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1. Introduction

A semi-infinite multiobjective fractional programming problem is a mathemat-
ical programming problem involving two or more fractional objective functions
over a feasible set, described by an infinite (possibly finite) number of con-
straints. These problems have garnered significant attention from researchers,
due to their theoretical and practical importance. Various approaches and per-
spectives have been proposed to analyze and solve such problems (see Chuong,
2016; Sun, Feng and Teo, 2022; Singh et al., 2021; Pham, 2023; Guo and Jiao,
2021; Zeng, Xu and Fu, 2019, and references therein).

In recent years, much attention has been paid to approximate efficient so-
lutions of multiobjective optimization problems. These solutions are of great
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theoretical and practical significance, as many optimization problems are solved
using iterative algorithms or heuristic methods that yield approximations to the
theoretical solutions.

To obtain approximate optimality conditions, characterizing an approximate
efficient solution for a semi-infinite multiobjective fractional programming prob-
lem, which is not generally convex, we formulate an equivalent multiobjective
convex optimization problem by using a parametric approach. This equivalent
problem can be transformed into a scalar optimization problem through vari-
ous methods, such as penalty functions (Liu and Yokoyama, 1999; Liu, 1996;
1991) weighted objective sums (Deng, 1997; Dutta and Vetrivel, 2001), and
maximum functions (Gutierrez, Jimenez and Novo, 2005, 2006). However, it
is necessary to impose some form of constraint qualifications. It is well-known
that regularity conditions often fail to hold for finite-dimensional optimization
problems and are even more likely to fail in infinite-dimensional cases, such
as those involving generalized Slater constraints (Jeyakumar, 2003; Jeyakumar,
Lee and Dinh, 2003). For this reason, it is crucial to investigate the approximate
optimality conditions for approximate efficient solutions of multiobjective opti-
mization problems under weak constraint qualifications (Liu, Long and Huang,
2023: Lee and Lee, 2018; Chuong and Kim, 2014; Li, Wang and Lin, 2018;
Moustaid, Lakhdir and Dali, 2022a,b; Kim and Lee, 2011; Sun, Tan and Teo,
2023; Sun, Huang and Teo, 2024; Kuroiwa and Lee, 2012; Sun, Teo nd Long,
2024; Kerdkaew and Wangkeeree, 2020).

In this paper, we use a max-function approach and combine conjugate analy-
sis with the concept of approximate subdifferential to obtain approximate neces-
sary and sufficient optimality conditions characterizing an approximate efficient
solution of a semi-infinite multiobjective fractional problem under the closed-
ness qualification condition. Furthermore, we present examples illustrating the
main results of this study. As an application, we derive approximate necessary
and sufficient optimality conditions, characterizing an approximate efficient so-
lution of a multiobjective fractional programming problem under a conic and a
geometric constraint set.

This paper is organized as follows. In Section 2, we present basic notations
and key results from convex analysis. In Section 3, we obtain some approximate
necessary and sufficient optimality conditions, characterizing an approximate
efficient solution of a semi-infinite multiobjective fractional problem. In Sec-
tion 4, we provide approximate necessary and sufficient optimality conditions,
characterizing an approximate efficient solution for constrained multiobjective
fractional programming problem.



Approximate optimality in semi-infinite fractional programming 431

2. Preliminaries

In this section, some definitions and results are presented, which will be needed
in the sequel. Let R™ denote the m-dimensional Euclidean space, equipped
with the usual Euclidean norm || - ||. We use the notation (-,-) for the inner
product on R™ and let R := {(21,...,2p) € R™ : 2; >0, i = 1,...,m}
be the nonnegative orthant of R™. For y = (y1,..-,Um), 2 = (21,--+,2m),
the following order notation will be used: y <gm z means y; < z;, for all
1=1,...,m, and we denote by +oogm the greatest element of R™, i.e. y <mp
+oogm, for any y € R™ verifying y 4+ (+oogm) = (+oogm) + y = +oogm and
« - (+00gm) = 4oogm, for every o > 0. Let R() be the linear space given
below, which has been used for semi-infinite programmming in Goberna and
Lépez Cerda (1998).

RT .= {Ar = M\)yer | Ae =0 for all t € T but only finitely many A, # 0} .
Let R(f) be the positive cone in R(T), defined by
R = {/\T = (M)yep €ERM [N, >0 forall ¢ € T} :

The supporting set of A\r = (A¢),cp € R(™) | which is a finite subset of T, is
defined by
supp A :={t €T | A\ #0}.

For given A\p = (\¢),ep € R and 27 = (24)er € R(™) | we have

Z)\txt: Z et

teT tEsupp Ar

For a set D C R™ we use the notations clD, coD and coneD to denote the
closure, the convex hull of D and the conical hull generated by D, respectively.
For a given extended real valued function f : R” — R U {+0o0}, the effective
domain and the epigraph of f are defined by domf := {x € R" : f(z) < +o0}
and epif := {(z,r) e R® x R: f(x) < r}, respectively. The function f is said
to be proper if its effective domain is a nonempty subset of R™. It is said to be
lower semicontinuous if and only if its epigraph is closed. Moreover, f is called
convex if for every A € [0,1] and x1, 22 € R™, we have f(Az1 + (1 — Nxg) <
Af(z1) + (1 = A)f(x2), or, equivalently, if its epigraph is convex. Furthermore,
f is said to be concave if —f is convex.

Let f: R" — RU{+o0} be a given function and € > 0. The subdifferential
and the e-subdifferential of f at a point T € domf are defined, respectively, as
follows

of (@) :={a" eR", ("2 —-T)+ f(T) < f(x), VaxeR"}



432 M. B. MOUSTAID AND 1. DALI

and
O f(T):={z" eR", ("2 —-7)+ f(T) —e< f(x), VxeR"}.

For any proper, convex function f on R", the conjugate function of f is defined
by
ffr R — RU{—o00,+0}

v )= sup {(eta) — f(2).

meR”L
Moreover, the Young-Fenchel equality holds

fr@®) + f(@) = (2%,7) <= 2" € 0f(T).
As a consequence of that

(2", (2", 7) — f(T)) € epif”, Va* € of (). (1)
The indicator function of a nonempty subset C' C R", .. is defined as

0, ifx eC,
(Sc(al‘) =

400, otherwise.

Recall that d¢ is convex (respectively lower semicontinuous) if the subset C' is
convex (respectively closed). Let € > 0 and C' C R™ be a convex subset, the
e-normal set of C' at T is defined by

N.(7,C) = 8.60(F) = {a* €R": (a*,2 —T) <¢, Vo € C}.

When e = 0, Ny(Z, C) collapse to the classical normal cone of C' at T denoted
by N(z,C).

Now, let us recall the following results, which will be used in the next section.

THEOREM 2.1 (BoT, GRAD AND WANKA, 2009) Let f; : R® — R U {+oco}
p

be p proper, convezr and lower semicontinuous functions such that ﬂ dom f; # .
i=1

Then
p p

epi(z f)r = CI(Z epif;).

i=1

THEOREM 2.2 (JEYAKUMAR, LEE ANS DINH, 2003) Let f : R — RU{+o0}
be a proper convex lower semicontinuous function and let T € domf. Then

epif* = U {(x*,(x*,f) +e—f(T)) : 2" € &f(f)}

e>0
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LEMMA 2.1 (JEYAKUMAR, LEE ANS DINH, 2003) Let hy : R™ — Rt € T, be
convez functions. Then

U U {(u*, (W T) + 60— \hu(T)), u* € Oy (Z )\tht> (x)}

AreRr() 020 teT teT

=cocone U {(ug, (uy, &) + € — hy(Z)) | uj € Oche(T)}
teT,e>0

PROPOSITION 2.1 (JEYAKUMAR ET AL., 1996) Let I be an arbitrary index set
and let f; , i € I, be proper lower semicontinuous convex functions on R™.
Suppose that there exists xo € R™ such that sup;c; fi(zo) < co. Then,

epi(sup f;)* =cl (co U epiff)

el i€l

where sup;c; fi : R" — RU {400} is defined by (sup f;)(x) = sup fi(z) for all
iel

iel
x € R"™.

3. Approximate necessary and sufficient optimality con-
ditions

In this section, we present approximate necessary and sufficient optimality con-
ditions, characterizing an approximate efficient solution for the following semi-
infinite fractional multiobjective optimization problem:

(P) inf {(fl(x),..., fm(x))},
seF (\g1(@)" gm(2)
where the feasible set of (P) is defined by F := {z € C : hy(z) <0, t € T},
fiy-9s : R" — R (i =1,...,m), hy : R" — R, ¢t € T, are convex, lower
semicontinuous functions, T is an arbitrary (possible infinite) index set and C'

is a nonempty convex closed subset of R™. Moreover, we assume that for any
x€F, filx) >0and gi(z) >0 (i=1,...,m).

Let us recall the following definition of the approximate efficient solution
for the problem (P). The first concepts of approximate solution or solution
in multiobjective optimization appeared in the works of Kutateladze (1979),
Loridan (1984), and White (1986).
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DEFINITION 3.1 Let € = (e1,...,€m) € RT and T be a feasible point of (P), i.e.
T € F. The point T is called an e-efficient solution of (P) if there is no x € F
such that

fix) _ @)
5@ = g:(@)
filx)  f;(@)
5@ = 9;,@

—¢, foralli=1,...,m

—¢;, for some j € {1,...,m}.

REMARK 3.1 When € = 0, then the e-efficient solution becomes the efficient
solution.

Likewise, via max-function approach, we associate to (P) the scalar minimax
semi-infinite optimization problem

(R)  inf W(z)

where ¥(z) := max {f;(z) — vigi(z)} and v; = L& — ¢, (i=1,...,m).

1<i<m gl(f)

The relationship, linking (P) and (Fy), which will be useful for our purposes,
is stated in the following lemma

LEMMA 3.1 Let € = (€1,...,6m) € R and suppose that T € F and v; :=
i) If T is an e-efficient solution for problem (P), then T is a y-solution of the
problem (Py), ¥y > 7o.

ii) If e £0, 0 < v < 9 and T is a y-solution of the problem (Py), then T is an
e-efficient solution for problem (P).

—>03G=1,...,m), 7 := 1I<nla<}§n{elg,(f)} Then, the following hold:

PROOF i) Suppose that there exists a y1 > 79 where T is not a ~y;-solution of
(Py). Then, there exists x; € F such that

U(z1) < WU(T) —71-

As ¥(7) = 1222};1{6191(5)} =0 and y1; > 7o, we have

U(z1) = max {fi(vr1) —vigi(r1)} <0,

1<i<m
1.e.

fi(acl)—vigi(acl) <0, for all ¢ = 1,....m.
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Since g;(x1) > 0 for any ¢ = 1,...,m, it follows that there exist 1 € F such
that for any i =1,...,m,

gi(x1) < 9i(T)

'
This contradicts the fact that T is an e-efficient solution of (P).

11) Assume that T is not an e-efficient solution of (P), then there exists x € F
such that

—¢, foralli=1,...,m (2)

gj(l’) gj(f) — € for some j € {1,...7m}_ (3)

As gi(z) > 0 and v; = g’gi — €, it follows by (2) and (3) that

fi(z) —vigi(z) <0, foralli=1,...,m
fi(x) —v;gj(x) <0, for some j € {1,...,m}

i.e.

U(r) = max {fi(z) - vigi(x)} < 0.

1<i<m

Then, for 0 < v < 7, we have

U(r) = max {fi(x) —vigi(z)} <~ —v = ¥(T) — .

1<i<m

This leads to a contradiction. [ |

To obtain the approximate optimality conditions for an approximate solution
of problem (P), the following constraint qualification is required

DEFINITION 3.2 Let € = (€1,...,6y) € RT, T € F and v; := gg; —>00=

1,...,m). We say that closedness qualification condition (CQC) is satisfied at
T if the following set

co U epiff + viepi(—g;)* | + cocone (U epihf) + epids
1<i<m teT

is closed in the space R™ 1.

Now, we give an example intended to show the rationality of the closedness
condition (CQC)
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EXAMPLE 3.1 Let e = 3, 2 = -3, C = [-1,1], f(z) =z +1, g(z) = 1 and
hi(z) = tmax{xz,0} for any t € T = [0; —|—oo[ Then, it is easy to see that
V—%—G—O and T € F ={x € C: iy(z) <0, t € T}. By a simple
computation, we have epif* = {1} x [—1,4o0[, epi(—g)* = {0} x [1,+o0],
U epih; = [0, +o00[x[0, +00[ and epidy, = {(z*,r) e R*:| z* |[<r} =epi|.|.
teT

Obviously

co (epif* + vepi(—g)*) + cocone (U epihf) + epids
teT

= {1} x [1, +00[+]0, +00[ %[0, +00[+epi | . |

is a closed set. Which yields that closedness qualification condition (CQC) is
satisfied at .

REMARK 3.2 i) In the case where m = 1, our reqularity condition coincides with
the closure regularity condition, proposed by Burachik and Jejakumar (2005).
This condition has been used by several authors to derive the KKT- optimality
conditions.

i1) Note that when the set co U epif) + viepi(—g;)* | is closed, the regu-
1<i<m
larity condition (CQC) can be replaced by the closure of the set

cocone <U epih?) + epidy; = U epi <Z )\tht> + epidg,

teT AER(D teT

which has been utilized to derive the necessary and sufficient optimality condi-
tions for robust optimization problem (see Sun, Feng and Teo, 2022; Zeng, Xu
and Pu, 2019; Jiao, Lee and Zhou, 2020, and the references therein).

In the following proposition, we establish a characterization of approximate
solutions for the scalar minimax problem (P)

PROPOSITION 3.1 Let € = (€1,...,6y) ERT, v >0, T € F, v; := % —€ >
0(@=1,...,m) and v := max {€ig:(T)}. Then, T is a y-solution for problem
(Po) iff o

(0,7 =) €cl {co ( U epif; + viepi(—g;)* ) + cocone (U epihy ) +epi(53} .

1<i<m teT
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PROOF Let v > 0 and suppose that T is a y-solution of the scalar convex problem
(Py). Then, we have

0 €0, (V+d7) (@),

where U(z) := max {f;(z) — v;g;(z)} . From (1), it results that

1<i<m

(0,7 ="0) € epi (¥ + 7). (4)
As fiy -gi hy : R — R (i = 1,...,m), t € T are proper, convex, lower
semicontinuous functions and v; > 0, it follows that the function W is also
a proper, convex and lower semicontinuous function. Moreover, the indicator
function d¢ is proper, convex and lower semicontinuous, since C' is a nonempty,

convex and closed set. Thus, the functions ¥ and 07 satisfy together all the
assumptions of Theorem 2.1 and hence it follows from (4) that

(0,7 =) € cl(epi¥™ + epidx) . (5)
On the other hand, by Bot (2009, Remark 16.12)
epidF = cl <cocone U epih; + epidé) ;
teT
further, by Proposition 2.1 and Theorem 2.1 it is easy to see that
epi¥* = clco U epif! + viepi(—g;)*
1<i<m
Thus, (5) holds if and only if
(0,7—v0) € cl<co U epif; + viepi(—g;)* | +cocone <U epih’{) +epids
1<i<m teT
The proof is complete. [

THEOREM 3.1 Let € = (€1,...,6m) € R?, T € F, v; := ig; —¢>0(0=

1,...,m) and vo := max {€:9:(T)}. Then, we have:

i) Suppose that the constraint qualification (CQC) is satisfied. If T is an e-
efficient solution for problem (P), then there exist p;, «;, Bi, 1, 0 € Ry,
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(t=1,...,m), (M)ier € Rf), such that

Zpi =1 (6)
i=1

0¢€ Zﬂiaaifi(f) + ZMW@%(‘%)(T) + 0 (Z Atht> () + Ny(C,7)

=1 =1 teT
(7)
D opici+ Y pwiBi+ 040 =Y Nhi(E) =) pi€igi(®). (8)
=1 =1 teT =1

ii) Let € = (€1,...,6m) € R, € # 0. If there exist p;, oy, Bi, 1, 0 € Ry,
(i=1,....,m), (A)ter € RS_T), for which we have (6), (7) and

Zpiai + Z pivifi +0 +n — Z Aehy (T) — Zpieigi(f) <0, 9)
i—1 i—1 teT i=1

then T is an e-efficient solution for problem (P).

PROOF i) Let € = (e1,...,€p,) € RT and T € F. According to Lemma 3.1-(i), if
T is an e-efficient solution for problem (P) then T is a vp-solution of the problem
(Py) (with v = 79), and so Proposition 3.1 implies that

(0,0) € cl co U epif; + viepi(—g;)* | + cocone <U epihf) + epids p -
1<i<m teT
Since the constraint qualification (CQC) holds, it follows that

(0,0) € co ( U epif + l/iepi(gi)*> + cocone (U epihf) + epids.

1<i<m teT

Thus, there exists p; > 0 such that Z p; =1 and
i=1

m m
(0,0) € Z piepifs + Z piviepi(—g;)* + cocone (U epihj) + epids. (10)

i=1 i=1 teT
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By Theorem 2.2 we have
epify = | {7, 1,0 +ai = £:(@) + 2" € 0, @)}

epi(—g0)" = \J {017 + Bi — (—90)(@) + v} € Bp.(~90)(@)}

Bi =0

epids: = | J {(¢" (", 7) + 1~ d0(@)) : ¢ € ,00(z)}

n=>0

epih; = | {(uf, (uf @) + ¢ — hy()) : v; € Dehe(2)}.

e>0

Now, combining the latter equality of epih; with Lemma 2.1, we have

cocone (U epih,’f)

teT
= J UL @z +0-> \h(x)): u* € (thht> (7)}.
Aper(T) 620 teT teT

Thus, it follows from (10) that

(0,0) Gz:p2 U {:c 5T+ oy — fi(@)) oot Gaa,;fi(f)}

a; >0
+3 o U { i i m + 6 — (—00@) v €05 (~90)(@)}
i=1 Bi=0
+ U UL s m) + 0= Mhu() : u” € 0p (th> (7)}
A eR(T) 0>0 teT teT

+U{ (¢, @) +n—06c(@) : Eanéc(f)}.

n>0

Then, there exist p;, a;, Bi, 1, 0 €R4, (1 =1,...,m), Ar := (M)ier € Rf),
xf, yr, u* and ¢* € R” (i =1,...,m) such that

Zﬂi =1
i—1

&} € 0o, fi(T), yi € 0p,(—g:)(T), u* € Dy <Z m,f) (@), ¢* € N,(C,7)

teT

(11)
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and
sz 7, (@), ) +ai— fi +szl/z vis (Yl T) + Bi— (—9:)(T))
i=1
+(U ) U 7§ +97Z)‘tht(f))+(C*7<C*7T>+77760(f))7
teT
ie.
0 = Zpixf—l—Zpiuiyf—l—u*—i—c* (12)

m

0 = ZPZ + a; — z + szl/z y17 + ﬂl - (_gl)(f))

HWT) + 0 =Y MNh(T) + (", T) + 0 — 0 (T)

teT

m m m
= O pai + Y g b+ E) = pii(@) - g (@)
=1 =1

i=1

—Z/\tht(f) —6c(T) +Zpiai +Zpi1/iﬁi +0+n. (13)

teT i=1 i=1

From (11) and (12) we get that

OEZpla Si@ +szu,agl (—9:)(T) + Do (th> (T) + N, (C, 7).
i=1

i=1 teT

By (12) and using the fact that f;(Z) + vi(—¢:)(ZT) = €,9:(T), T € C, it follows
that the condition (13) reduces to

Zpieigi szaz + szyzﬁz + 9""’7 ZAtht
i=1

teT

Which allows us to obtain the desired result.

ii) Let € = (e1,...,em) € RT, € # 0, and assume that there exist p;, o, 8;, 1, 0 €
Ry (i=1,... 7m)7 (/\t)teT € RSFT), such that (6), (7) and (9) are satisfied. De-
fine

m

’Y—szaz+zpzyzﬁz+9+77 > Ahu() Zp”gz + 70-

teT
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By (9) it is easy to see that v < 7o, since Z pi€:9:(T) < 7o, then we have 0 < ~.
i=1
Thus, 0 < v < 7.

From the definition of the approximate subdifferential of convex analysis,
the condition (7) implies that there exist , yf, u* and ¢* € R" (i =1,...,m),
such that for any = € F,

file) = fil@)+(2f, 2 —F) —aq;, (i=1,....m) (14)

vi(—gi)(x) > vi(=g:)(@) + i,z —2) = Bi, (i=1...,m) (15)

0 = (cz—-2)—n

0 > Y Mhe(@) =D Aehi(@) + (u', 2 — ) — 0

teT teT
and

Zﬂiﬂff +Zpiwyf +u"+c" =0 (16)
=1 =1

Asp;, >0 (i =1,...,m), multiplying the inequalities (14), (15) by p; and adding
them leads for all x € F to

sz fz+Vz gz) sz f2+yl gl))( )

i=1 i=1
m m
+(O) pir; + Y piviys +ut + L x —T)
i=1 i=1
m
_szaz - szl/zﬁz 0 — 77+Z>\tht

teT

Hence, from (16) and using the fact that f;(T) + vi(—¢:)(@) = €g:(T), (i =
1,...,m), the above inequality reduces, for any z, to

> pilfi +vi(=9))(@) + 65 (x szezgz )+ Y Ahi(T) =Y picy
=1 teT i=1

=Y piBi —0—n>— 7.
Which leads to

(0,7 =) € epi (Z pilfi + vi(—=gi)) + 5f> .

=1
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By Theorem 2.1 it follows that

=1

(0,7 =70) €cl (Z pi(epif; + viepi(—gi)") + epi5}> :

By similar arguments as in the proof of Proposition 3.1, we obtain

(0,7 —0) €clg co U epif! + viepi(—g;)" | +
1<i<m

cocone (U epihf) + epiég} .

teT

So, it follows from Proposition 3.1 that T is a y-solution for problem (Py) and
since 0 < -y < 79 we have, by Lemma 3.1-(ii), that z is an e-efficient solution for
problem (P), and the proof is complete. [ |

Next, we provide an example illustrating Theorem 3.1.

EXAMPLE 3.2 Consider the following semi-infinite multiobjective fractional prob-
lem

. (xQ 1+x+x2+y2>
inf (&, ————— 2

2’ z+1
Q)
1—tx<0, te][l,+o0]
(z,y) e RxR.

Let e = (61762) = (%7%)) fl (.’L’,y) :mQa f2 (-’I/',y) = 1+l‘+.’1)2+y2, g1 (-’I/',y) :2a
g2 (z,y)=x+1, h(z,y) =1—tx, t € T =[1,+00] and C =R x R.

One can easily observe that (Z,7) = (1,0) e F={x € C : he(z) <0, t €T},

fl(fay) f2(f7y)

v = —~ —¢1 =0 and vy = ey =1.
91(Z,7) 92(T, 7)

1) According to the definition of the conjugate function, we have that

*2

ff(m*,y*)={ o dr s

400, otherwise.
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L (SE* o 1)2 y*2
_ @ -1 1
f3(" ) 4 + 4
* * *\ 27 Zf (.’L'*,y*) = (O’O)’
(=g1)"(e"y") = {+oo7 otherwise.
1, if (z*,y*) = (-1,0),

400, otherwise.

_]-7 Zf (x*vy*) = (_t30)7
400,  otherwise.

hi (2", y") ={

Hence, by the definition of the epigraph of a function, it follows that
co| U epif; +mepi(—g0) | = (" 57)m) -

1<i<m
cocone (U epihf)

teT

] — 00, —1] x {0} x [—1,400].

Thus, it is clear that the set

co U epif; 4 viepi(—g;)* | + cocone (U epihf) + epids,

1<i<m teT

is closed. Which yields that the closedness qualification condition (CQC) is sa-
tisfied at (T, 7).

Moreover, the following inequalities, if at least one of them is strict

1 1 2 2
iy gpg ity

1 3
z <t _Z-=1,
2 2 x+1 2

1
2

are not satisfied for any (x,y) € F\{(Z,7)}. So, it follows that (Z,7) is an
e-efficient solution for problem (Q).

Let py =pp =3, 01 =1, 02 =0, =0, o =1, 0 =19 =0, (M)er =
(1,0,0,...). Then, by the definition of the approzimate subdifferential, we have
(2,0) € Da, f1(1,0) = [0,4] x {0},

*2

(1,0) € By f2(1,0) = {(a*,y*) € R2: &2 L w2 g < gy
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(070) € aﬁl(*gl)(lvo) = {(030)}3

(=1,0) € 93,(—92)(1,0) = {(~1,0)},

(—1,0) € 9y (Z )\tht> (1,0) = 9ph1(1,0) = {(=1,0)}, Ny((1,0),C) = {(0,0)}.

teT
Then, it follows that p1 + p2 =1,

(0, 0) = p1(2,0) 4+ p111(0,0) + p2(1,0) + par2(—1,0) + (—1,0) + (0,0)

GZpiaaif,;(l,())+Zpiui5gi(fg¢)(1,0)+39 > " Nehy | (1,0) + N, (C, (1,0))

i=1 =1 teT

and

2
ZPz%‘FZPMBz"‘a"’Tl Z)\tht 1 O Zpieigi(LO)'
=1

teT

Thus, (i) of Theorem 3.1 holds.

2) By takmgplsz:%,a1:%, az=0,01=0,p=10=n=0,
(M)ier = (1,0,0,...), it follows that p1 + ps = 1

2 2
€Y pida, fi(1,0) + ) pividp,(~9:)(1,0)

=1 =1
(Z)\tht> (1,0) + N, (C, (1,0),
teT

and

szarkszl/zﬁz—i—@-Fn > Aihe(1,0) ~ megzlo ——<0

teT

Thus, the conditions (6), (7), (9) of Theorem 8.1-(ii) are satisfied. Then, it
follows that (1,0) is an (%, 3)-efficient solution for problem (P). Consequently,
(ii) of Theorem 3.1 is applicable.

The following example shows that the constraint qualification (CQC) of The-
orem 3.1 (i) is essential.
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ExampLE 3.3 Consider the following semi-infinite multiobjective fractional prob-

lem
. y+2 3z
inf
r+1 2
tr+y <3, te€|l,2]

(z,y) € Ry xR.
Let e = (e1,€2) = (3. %), fi(z,y) =y+2, folz,y) =3z, g1 (z,y) = +1,

(S)

92 (@, y) =2, hy(z,y) =to +y -3, 1 €T =]1,2], C =Ry xR.
Let (7,7) = (1,L1) e F={w € C: hy(w) <0, t € T}, 1y = LEL ¢} =1
and vy = gzg;%; €a = 1. It is clear that (1, 1) is an e-efficient solution to

problem (S).

1) By the definition of the conjugate function, we have

ff(x*7y*) _ {_2’ { (x*,y*) = (07 1)a

otherwise.

07 iflx*,y*) = (3,0),
Y otherwise.
(7 27 Zf (x*ay*) = (_170)7
400, otherwise.
- 2, if@y) = (0,0),
Y 400, otherwise.
3, if (z*,y7) = (t,1),
400,  otherwise.

Zf (x*vy*) 6] - O0,0] X {O}a
dcla’sy’) = {—i—oo, otherwise.

Hence, by simple calculation, the epigraphs of the data functions turn out to be

co( |J epifi +wiepi(=g:)" | = {(2, 1)} x [1, +oc|

1<i<m

cocone (U epih;> =]1,2] x {1} x [3, +o0]

teT
epids: = R_ x {0} x Ry.
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Then, it follows that

co U epif; 4 viepi(—g;)* | + cocone (U epihf) + epids

1<i<m teT

is not a closed set, i.e. the closedness qualification condition (CQC) is not sa-
tisfied at (T, 7).

On the other hand, let p;, a;, Bi, 1, 0 >0, (i =1,2), (M)ter € Rf), for which
we have (6), (7) and (8). By the definition of the approzimate subdifferential,
we have

aa1f1(17 1) = {(O’ 1)}v 8a2f2(17 1) = {(3’0>}’ 651(_91)(1’ 1) = {(_170)}7

632(_92)(17 1) = {(07 0)}7 8‘9 (Z )\tht> (17 1) = { (Z )\tta Z )\t> } )
teT teT teT

N,((1,1),C) ={(z*,y*) : a*(x —1) <n, y* =0} and by using the fact that

vi=1,g,(1,1)=2 (i=1,2), (2*,0) € N,,((1,1),0)

and (Z Aet, Z)\t) € 0y (Z /\tht> (1,1), we have

teT teT teT
pr+p2=1
(0,0) = p1(0,1) +p1v1(=1,0) +p2(3,0) +p212(0,0) +(x*,0) +(Z Att, Z At)
teT  teT
2 2 2
Z pic; + Z piviBi +0 +n — Z Athi(1,1) = szﬂgz’(lv 1)
i=1 i=1 teT i=1
p1+p2=1 (17)
Bp2—pr+at+ > Mt=0 (18)
teT
Pty A=0 (19)
ter
2
pra1 + peaz + p1f1+ p2f2 +0+n— Z At —2) = Zpi =1 (20)
teT i=1

Since p1 € Ry and (A)ier € RSFT), it follows from (19) that p1 = 0, =
0, t €T, and from (17) that po = 0, and from (18) that * = —3. From (20)
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we get that
ar+Pa+0+n=1 (21)

Since x* = =3 € N, (C, (1,1)), it follows that for any x € Ry, the inequality
—3(z—1) < n holds. Upon substituting x = 0, we obtain 3 < 1, which contradicts
the condition (21). Thus, (i) cannot hold.

The next example shows that conditions (6) and (7) of Theorem 3.1 (ii) are
essential.

EXAMPLE 3.4 Consider the following multiobjective fractional problem

241
inf [ £ + ,§y—|—1
—y+1°2

max{0,z} +y* <0
(z,y) € R2.

(Q1)

Let e = (€1a€2) = (%70)7 fl (-’L’,y) = $2+1, f2 (-T,y) = %y—i_la g1 (xmy) = _y+1a
92 (z,y) = 1, hy(z,y) = max{0,2} + >, t e T = {1}, C =R xR

and (z,y) = (=1,0). It is clear that (z,y) € F = {z € C : hi(z) < 0},

_ L=z _3
= gi(i@) =3
and vy = gzggg — e = 1. It is easy to see that (T,7) is not an approximate

efficient solution.

On the other hand, by the definition of the approximate subdifferential, we have

6Ef1(—1,0) = [—\ﬁ_ 2; \/E - 2] X {0}7 8€f2(_170) = {(O’ %)}a

66(_91)(_1’0) = {(Oa 1)}) 86(_92)(_1’0) = {(070)}5

e (Mh1) (—=1,0) = {(z*,y) s 2% € [0, ], 4 < —2* +6}, M\ #0.

P

Suppose that there exist p;, a;, Biy n, 0 >0, (i =1,2), \y € Ry,

(27,0) € Oy f1(—=1,0) and (x5, y3) € 09 (A1h1) (—=1,0) such that p1 + p2 = 1,

3
(070) = p1($>{, 0) + ,02(0, 5) + Pll/l(oa 1) + P2V2(070) + (J);,y;)

€ 6<X1f1(_170) + 6a2f2(_170) + 851(_91)(_1’0)+
aﬁ2<_92)<_17 0) + 0y <A1h1> (_170)
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and
Zplaz—FZpZmﬂz—l—G—Fn A1hi(—1,0)
=1 =1

Since vy = %,VQ =1, e1g1(—1,0) = %,
Then, it follows that

pr+p2=1
p1z; + x5 =0

3 x
P2ty =0

3ot
P12

2
3 1
Zpiai +P1551 +p2B2+0+n— 51 <0
i=1
and as (z3,0) € Dy, f1(—1,

A1 #£ 0 that

Z Pi ezgz -1, 0 < 0.

€292(—1,0) = 0 and hi(—1,0) = 0.

(25)

0), (x%,y3) € Og (A1h1) (—1,0), then, by the definition
of approzimate subdifferential, we have for any z3, y;5 € R, x5

€ [0,A1] and

(26)

(27)

By multiplying inequality (26) by p1 and adding the terms of the resulting in-
equality to the terms of inequality (27), we obtain the following inequality

*2 y*2
R +4)\ S —pat -

p1 x5+ prog + 0

and by (23) it follows that

*2
yz
< 0,
P1 4 W P11 +
thus
*2 *2
x] Ys 1 1
o < g — =
P1 1 + I + 2/)1 < prog + 2P1,

which means that

1
0 S P101 +0— 5[)1
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On the other hand, since ps, 81,2 are positive numbers, it follows that

2
3 1
Zﬂiai+01§ﬁ1 +P252+9+77*501 >0

i=1
which contradicts inequality (25).
If \y = 0, we have 9p (A1h1) (—=1,0) = {(0,0)} then, according to (24), it follows
that %pl + g,og = 0, which contradicts (22).

Thus, the conditions (6), (7), and (9) of Theorem 3.1-(ii) cannot be satisfied,
which tmplies that these conditions are essential.

REMARK 3.3 i) In the scalar case, Theorem 3.1-(i) coincides with Theorem 3.1
of Sun et al. (2022) when the uncertainty sets Vi are singletons for all t € T.
Furthermore, if C =R, it coincides with Corollary 3.1 of Zeng et al. (2019).
it) If the functions g; = 1, then Theorem 3.1 and Theorem 4.1 of Gutiérrez et
al. (2006) are equivalent.

REMARK 3.4 i) In the special case, when T is a finite index set, such as T :=
{1,2,...,p}, the problem known as (P) can be reduced to the following standard
fractional multiobjective problem

® 21 (e 5o}

where the feasible set of (S) is defined by A:={x € C: hj(z) <0, j=1,...,p},
and then we can derive directly the approximate optimality conditions with the
only change being the replacement of the index set T with {1,2,...,p}, in The-
orem 3.1.

ii) In the case when e = 0, we get the necessary optimality conditions charac-
terizing an efficient solution for problem (P).

As a corollary of Theorem 3.1, we derive a characterization of the approx-
imate optimality condition of approximate efficient solution for the following
multiobjective semi-infinite convex optimization problem:

(P1) inf {(fi(z),..., fm(2))}
TEF
Under the following constraint qualification (CQCh) :
co U epif; | + cocone (U epih; ) + epids
1<i<m teT

is closed in the space R™*1.
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COROLLARY 3.1 For problem (Py), let € = (e1,...,em) € RT, T € F, and

7o := max {¢;}. Then, we have:
1<i<m

i) Supp_ose that the constraint qualification (CQC,) is satisfied. If T is an e-
solution for problem (Py), then there exist p;, a;, n, 0 € Ry, (i=1,...,m)

and (At)ter € R, such that

=1

0€ > pia, fi(T) + Do <Z )\tht> (@) + N, (C, ) (29)
i=1 teT

Zpiai +0+n— Z Ath(T) = Z pi€igi(T).
=1 =1

teT

ii) Let € = (€1,...,€m) € R, € # 0. If there exist p;, a;, 1, § € Ry,
(i=1,....,m), (A)ter € Rf), for which we have (28) and (29)

Y opiai+0+n= Nhe(@) = > picigi(T) <0,
=1 1=1

teT

then T is an e-efficient solution for problem (Py).

4. Application

We end this paper with an application of Theorem 3.1 to deduce the approxi-
mate necessary and sufficient optimality conditions for the vector optimization
problem with geometric and cone constraints. Let Y be a real locally convex
Hausdorff topological vector space and its continuous dual space Y* with dual-
ity pairing, denoted by (-, -). Let C C R™ be a nonempty convex set. Let K CY
be a nonempty closed convex cone and its polar cone be defined as follow

K :={y"eY": (y*,y) >0, Vy € K}.
On Y we define the partial order, namely:
Y1 <K Y2 <= Y2 — 4 € —K,

for any y1,y2 € Y and we attach to Y an abstract maximal element, denoted
by +ooy, with respect to 7 <j ” and we denote Y = Y U {400y }. Then, for
every y € Y one has y <x +ooy. The algebraic operations of Y are extended
as follows

y+(+OOY) = (+OOY)+?J:+00Y7 V?JEYU{+OOY}7
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a - (+ooy) = +ooy, Va >0.

Consider the following multiobjective fractional programming problem under
a conic and a geometric constraint set:

@ g {(2E

h(z)e—K

where the functions f;, -g; : R* — R, (i = 1,...,m) are convex, lower semi-
continuous and h : X — Y is proper, K-convex, i.e., for any =,y € X, \ €
[0,1], fOx+(1—=N)y) <g Af(z)+(1—X)f(y). Moreover, h is star K-lower semi-
continuous if and only if, for each A € K*, the function (Ah) : X — RU {400},

defined by

_f (M h(z)), if x € dombh,
(M) (=) = { 400, otherwise
is a lower semicontinuous function, where domh := {x € X : h(z) € Y} is the
effective domain of the mapping h.

REMARK 4.1 i) It is easy to see that h is K-convez if and only if (Ah) is a
convex function for each A € K*.

it) The mapping h is called star K-lower semicontinuous if and only if the
function (ARh) is a lower semicontinuous function for any A € K*.

The problem (Q) has been studied extensively under various angles, see Zeng,
Xu and Fu (2019), Moustaid, Laghdir and Dali (2022), and Moustaid et al.
(2022), and the references therein. In addition, the problem (@) can be viewed
as an example of (P) by setting

T:= K" and hy := Ah for any \ € T.
As before, we use F to denote the solution set
F={zxeC:hx)e —K}={xeC:(Ah)(x) <0,YAeT}.

Moreover, since U epi (Ah)* is a convex cone (see Jeyakumar et al., 1996),
AEK*
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it follows that

co U epif; + viepi(—g;)* | + cocone ( U epihj) + epids
1<i<m AET

=co U epif; + viepi(—gi)* | + cocone < U epi(Ah*)) + epids
1<i<m AEK™

=co U epif] + viepi(—g:)* | + U epi(Ah)* + epids.
1<i<m AEK*

Thus, we can immediately see that the qualification condition (CQC), intro-
duced in Section 3, becomes the follows qualification condition (CQC5):

co U epif; + viepi(—g:)* | + U epi(Ah)* + epids
1<i<m AEK*

is closed in the space R™*1.

Now, utilizing Theorem 3.1, we can derive the approximate necessary and
sufficient approximate optimality conditions for problem (Q)

THEOREM 4.1 Let e = (€1,...,6y,) € RT, let f;i, -g; : R — R (i=1,...,m)
be m convez, lower semicontinuous functions and h : X — Y be a proper, K-

conver and star K -lower semicontinuous mapping. Let T € F, v; := gg; —€ >

0(=1,...,m) and v := max {€:9:(T)}. Then, we have:

i) Suppose that the constmz’;z{qualiﬁcation (CQC:) 1is satisfied. If T is an e-
efficient solution for problem (Q), then there exist p;, «;, Bi, n, 0 € Ry
(t=1,...,m), A € K*, such that

Zpi =1 (30)
i=1

IS Z pida, fil®) + Y piviOp,(=g:)(T) + g (M) (T) + N,y (C,T)(31)

=1
D opii+ Y piBi+0+1— (A)(@) =Y pieigi(T).
i=1

i=1 i=1

ii) Let € = (€1,...,6m) € R, € # 0. If there exist p;, oy, Bi, 1, 0 € Ry,
(i=1,...,m), A € K* for which we have (30), (31) and
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Zpiai + Z pivifi +0 +n — Z pi€igi(T

i=1 i=1

then T is an e-efficient solution for problem (Q).
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