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Abstract: Finite Impulse Response (FIR) digital filters are widely used in signal 

processing to remove noise and extract frequency-domain features. Genetic 

Algorithms (GAs) have been employed to synthesize FIR filters by optimizing the 

coefficients in their transfer function. A notable approach is to evolve FIR filter 

coefficients in the Canonical Signed Digit (CSD) representation, which simplifies 

hardware implementation by replacing multipliers with shifts and additions. 

However, its crossover and mutation operators frequently produce offspring that 

violate CSD constraints, requiring repeated retries or coefficient resets. We 

propose modified crossover and mutation operators that guarantee CSD-compliant 

offspring by construction. We compare our method against the original CSD-based 

GA and a real-valued GA baseline across five low-pass filter design problems, 

varying filter order and coefficient word length. Results show that our method 

consistently outperforms the original CSD-based approach. 

Keywords: Evolutionary algorithms, Evolutionary computation, Digital filter, 

Hardware. 

1. Introduction 

In signal processing, filters are employed to either remove noisy components of a 

signal or extract useful features (e.g., components within a predefined frequency 

range). These filters are broadly categorized into analog and digital filters. Analog 

filters use analog electronic circuits, whereas digital filters employ a digital 

processor to perform numerical calculations on sampled signal values. Digital filters 
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offer several advantages over their analog equivalents, including programmability, 

versatility, and ease of implementation on general-purpose computers. 

An important class of digital filters is the Finite Impulse Response (FIR) filters 

[1], i.e., non-recursive filters defined by a vector of coefficients that specify a 

transfer function, whose output depends only on the current and previous inputs. 

The problem of synthesizing digital filters, and FIR filters in particular  

[1, 2], is of great importance in signal processing since analog filters are often 

replaced by their digital equivalent [3], given the advantages the digital version 

offers. An early work focused on generating digital filters from given analog filters 

with least-squares fitting [3]. Another work focused on synthesizing FIR filters with 

a complex-valued, desired frequency response via standard linear programming [1]. 

Additionally, previous works have studied the number of multipliers required for 

implementing interpolated FIR filters [4] and extended the alternation theorem, 

which is at the core of efficient real Chebyshev approximation algorithms, to design 

FIR filters [5]. 

The early works, while obtaining notable results, are tied to underlying 

assumptions around the filter design process, such as the availability of target 

analog filters and the presence of complex-valued frequency ranges. Moreover, 

implementing digital filters using infinite-precision coefficients introduces 

truncation and quantization errors in finite-precision hardware. These errors hinder 

the filter’s performance because they alter its coefficients. In this regard, even 

though mathematically sound, infinite precision is not feasible for hardware 

implementation due to cost and complexity. As a matter of fact, employing a 

discrete form with finite wordlength coefficients has the advantage of mitigating the 

aforementioned issues [2], where the Wordlength (W) is the number of bits our 

hardware can handle. 

Genetic Algorithms (GAs) represent a class of Evolutionary Algorithms (EAs) 

that, inspired by the concept of natural evolution, optimize a population of 

candidate solutions (i.e., individuals) via biologically inspired operators  

(i.e., selection, crossover, mutation) to address a specific optimization and search 

task [6-10]. In the context of filter design, GAs represent a promising avenue of 

research since these evolutionary approaches and their encoding scheme have the 

potential to automatically infer filter coefficients in discrete form without a 

quantization process [11, 8, 2, 12]. 

GAs have already been investigated in previous works to create 1-D FIR filters 

using Power-Of-Two (POT) coefficients, resulting in multiplier-less digital filters 

[11-13]. More generally, GAs have been employed to address a wide range of 

different, specific tasks under different implementation settings [14]. Building upon 
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the idea of these works, L e e  et al. [2] proposed an important extension of POT 

filter design by implementing a modified GA to devise digital 1-D FIR filters with 

coefficients guaranteed to be in Canonical Signed Digit (CSD) format. In addition, 

filter implementations are less complex and expensive since full-size multipliers, 

which have a higher cost in hardware, typically are not adopted in this structure. 

The solution encoding is based on representing filter coefficients as ternary strings 

corresponding to POT. To the best of our knowledge, the aforementioned research 

work represents the first concrete approach in the context of CSD-compliant 1-D 

digital FIR filter design [2]. 

One of the main drawbacks of the approach presented in [2] concerns 

compliance issues. The genetic operators employed, while being standard, can 

break the CSD constraints (adjacent non-zeros) or exceed the maximum number of 

non-zero digits allowed per coefficient. When these constraints are violated, the 

algorithm attempts to redo crossover and mutation up to a fixed number of trials. In 

case the constraints are still not satisfied, the coefficients of the filters are reset, 

leading to many individuals that are invalidated in the case of higher mutation 

probabilities or a greater number of allowed non-zero digits. 

Successive works [15-17] tried to devise techniques within GAs to mitigate the 

CSD-related compliance issues of the technique presented in [2]. However, to 

accomplish this task and maintain CSD compliance, the aforementioned works 

implemented strategies that force the exploration algorithm to look only for 

specific, peculiar coefficient patterns, thereby limiting the discovery of several 

potentially better solutions. We want to point out that many of the older methods 

using CSD representations are, unfortunately, difficult to reproduce since they lack 

essential reproducibility indications like complete experiment results or complete 

algorithm description or implementation, leaving a significant number of arbitrary 

choices to any modern reimplementation. 

There have also been modern investigations using non-mainstream 

computational intelligence algorithms [18-24]. A worth-mentioning project is 

represented by [25], where a hybrid GA is proposed to discover FIR filters with a 

local search mechanism that helps mitigate premature convergence. Other recent 

notable works are: [26], where a hybrid and dynamic mutation strategy is 

implemented within Differential Evolution (DE) to determine filter coefficients, and 

[27], in which a Long Short-Term Memory (LSTM) model is used to generate FIR 

filters, with Particle Swarm Optimization (PSO) employed to optimize the LSTM 

hyperparameters. The main limitation of these latter works is related to the real-

valued solution representation they employ, which, as already mentioned, makes the 

practical HW mapping difficult and expensive. 
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In this paper, we build upon [2], and we extend the approach by defining and 

employing novel crossover and mutation operators that force CSD constraints to 

always be satisfied. These newly introduced genetic operators represent the main 

contribution of our study, since they enable us to always generate CSD-compliant 

offspring by construction, differently from the original approach where many 

invalid individuals are likely to be generated. 

Our CSD-preserving crossover exchanges entire coefficients rather than 

breaking the structure of individual coefficients, thereby avoiding invalidating the 

offspring. By considering only the coefficients during mating, we guarantee that 

offspring are valid, provided that the parents are valid. On the other hand, our CSD-

preserving mutation forces adjacent digits to zero if adjacent non-zero digits are 

generated during the mutation of the individual and refuses to mutate if the non-

zero digits constraint is broken. This fix prevents invalid states without discarding 

the operation. 

We test our approach on five low-pass target filters, in increasing order of 

sharpness (i.e., complexity). We perform a systematic comparison between our 

“Enhanced CSD GA” method, the original “Basic CSD GA” from [2], and an ideal 

real-valued GA as proof-of-concept. Moreover, we perform an ablation study on the 

selection operator of GA by testing both roulette wheel selection, as in the original 

version, and tournament selection. The results show that our approach achieves 

better qualitative performance than the basic CSD regardless of the selection 

operator employed, demonstrating that our design and implementation choices 

effectively improve upon the original algorithm proposed in [2] while guaranteeing 

that CSD constraints are satisfied.  

The remainder of the paper is as follows: in Section 2, we describe the 

preliminary notions regarding both digital filters and GAs; in Section 3, we present 

our methodology; in Section 4, we present our experimental study along with the 

research questions; in Section 5, we provide answers to our research questions, and 

in Section 6 we conclude and outline possible future research directions. 

2. Background 

In this section, we describe the preliminary concepts regarding both digital filters 

and evolutionary computation, with special focus on GAs, which represent the 

technique adopted in this study. 
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2.1. Digital filters 

A digital FIR filter is represented by the following transfer function:  

(1)    𝐻(𝑧) = ∑ 𝑎𝑛𝑧
−𝑛𝑁

𝑛=0 , 

where N is the order of the filter, and an is defined as the n-th filter coefficient, and  

z is the input. The parameter 𝛾 represents the vector of filter coefficients [a0, a1, a2, 

..., an–1, an]. By determining the values of an, for each n ∈ [0, ..., N], different types 

of filters can be implemented, such as low-pass, high-pass, and band-pass filters [2]. 

The problem of digital FIR filter design consists of finding the coefficients an 

of order. 𝑁 to match a desired frequency response. In this regard, an individual can 

be naturally represented as a vector. 𝑥 ∈ ℝ𝑁+1, since a filter of order 𝑁 has 𝑁 + 1 

coefficients (the first coefficient is related to a power of zero). However, 

representing these coefficients by using infinite-precision real numbers is not 

feasible in actual hardware implementations. To this end, actual, realistic 

representations employ hardware-friendly structures, such as binary strings or 

discrete-value vectors [2]. Furthermore, in hardware, multipliers are more 

expensive than adders and shifters, and hardware costs increase with the filter order 

and coefficient precision. Therefore, there is a need for an encoding scheme more 

sophisticated than a trivial binary representation. To this end, in practice, CSD 

ternary encoding is considered, as it allows the automatic synthesis of a filter from 

the provided genome while reducing circuit complexity. 

In CSD representation, a radix-2 signed-digit number system is adopted. Each 

digit is given by 𝑑𝑘 ∈ {−1, 0, +1}, and it is associated with the POT term 2𝑘. CSD 

imposes a structural constraint, namely that no two adjacent digits may be nonzero: 

(2)   𝑑𝑘 ≠ 0 ⇒ 𝑑𝑘−1 = 𝑑𝑘+1 = 0. 

This rule guarantees a unique representation with the minimum possible 

Hamming weight among all radix2 signed-digit expansions. In a FIR filter, we 

have: 

(3) 𝑦[𝑛] = ∑ ℎ[𝑘]𝑁
𝑘=0 𝑥[𝑛 − 𝑘]. 

Each multiplication becomes: 

(4) ℎ[𝑘]𝑥[𝑛 − 𝑘] = (∑ 𝑑𝑘,𝑖
𝑊
𝑖=0 2−𝑖)𝑥[𝑛 − 𝑘] = ∑ 𝑑𝑘,𝑖(𝑥[𝑛 − 𝑘] ≫ 𝑖)𝑊

𝑖=0 . 

In other words, multiplication is simplified to an operation consisting only of 

simple bit shifts and additions/subtractions. 

Given the aforementioned properties, in practical FIR filter design scenarios, a 

CSD encoding is adopted [2]. In particular, a filter coefficient is represented by a 

string of ternary digits. Each of the ternary digits corresponds to a POT. Let 𝑘2𝑚 be 

a POT, where m can be negative in the case of floating-point numbers. If k is 

positive (+1), the position |m| of the string contains 1. If k is negative (–1), the 
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position |m| of the string contains 1. If k is zero, the position |m| of the string 

contains zero as well. For instance, consider the coefficient 0.421875, which can be 

written as: 2−1 − 2−4 − 2−6. In this case, the ternary encoding is 01001010. The 

ternary string length equals the filter coefficient Wordlength W. By concatenating 

all the encoded coefficients, a ternary bit stream is created, corresponding to a GA 

chromosome. 

2.2. Hardware complexity and cost savings 

As previously mentioned, the cost savings from using a CSD representation come 

from the hardware being inherently multiplierless. Given a FIR filter of order 𝑁, 

wordlength 𝑊 and exactly 𝐵 non-zero bits per coefficient, we now showcase these 

savings with a simplified model for hardware complexity and cost. 

Starting with the CSD encoding, for each coefficient, 𝐵 − 1 adders are needed 

to accumulate the POTs. Additionally, 𝐵 shifters are required to compute each 

POT, leading to the cost of a single coefficient amounting to:  

𝐶coeff = 𝐵𝐶shift + (𝐵 − 1)𝐶add. 

Accumulating the results of the 𝑁 + 1 coefficients requires 𝑁 additional 

adders; therefore: 𝐶acc = 𝑁𝐶add. Thus, the total cost of the CSD implementation 

corresponds to: 

(5) 𝐶CSD = 𝐵(𝑁 + 1)𝐶shift + [𝐵(𝑁 + 1) − 1]𝐶add. 

For a naïve implementation, a possible encoding could be a fixed-decimal 

representation where each coefficient is  

ℎ[𝑘] = −𝑏𝑘,𝑊−12
0 + ∑ 𝑏𝑘,𝑖

𝑊−2
𝑖=0 2𝑖−(𝑊−1)𝑏𝑘,𝑖 ∈ {0, 1}. 

Hence, the cost would simply be 

(6) 𝐶naive = (𝑁 + 1)𝐶mult +𝑁𝐶add. 

Regarding the costs of the single component types, in digital hardware the 

complexity of arithmetic operators scales differently with operand width 𝑛. A fixed 

bit shift can be implemented as a wiring permutation and therefore incurs negligible 

hardware complexity of 𝑂(1). Addition requires several elementary adder cells 

proportional to 𝑛, resulting in 𝑂(𝑛) hardware complexity, whereas conventional 

binary multiplication requires the generation and accumulation of 𝑛2 partial 

products, leading to 𝑂(𝑛2) hardware complexity [28]. Of course, actual physical 

implementations can vary in complexity and cost, so to keep our estimates 

acceptably abstract, we assign the following normalized costs: 

• 𝐶shift = 0, 

• 𝐶add =
𝑊

𝑊
= 1,   

• 𝐶mul =
𝑊2

𝑊
= 𝑊. 
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In the simple case of a filter of order 𝑁 = 8, wordlength 𝑊 = 8 and number 

of non-zero digits 𝐵 = 3, we would have 𝐶CSD = 26 whereas 𝐶naive = 80, roughly 

resulting in a 67% cost reduction. 

2.3. Genetic algorithms 

EAs constitute a family of population-based metaheuristic optimization methods 

whose design is inspired by the principles of biological, Darwinian evolution. EAs 

do not exhaustively explore a search space, and they do not follow a deterministic 

gradient. Instead, EAs maintain a collection of candidate solutions (i.e., a 

population) and iteratively refine this collection through stochastic operators. Over 

successive iterations (i.e., generations), the population is biased toward regions of 

the search space that include better fitness (objective) function values, while 

retaining sufficient diversity to avoid premature convergence to suboptimal 

solutions. 

Each candidate solution is called an individual (chromosome in GAs). The set 

of all individuals at a given time step is the population. EAs operate on an encoded 

representation of a solution. The fitness function (or objective function) 

encapsulates the problem to be solved and assigns a scalar quality score to each 

individual. Fitness evaluation is typically the most computationally expensive 

operation in EAs. 

Selection mechanisms stochastically choose individuals for reproduction. 

Variation is introduced by crossover (also called recombination), which combines 

genetic material from two parents, and by mutation, which applies small random 

perturbations to a single individual. After variation, the new offspring must be 

integrated into the population. Generational models replace the entire population at 

each iteration, whereas steady-state models replace only a few individuals at a time. 

Elitism is the practice of unconditionally preserving the best individual(s) across 

generations, guaranteeing that solution quality is monotonically non-decreasing. 

A GA represents solutions as fixed-length strings/vectors over a finite alphabet 

and applies selection, crossover, and mutation to evolve the population toward 

higher-fitness regions of the search space. The most straightforward GA 

representation is a binary string of fixed length 𝐿, where each bit corresponds to a 

decision variable (i.e., gene). Binary encoding is universal in the sense that any 

finite discrete problem can be mapped to it. Real-valued (floating-point) encoding 

employs continuous decision variables. Integer encoding is used for combinatorial 

problems such as job scheduling or routing. The choice of encoding deeply affects 

algorithm performance and must be guided by the problem structure. 
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Population initialization is typically performed by generating each gene of 

each individual uniformly at random within its admissible domain. For binary 

strings, each bit is set independently to 0 or 1 with equal probability. Fitness 

evaluation is problem-specific and may involve simulation, numerical integration 

and calculation, database lookup, or calls to external software.  

Selection is the mechanism by which GAs allocate parents for crossover to 

create the mating pool. The most common schemes are as follows: 

• Roulette wheel selection: each individual is selected with a probability 

directly proportional to its fitness. This operator is simple but sensitive to fitness 

scaling; that is, a single super-fit individual can dominate the population, causing 

premature convergence (a phenomenon known as genetic drift). 

• Tournament selection: a subset of k individuals is drawn uniformly at 

random with replacement; the fittest member wins and is copied to the mating 

pool. 

Crossover is a variation operator that combines genetic material from two (or 

more) parent chromosomes to produce offspring, embodying the intuition that good 

solutions share good partial structures: 

• One-point crossover: a random cut point 𝑐 ∈ {1,… , 𝐿 − 1} is chosen; 

offspring receive the prefix of one parent and the suffix of the other. 

• Two-point and k-point crossover: generalizations that use multiple cut 

points, reducing positional bias, and enabling more diverse recombination 

patterns. 

• Uniform crossover: each gene is inherited independently from one parent 

with a probability of 0.5, producing offspring with maximum allelic diversity. 

Mutation introduces random perturbations that prevent population stagnation 

and enable the GA to escape local optima. The mutation rate (typically 1/𝐿 for 

binary GAs) must be set carefully: if too low, diversity is hindered; if too high, the 

search degenerates toward a random walk: 

• Bit-flip mutation (binary): each bit is flipped independently with probability 

equal to the mutation rate. 

• Gaussian mutation (real-valued): a zero-mean Gaussian deviate with 

standard deviation σ is added to each gene. 

• Uniform mutation (real-valued): a gene is replaced by a uniform random 

value within its domain. 

In Fig. 1, we show an example of a vanilla GA workflow. 
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Fig. 1. Example of vanilla GA workflow 

3. Methodology 

The most straightforward way of representing an individual composed of the 

coefficients of an FIR filter in GA is by using real-valued fixed-length vectors, 

whose length is given by the number of coefficients N + 1 of the filter (order N), 

even if it is not actually a practical approach. However, as we said in Section 2, in 

practical scenarios, real-valued coefficients cannot be employed to implement 

digital filters in hardware. In fact, representations based on real numbers cannot be 

used since they require potentially infinite precision that cannot be implemented in 

hardware. Any approximation using a floating-point number, as done with GA, will 

have to deal with limited precision and, for hardware, a more complex 

implementation than for fixed-point numbers. Furthermore, such a representation 

does not allow us to verify or control CSD constraints, which are of paramount 

importance for implementing filters that incur low cost [2]. Nonetheless, we still 

consider a GA method with real-valued coefficients an ideal baseline for a proof-of-

concept and a solid basis for comparison with other approaches. We call this 

baseline “Real-valued GA”. 

The real-valued baseline initializes each individual by uniformly sampling 

each value from [–1, 1]. It employs roulette wheel selection, intermediate crossover, 

and Gaussian (non-adaptive) mutation. As we will see in the experimental phase, 
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we test this baseline using both tournament selection and roulette wheel selection. 

Along with the real-valued baseline, we assess the effectiveness of the “Basic CSD 

GA” method from L e e  et al. [2]. By taking inspiration from this work, we propose 

an alternative GA strategy, named “Enhanced CSD GA”, that aims to mitigate the 

limitations of the original algorithm. 

The original paper employs the CSD-based ternary encoding presented  

in Section 2. Each individual is initialized with one non-zero bit per coefficient  

(h = 2 – k), and roulette-wheel selection is used. Regarding crossover and mutation, 

the original paper employs two-point crossover and digit-flip mutation, which 

extends the standard bit-flip mutation to a ternary set. 

The main design constraints are represented by the wordlength 𝑊, which is 

the number of bits our hardware can handle, and the maximum number of non-zero 

digits in a coefficient (𝑁digits). Having many non-zero digits implies a higher 

circuit complexity. Since the crossover and mutation operators employed in [2] 

often violate CSD constraints and exceed the allowed maximum 𝑁digits, we modify 

the “Basic CSD GA” by implementing novel crossover and mutation operators. We 

call these new genetic operators CSD-preserving crossover and mutation. 

The CSD-preserving crossover is a two-point crossover in which the crossover 

points are chosen from values that are multiples of 𝑊. This ensures that the 

crossover occurs on coefficient boundaries, thereby swapping CSD-compliant 

coefficients in their entirety. The CSD-preserving mutation consists of the standard 

digit-flip mutation with a repair step. In particular, the repair step is performed 

whenever adjacent non-zero digits are generated or in case the 𝑁digits constraint is 

broken, as detailed in the following pseudo-code: 
 

 
Fig. 2. Pseudo-code for the CSD-preserving mutation step 
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Our new version, just like the original version and the real-valued baseline, 

employs roulette wheel selection. However, we also test all the methods described 

with tournament selection. The elitism of the best-so-far is always enforced across 

all methods. The rest of the algorithm remains unchanged, allowing us to isolate the 

effect of genetic operators.  

We use the minimax error employed in [2] as the fitness function, which 

searches for the maximum peak error throughout a discrete frequency domain via 

the magnitude response difference between the target and designed filters: 

(7) 𝐸𝐿∞ = max||𝐻T(𝜔, 𝛾)| − |𝐻D(𝜔, 𝛾)||, 

where 𝐻T(𝜔, 𝛾) and 𝐻D(𝜔, 𝛾) are respectively defined as the frequency responses 

of the Target and Designed filters. The frequency response is obtained from the 

transfer function (Equation (1)) by substituting  𝑧 = 𝑒𝑗𝜔𝑇 as follows: 

(8) 𝐻(𝜔, 𝛾) = ∑ 𝑎𝑛𝑒
−𝑗𝑛𝜔𝑇𝑁

𝑛=0 , 

where T and 𝜔 are the sampling period and angular frequency, respectively. 

4. Experiments and results 

In our experimental analysis, we seek to answer the following research questions: 

• RQ1: Can our method discover CSD-compliant digital filters with higher 

quality than those obtained by the baseline? 

• RQ2: Is it true that the ideal real-valued baseline consistently provides 

better filters? 

• RQ3: Does the selection operator have an impact on the quality of the 

solutions? 

In all our experiments, we set the population size to 100 and evolved it for 300 

generations with 5% elitism. Crossover is always performed, while mutation, for 

each gene, has a probability inverse to the genome’s length. The offspring always 

replaces the entire population at the end of each generation. This way, the offspring 

becomes the population for the next generation. 

We explore orders N ∈ {8, 16, 24, 32} and wordlengths W ∈ {10, 12, 14, 16}. 

We set 𝑁digits = 3 (maximum number of non-zero digits in a coefficient) and 

𝑁max = 100 (maximum number of retries when generating a CSD-invalid 

individual during crossover and mutation, only applies to the “Basic CSD GA”). 

The fitness is computed by uniformly sampling the frequency domain with 4096 

samples. Since [2] does not report all hyperparameter settings, we test several 

values of 𝑁 and 𝑊; 𝑁digits = 3 is set to a low value according to domain 

knowledge from previous literature 𝑁max = 100. This provides a sufficient number 
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of retries for the Basic CSD GA. This should allow us to execute a strong baseline 

and have a fairer comparison with our method. 

Our experimental campaign consists of testing the three outlined methods on 

five target filters: lowpass easy, lowpass medium, lowpass sharp, lowpass wide, and 

lowpass narrow. The first three targets are variations on an ideal lowpass filter 

centered at 𝜔 = 1.5 in which the transition band, which is left to the GA to 

interpolate, is respectively: [1.1, 1.9], [1.3, 1.7], and [1.4, 1.6]. The last two filters 

are ideal lowpass filters centered respectively at 𝜔 = 0.85 and 𝜔 = 2 with transition 

bands [0.7, 1.0], and [1.8, 2.2]. For each method, filter, order, and wordlength, we 

perform 30 independent repetitions. 

To ensure the statistical validity of the observed behaviors, we compared 

results using a pairwise Mann-Whitney U test [29] and, when comparing multiple 

methods, applied a Holm-Bonferroni correction [30].  Before pairwise testing,  

we performed a Kruskal-Wallis test [31] to ensure at least one method  

is significantly different. All tests are conducted with 𝛼 = 0.05. Statistical tests  

are carried out by accounting for the error of the final solutions. The  

Python implementation of all the code used in this work is available online at 

https://github.com/simdeistud/optimization-ai/tree/paper-benchmarks. 
 

 
Fig. 3. Boxplot showing the error distribution of the best solutions discovered by the three methods 

across 30 repetitions with roulette wheel selection. For each group given by order, filter, and 

wordlength, we highlight with an asterisk (*) the methods that outperform at least one other method in 

the group. Moreover, we highlight the method that outperforms all the others in the group with a 

dagger 

The experimental results related to the methods executed with roulette wheel 

selection (the one selection operator employed in [2]) are presented in Fig. 3. In all 

80 configurations (5 filters × 4 orders × 4 word lengths), our method achieves equal 

or lower median error than the Basic CSD GA. Additionally, our method 

https://github.com/simdeistud/optimization-ai/tree/paper-benchmarks
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consistently outperforms the method of [2] while also preserving CSD constraints, 

making it a more robust and reliable approach. The real-valued baseline achieves 

the lowest errors in most configurations, but its solutions are not hardware-

implementable. For smaller values of the order, the ternary encoding-based methods 

generally become more stable. 

A notable case is the lowpass wide filter with order 32 and wordlength greater 

than or equal to 12, when our method clearly outperforms both the reference 

baseline and the original approach. That the Enhanced CSD GA can outperform the 

real-valued baseline may seem counterintuitive, but two factors explain this result. 

This result can be attributed to two factors. First, at order 32, the real-valued GA 

operates in a 33-dimensional continuous space, where the search becomes harder 

within the allotted 300 generations. Second, the CSD encoding implicitly constrains 

the search space to a discrete, structured subset of coefficient values. This acts as a 

form of regularization that can help the evolutionary search avoid poor local optima 

in higher-dimensional problems. In other words, the CSD representation trades off 

precision for a more navigable search landscape, and this trade-off becomes 

favorable as the filter order increases. 

In addition, we repeat all the previous experiments by using tournament 

selection with tournament size 4. 
 

 
Fig. 4. Fig. 4. Boxplot showing the error distribution of the best solutions discovered by the three 

methods across 30 repetitions with tournament selection. For each group given by order, filter, and 

wordlength, we highlight with an asterisk (*) the methods that outperform at least one other method in 

the group. Moreover, we highlight the method that outperforms all the others in the group with a 

dagger 
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The experimental results related to the methods executed with tournament 

selection are presented in Fig. 4. As we can see, consistently with the analysis 

depicted in Fig. 3, our method is never worse than the original approach in [2], and 

in several cases we are able to outperform the original baseline while ensuring CSD 

constraints are satisfied. As expected, the real-valued baseline still obtains lower 

errors in most scenarios. Notably, with order 32, the real-valued baseline is often 

worse than the other approaches. This is consistent with the results observed under 

roulette wheel selection (Fig. 3), where the real-valued baseline also degrades at 

order 32. Across both selection strategies, the CSD-based methods show greater 

robustness at higher filter orders, suggesting that the discrete structure of the CSD 

encoding provides a structural advantage when the dimensionality of the search 

space increases. 

As a final analysis, we compare the two selection operators, roulette and 

tournament, within our proposed technique. 
 

 

Fig. 5. Boxplot showing the error distribution of the best solutions discovered by our “Enhanced CSD 

GA” method with the two tested selection strategies across 30 repetitions. For each group given by 

order, filter, and wordlength, we highlight with an asterisk (*) the best selection operator 

The experimental results comparing the two selection strategies are presented 

in Fig. 5. From the plot, it seems the impact of the selection strategy does not have a 

clear trend. The roulette wheel selection performs surprisingly well. In particular, it 

performs at least as well as the tournament in most cases, with exceptions 

including: easy filters with order 24 and wordlength 10, medium filters with order 

32 and wordlength 12, and wide filters with order 32 and wordlength 10. The cases 

where tournament selection outperforms roulette wheel selection do not follow a 
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clear pattern across filter types or wordlengths. This suggests that the advantage of 

tournament selection, when present, is configuration-specific rather than systematic. 

Overall, the choice of selection operator appears to have a smaller effect on 

performance than the choice of genetic operators (crossover and mutation), which is 

the main focus of this work. 

5. Discussion 

After our analysis, we try to provide a concrete answer to our previously defined 

three research questions. 

• RQ1: Can our method discover CSD-compliant digital filters with higher 

quality than those obtained by the baseline? 

From our analysis, we can safely state that our method outperforms the 

original approach presented in [2], while guaranteeing that CSD constraints are 

satisfied, enabling a cost-effective and easier practical hardware implementation. 

This is consistent across all tested filters, orders, and wordlengths, where no single 

case in which our method is statistically worse than the baseline is recorded. 

• RQ2: Is it true that the ideal real-valued baseline consistently provides 

better filters?  

As expected, the real-valued baseline provides better filters in most cases. 

However, as already discussed in the manuscript, these filters cannot be practically 

implemented in hardware. Surprisingly, we observe some notable cases in which 

our method is better than the ideal baseline. Even though this may seem deceptive, 

running a GA with real-valued coefficients does not guarantee that a better solution 

is always found. 

• RQ3: Does the selection operator have an impact on the quality of the 

solutions? 

After analyzing the two selection operators employed, we found that previous 

findings are confirmed regardless of the selection strategy, meaning that our method 

still outperforms the baseline even when the selection operator is switched from 

roulette wheel selection to tournament selection. Regarding the comparison with the 

two selection operators themselves, it seems that roulette wheel selection is more 

effective. However, apparently, there is not a clear pattern, suggesting that the 

selection operator itself does not meaningfully impact the evolution in this specific 

domain scenario. 

Our analysis highlights that our approach is effective and practical for 

hardware implementations. 
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6. Conclusion 

We presented an Enhanced CSD GA for the automatic synthesis of FIR digital 

filters with hardware-efficient CSD coefficients. Our main contribution consists of 

two modified genetic operators, a coefficient-level crossover and a mutation with a 

repair step, that guarantee CSD compliance by construction, eliminating the retries 

and coefficient resets required by the original approach of L e e  et al. [2]. 

Our experimental results across five lowpass filter targets, four filter orders, 

and four wordlengths show that the Enhanced CSD GA consistently matches or 

outperforms the Basic CSD GA, regardless of the selection operator used. Notably, 

at higher filter orders (N = 32), the CSD-based methods prove more robust than the 

real-valued baseline, suggesting that the discrete structure of CSD encoding 

provides an advantage in higher-dimensional search spaces. This makes our 

approach especially suitable for practical scenarios where both filter complexity and 

hardware cost must be controlled. 

Several directions remain open for future work. First, an ablation study 

isolating the individual effect of the CSD-preserving crossover and mutation would 

clarify which operator contributes more to the observed improvements. Second, 

adaptive strategies for tuning mutation probability and tournament size during the 

evolutionary run could further improve convergence. Finally, alternative encodings 

that reduce chromosome length, for instance, by exploiting filter symmetry in 

linear-phase designs, could make the approach scalable to higher-order filters. 
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