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Abstract: In this paper, we study the question of stabilization
of nonlinear Korteweg-de Vries equation with boundary time-delay
feedback in presence of saturated source term. Thanks to Banach
fixed-point theorem the well-posedness is proved. The exponen-
tial stability result is demonstrated, using an appropriate Lyapunov
functional.
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1. Introduction

In recent decades, significant effort has been devoted to studying infinite-dimen-
sional systems with constraints on the feedback law (see, e.g., Achhab and
Laabissi, 2002; Chen, 2018, Zuo and Wang, 2018; Curtain and Zwart, 2016;
Jacob, Schwenninger and Vorberg, 2020). The majority of practical systems are
subject to constraints, arising from various factors, such as economic conditions
and technological restrictions. Therefore, it is more practical and advisable to
examine cases, where the controls are subject to constraints. Various types
of constraints have been considered, including bounded control and saturation
constraints (see Achhab and Laabissi, 2002; Curtain and Zwart, 2016; Marx et
al., 2017; Slemrod, 1989; or Tarbouriech et al., 2011).

The saturation constraint belongs to the large class of constraints, referred
to as cone-bounded nonlinearity (see Marx, Andrieu and Prieur, 2017; Prieur,
Tarbouriech and Da Silva, 2016). Over the past few decades, there has been
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considerable attention given to the saturation constraint (see, e.g., Lasiecka and
Seidman, 2001; Marx et al., 2015, 2016; Marx, Chitour and Prieur, 2018; Sei-
dman and Li, 2001; Sene and Ndiaye, 2014; Slemrod, 1989; Tarbouriech et al.,
2011). Dealing with the saturation constraint is inevitable for the control sys-
tems. In fact, restrictions on the amplitude of signals, whether due to practical
or physical constraints, can lead to adverse consequences for the control system.
The conventional approach to the analysis of stability with input saturation,
follows a two step process. Initially, the study is carried out without saturation
constraint. Subsequently, in the second step, an investigation of the closed-
loop system is performed when adding the saturation. This approach leads to
achieving local stabilization.

The Korteweg-de Vries equation
Up + Ug + Uggy + Ul = 07

is a mathematical model of waves on shallow water surfaces. Various methods
have been employed to investigate the properties of this equation (see, for ex-
ample, Linares and Ponce, 2014, pp. 151-184; Coron, 2007, pp. 38-50; Cerpa,
2014; Rosier and Zhang, 2006). In particular, extensive research has been con-
ducted on its controllability and stabilizability characteristics (see Coron, 2007;
Rosier and Zhang, 2009).

In the literature of this particular subject, there are several papers that
study the Korteweg-de Vries equation with input saturation (see, e.g., Marx et
al., 2016, 2017; Parada, 2022; Sene, 2022; Taboye and Ennouari, 2024; Taboye
and Laabissi, 2022). In Marx et al. (2017), the global stabilization of Korteweg-
de Vries equation with saturated distributed feedback has been studied. Thanks
to the Banach fixed-point theorem, the well-posedness was proven. To prove the
asymptotic stability, the authors have worked on two cases. In the first case,
when the control acts on all the domain saturated, they used a sector condi-
tion and Lyapunov theory for infinite-dimensional systems. For the second case,
where the control acts only on a part of the saturated domain, they prove the
asymptotic stability of the closed-loop system, using an argument by contra-
diction. In Marx et al. (2015), the question of asymptotic stability of a linear
Korteweg-de Vries equation with the following saturated distributed control

fx,t) = sat(au(z,t)),

where a is a positive constant, has been investigated. Using the nonlinear semi-
group theory, the well-posedness was proven. The authors referred to use a
sector condition and a Lyapunov function to prove the asymptotic stability of
the closed-loop system.



Stabilization of delayed KdV equation 411

In this paper, we focus on studying the nonlinear Korteweg-de Vries equation
with boundary time-delay feedback in the presence of a saturated source term

u(2,t) + ug (2, ) + Ugge (2, 1) + vty (2, 1)
= —sat(au(z,t)), t>0,2z€(0,L);
u(0,t) = u(L,t) =0, t>0
(1)
Uy (L, t) = aug(0,t) + Buy (0, — h), t>0;
u(z,0) = uo(x), z € (0,L);
uz(0,t) = 2o(t), t € [—h,0].

Here, u represents the state, L > 0 is the length of the spatial domain, h > 0 is
the delay, and « and ( are real constants that satisfy certain conditions to be
specified later on: a = a(x) € L>(0, L), is a nonnegative function that satisfies
a specific hypothesis that will be provided later.

In the literature, to the best of our knowledge, the study of the Korteweg-
de Vries equation with time-delay on the boundary or internal feedback has
started with Baudouin, Crépeau and Valein (2018). More recently, we find some
other papers that study this problem (Parada, Timimoun and Valein, 2023;
Valein, 2022). In Baudouin, Crépeau and Valein (2018), the following nonlinear
Korteweg-de Vries equation with time-delay on the boundary feedback

(@, ) + Ug (@, 1) + Ugga (2, 1) + ul(z, t)uy (z,t) =0, ¢t >0,z € (0,L);
w(0,t) = u(L,t) =0, t>0

s (L,t) = aug(0,) + Bug (0, — h), t>0; (2)
u(z,0) = uo(z), r € (0,L);

g (0,8) = zo(t), t € [~h,0].

has been studied. Baudouin, Crépeau and Valein (2018) presented two different
approaches that prove the exponential stability results for the system (2). The
first approach involves using a Lyapunov functional with an estimation of the
decay rate, while assuming that the length L of the spatial domain satisfies
L < 7/3. Secondly, by employing an observability inequality approach without
providing an estimation of the decay rate, and for any length such that

2 2
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the same authors also demonstrate the exponential stability of the system (2).
In Valein (2022), the study of asymptotic stability of the following nonlinear
Korteweg-de Vries equation with time-delay on the internal feedback

up(x,t) + ug (2, 8) + Uges (x,t) + a(z)u(z, t) + b(z)u(x,t — h)
—0, t>0,2€(0,L);
u(0,t) = u(L,t) = uy(L,t) =0, t>0; (3)

u(x,0) = up(x), € (0,L);

Uy (z,t) = zo(2,t), € (0,L),t€[—h,0],

was tackled. The semiglobal stability of (3), for any lengths, in the event that
the following assumption is satisfied

Jcg > 0, b(x) + ¢ <alzr) aeinw,

where w is an open subset of (0, L), has been proven, by using an observability
inequality on the nonlinear system (3). Valein (2022) also proved the local
exponential stability result in the case where suppb € supp a.

The objective of this paper is to contribute to the study of the Korteweg-de
Vries equation with a time delay. All the latest works that investigate the ques-
tion of stability regarding the KdV equation with time delay, study this problem
without a source term. Therefore, we aim to study this topic in the presence of
a saturated source term. The main contribution of this work is the development
of a robust stabilization approach for the KdV equation that incorporates these
saturation constraints. By employing Cy-semigroup theory and a carefully con-
structed Lyapunov functional, we demonstrate the exponential stability of the
system. This extends the existing results in the literature by addressing the
combined effects of delay and saturation, providing insights into the practical
stabilization of constrained systems.

The article is organized as follows. In Section 2, the problem is stated. The
well-posedness of system (1) in the presence of saturated source term is given
in Section 3. Section 4 is devoted to exponential stability results. Finally, we
give some conclusions in Section 5.

Notation: wu;,u, and u, stand for the partial derivative of function w with
respect to ¢, x and pu, respectively. Given L >0, || - |[z2(o,z) (respectively (-,-)),
denotes the norm (respectively the inner product) in L?(0, L). H*(0, L) denotes
the set of all functions u € L?(0, L) such that u, € L*(0,L). H?(0,L) denotes
the set of all functions u € L?(0,L) such that u,,u,, € L?(0,L). H3(0,L)
denotes the set of all functions u € L?(0, L) such that us, Ugs, Uzze € L2(0, L).
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The function sat(-) is the saturation function, and is defined as follows

s, if [|s||pz < 1;
s ={ Te bl W
L

2. Problem statment

The aim of this paper is to study the following KdV equation with time-delay
on the boundary feedback in the presence of saturated source term:

up(x,t) + Uy (2,8) + Ugaa (2, t) + u(z, t)uy (2, 1)
= —sat(a(z)u(zx,t)), t>0,z€(0,L);
u(0,t) = u(L,t) =0, t>0
(5)
Uy (L, t) = aug(0,t) + Bug (0,6 — h), t > 0;
u(z,0) = uo(x), z € (0,L);
uz (0, ) = 2(t) t € [—h,0].

Here, u(x,t) is the amplitude of the water wave at position x at time ¢, h > 0
is the delay, L > 0 is the length of the spatial domain, and «, 8 # 0 are real
constants. We assume that a(-) € L>°((0, L)) is a nonnegative function, where
a = a(x) € L*>(0, L), satisfying

ai >a=a(r)>a >0 on wC]l0,L] (6)
w is a nonempty open subset of [0, L].

REMARK 1 The hypothesis a = a(z) € L*((0,L)) satisfying (6) is a classical
assumption used to study the stabilization of the KdV equation (see Marz et
al., 2017; Perla Menzala, Vasconcellos and Zuazua, 2002; Taboye and Laabissi,
2022).

Moreover, we define the matrix M; by

[ =148 aﬁ)
= (T T g

where «, 8 are real constants. We will assume that o and g satisfy the following
inequality

la| + 18] < 1. (8)
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According to Baudouin, Crépeau and Valein (2018), if (8) is satisfied, then the
matrix M is negative definite.

We introduce the Hilbert space H = L2(0, L) x L?(0,1), equipped with usual
inner product

()05 ) o s "

for all (u, 2), (u1,21) € H and its norm

()

Furthermore, let H be the Hilbert space of the initial and boundary date, defined
as follows: 3 = L?(0, L) x L?[—h,0]. The Hilbert space I is equipped with the
norm || - ||5¢, defined for all (u,z) € H by

2 L

1
:/ u2dx+/ 22dp.
0 0

L 0
||(u,z)||§cz/0 u2dz+/ 2%(s)ds. (10)

—h

Now, we recall the definition of a mild solution, hence let us consider the
following abstract system in a Hilbert space

{ ZES))iJ;Lz(t) + f(t), t>0, (11)

where A is an infinitesimal generator of linear Cy—semigroup (T'(t)):>0, defined
on its domain D(A) C H, where H is a Hilbert space and f € L}, ([0, T], H).

loc

DEFINITION 1 (Pazy, 1983, Definition 2.3) Let A be the infinitesimal generator
of a Co—semigroup (T(t))¢>0. Let ug € H and f € LY(0,T,H). Then the
function u € ([0, T), H), given by

u(t) = T(Huo + /0 Tl —s)f(s)ds 0<t<T, (12)

is the unique mild solution of the initial value problem (11) on [0,T].

REMARK 2 We recall that a strongly continuous semigroup is an operator-valued
function T'(t) from Ry to L(H) that satisfies the following properties:
e T(0)=1,
o T(t+s)=T{t)T(s) forall t,s>0,
o tlin(l)T(t)m =u forallz € H.
iy
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We recall in the following result the fact that the saturation function is
Lipschitzian in L?(0, L).

LEMMA 1 (SLEMROD, 1989, THEOREM 5.1) For all (u,v) € L*(0, L), we have
|sat(u) — sat(v)||L20,0) < 3|Ju —v||L2(0,1)

The following Propositions will be needed.

PROPOSITION 1 (MARX ET AL., 2017, PROPOSITION 3.4) Assume that a sat-
isfies 6. If u € L*(0,T; H'(0,L)), then sat(au) € L'(0,T;L*(0,L)) and the
map ¢ :u € L*(0,T; H'(0, L)) — sat(au) € L*(0,T; L?(0, L)) is continuous.

PROPOSITION 2 (ROSIER, 1997, PROPOSITION 4.1) Letu € L?(0,T; H'(0, L)).
Then uu, € L*(0,T;L?(0,L)) and the map

é:ue L*0,T; H(0,L)) — uu, € L*(0,T; L*(0, L))

is continuous. Moreover, there exists K1 > 0 such that, for any u, @ €
L?(0,T; H'(0, L)), we have

T
/ uuy — @ty 20,0y <Killw — @llp2(0,7:m10,1))
0

X (lullz2(0, 7321 0,2)) + @l 20,7381 0,1)))-

3. Well-posedness

The aim of this section is to prove the local well-posedness result of nonlinear
system (5).

Before moving to the study of the existence and uniqueness of solutions for
the nonlinear system (5), we reccal that Baudouin, Crépeau and Valein (2018)
have previously demonstrated the existence and uniqueness of solution for the
following linear system

ue(x,t) + ug (2, 1) + Ugpg (2, t) = f(z,t), t>0, xe€(0,L);

u(0,t) = u(L,t) =0, t>0;

Uy (L, t) = aug(0,t) + Pug (0,6 —h), ¢>0;

u(x,0) = uo(x), x€(0,L);

U, (0,t) = 2o(2), t € [—h,0],
(13)

where f is the source term. To prove the well-posedness of (13), the authors
referred to assume that the source term f € L'(0,7T, L?(0, L)).
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Let us introduce the space B = €([0, 7], L(0, L)) N L(0, T, H(0, L)) with
T > 0. We equip the space B with the following norm
lulls = llulleo,r,22(0,2)) + llullL2(0,17, 51 (0,1)) -
Let us state the main result of this section.

THEOREM 1 LetT > 0,L > 0 and suppose that (8) holds. We also assume that
a € L™(0, L) is satisfying (6). Then there exists r > 0 and K > 0 such that for
every (ug, z0) € H, satisfying ||(uo, z0)||a < 7, there exists a unique u € B of
system (5), satisfying ||u||s < K||(uo, 20)||m-

PROOF Take (ug,z9) € H such that ||(ug,20)||z < r for r > 0 chosen small
enough later on. Let us take u € B and consider the following map

x:B — B
u — xu) =1

where @ is the solution of the following system
Up(x,t) + Uy (2, ) + Ugre (2, t)
= —(u(x, t)uy(x,t) + sat(au(x,t)), t>0,z€ (0,L);
u(0,t) = a(L,t) =0, t>0
(14)

Uy (L, t) = atiy(0,t) + B,y (0,t — h), t>0;

t(x,0) = to(x), z € (0,L);

0 (0,) = 20(t), te[—h,0].

Therefore, u € B is a solution of (5) if and only if u is a fixed point of . Let
flx,t) = —u(x, t)ug(x,t) — sat(au(z,t)).

From Proposition 2, if u € L%*(0,7,H'(0,L)), then uu, € L*(0,7T,L?(0,L)

and, according to Proposition 1, if u € L?(0,T, H'(0, L)), hence, sat(au(z,t) €

LY(0,T,L%*(0,L)). Thus, f(x,t) € L*(0,T,L?(0,L)). Consequently, from Bau-

douin, Crépeau (2018, Proposition 2), if (8) is satisfied, then there exists C' > 0
such that

(s )& 0,77, <C (I (0, 20(=h))l| 2

(15)
+luug + sat(aw)l| L1 0,7,22(0,1))) -
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and

HuwHQL?(QT,L?(O,L)) <C ([[(uo, zo(=h))[

(16)
+||uty + sat(aw)| L1 o,7,12(0,1))) -

Hence, from (15), (16), Proposition 2, and Lemma 1, we obtain

Ix@ls = lals
T
< ( |(uo, zo(— ||H—|—/ ||uuz+sat(au)||Lz(O7L)dt)
T
< C( uo, z0(— )||H+/ ||U“x||L2(0,L)dt+/ ||5at(au)||L2(O,L)dt)
0
T
< 0 (o=t + sl 3 [l e
T
< 0 (o zo(=hDlln + Kollulfde + 301 [ fullzzconyat)
0
< C (ll(uo, 20(~ ||H+Kluungdwsalffumul(o“z(om)
< (w0, 20(=h)) i + Kallulfy + 3 VTV |jul3)
< CK:1Ks (|[(uo, z0(—h))|la + [JullB) ,

where Ky = 3a;vVTVL > 0 and K; > 0 is given from Proposition 2. Therefore,
Ix(w)lls < K (|(uo, z20(=h-)lla + l[ulld)

where K = C x Ky x Ky = C x Ky X 3a;vVTVL > 0.

Following the previous argument, we have
x(u1) = x(u2)|l»

T
<C (/ || — w110 + usuz » — sat(aur) + sat(aul)HLz(O’L)dt)
0

T T
<C </ luru,e — u2u2,zl|12(0,1)dt +/ [Isat(aui) — sat(aul)HLz(O,L)dt)
0 0

C(Ki([[urlls + lluzll)llur — uzlls + Kallur — w2l L1 0,7,02(0,1)))
< C(Ki(fluills + [Juzlls) lur — ualls + Kallur — uz||s)
< K ((Jlurlls + Juzlls)llur — ualls + lur — uzl|s)

2K (flualls + [luzlls)lur — uals.
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We restricted x to the closed ball {u € B; ||lu||s < R}, where R > 0 is to be
chosen later. Thus,

Ix(w)lls < K(r+ R?),

and

Ix(u1) = x(u2)ll < 4K R[lur — usl|s.

Hence, it is enough to take R and r satisfying

1 R
R<Eandr<ﬁ.

Therefore, ||x(u)||s < R and ||x(u1)— x(u2)|ls < 4K R|u1 —uz||s, with 4K R <
1. Hence, we can apply the Banach fixed-point theorem and we deduce that the
map X has a unique fixed-point. Consequently, the nonlinear system (5) has a
unique solution u € B. [ ]

4. Exponential stability

The aim of this section is to prove the exponential stability of system (5). Before
stating the main result of this section, let us consider the following energy

1

E(t) = /0 u?(z,t)dx + |B|h/0 u?(0,t — hy)dp. (17)

The following lemma establishes that energy (17) does not increase.

LEMMA 2 Assume that (8) holds and a = a(x) € L*>(0,L) satisfies (6). Let
(ug, 20(—h-)) € D(A) andu € L*(0,T, H*(0,L)). Then, for any reqular solution
of (5), the following inequality is satisfied

d us(0,8) ) 15 (0, 1)

— <

P = ( ux<07t—h>> Mo up0,0—n) ) =0 (18)
PROOF Let us consider a regular solution of (5). By definition,

hence we rewrite the energy (17) as follows

L 1
E(t) :/0 u2(x,t)dx+|ﬁ|h/0 22 (, t)dp.
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By differentiating F(-), we get

d

L 1
—E(t) = 2/ wudz + 2|B|h | zzdp

L L L L
= —2/ uu,dr — 2/ UlgprdT — 2/ wlugdr — 2/ sat(au)udz
0 0 0 0

1
—2|4| / 2z, dp.
0

After some integrations by parts, we obtain

L
—2/ utgdr = 0,
0

L
—2/ Ulgrrdr =u (L, t) — u2(0,1)
0

=(auz (0,) + B2(1,4))* — uz(0,1)

L
72/ uwuydr =0,
0

and

216 [z == 18] [ n.0)],
— 181 [*(1,1) = 2%(0,1)]
=|Bluz(0,1) — [Bl2*(1,1).
Using (4), (22), (21) and (23), we get

d
dt

L
LB = (aua(0,8) + B=(1,6)2 —12(0,4) — 2 /O sat(au)udz

= a?u2(0,t) + 20Bu, (0,t)2(1,t) + B22%(1,t) — u2(0,t)

L
- 2/ sat(au)udz + |B|u(0,t) — |8]2%(1,1)
0

= (a —1+8])u 2(0,t) + 2aBu, (0, 1) (1,

t)
+ (82— 18D) 2*(1, ))—2/0 sat(au)udz.

(19)

(23)
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Hence
e+ (500) o (59)
(a® =1+ [B]) uZ(0,t) + 2cBu, (0, t)z(1, t)
L
(82— 18]) 22(1.1)) 2 /0 sat(au)uda
B ) ()

= —2/ sat(au)udz.
0

_|_

_|_

fOL sat(au)udx > 0, indeed, if |Jaul/r2 < 1, then
sat(au)u = au?® > 0.
If ||au||z > 1,

auy CLU2

sat(au)u

)

u= >
laul[2 [laull L2
where a = a(x) is a nonnegative function. Therefore,

s () o (50 )= o

Since z(1,t) = u,(0,t — k), and using (8), we conclude the proof.

In order to prove the stability result for (5), we need to introduce the fol-

lowing Lyapunov function
V(t) = E(t) + AVi(t) + vVa(t),

where

L
B) =3 | w(e0do+ ln / V(0. — hy)dp,

L
Vl(t)z/o zu?(z,t)dz,

and

Va(t) = / (1= (0, — hys)d,

(24)

(25)

(26)
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REMARK 3 The Lyapunov functional, used in this study, is a classic choice,
commonly employed in stability analyses of similar systems. It is positive defi-
nite and designed to decrease along the system’s trajectories, ensuring stability.
This functional captures the energy dynamics of the system and is well-suited for
systems with boundary delays and nonlinearities. Additionally, it accounts for
input saturation constraints, making it applicable to practical control systems.
For more details, readers can consult the following references: Capistrano Filho
et al. (2023); Taboye and Ennouari (2025); and Valein (2022).

The following lemmas play an important role in demonstration of the expo-
nential stability of the system (5).

LEMMA 3 Assume that a = a(z) € L>(0,L) satisfies (6), (uo zo(—h-) ) €
D(A) and u € L*(0,T,H*(0, L)), then for any regular solution of (5), the fol-
lowing equality is satisfied

ivl(t) =L(a?u2(0,t) + 208u, (0, t)u, (0,t — h) + B2u2(0,t — h))

dt
L L 9 L L
+/ u?dr — 3/ uldr + = / uddr — 2/ xsat(au)udz.
0 0 3 Jo 0

PROOF Let us consider a regular solution, then differentiate V;(-), so that we
get

(27)

d L
%Vl(t) = 2/0 rupudx
L L L
= 72/ zuumdmfZ/ xuumxdx—Q/ ruluyde
0 0 0
L
- 2/ xsat(au)udx.
0

After some integration by parts, we obtain

L L
—2/ xuumdx:/ uda;
0 0

L L
72/ TUlgpedr = Lu?(L,t) — 3/ uldzr
0 0

L
L(aua(0,) + Bua(0,t — )2 — 3 / 2da,
0
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and

L 9 L
—2/ zuluydr = f/ widz.
0 3 Jo

Using the last equations, we arrive at

d
a0

L
/ W2dz + Liaua(0,1) + Bua(0,t — h))?
0

L o (L L
- 3/ u?dx + f/ udr — 2/ zsat(au)udz
0 3 Jo 0

= L(QQUi(Ov t) + 20[5“&7(07 t)uac(oa l— h) + 62u3:(07 t—= h))

L L 9 (L L
+ / u?dx — 3/ ulde + = / uddx — 2/ xsat(au)udx.
0 0 3 Jo 0

LEMMA 4 Suppose that ( ug, zo(—h-) ) € D(A) and u € L*(0,T,H*(0,L)),
then for any regular solution of (5), the following equality is satisfied
d t 2
SVa(t) =~ [ (0,0~ hu)dp -+ a2 (0,0) (28)
0
PRroor Consider a regular solution, then differentiate V5(+) and using integration
by part, we obtain

d 1
an(t) :2h/ (1 — p)ug (0,8 — hp) Oy (0, — hp)dp
0
1
=— 2/ (1 — p)uz(0,t — hp)0,uq (0, — hp)dp
0
) ) (29)
= [0 = w0, =g — [ 20,0 = b
1
=u2(0,t) — / u?(0,t — hy)dp.
0
Therefore
d Lo 2
—Va(t) =— [ uz(0,t = hp)dp + uz(0,2),
which finishes the proof. [

Now, we are able to state and prove the main result of this section.
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THEOREM 2 Assume that a = a(z) € L>(0, L) is satisfying (6), and L < 7v/3.
Moreover, suppose that the assumption (8) is satisfied. Then, there exists r > 0,
such that for every (ug, z0) € H, satisfying ||(uo, 20)||l < r, there exist 6 > 0
and M > 0 such that

E(t) < Me~?'E(0), VYt>0, (30)

where for X\ and 7y sufficiently small, the two positive constants 6 and M satisfy
the following inequality:

[ (9n? = 3L2 — 2L3rx?) v
5 < A 1
= mm{ 3L2(1+2LN) " h(2y +18)) (1)

and

M<1+max{L)\ IBWI}

REMARK 4 The Lyapunov function V(-) and the energy E(-) are equivalent.
Indeed,

E(t) <V (t) < MiE(t) Vt>0, (32)

where M = 1+max {L)\, il } > 0. Thanks to inequality (32), in order to prove
the exponential stability of system (5), it is sufficient to show that for all 6 > 0,

d
—V(t)+ 20V (t) <O0.

dt

PRrROOF Using Lemma 2, (27) and (28), we get

d

1 L
dtV( ) <§YTM1Y + )\/ u?dx + ALou?(0,1)

+2LAaBug (0, t)u, (0, — h) + LAB?u2(0,t — h))
(33)
—3)\/ s 2dx + )\/ 3dm—2/\/ xsat(au)udx

—fy/o (0 t— hﬂ)du+7u (0 t)

Since z € (0, L) and sat(au)u > 0, then fOL zsat(au)udz > 0. Therefore

d

< T
V(D) <Y [2M1+M2}Y+/\/

—3)\/ uZdr + )\/ uddr — / u?(0,t — hu)dp.
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_ uz(0,1) _( LXa®> 4+~ Liap
Here,Y—(Ux(O’t_h) )andM2—< Laf g )

Now we calculate 26V (t); we have
20V (t) =20 E(t) + 20AVi(t) + 207 Va(t)

L 1 L
:5/ udr + 5|B|h/ u?(0,t — hyu)dp + 26)\/ ru’dx
0 0 0
1 1
+25’yh/ u?(0,t — hp)dp — 257h/ pu2(0,t — hy)du
0 0 . (35)
L 1
S(S/ qux+5|B|h/ u2(0,t — hy)dp
0 0
L 1
+20\L / u?dx + 20vh / u?(0,t — hp)du
0 0

We know that under the assumption (8), the matrix M; is negative definite.
Then, by the continuity of the trace and determinant, we deduce that for A and
7 small enough, the matrix %Ml + M> is negative definite. Hence, from (34)
and (35), we deduce that

1 L
%V(t) +20V(t) <yT [QMly + Mg] Y — 3)\/ u?da
0

L 9 L
+()\+5+2L)\5)/ wldr + g)\/ w3de
0 0
1
+(318Ih + 2481 — ) / W2(0,t — hyo)du
0

L L 9 L
< - 3)\/ ude + (X + 0 + 2L)\5)/ w?dx + 5/\/ udx
0 0 0

1
o100+ 2160 =) [ u20.t =i
(36)

Using Cauchy Schwarz inequality and the injection to H} (0, L) into L>°(0, L),
we obtain

L
/ u®(z,t)dx
0

IN

L
-y [l )

LVL|ua (- )10,y u(, D) 22(0,1)-

IN
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From Lemma 2, we deduce that ||u(-,t)|/z2(0,z) < 7, and so we have

L
3
/0 ud(z, t)dx < Lzr”“x('vt)H%?(O,L)'

Therefore, using the Poincaré’s inequality, we get

2

Dy + 25V (1) < (L

2 4 L
AN+ 6+2L08) + S L2rh — 3) 2d
dt 7r2(++ )+3 " )/o Ua @O

. (37)
+ 0181+ 2080 =) [ 20, =

By assumption, L < m/3, then, according to Baudouin, Crépeau and Valein
3(3n2—L?%)
2L%7r2
quently, we can choose ¢ > 0 such that (31) holds in order to obtain that

(2018), it is possible to choose r small enough to have r < . Conse-

L? 2
2o (A6 4+ 2008) + gL%m —3X <0 and 8|8|K + 276K — (1 —d) <0,
e
and therefore
4
dt

hence we deduce that

V(t) < Ce 'V (0) Vt>0.

V(t) +26V(t) <0 Vit >0;

Using (32), we get
E(t) < Ce 2E(0) Vt>0.

Using the density of D(A), we conclude the proof by extending the result to
any initial condition within . [ ]

5. Conclusion

In this paper, we have proven the well-posedness and the local exponential
stability of the nonlinear Korteweg-de Vries equation with time-delay on the
boundary feedback with saturated source term. The well-posedness is obtained
using Banach fixed-point theorem. The proof of the stabilization result is essen-
tially based on the use of an appropriate Lyapunov functional with an estimate
of the decay rate, but the length of the spatial domain L has to satisfy the
condition L < 7+/3.

The global exponential stability of the nonlinear Korteweg-de Vries equation
with time-delay on boundary feedback in the presence of saturation source term
may be a potential area for future research.
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