the state of nature 1. It is easy to see that [ violates WDC
and Monotonicity as defined in Reny (2001), but satisfies GIIA.

An example of a CF — in fact, an RCF — that does not satisfy GIIA is the
following.

EXAMPLE 2 Let m = 3 with X = {1, ©2, x3}and n = 5.

r1 X1 T2 r3 I3

1 _
Let RN(5) = Ty Ty I3 To X2
I3 T3 I I I1
1 T1 X2 T T2

2 _
and RN(5) = To Ty X3 T3 I3
r3 T3 T1 Ty T

Let DVO®) be any domain containing lev(s) and R?v(s) and let f be the RCF
on DNG) such that for all Ry € DNG), f(Rn(sy) = x; if and only if

{i} = argminpe (1 2 33{2n€ argmaz,, cx cardinality{j € N(5)|rk (x), R;) = 1},
i.e. [(Rn(s)) is the Plurality winner with the least sub-script.
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Thus, f(Rpy ) = 21 and f(RY(5)) = 2, although R}|{z1, z2} = Rj[{z1, 22}
for all j €{1,...,5}. Thus, f violates GIIA.

Note that both R}V ) and R %i’ belong to Dgt(:;)ct Condorcet With T2 being
the strict Condorcet winner at both profiles.

A CF f on DN is said to satisfy Weak Monotonicity if for all Ry,
Ry € DN and z € f(Ry) : [{i|lzRiy} C {ilzR,y} for all y € X\{z}] implies
[z € f(Ry)]-

The statement [{i|zR;y}C {i|zRyy} for all y € X\{z}] is equivalent to the
statement [{y € X\{z}|zRiy} C {y € X\{z}|zR;y} for all i € N(n)].

A CF f on DV js said to be Resolute for Pairs if for all Ry € DN
and z, y € X with @ # y: [rk(z,R;), rk(y,R;) € {1,2} for all i € N] implies
[f(Rn) = {z} or f(Rn) = {y}]

An S-SDR is Resolute for Pairs and satisfies Weak Monotonicity.

OBSERVATION: Suppose f on LY is Resolute for Pairs and satisfies Weak
Monotonicity. Then, f satisfies GITA.

For the proof towards a contradiction suppose that for some
Ry, R;V(n) e LN™ and z, y € X with x # y it is the case that

and yet

ye f(R;V(n)>]'

Let R N(n) € LY ™) be such that

)

= Rlevy}v
R;|(X\{z,y}) = Ril (X\{w,y}). k(z, B;), vk(y, R;) € {1,2} Vi € N(n).

Thus, 7k(z, R;),rk(y, R;) € {1,2} for all i € N(n).

Since f is Resolute for Pairs, either f(R’ N(n ) ={z} or f(R N(n ) = {y}

Since {i|zR;w} C {i|zR;w} for all w € X\{x}, by Weak Monotonicity and
by being Resolute for Pairs, we get f(R}yV(n)) = {z}.

Since {i|yR,w}C {ilyR;w} for allw e X\{y}, by Weak Monotonicity and by
being Resolute for Pairs we get f(R’ N(n ) = {y}# {}, leading to a contradiction.

Thus, f satisfies GITA.

Hence, and in view of Theorem 1, we get the following result:
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COROLLARY 1 OF THEOREM 1 A CF on LN satisfies WDC, Weak Mono-
tonicity and is Resolute for Pairs if and only if it is an S-SDR.

NoTE: The corollary and the discussion preceding it, are not valid in the absence
of the Resolute for Pairs assumption. For, assume f to be the CF on LN(
such that for all Ry, € LN™, f(Ry(n) = {z € X : rk(z, R;) = 1 for some
i € N(n)}. Tt is easy to see that f satisfies Weak Monotonicity, but not Resolute
for Pairs. For the latter, consider the set of alternatives X = {z,y,2}, n = 3,

T x Yy
and the preference profile | ¥ vy « |, the chosen set of alternatives, for which
z z z

there is {z,y}, even though the first two ranks are occupied by either z or y in
every state of nature. The choice function does not satisfy GITA, either, as this
is apparent in the situation with X = {z,y, 2z} and n = 3, which is represented
below.

T oz vy
Let Ryay= | vy y 2 |. [(Bn) = {z, y} and 2 ¢ f(Rn(s)).
z z w
Tz z
Now,let Ry = | vy y y |. Clearly, R|{z,z}= R;[{z,z}foralli € N(3)
z z

and yet z € f(R;v(s)) = {z,z}, leading to a violation of GIIA.

The following property is introduced and defined in Chapter 3 of Taylor
(2005).

A CF f on DV is said to satisfy Down Monotonicity if for all Ry,
Ry € DN ie N(n), z € f(Ry) and y # z :
[R; = R, for all j # i,
Ril(X\{y}) = Bl (X\{}), rk(y, R}) = rh(y, Ri) + 1]
implies [z € f(Ry)]-
It is easy to see that an S-SDR satisfies Down Monotonicity.

The proof of the following proposition is provided in the Appendix to this
paper.
PROPOSITION 1 On LN Weak Monotonicity is equivalent to Down Mono-
tonicity.

In view of this proposition and Corollary 1 of Theorem 1 we get the following
result:

COROLLARY 2 OF THEOREM 1 A CF on LN satisfies WDC, Down Mono-
tonicity and is Resolute for Pairs if and only if it is an S-SDR.
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4. Axiomatic characterization of the strict Condorcet choice
rule

From this section onwards we assume that “all states of nature are equipro-
bable”.

The following is a property, required for the main result of this section, which
we refer to as “Most Probable at the Top”.

A CF f on DV(") is said to satisfy the Most Probable at the Top (MPT)
if for all Ry, € DN and z, y € X with x # y, such that 2R;w, yR;w for all
i € N(n) and w € X\{z,y}: [cardinality of {i € N(n)|zR;y} > cardinality of
{i € N(n)|yR;x}] implies [f(Rn) = {z}].

Recall that if f is an RCF, then, instead of writing f as a singleton set, we
have agreed to represent f as a function, whose co-domain is X, i.e., instead of
writing f(Ryn)) = {z}, we have agreed to write f(Ry(n)) = =.

THEOREM 2 A CF f with domain Dg&%itcondorcet satisfies GIIA and MPT if
and only if f=S5 —C.

N(n)
Strict Condorcet
Suppose now that Ry (,) € Dg;(git Condorcets With S-C(Ry(,)) =z € X, and

let y € X\{z}. Thus, x is preferred to y with probability greater than % at
/ N(n

RN(”) Let RN(n) € DSt(’l“i()Zt Condorce

i € N(n). Thus, z is preferred to y with probability greater than 3 at R;V(n).

Thus, S-C(Rly,,)) # y- Therefore, S-C satisfies GITA.

PROOF: It is easy to see that on D S-C satisfies MPT.

, and suppose R;|{x,y} = R;|{z,y} for all

N(n)
Strict Condorcet

Now, suppose that f is an CF on D that satisfies GIIA and

MPT.
Let Ry(n) € Dg‘(ﬁlt Condoreet With strict Condorcet-winner being  and y €
f(RN(n)). Towards a contradiction, suppose that y # .

Let R}{\f(’g)} be the preference profile such that:

(i) For all i € N(n),sz’y}Hx,y} = Ri|{z,y}
and REY(X\{,9}) = Ril (X\{z,y});

(ii) For all i € N(n) : rk(z, R} € {1,2} and rk(y, RI"}) € {1,2} .
R{l’y} c DN(”)

N(n) Stviet Condorcers With strict Condorcet winner

It is easy to see that
being x.

Since xR;{x’y}w, yRi{x’y}w for all i € N(n) and w € X\{z,y}: [cardinality
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of {i € N(n)|xR;»{w’y}y} > cardinality of {i € N(n)\yR;{I’y}x}] along with MPT
implies that f (R}{\f(g)} ) = {z}.

However, z € f(R}{f(’g;),y ¢ f(RJ{\f(’gg),Rl{z’y}Hx,y} = R;|{z,y} for all i €
N (n) implies, by GIIA, that y ¢ f(Rn(n)), leading to a contradiction.

This proves the theorem. Q.E.D. O

Given Ry () € DNz € X is said to be a weak-Condorcet winner at
Ry if for all y € X\{z}: cardinality of {j € N(n)|rk(x,R;) <rk(y,R;)}> 5.

Let DJV\{,(;),C Condorcet = {BN(n) € LN ™| there exists a weak Condorcet win-

ner at Ry} -

Let C be the CF on D%(gl)k Condorecer Such that for all Ry ) € Dyyoor condoreets

C(Rn(n) is the set of weak-Condorcet winners at Ry ().
The following example shows that C' does not satisfy GIIA.

EXAMPLE 3 Let m =4 and n = 4.

r x Yy 2z
w  w

Let RN(4) = ?ZJ ZZJ -
wow oz oy

Here, x is preferred to y and z individually with probability % and x s pre-
ferred to w with probability % y and z are indwidually preferred to w with
probability 3. Thus, C(Ry()) = {z}.

T r w w
|y oy oy oz
LetRN(4)— P
wow oz Yy

R;\,(4) is obtained from Ry 4y by interchanging the positions of the first two
alternatives in the third and fourth states of nature.
It is easy to see that C(R;V(4)) = {x,w}, since w is preferred to x, y, z

individually with probability equal to %, the other probabilities being the same as
before.

We have, then, C(Ry4)) = {z}, Ril{z,w}= Rj|{z,w} for alli € N and yet
w e C(R;V(4)) = {x,w}. Hence, C violates GIIA.

Theorem 2 is quite “tight”, in the sense that it cannot be extended to
DJV\{,(;(B,C Condorcet> 1-€-, there does not exist any RCF that always selects a weak-
Condorcet winner and satisfies GITA. In fact, this observation is implied by a

much stronger result, for which we require the following domain.
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Let DWeak Condorcet — {RN(”) € DWeak: Condorcet

there exists a unique weak Condorcet winner at RN(n)}.

PROPOSITION 2 For m = 8, and n = 6, let f be the RCF on Dévv(fa);condomet,

such that for each Ry ) € DéVV(eGLBZCondorcet’f(RN(G)) 18 the unique weak Con-

dorcet winner at Ry ). Then, f violates GIIA.

ProOOF: Let f be the RCF on D%(fa)z Condorcer» defined in the statement of

Theorem 2.

(2 2 2 2 y y ]
Let R%) =z z z Yy 2 =z
Yy ¥ y © = 2z |
The unique weak Condorcet winner at RS&%G) is ‘¢’ and so f(Rg\}zG)) =x.
[z 2 2z 2 y y ]
Let RS\?EG) =y y x y 2z =z
| 2 2z y © = T |

Clearly, RS\?EG)Hx,y}: RE&%G)Hx,y}. However, the weak Condorcet winner

at RE\?EG) is ‘y’ and so f(RE\Q,EG)) = y, leading to a violation of GITA. Q.E.D. O

Proposition 2 shows that GIIA is extremely restrictive. This perception is
reinforced if we consider the following example, for which we require the domain
as below.

gl(:r):lity ={Rnwm) € LN argmaz e x cardinality{i € N(n)|rk (z, R;) = 1}

is a singleton}.
For Ry € LN argmaz,c xcardinality{i € N(n)|rk (z, R;) = 1} is the set
(n)

Plurality 1 the set of preference profiles with a

of Plurality winners at Ry ). D
unique Plurality winner.)

EXAMPLE 4 Let m = 3 and n = 7. For X = {x,y,z}, let f be the CF on

Dﬁfﬁ};‘my, such that for all

Ry € Dgl(:,?:lity, f(Rn(7)) = argmaz e x cardinality{i € N(7)|rk (w, R;) = 1}
T T T Yy Yy 2 z
LetRyen=|vy ¥y ¥y 2 2z Yy ¥y
2 z 2z T T T T

and
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/

By =

IS S
IS S
N e R
SIIRS NS
STIRS NS
STV
SIERS NS

In this case, f(Rn(r)) = {z}, Ril{z.y}= Ri|{z,y} for all i € N(7) and yet
f(R;vm) = {y}, violating GIIA.

5. Condorcet winner and Anti-Condorcet loser properties

Given a strict preference profile Ry (,), an alternative z € X is said to be a strict
Condorcet-loser if for all y € X\{z}, the cardinality of {i € N(n)|yR;x} >
the cardinality of {i € N(n)|zR;y}.

Two desirable properties for a choice function are the following ones:

A CF f on DV is said to satisfy the strict Condorcet-winner property
if for all Ry € DN(™) N D]S\It(ﬁlt Condoreet: J(RN(n)) = {the unique strict
Condorcet-winner at Ry ()}

A CF f on DV is said to satisfy the Anti-Condorcet-loser property
if for all Ry, € DNM: ¢ e J(Ry(n)) implies x is not a strict Condorcet-loser.

Clearly, S-C on Dgt(git Condorcer Satisfies both properties.

For x € X and Ry, € LN(™) the Borda-score of z at RN (n), denoted
BS(x, Rymy)) = > Im+l—rk(z,R;)]=n(m+1)— > rk(zR;).
JEN(n) JEN(n)
Given Ry () € LN a Borda-winner at Ry is an alternative x such that
BS(x, Rym)) > BS(y, Ry(n)) for all y € X.

The following example shows that the Plurality rule (i.e., the rule that selects
all alternatives that are ranked first with the highest probability) violates both
properties.

EXAMPLE 5 Let m = 4 and n = 5. Suppose X = {x,y,z,w}.

r T Yy zZ w

. y oy zZ w =z

Let RN(5) = w : ow oy y
Z w xr T X

The Plurality rule selects x, which is the unique Condorcet-loser. The unique
Condorcet winner is ‘y’.

In this example, the Borda-score of x = 11, the Borda-score of y = 14, the
Borda-score of z = 13, and the Borda-score of w = 12.

Thus, in this example, the unique Condorcet-winner is also the Borda-
winner.
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NOTE: A Borda-winner cannot be a Condorcet-loser.

Let Ry(n) € LN and suppose that z is a strict Condorcet-loser. We have

BS(y, Rymy) =n(m+1) — Z rk(y,R;) Yy € X.
JEN(n)
Thus,

> BS(y, Ry(uy =nm(m+1) = > [ Y rk(y,R;)]
yeX yeX jEN(n)

=nm(m+1)— Z [Z rk (y, R;)].

JEN(n) yeX

Forall j € N, Y rk(y,R;) = W-
yeX
Thus,

S BS(y, Ru(ny) = nm(m +1) - nm(m+1) _ nm(m+1)

2 o 2
yeX

Hence, the average Borda-score of the alternatives is L.

2
However,

> rk(y,Ry)

JEN(n)

= Z [cardinality of {z € X\{y}|zR,y} + 1]

JEN(n)

=n+ Z cardinality of {j € N(n)|zR;y}.
zeX\{y}

If x is a strict Condorcet-loser then, for all y € X\{z}:

cardinality of {j € N(n)|yR;x} > 3,
so that

B8t <t 1)~ L2t

:n(m+1)_n(m+l) n(m+1)

2 2 ’

Since the average Borda-score is % and BS(z,Ry(n)) <w, hence there

exists y € X\{x} such that BS(y, Rn(n)) > w > BS(z, Ry(n)), and thus
x cannot be a Borda-winner.
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However, a Borda-winner may violate the Condorcet-winner property as the
following example reveals.

EXAMPLE 6 Let m =4 and n = 5.

r T T z w
vy vy vy y
Let B = wow w w2

z z z x
The unique strict Condorcet-winner is x.

The Borda-score of x = 1/, the Borda-score of y = 15, the Borda-score of z =
9, and the Borda-score of w = 12.

Thus, the Borda-winner s y.

6. Choice functions on domains with variable sets of states
of nature

In this section, we extend the definition of a Strict-Condorcet Choice function
to the situation, in which the number of states of nature is variable.
Let L= |J LV (") be the set of all state-dependent preference profiles with
n>2
arbitrarily many — though of finite number, and greater than or equal to two —
states of nature.

A domain (in this context) is any non-empty subset D of L.

An Anonymous Choice Function (ACF) on a domain D is a function
f: D — ¥(X) such that:

!
cardinality of {j|R;=R} __ cardinalityof {j|Rj=R}
n T

for all R € £] implies [f(Rly,)) = fR}V(T)].

The typical way of representing Ry (,) € £ in such a context is by using a matrix
having m rows with the number of columns of the matrix being equal to the
cardinality of {R € L|{j|R; = R}# ¢}.

If

for all Ry(n), Ry € D: [

{R € LI{jIR; = R} # v} = {RW, .., R¥)} C L,

K
for some positive integer K, then, clearly, > cardinality of {j|R;= R®} = n
k=1

and Ry(n) is the m x K matrix, such that for each k € {1,...,K}, the entry
in the 7" row of the k** column is the j** ranked alternative in R(®). The
cardinality of {j|R; = R™)} is usually written on the top of the j** column.
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Thus, if m = 3 and X = {x,y,2z}, a typical preference profile in £ could be
represented as follows:

ny - ng
x - y
y . e z
z e x

In the above no two columns of the matrix are equal and therefore K <
K
> n. Further, for each k € {1,...,K}, n, = cardinality{j|R; = R®}. Thus,
k=1
for each k € {1,...,K}, ﬁ is the probability of the event that the state-
h=1"

dependent preference is R™*).

N(n)
Let Dstrict Condorcet = U DStTiCt Condorcet*
n>2

Consider the function S — C: Dgirict Condorcet — ¥(X), such that for all
RN(n) € Dstrict Condorcets S — C(Rn(ny) = {strict Condorcet winner at Ry (,)}-

It is easy to verify that S — C is an ACF — in fact an ARCF (Anonymous
“Resolute” Choice Function).

S — C is referred to as the Strict-Condorcet Choice Function with a
Variable Number of States of Nature.
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Appendix

PROPOSITION 3 On LN Weak Monotonicity is equivalent to Down Mono-
tonicity.

ProOOF It is easy to see that Weak Monotonicity implies Down Monotonicity.
Hence, let us prove the converse.

Suppose f satisfies Down Monotonicity. Let Ry, RIN € LN € f(Ry)
and [{i|zR;y}C {ilzRyy} for all y € X\{z}]. Thus, rk(z, R;) < rk(z,R;) for all
i € N(n). We need to show that z € f(RYy).

It is enough to show this for the case, in which there exists ¢ € N(n) such

that R; = R;- for all j # i, since, by the repeated application of the result in
the special case, we obtain the result for the general case.
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Case 1

Suppose 7k(z, R;) = rk(z,R;).

Thus, {y € X\{z}|zR;y} = {y € X\{z}|zRyy} and {y € X\{z}|yRz} =
{y € X\{@}yR;z} .

Then, R; can be obtained from R; by repeatedly interchanging adjacent
pairs, constituted by y, z € X\{z}, i.e. the pairs of y, z € X\{z}, which are

ranked one after another, with the rank of one alternative in the pair decreasing
by 1, and the rank of the other increasing by one.

Further, either both y and z are preferred to x, or x is preferred to both,
z € f(Ry)
By the repeated application of Down Monotonicity, we get € f (R;\,)

Case 2

Suppose rk(z, R;) < rk(x, R;).

Let Ry € LM be such that R; = R; for all j # i, R;[(X\{z}) =
R|(X\{z}), but rk(x,R;) = rk(2,R;).

By Case 1, 7 € f(Ry).

Since R, |(X\{z}) = R;|(X\{z}), but rk(z, R)) = rk(z, R;) > rk(z, R}), R}
is obtained from R by interchanging (if necessary — repeatedly) the position of

x in the i*" state of nature with the alternative immediately above it, the rank
of the latter in the i*" state of nature thereby increasing by one.

By, if necessary, repeated application of Down Monotonicity, we get x € f (R/N)

This proves the proposition. Q.E.D. m]



