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1. Introduction

A semi-infinite multiobjective fractional programming problem is a mathemat-
ical programming problem involving two or more fractional objective functions
over a feasible set, described by an infinite (possibly finite) number of con-
straints. These problems have garnered significant attention from researchers,
due to their theoretical and practical importance. Various approaches and per-
spectives have been proposed to analyze and solve such problems (see Chuong,
2016; Sun, Feng and Teo, 2022; Singh et al., 2021; Pham, 2023; Guo and Jiao,
2021; Zeng, Xu and Fu, 2019, and references therein).

In recent years, much attention has been paid to approximate efficient so-
lutions of multiobjective optimization problems. These solutions are of great
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theoretical and practical significance, as many optimization problems are solved
using iterative algorithms or heuristic methods that yield approximations to the
theoretical solutions.

To obtain approximate optimality conditions, characterizing an approximate
efficient solution for a semi-infinite multiobjective fractional programming prob-
lem, which is not generally convex, we formulate an equivalent multiobjective
convex optimization problem by using a parametric approach. This equivalent
problem can be transformed into a scalar optimization problem through vari-
ous methods, such as penalty functions (Liu and Yokoyama, 1999; Liu, 1996;
1991) weighted objective sums (Deng, 1997; Dutta and Vetrivel, 2001), and
maximum functions (Gutierrez, Jimenez and Novo, 2005, 2006). However, it
is necessary to impose some form of constraint qualifications. It is well-known
that regularity conditions often fail to hold for finite-dimensional optimization
problems and are even more likely to fail in infinite-dimensional cases, such
as those involving generalized Slater constraints (Jeyakumar, 2003; Jeyakumar,
Lee and Dinh, 2003). For this reason, it is crucial to investigate the approximate
optimality conditions for approximate efficient solutions of multiobjective opti-
mization problems under weak constraint qualifications (Liu, Long and Huang,
2023: Lee and Lee, 2018; Chuong and Kim, 2014; Li, Wang and Lin, 2018;
Moustaid, Lakhdir and Dali, 2022a,b; Kim and Lee, 2011; Sun, Tan and Teo,
2023; Sun, Huang and Teo, 2024; Kuroiwa and Lee, 2012; Sun, Teo nd Long,
2024; Kerdkaew and Wangkeeree, 2020).

In this paper, we use a max-function approach and combine conjugate analy-
sis with the concept of approximate subdifferential to obtain approximate neces-
sary and sufficient optimality conditions characterizing an approximate efficient
solution of a semi-infinite multiobjective fractional problem under the closed-
ness qualification condition. Furthermore, we present examples illustrating the
main results of this study. As an application, we derive approximate necessary
and sufficient optimality conditions, characterizing an approximate efficient so-
lution of a multiobjective fractional programming problem under a conic and a
geometric constraint set.

This paper is organized as follows. In Section 2, we present basic notations
and key results from convex analysis. In Section 3, we obtain some approximate
necessary and sufficient optimality conditions, characterizing an approximate
efficient solution of a semi-infinite multiobjective fractional problem. In Sec-
tion 4, we provide approximate necessary and sufficient optimality conditions,
characterizing an approximate efficient solution for constrained multiobjective
fractional programming problem.
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2. Preliminaries

In this section, some definitions and results are presented, which will be needed
in the sequel. Let R

m denote the m-dimensional Euclidean space, equipped
with the usual Euclidean norm ‖ · ‖. We use the notation 〈·, ·〉 for the inner
product on R

m and let R
m
+ := {(x1, . . . , xm) ∈ R

m : xi ≥ 0, i = 1, . . . ,m}
be the nonnegative orthant of R

m. For y = (y1, . . . , ym), z = (z1, . . . , zm),
the following order notation will be used: y ≤R

m

+
z means yi ≤ zi, for all

i = 1, . . . ,m, and we denote by +∞Rm the greatest element of Rm, i.e. y ≤R
m

+

+∞Rm , for any y ∈ R
m verifying y + (+∞Rm) = (+∞Rm) + y = +∞Rm and

α · (+∞Rm) = +∞Rm , for every α ≥ 0. Let R
(T ) be the linear space given

below, which has been used for semi-infinite programmming in Goberna and
López Cerda (1998).

R
(T ) :=

{

λT = (λt)t∈T | λt = 0 for all t ∈ T but only finitely many λt 6= 0} .

Let R
(T )
+ be the positive cone in R

(T ), defined by

R
(T )
+ :=

{

λT = (λt)t∈T ∈ R
(T ) | λt ≥ 0 for all t ∈ T

}

.

The supporting set of λT = (λt)t∈T ∈ R
(T ), which is a finite subset of T , is

defined by
suppλT := {t ∈ T | λt 6= 0} .

For given λT = (λt)t∈T ∈ R
(T ) and xT = (xt)t∈T ∈ R

(T ), we have

∑

t∈T

λtxt =
∑

t∈suppλT

λtxt.

For a set D ⊂ R
m we use the notations clD, coD and coneD to denote the

closure, the convex hull of D and the conical hull generated by D, respectively.
For a given extended real valued function f : R

n −→ R ∪ {+∞}, the effective
domain and the epigraph of f are defined by domf := {x ∈ R

n : f(x) < +∞}
and epif := {(x, r) ∈ R

n × R : f(x) ≤ r}, respectively. The function f is said
to be proper if its effective domain is a nonempty subset of Rn. It is said to be
lower semicontinuous if and only if its epigraph is closed. Moreover, f is called
convex if for every λ ∈ [0, 1] and x1, x2 ∈ R

n, we have f(λx1 + (1 − λ)x2) ≤
λf(x1) + (1− λ)f(x2), or, equivalently, if its epigraph is convex. Furthermore,
f is said to be concave if −f is convex.

Let f : Rn −→ R∪{+∞} be a given function and ǫ ≥ 0. The subdifferential
and the ǫ-subdifferential of f at a point x ∈ domf are defined, respectively, as
follows

∂f(x) := {x∗ ∈ R
n, 〈x∗, x− x〉+ f(x) ≤ f(x), ∀x ∈ R

n}
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and

∂ǫf(x) := {x∗ ∈ R
n, 〈x∗, x− x〉+ f(x)− ǫ ≤ f(x), ∀x ∈ R

n}.

For any proper, convex function f on R
n, the conjugate function of f is defined

by
f∗ : R

n −→ R ∪ {−∞,+∞}
x∗ 7−→ f∗(x∗) := sup

x∈Rn

{〈x∗, x〉 − f(x)}.

Moreover, the Young-Fenchel equality holds

f∗(x∗) + f(x) = 〈x∗, x〉 ⇐⇒ x∗ ∈ ∂f(x).

As a consequence of that

(x∗, 〈x∗, x〉 − f(x)) ∈ epif∗, ∀x∗ ∈ ∂f(x). (1)

The indicator function of a nonempty subset C ⊂ R
n, δC is defined as

δC(x) :=

{

0, if x ∈ C,

+∞, otherwise.

Recall that δC is convex (respectively lower semicontinuous) if the subset C is
convex (respectively closed). Let ǫ ≥ 0 and C ⊂ R

n be a convex subset, the
ǫ-normal set of C at x is defined by

Nǫ(x,C) := ∂ǫδC(x) = {x∗ ∈ R
n : 〈x∗, x− x〉 ≤ ǫ, ∀x ∈ C}.

When ǫ = 0, N0(x,C) collapse to the classical normal cone of C at x denoted
by N(x,C).

Now, let us recall the following results, which will be used in the next section.

Theorem 2.1 (Bot, Grad and Wanka, 2009) Let fi : R
n −→ R ∪ {+∞}

be p proper, convex and lower semicontinuous functions such that

p
⋂

i=1

domfi 6= ∅.

Then

epi(

p
∑

i=1

fi)
∗ = cl(

p
∑

i=1

epif∗
i ).

Theorem 2.2 (Jeyakumar, Lee ans Dinh, 2003) Let f : Rn −→ R∪{+∞}
be a proper convex lower semicontinuous function and let x ∈ domf. Then

epif∗ =
⋃

ǫ≥0

{

(x∗, 〈x∗, x〉+ ǫ− f(x)) : x∗ ∈ ∂ǫf(x)
}

.
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Lemma 2.1 (Jeyakumar, Lee ans Dinh, 2003) Let ht : Rn → R, t ∈ T, be
convex functions. Then

⋃

λT∈R
(T )
+

⋃

θ≥0

{

(u∗, 〈u∗, x〉+ θ −
∑

t∈T

λtht(x)), u
∗ ∈ ∂θ

(

∑

t∈T

λtht

)

(x)

}

=cocone





⋃

t∈T,ǫ≥0

{(u∗
t , 〈u∗

t , x̄〉+ ǫ− ht(x̄)) | u∗
t ∈ ∂ǫht(x̄)}



 .

Proposition 2.1 (Jeyakumar et al., 1996) Let I be an arbitrary index set
and let fi , i ∈ I, be proper lower semicontinuous convex functions on R

n.
Suppose that there exists x0 ∈ R

n such that supi∈I fi(x0) < ∞. Then,

epi(sup
i∈I

fi)
∗ = cl

(

co
⋃

i∈I

epif∗
i

)

where supi∈I fi : R
n −→ R ∪ {+∞} is defined by (sup

i∈I

fi)(x) = sup
i∈I

fi(x) for all

x ∈ R
n.

3. Approximate necessary and sufficient optimality con-

ditions

In this section, we present approximate necessary and sufficient optimality con-
ditions, characterizing an approximate efficient solution for the following semi-
infinite fractional multiobjective optimization problem:

(P ) inf
x∈F

{(

f1(x)

g1(x)
, . . . ,

fm(x)

gm(x)

)}

,

where the feasible set of (P ) is defined by F := {x ∈ C : ht(x) ≤ 0, t ∈ T},
fi, -gi : R

n −→ R (i = 1, . . . ,m), ht : R
n −→ R, t ∈ T, are convex, lower

semicontinuous functions, T is an arbitrary (possible infinite) index set and C

is a nonempty convex closed subset of Rn. Moreover, we assume that for any
x ∈ F , fi(x) ≥ 0 and gi(x) > 0 (i = 1, . . . ,m).

Let us recall the following definition of the approximate efficient solution
for the problem (P ). The first concepts of approximate solution or solution
in multiobjective optimization appeared in the works of Kutateladze (1979),
Loridan (1984), and White (1986).



434 M. B. Moustaid and I. Dali

Definition 3.1 Let ǫ = (ǫ1, . . . , ǫm) ∈ R
m
+ and x be a feasible point of (P ), i.e.

x ∈ F . The point x is called an ǫ-efficient solution of (P ) if there is no x ∈ F
such that

fi(x)

gi(x)
≤ fi(x)

gi(x)
− ǫi, for all i = 1, . . . ,m

fj(x)

gj(x)
<

fj(x)

gj(x)
− ǫj , for some j ∈ {1, . . . ,m}.

Remark 3.1 When ǫ = 0, then the ǫ-efficient solution becomes the efficient
solution.

Likewise, via max-function approach, we associate to (P ) the scalar minimax
semi-infinite optimization problem

(P0) inf
x∈F

Ψ(x)

where Ψ(x) := max
1≤i≤m

{fi(x)− vigi(x)} and νi =
fi(x)
gi(x)

− ǫi (i = 1, . . . ,m).

The relationship, linking (P ) and (P0), which will be useful for our purposes,
is stated in the following lemma

Lemma 3.1 Let ǫ = (ǫ1, . . . , ǫm) ∈ R
m
+ and suppose that x ∈ F and νi :=

fi(x)
gi(x)

− ǫi ≥ 0 (i = 1, . . . ,m), γ0 := max
1≤i≤m

{ǫigi(x)}. Then, the following hold:

i) If x is an ǫ-efficient solution for problem (P ), then x is a γ-solution of the
problem (P0), ∀γ ≥ γ0.

ii) If ǫ 6= 0, 0 ≤ γ < γ0 and x is a γ-solution of the problem (P0), then x is an
ǫ-efficient solution for problem (P ).

Proof i) Suppose that there exists a γ1 ≥ γ0 where x is not a γ1-solution of
(P0). Then, there exists x1 ∈ F such that

Ψ(x1) < Ψ(x)− γ1.

As Ψ(x) = max
1≤i≤m

{ǫigi(x)} = γ0 and γ1 > γ0, we have

Ψ(x1) = max
1≤i≤m

{fi(x1)− vigi(x1)} < 0,

i.e.

fi(x1)− vigi(x1) < 0, for all i = 1, . . . ,m.
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Since gi(x1) > 0 for any i = 1, . . . ,m, it follows that there exist x1 ∈ F such
that for any i = 1, . . . ,m,

fi(x1)

gi(x1)
<

fi(x)

gi(x)
− ǫi.

This contradicts the fact that x is an ǫ-efficient solution of (P ).

ii) Assume that x is not an ǫ-efficient solution of (P ), then there exists x ∈ F
such that

fi(x)

gi(x)
≤ fi(x)

gi(x)
− ǫi, for all i = 1, . . . ,m (2)

fj(x)

gj(x)
<

fj(x)

gj(x)
− ǫj , for some j ∈ {1, . . . ,m}. (3)

As gi(x) > 0 and νi =
fi(x)
gi(x)

− ǫi, it follows by (2) and (3) that

fi(x)− νigi(x) ≤ 0, for all i = 1, . . . ,m

fj(x)− νjgj(x) < 0, for some j ∈ {1, . . . ,m}

i.e.

Ψ(x) = max
1≤i≤m

{fi(x)− vigi(x)} ≤ 0.

Then, for 0 ≤ γ < γ0, we have

Ψ(x) = max
1≤i≤m

{fi(x)− vigi(x)} < γ0 − γ = Ψ(x)− γ.

This leads to a contradiction.

To obtain the approximate optimality conditions for an approximate solution
of problem (P ), the following constraint qualification is required

Definition 3.2 Let ǫ = (ǫ1, . . . , ǫm) ∈ R
m
+ , x ∈ F and νi :=

fi(x)
gi(x)

− ǫi ≥ 0 (i =

1, . . . ,m). We say that closedness qualification condition (CQC) is satisfied at
x if the following set

co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



+ cocone

(

⋃

t∈T

epih∗
t

)

+ epiδ∗C

is closed in the space R
n+1.

Now, we give an example intended to show the rationality of the closedness
condition (CQC)
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Example 3.1 Let ǫ = 1
2 , x̄ = − 1

2 , C = [−1, 1], f(x) = x + 1, g(x) = 1 and
ht(x) = tmax{x, 0} for any t ∈ T = [0;+∞[. Then, it is easy to see that

ν = f(x)
g(x) − ǫ = 0, and x ∈ F = {x ∈ C : ht(x) ≤ 0, t ∈ T}. By a simple

computation, we have epif∗ = {1} × [−1,+∞[, epi(−g)∗ = {0} × [1,+∞[,
⋃

t∈T

epih∗
t = [0,+∞[×[0,+∞[ and epiδ∗C = {(x∗, r) ∈ R

2 :| x∗ |≤ r} = epi | . | .

Obviously

co (epif∗ + νepi(−g)∗) + cocone

(

⋃

t∈T

epih∗
t

)

+ epiδ∗C

= {1} × [1,+∞[+[0,+∞[×[0,+∞[+epi | . |

is a closed set. Which yields that closedness qualification condition (CQC) is
satisfied at x.

Remark 3.2 i) In the case where m = 1, our regularity condition coincides with
the closure regularity condition, proposed by Burachik and Jejakumar (2005).
This condition has been used by several authors to derive the KKT- optimality
conditions.

ii) Note that when the set co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



 is closed, the regu-

larity condition (CQC) can be replaced by the closure of the set

cocone

(

⋃

t∈T

epih∗
t

)

+ epiδ∗C =
⋃

λ∈R
(T )
+

epi

(

∑

t∈T

λtht

)∗

+ epiδ∗C ,

which has been utilized to derive the necessary and sufficient optimality condi-
tions for robust optimization problem (see Sun, Feng and Teo, 2022; Zeng, Xu
and Fu, 2019; Jiao, Lee and Zhou, 2020, and the references therein).

In the following proposition, we establish a characterization of approximate
solutions for the scalar minimax problem (P0)

Proposition 3.1 Let ǫ = (ǫ1, . . . , ǫm) ∈ R
m
+ , γ ≥ 0, x ∈ F , νi :=

fi(x)
gi(x)

− ǫi ≥
0 (i = 1, . . . ,m) and γ0 := max

1≤i≤m
{ǫigi(x)}. Then, x is a γ-solution for problem

(P0) iff

(0, γ − γ0) ∈ cl







co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



+ cocone

(

⋃

t∈T

epih∗
t

)

+ epiδ∗C







.
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Proof Let γ ≥ 0 and suppose that x is a γ-solution of the scalar convex problem
(P0). Then, we have

0 ∈ ∂γ (Ψ + δF ) (x),

where Ψ(x) := max
1≤i≤m

{fi(x)− vigi(x)} . From (1), it results that

(0, γ − γ0) ∈ epi (Ψ + δF )
∗
. (4)

As fi, -gi ht : R
n −→ R (i = 1, . . . ,m), t ∈ T are proper, convex, lower

semicontinuous functions and νi ≥ 0, it follows that the function Ψ is also
a proper, convex and lower semicontinuous function. Moreover, the indicator
function δC is proper, convex and lower semicontinuous, since C is a nonempty,
convex and closed set. Thus, the functions Ψ and δF satisfy together all the
assumptions of Theorem 2.1 and hence it follows from (4) that

(0, γ − γ0) ∈ cl (epiΨ∗ + epiδ∗F ) . (5)

On the other hand, by Boţ (2009, Remark 16.12)

epiδ∗F = cl

(

cocone
⋃

t∈T

epih∗
t + epiδ∗C

)

;

further, by Proposition 2.1 and Theorem 2.1 it is easy to see that

epiΨ∗ = clco





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



 .

Thus, (5) holds if and only if

(0, γ−γ0) ∈ cl







co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



+cocone

(

⋃

t∈T

epih∗
t

)

+epiδ∗C







.

The proof is complete.

Theorem 3.1 Let ǫ = (ǫ1, . . . , ǫm) ∈ R
m
+ , x ∈ F , νi := fi(x)

gi(x)
− ǫi ≥ 0 (i =

1, . . . ,m) and γ0 := max
1≤i≤m

{ǫigi(x)}. Then, we have:

i) Suppose that the constraint qualification (CQC) is satisfied. If x is an ǫ-
efficient solution for problem (P ), then there exist ρi, αi, βi, η, θ ∈ R+,
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(i = 1, . . . ,m), (λt)t∈T ∈ R
(T )
+ , such that

m
∑

i=1

ρi = 1 (6)

0 ∈
m
∑

i=1

ρi∂αi
fi(x) +

m
∑

i=1

ρiνi∂βi
(−gi)(x) + ∂θ

(

∑

t∈T

λtht

)

(x) +Nη(C, x)

(7)
m
∑

i=1

ρiαi +

m
∑

i=1

ρiνiβi + θ + η −
∑

t∈T

λtht(x) =

m
∑

i=1

ρiǫigi(x). (8)

ii) Let ǫ = (ǫ1, . . . , ǫm) ∈ R
m
+ , ǫ 6= 0. If there exist ρi, αi, βi, η, θ ∈ R+,

(i = 1, . . . ,m), (λt)t∈T ∈ R
(T )
+ , for which we have (6), (7) and

m
∑

i=1

ρiαi +
m
∑

i=1

ρiνiβi + θ + η −
∑

t∈T

λtht(x)−
m
∑

i=1

ρiǫigi(x) < 0, (9)

then x is an ǫ-efficient solution for problem (P ).

Proof i) Let ǫ = (ǫ1, . . . , ǫm) ∈ R
m
+ and x ∈ F . According to Lemma 3.1-(i), if

x is an ǫ-efficient solution for problem (P ) then x is a γ0-solution of the problem
(P0) (with γ = γ0), and so Proposition 3.1 implies that

(0, 0) ∈ cl







co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



+ cocone

(

⋃

t∈T

epih∗
t

)

+ epiδ∗C







.

Since the constraint qualification (CQC) holds, it follows that

(0, 0) ∈ co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



+ cocone

(

⋃

t∈T

epih∗
t

)

+ epiδ∗C .

Thus, there exists ρi ≥ 0 such that

m
∑

i=1

ρi = 1 and

(0, 0) ∈
m
∑

i=1

ρiepif
∗
i +

m
∑

i=1

ρiνiepi(−gi)
∗ +cocone

(

⋃

t∈T

epih∗
t

)

+epiδ∗C . (10)
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By Theorem 2.2 we have

epif∗
i =

⋃

αi≥0

{

(x∗
i , 〈x∗

i , x〉+ αi − fi(x)) : x∗ ∈ ∂αi
fi(x)

}

epi(−gi)
∗ =

⋃

βi≥0

{

(y∗i , 〈y∗i , x〉+ βi − (−gi)(x)) : y∗i ∈ ∂βi
(−gi)(x)

}

epiδ∗C =
⋃

η≥0

{

(c∗, 〈c∗, x〉+ η − δC(x)) : c∗ ∈ ∂ηδC(x)
}

epih∗
t =

⋃

ǫ≥0

{(u∗
t , 〈u∗

t , x̄〉+ ǫ− ht(x̄)) : vi ∈ ∂ǫht(x̄)} .

Now, combining the latter equality of epih∗
t with Lemma 2.1, we have

cocone

(

⋃

t∈T

epih∗
t

)

=
⋃

λT∈R
(T )
+

⋃

θ≥0

{(u∗, 〈u∗, x〉+ θ −
∑

t∈T

λtht(x)) : u∗ ∈ ∂θ

(

∑

t∈T

λtht

)

(x)}.

Thus, it follows from (10) that

(0, 0) ∈
m
∑

i=1

ρi
⋃

αi≥0

{

(x∗
i , 〈x∗

i , x〉+ αi − fi(x)) : x∗ ∈ ∂αi
fi(x)

}

+
m
∑

i=1

ρiνi
⋃

βi≥0

{

(y∗i , 〈y∗i , x〉+ βi − (−gi)(x)) : y∗i ∈ ∂βi
(−gi)(x)

}

+
⋃

λT∈R
(T )
+

⋃

θ≥0

{(u∗, 〈u∗, x〉+ θ −
∑

t∈T

λtht(x)) : u∗ ∈ ∂θ

(

∑

t∈T

λtht

)

(x)}

+
⋃

η≥0

{

(c∗, 〈c∗, x〉+ η − δC(x)) : c∗ ∈ ∂ηδC(x)
}

.

Then, there exist ρi, αi, βi, η, θ ∈ R+, (i = 1, . . . ,m), λT := (λt)t∈T ∈ R
(T )
+ ,

x∗
i , y∗i , u∗ and c∗ ∈ R

n (i = 1, . . . ,m) such that

m
∑

i=1

ρi = 1

x∗
i ∈ ∂αi

fi(x), y
∗
i ∈ ∂βi

(−gi)(x), u
∗ ∈ ∂θ

(

∑

t∈T

λtht

)

(x), c∗ ∈ Nη(C, x)

(11)
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and

(0, 0) =
m
∑

i=1

ρi(x
∗
i , 〈x∗

i , x〉+αi−fi(x))+
m
∑

i=1

ρiνi(y
∗
i , 〈y∗i , x〉+βi−(−gi)(x))

+ (u∗, 〈u∗, x〉+ θ −
∑

t∈T

λtht(x)) + (c∗, 〈c∗, x〉+ η − δC(x)),

i.e.

0 =
m
∑

i=1

ρix
∗
i +

m
∑

i=1

ρiνiy
∗
i + u∗ + c∗ (12)

0 =

m
∑

i=1

ρi(〈x∗
i , x〉+ αi − fi(x)) +

m
∑

i=1

ρiνi(〈y∗i , x〉+ βi − (−gi)(x))

+〈u∗, x〉+ θ −
∑

t∈T

λtht(x) + 〈c∗, x〉+ η − δC(x)

= 〈
m
∑

i=1

ρix
∗
i +

m
∑

i=1

ρiνiy
∗
i + u∗ + c∗, x̄〉 −

m
∑

i=1

ρi(fi(x)− νigi(x))

−
∑

t∈T

λtht(x)− δC(x) +
m
∑

i=1

ρiαi +
m
∑

i=1

ρiνiβi + θ + η. (13)

From (11) and (12) we get that

0 ∈
m
∑

i=1

ρi∂αi
fi(x) +

m
∑

i=1

ρiνi∂βi
(−gi)(x) + ∂θ

(

∑

t∈T

λtht

)

(x) +Nη(C, x).

By (12) and using the fact that fi(x) + νi(−gi)(x) = ǫigi(x), x̄ ∈ C, it follows
that the condition (13) reduces to

m
∑

i=1

ρiǫigi(x) =
m
∑

i=1

ρiαi +
m
∑

i=1

ρiνiβi + θ + η −
∑

t∈T

λtht(x).

Which allows us to obtain the desired result.

ii) Let ǫ = (ǫ1, . . . , ǫm) ∈ R
m
+ , ǫ 6= 0, and assume that there exist ρi, αi, βi, η, θ ∈

R+ (i = 1, . . . ,m), (λt)t∈T ∈ R
(T )
+ , such that (6), (7) and (9) are satisfied. De-

fine

γ :=
m
∑

i=1

ρiαi +
m
∑

i=1

ρiνiβi + θ + η −
∑

t∈T

λtht(x)−
m
∑

i=1

ρiǫigi(x) + γ0.



Approximate optimality in semi-infinite fractional programming 441

By (9) it is easy to see that γ < γ0, since

m
∑

i=1

ρiǫigi(x) ≤ γ0, then we have 0 ≤ γ.

Thus, 0 ≤ γ < γ0.

From the definition of the approximate subdifferential of convex analysis,
the condition (7) implies that there exist x∗

i , y
∗
i , u

∗ and c∗ ∈ R
n (i = 1, . . . ,m),

such that for any x ∈ F ,

fi(x) ≥ fi(x̄) + 〈x∗
i , x− x̄〉 − αi, (i = 1, . . . ,m) (14)

νi(−gi)(x) ≥ νi(−gi)(x̄) + 〈y∗i , x− x̄〉 − βi, (i = 1, . . . ,m) (15)

0 ≥ 〈c∗, x− x̄〉 − η

0 ≥
∑

t∈T

λtht(x) ≥
∑

t∈T

λtht(x) + 〈u∗, x− x̄〉 − θ

and
m
∑

i=1

ρix
∗
i +

m
∑

i=1

ρiνiy
∗
i + u∗ + c∗ = 0. (16)

As ρi ≥ 0 (i = 1, . . . ,m),multiplying the inequalities (14), (15) by ρi and adding
them leads for all x ∈ F to

m
∑

i=1

ρi(fi + νi(−gi))(x) ≥
m
∑

i=1

ρi(fi + νi(−gi))(x̄)

+〈
m
∑

i=1

ρix
∗
i +

m
∑

i=1

ρiνiy
∗
i + u∗ + c∗, x− x〉

−
m
∑

i=1

ρiαi −
m
∑

i=1

ρiνiβi − θ − η +
∑

t∈T

λtht(x).

Hence, from (16) and using the fact that fi(x) + νi(−gi)(x) = ǫigi(x), (i =
1, . . . ,m), the above inequality reduces, for any x, to

m
∑

i=1

ρi(fi + νi(−gi))(x) + δF (x) ≥
m
∑

i=1

ρiǫigi(x) +
∑

t∈T

λtht(x)−
m
∑

i=1

ρiαi

−
m
∑

i=1

ρiνiβi − θ − η ≥ γ0 − γ.

Which leads to

(0, γ − γ0) ∈ epi

(

m
∑

i=1

ρi(fi + νi(−gi)) + δF

)∗

.
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By Theorem 2.1 it follows that

(0, γ − γ0) ∈ cl

(

m
∑

i=1

ρi(epif
∗
i + νiepi(−gi)

∗) + epiδ∗F

)

.

By similar arguments as in the proof of Proposition 3.1, we obtain

(0, γ − γ0) ∈ cl







co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



+

cocone

(

⋃

t∈T

epih∗
t

)

+ epiδ∗C

}

.

So, it follows from Proposition 3.1 that x is a γ-solution for problem (P0) and
since 0 ≤ γ < γ0 we have, by Lemma 3.1-(ii), that x is an ǫ-efficient solution for
problem (P ), and the proof is complete.

Next, we provide an example illustrating Theorem 3.1.

Example 3.2 Consider the following semi-infinite multiobjective fractional prob-
lem

(Q)



















inf

(

x2

2
,
1 + x+ x2 + y2

x+ 1

)

1− tx ≤ 0, t ∈ [1,+∞[

(x, y) ∈ R× R.

Let ǫ = (ǫ1, ǫ2) = ( 12 ,
1
2 ), f1 (x, y) = x2, f2 (x, y) = 1+x+x2+ y2, g1 (x, y) = 2,

g2 (x, y) = x+ 1, ht(x, y) = 1− tx, t ∈ T = [1,+∞[ and C = R× R.

One can easily observe that (x, y) = (1, 0) ∈ F = {x ∈ C : ht(x) ≤ 0, t ∈ T},

ν1 =
f1(x, y)

g1(x, y)
− ǫ1 = 0 and ν2 =

f2(x, y)

g2(x, y)
− ǫ2 = 1.

1) According to the definition of the conjugate function, we have that

f∗
1 (x

∗, y∗) =

{

x∗2

4 , if y∗ = 0,

+∞, otherwise.
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f∗
2 (x

∗, y∗) =
(x∗ − 1)

2

4
+

y∗2

4
− 1

(−g1)
∗(x∗, y∗) =

{

2, if (x∗, y∗) = (0, 0),

+∞, otherwise.

(−g2)
∗(x∗, y∗) =

{

1, if (x∗, y∗) = (−1, 0),

+∞, otherwise.

h∗
t (x

∗, y∗) =

{

−1, if (x∗, y∗) = (−t, 0),

+∞, otherwise.

Hence, by the definition of the epigraph of a function, it follows that

co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



 = {((x∗, y∗), r) :
x∗2

4
+

y∗2

4
≤ r}

cocone

(

⋃

t∈T

epih∗
t

)

=]−∞,−1]× {0} × [−1,+∞[.

Thus, it is clear that the set

co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



+ cocone

(

⋃

t∈T

epih∗
t

)

+ epiδ∗C ,

is closed. Which yields that the closedness qualification condition (CQC) is sa-
tisfied at (x, y).

Moreover, the following inequalities, if at least one of them is strict

x2

2
≤ 1

2
− 1

2
= 0 and

1 + x+ x2 + y2

x+ 1
≤ 3

2
− 1

2
= 1,

are not satisfied for any (x, y) ∈ F \ {(x, y)}. So, it follows that (x, y) is an
ǫ-efficient solution for problem (Q).

Let ρ1 = ρ2 = 1
2 , α1 = 1, α2 = 0, β1 = 0, β2 = 1, θ = η = 0, (λt)t∈T =

(1, 0, 0, . . .). Then, by the definition of the approximate subdifferential, we have
(2, 0) ∈ ∂α1

f1(1, 0) = [0, 4]× {0},

(1, 0) ∈ ∂α2
f2(1, 0) = {(x∗, y∗) ∈ R

2 : (x∗−1)2

4 + y∗2

4 − 1 ≤ x∗},
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(0, 0) ∈ ∂β1
(−g1)(1, 0) = {(0, 0)},

(−1, 0) ∈ ∂β2
(−g2)(1, 0) = {(−1, 0)},

(−1, 0) ∈ ∂θ

(

∑

t∈T

λtht

)

(1, 0) = ∂θh1(1, 0) = {(−1, 0)}, Nη((1, 0), C) = {(0, 0)}.

Then, it follows that ρ1 + ρ2 = 1,

(0, 0) = ρ1(2, 0) + ρ1ν1(0, 0) + ρ2(1, 0) + ρ2ν2(−1, 0) + (−1, 0) + (0, 0)

∈
2
∑

i=1

ρi∂αi
fi(1, 0) +

2
∑

i=1

ρiνi∂βi
(−gi)(1, 0) + ∂θ

(

∑

t∈T

λtht

)

(1, 0) +Nη(C, (1, 0))

and

2
∑

i=1

ρiαi +

2
∑

i=1

ρiνiβi + θ + η −
∑

t∈T

λtht(1, 0) =

2
∑

i=1

ρiǫigi(1, 0).

Thus, (i) of Theorem 3.1 holds.

2) By taking ρ1 = ρ2 = 1
2 , α1 = 1

2 , α2 = 0, β1 = 0, β2 = 1, θ = η = 0,

(λt)t∈T = (1, 0, 0, . . .), it follows that ρ1 + ρ2 = 1

(0, 0) ∈
2
∑

i=1

ρi∂αi
fi(1, 0) +

2
∑

i=1

ρiνi∂βi
(−gi)(1, 0)

+∂θ

(

∑

t∈T

λtht

)

(1, 0) +Nη(C, (1, 0),

and

2
∑

i=1

ρiαi +

m
∑

i=1

ρiνiβi + θ + η −
∑

t∈T

λtht(1, 0)−
m
∑

i=1

ρiǫigi(1, 0) = −1

4
< 0.

Thus, the conditions (6), (7), (9) of Theorem 3.1-(ii) are satisfied. Then, it
follows that (1, 0) is an ( 12 ,

1
2 )-efficient solution for problem (P ). Consequently,

(ii) of Theorem 3.1 is applicable.

The following example shows that the constraint qualification (CQC) of The-
orem 3.1 (i) is essential.
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Example 3.3 Consider the following semi-infinite multiobjective fractional prob-
lem

(S)



















inf

(

y + 2

x+ 1
,
3x

2

)

tx+ y ≤ 3, t ∈]1, 2]
(x, y) ∈ R+ × R.

Let ǫ = (ǫ1, ǫ2) = ( 12 ,
1
2 ), f1 (x, y) = y + 2, f2 (x, y) = 3x, g1 (x, y) = x+ 1,

g2 (x, y) = 2, ht(x, y) = tx+ y − 3, t ∈ T =]1, 2], C = R+ × R.

Let (x, y) = (1, 1) ∈ F = {x ∈ C : ht(x) ≤ 0, t ∈ T}, ν1 = f1(x,y)
g1(x,y)

− ǫ1 = 1

and ν2 = f2(x,y)
g2(x,y)

− ǫ2 = 1. It is clear that (1, 1) is an ǫ-efficient solution to

problem (S).

1) By the definition of the conjugate function, we have

f∗
1 (x

∗, y∗) =

{

−2, if(x∗, y∗) = (0, 1),

+∞, otherwise.

f∗
2 (x

∗, y∗) =

{

0, if(x∗, y∗) = (3, 0),

+∞, otherwise.

(−g1)
∗(x∗, y∗) =

{

2, if (x∗, y∗) = (−1, 0),

+∞, otherwise.

(−g2)
∗(x∗, y∗) =

{

2, if (x∗, y∗) = (0, 0),

+∞, otherwise.

h∗
t (x

∗, y∗) =

{

3, if (x∗, y∗) = (t, 1),

+∞, otherwise.

δ∗C(x
∗, y∗) =

{

0, if (x∗, y∗) ∈]−∞, 0]× {0},
+∞, otherwise.

Hence, by simple calculation, the epigraphs of the data functions turn out to be

co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



 = {(2, 1)} × [1,+∞[

cocone

(

⋃

t∈T

epih∗
t

)

=]1, 2]× {1} × [3,+∞[

epiδ∗C = R− × {0} × R+.
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Then, it follows that

co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



+ cocone

(

⋃

t∈T

epih∗
t

)

+ epiδ∗C

is not a closed set, i.e. the closedness qualification condition (CQC) is not sa-
tisfied at (x, y).

On the other hand, let ρi, αi, βi, η, θ ≥ 0, (i = 1, 2), (λt)t∈T ∈ R
(T )
+ , for which

we have (6), (7) and (8). By the definition of the approximate subdifferential,
we have

∂α1
f1(1, 1) = {(0, 1)}, ∂α2

f2(1, 1) = {(3, 0)}, ∂β1
(−g1)(1, 1) = {(−1, 0)},

∂β2
(−g2)(1, 1) = {(0, 0)}, ∂θ

(

∑

t∈T

λtht

)

(1, 1) =

{(

∑

t∈T

λtt,
∑

t∈T

λt

)}

,

Nη((1, 1), C) = {(x∗, y∗) : x∗(x− 1) ≤ η, y∗ = 0} and by using the fact that

νi = 1, gi(1, 1) = 2 (i = 1, 2), (x∗, 0) ∈ Nη((1, 1), C)

and (
∑

t∈T

λtt,
∑

t∈T

λt) ∈ ∂θ

(

∑

t∈T

λtht

)

(1, 1), we have



























ρ1 + ρ2 = 1

(0, 0) = ρ1(0, 1) +ρ1ν1(−1, 0) +ρ2(3, 0) +ρ2ν2(0, 0) +(x∗, 0) +(
∑

t∈T

λtt,
∑

t∈T

λt)

2
∑

i=1

ρiαi +

2
∑

i=1

ρiνiβi + θ + η −
∑

t∈T

λtht(1, 1) =

2
∑

i=1

ρiǫigi(1, 1)

ρ1 + ρ2 = 1 (17)

3ρ2 − ρ1 + x∗ +
∑

t∈T

λtt = 0 (18)

ρ1 +
∑

t∈T

λt = 0 (19)

ρ1α1 + ρ2α2 + ρ1β1 + ρ2β2 + θ + η −
∑

t∈T

λt(t− 2) =
2
∑

i=1

ρi = 1. (20)

Since ρ1 ∈ R+ and (λt)t∈T ∈ R
(T )
+ , it follows from (19) that ρ1 = 0, λt =

0, t ∈ T , and from (17) that ρ2 = 0, and from (18) that x∗ = −3. From (20)
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we get that

α2 + β2 + θ + η = 1. (21)

Since x∗ = −3 ∈ Nη(C, (1, 1)), it follows that for any x ∈ R+, the inequality
−3(x−1) ≤ η holds. Upon substituting x = 0, we obtain 3 ≤ η, which contradicts
the condition (21). Thus, (i) cannot hold.

The next example shows that conditions (6) and (7) of Theorem 3.1 (ii) are
essential.

Example 3.4 Consider the following multiobjective fractional problem

(Q1)























inf

(

x2 + 1

−y + 1
,
3

2
y + 1

)

max{0, x}+ y2 ≤ 0

(x, y) ∈ R
2.

Let ǫ = (ǫ1, ǫ2) = ( 12 , 0), f1 (x, y) = x2+1, f2 (x, y) =
3
2y+1, g1 (x, y) = −y+1,

g2 (x, y) = 1, ht(x, y) = max{0, x}+ y2, t ∈ T = {1}, C = R× R

and (x, y) = (−1, 0). It is clear that (x, y) ∈ F = {x ∈ C : h1(x) ≤ 0},
ν1 = f1(x,y)

g1(x,y)
− ǫ1 = 3

2

and ν2 = f2(x,y)
g2(x,y)

− ǫ2 = 1. It is easy to see that (x, y) is not an approximate

efficient solution.

On the other hand, by the definition of the approximate subdifferential, we have
∂ǫf1(−1, 0) = [−√

ǫ− 2,
√
ǫ− 2]× {0}, ∂ǫf2(−1, 0) = {(0, 3

2 )},

∂ǫ(−g1)(−1, 0) = {(0, 1)}, ∂ǫ(−g2)(−1, 0) = {(0, 0)},

∂ǫ (λ1h1) (−1, 0) = {(x∗, y∗) : x∗ ∈ [0, λ1],
y∗2

4λ1
≤ −x∗ + θ}, λ1 6= 0.

Suppose that there exist ρi, αi, βi, η, θ ≥ 0, (i = 1, 2), λ1 ∈ R+,

(x∗
1, 0) ∈ ∂α1

f1(−1, 0) and (x∗
2, y

∗
2) ∈ ∂θ (λ1h1) (−1, 0) such that ρ1 + ρ2 = 1,

(0, 0) = ρ1(x
∗
1, 0) + ρ2(0,

3

2
) + ρ1ν1(0, 1) + ρ2ν2(0, 0) + (x∗

2, y
∗
2)

∈ ∂α1
f1(−1, 0) + ∂α2

f2(−1, 0) + ∂β1
(−g1)(−1, 0)+

∂β2
(−g2)(−1, 0) + ∂θ (λ1h1) (−1, 0)
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and

2
∑

i=1

ρiαi +

2
∑

i=1

ρiνiβi + θ + η − λ1h1(−1, 0)−
2
∑

i=1

ρiǫigi(−1, 0) < 0.

Since ν1 = 3
2 , ν2 = 1, ǫ1g1(−1, 0) = 1

2 , ǫ2g2(−1, 0) = 0 and h1(−1, 0) = 0.
Then, it follows that

ρ1 + ρ2 = 1 (22)

ρ1x
∗
1 + x∗

2 = 0 (23)

3

2
ρ1 +

3

2
ρ2 + y∗2 = 0 (24)

2
∑

i=1

ρiαi + ρ1
3

2
β1 + ρ2β2 + θ + η − 1

2
ρ1 < 0 (25)

and as (x∗
1, 0) ∈ ∂α1

f1(−1, 0), (x∗
2, y

∗
2) ∈ ∂θ (λ1h1) (−1, 0), then, by the definition

of approximate subdifferential, we have for any x∗
1, y∗2 ∈ R, x∗

2 ∈ [0, λ1] and
λ1 6= 0 that

x∗
1
2

4
+ 1 ≤ −x∗

1 + α1 (26)

y∗2
2

4λ1
≤ −x∗

2 + θ. (27)

By multiplying inequality (26) by ρ1 and adding the terms of the resulting in-
equality to the terms of inequality (27), we obtain the following inequality

ρ1
x∗
1
2

4
+ ρ1 +

y∗2
2

4λ1
≤ −ρ1x

∗
1 − x∗

2 + ρ1α1 + θ

and by (23) it follows that

ρ1
x∗
1
2

4
+

y∗2
2

4λ1
+ ρ1 ≤ ρ1α1 + θ,

thus

ρ1
x∗
1
2

4
+

y∗2
2

4λ1
+

1

2
ρ1 ≤ ρ1α1 + θ − 1

2
ρ1,

which means that

0 ≤ ρ1α1 + θ − 1

2
ρ1.
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On the other hand, since ρ2, β1, α2 are positive numbers, it follows that

2
∑

i=1

ρiαi + ρ1
3

2
β1 + ρ2β2 + θ + η − 1

2
ρ1 ≥ 0

which contradicts inequality (25).

If λ1 = 0, we have ∂θ (λ1h1) (−1, 0) = {(0, 0)} then, according to (24), it follows
that 3

2ρ1 +
3
2ρ2 = 0, which contradicts (22).

Thus, the conditions (6), (7), and (9) of Theorem 3.1-(ii) cannot be satisfied,
which implies that these conditions are essential.

Remark 3.3 i) In the scalar case, Theorem 3.1-(i) coincides with Theorem 3.1
of Sun et al. (2022) when the uncertainty sets Vt are singletons for all t ∈ T .
Furthermore, if C = R, it coincides with Corollary 3.1 of Zeng et al. (2019).
ii) If the functions gi ≡ 1, then Theorem 3.1 and Theorem 4.1 of Gutiérrez et
al. (2006) are equivalent.

Remark 3.4 i) In the special case, when T is a finite index set, such as T :=
{1, 2, . . . , p}, the problem known as (P ) can be reduced to the following standard
fractional multiobjective problem

(S) inf
x∈A

{(

f1(x)

g1(x)
, . . . ,

fm(x)

gm(x)

)}

,

where the feasible set of (S) is defined by A := {x ∈ C : hj(x) ≤ 0, j = 1, ..., p},
and then we can derive directly the approximate optimality conditions with the
only change being the replacement of the index set T with {1, 2, . . . , p}, in The-
orem 3.1.
ii) In the case when ǫ = 0, we get the necessary optimality conditions charac-
terizing an efficient solution for problem (P ).

As a corollary of Theorem 3.1, we derive a characterization of the approx-
imate optimality condition of approximate efficient solution for the following
multiobjective semi-infinite convex optimization problem:

(P1) inf
x∈F

{(f1(x), . . . , fm(x))} .

Under the following constraint qualification (CQC1) :

co





⋃

1≤i≤m

epif∗
i



+ cocone

(

⋃

t∈T

epih∗
t

)

+ epiδ∗C

is closed in the space R
n+1.
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Corollary 3.1 For problem (P1), let ǫ = (ǫ1, . . . , ǫm) ∈ R
m
+ , x ∈ F , and

γ0 := max
1≤i≤m

{ǫi}. Then, we have:

i) Suppose that the constraint qualification (CQC1) is satisfied. If x is an ǫ-
solution for problem (P1), then there exist ρi, αi, η, θ ∈ R+, (i = 1, . . . ,m)

and (λt)t∈T ∈ R
(T )
+ , such that

m
∑

i=1

ρi = 1 (28)

0 ∈
m
∑

i=1

ρi∂αi
fi(x) + ∂θ

(

∑

t∈T

λtht

)

(x) +Nη(C, x) (29)

m
∑

i=1

ρiαi + θ + η −
∑

t∈T

λtht(x) =
m
∑

i=1

ρiǫigi(x).

ii) Let ǫ = (ǫ1, . . . , ǫm) ∈ R
m
+ , ǫ 6= 0. If there exist ρi, αi, η, θ ∈ R+,

(i = 1, . . . ,m), (λt)t∈T ∈ R
(T )
+ , for which we have (28) and (29)

m
∑

i=1

ρiαi + θ + η −
∑

t∈T

λtht(x)−
m
∑

i=1

ρiǫigi(x) < 0,

then x is an ǫ-efficient solution for problem (P1).

4. Application

We end this paper with an application of Theorem 3.1 to deduce the approxi-
mate necessary and sufficient optimality conditions for the vector optimization
problem with geometric and cone constraints. Let Y be a real locally convex
Hausdorff topological vector space and its continuous dual space Y ∗ with dual-
ity pairing, denoted by 〈·, ·〉. Let C ⊆ R

n be a nonempty convex set. Let K ⊆ Y

be a nonempty closed convex cone and its polar cone be defined as follow

K∗ := {y∗ ∈ Y ∗ : 〈y∗, y〉 ≥ 0, ∀y ∈ K}.
On Y we define the partial order, namely:

y1 ≤K y2 ⇐⇒ y2 − y1 ∈ −K,

for any y1, y2 ∈ Y and we attach to Y an abstract maximal element, denoted
by +∞Y , with respect to ” ≤K ” and we denote Y = Y ∪ {+∞Y }. Then, for
every y ∈ Y one has y ≤K +∞Y . The algebraic operations of Y are extended
as follows

y + (+∞Y ) = (+∞Y ) + y = +∞Y , ∀y ∈ Y ∪ {+∞Y },
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α · (+∞Y ) = +∞Y , ∀α ≥ 0.

Consider the following multiobjective fractional programming problem under
a conic and a geometric constraint set:

(Q) inf
x∈C

h(x)∈−K

{(

f1(x)

g1(x)
, . . . ,

fm(x)

gm(x)

)}

where the functions fi, -gi : R
n −→ R, (i = 1, . . . ,m) are convex, lower semi-

continuous and h : X −→ Y is proper, K-convex, i.e., for any x, y ∈ X, λ ∈
[0, 1], f(λx+(1−λ)y) ≤K λf(x)+(1−λ)f(y). Moreover, h is star K-lower semi-
continuous if and only if, for each λ ∈ K∗, the function (λh) : X → R ∪ {+∞},
defined by

(λh)(x) =

{

〈λ, h(x)〉, if x ∈ domh,

+∞, otherwise

is a lower semicontinuous function, where domh := {x ∈ X : h(x) ∈ Y } is the
effective domain of the mapping h.

Remark 4.1 i) It is easy to see that h is K-convex if and only if (λh) is a
convex function for each λ ∈ K∗.
ii) The mapping h is called star K-lower semicontinuous if and only if the
function (λh) is a lower semicontinuous function for any λ ∈ K∗.

The problem (Q) has been studied extensively under various angles, see Zeng,
Xu and Fu (2019), Moustaid, Laghdir and Dali (2022), and Moustaid et al.
(2022), and the references therein. In addition, the problem (Q) can be viewed
as an example of (P ) by setting

T := K∗ and hλ := λh for any λ ∈ T.

As before, we use F to denote the solution set

F := {x ∈ C : h(x) ∈ −K} = {x ∈ C : (λh)(x) ≤ 0, ∀λ ∈ T} .

Moreover, since
⋃

λ∈K∗

epi (λh)∗ is a convex cone (see Jeyakumar et al., 1996),
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it follows that

co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



+ cocone

(

⋃

λ∈T

epih∗
λ

)

+ epiδ∗C

= co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



+ cocone

(

⋃

λ∈K∗

epi(λh∗)

)

+ epiδ∗C

= co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



+
⋃

λ∈K∗

epi(λh)∗ + epiδ∗C .

Thus, we can immediately see that the qualification condition (CQC), intro-
duced in Section 3, becomes the follows qualification condition (CQC2):

co





⋃

1≤i≤m

epif∗
i + νiepi(−gi)

∗



+
⋃

λ∈K∗

epi(λh)∗ + epiδ∗C

is closed in the space R
n+1.

Now, utilizing Theorem 3.1, we can derive the approximate necessary and
sufficient approximate optimality conditions for problem (Q)

Theorem 4.1 Let ǫ = (ǫ1, . . . , ǫm) ∈ R
m
+ , let fi, -gi : R

n −→ R (i = 1, . . . ,m)

be m convex, lower semicontinuous functions and h : X −→ Y be a proper, K-

convex and star K-lower semicontinuous mapping. Let x ∈ F , νi :=
fi(x)
gi(x)

−ǫi ≥
0 (i = 1, . . . ,m) and γ0 := max

1≤i≤m
{ǫigi(x)}. Then, we have:

i) Suppose that the constraint qualification (CQC2) is satisfied. If x is an ǫ-
efficient solution for problem (Q), then there exist ρi, αi, βi, η, θ ∈ R+

(i = 1, . . . ,m), λ ∈ K∗, such that

m
∑

i=1

ρi = 1 (30)

0 ∈
m
∑

i=1

ρi∂αi
fi(x) +

m
∑

i=1

ρiνi∂βi
(−gi)(x) + ∂θ (λh) (x) +Nη(C, x)(31)

m
∑

i=1

ρiαi +

m
∑

i=1

ρiνiβi + θ + η − (λh)(x) =

m
∑

i=1

ρiǫigi(x).

ii) Let ǫ = (ǫ1, . . . , ǫm) ∈ R
m
+ , ǫ 6= 0. If there exist ρi, αi, βi, η, θ ∈ R+,

(i = 1, . . . ,m), λ ∈ K∗ for which we have (30), (31) and
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m
∑

i=1

ρiαi +

m
∑

i=1

ρiνiβi + θ + η − (λh)(x)−
m
∑

i=1

ρiǫigi(x) < 0,

then x is an ǫ-efficient solution for problem (Q).
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