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Abstract. In this paper we study the properties of vortexes, as 

systems specific to the Acoustic World, using both hydrodynamic 

theory and the corresponding hydrodynamic Maxwell equations. 

According to this study, it follows that the vortex behaves like an 

acoustic dipole that has internal angular momentum. The system of two 

identical vortices also has orbital angular momentum and behaves, at 

distances much greater than the distance between the axes of the 

vortices, as a single vortex. With the help of Maxwell's hydrodynamic 

equations for the vortex we deduced the force between two vortices 

and obtained the expression of the equivalent mass of the vortex and 

the permittivity of the electroacoustic field. We also obtained and 

interpreted the expression for the energy density of the acoustic field. 

The density variations and pressure variations, induced by the vortex, 

cause the change in the propagation speed of the acoustic waves and 

the acoustic lensing property of the vortex. 
 
 

Keyword: Acoustic World, vortex, hydrodynamic Maxwell 

equations, angular momentum, vortex lens. 

 

1. Introduction 

An important stage in the definition and study of the Acoustic World (AW) is the 

identification of specific systems [1, 2]. These systems stand for AW as the elementary "particles" 

from which, through interaction, more complex systems are formed: the acoustic "atom", the bubble 
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clusters (the system of 𝑁 "particles" and/or "atoms"), etc. To date we have specifically identified and 

studied the following systems: acoustic waves and acoustic wave packets [1, 3-6], acoustic bubbles 

[7-14] and bubble clusters [15-19]. For these specific systems we have identified and theoretically 

studied the following properties and topics: the dual (particle-wave) properties of the acoustic wave 

and of the wave packet [1-4 ], the lens and the dumb hole corresponding to an acoustic wave packet 

[5, 6], the interaction between two pulsating bubbles (secondary Bjerknes forces) and the 

corresponding acoustic charge [7-9, 15], average acoustic charge in the acoustic radiation background 

[7-9], gravitational acoustic interaction [12, 13], properties (resonance and acoustic Mach's principle, 

internal pressure, internal energy, cluster acoustic temperature) of the system of identical pulsating 

bubbles [16-20], the acoustic lens corresponding to a pulsating bubble [10, 11] and the acoustic lens 

and acoustic hole corresponding to a cluster of pulsating bubbles [18, 19]. 

In this paper we study the properties of another system specific to the AW, the vortex. The 

approach of the vortex has been studied both theoretically [21, 22] and experimentally [23, 24] 

because it has numerous effects on fluid dynamics in turbulent flow [25] and bodies moving in fluids 

and therefore technological implications [26]. In the second part we study the types of vortices and 

their properties. In the third part we study the interaction between two vortices using Maxwell's 

hydrodynamic equations. In the fourth part we study the behaviour as an acoustic lens of the vortex. 

Finally, we add few conclusions in the fifth section. 

2. Vortexes  

Vortex, definition and classification 

 

One imputes to vortex the physical quantity named vorticity, which characterizes the 

property of rotating the fluid flow around the axis. Mathematically, vorticity is assigned by an axial 

vector, which characterizes the spinning motion of the fluid in a certain point. When we describe the 

velocity distribution by the velocity field 𝜐⃗(𝑟), 𝑟 = 𝑥𝑥̂ + 𝑦𝑦̂ (with 𝑟 = √𝑥2 + 𝑦2 the distance from 

the axis) or 𝑟 = (𝑟cos𝜃)𝑥̂ + (𝑟sin𝜃)𝑦̂ in cylindrical coordinates in the plane 𝑂𝑥𝑦), then the 

connection between the vorticity and the velocity field is [22]. 

 𝜔⃗⃗⃗ = ∇ × 𝜐⃗. (1) 
 

There are two types of vortices: the rigid-body vortex and the irrotational vortex. The rigid 

body-vortex or the rotational vortex is the vortex in which the fluid rotates as a rigid body. For this 

type of vortex, the angular velocity Ω⃗⃗⃗ does not depend on the position (distance from the axis 𝑟). 
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Between the vorticity vector, the velocity vector and the angular velocity vector there are following 

relations: 

 𝜔⃗⃗⃗ = ∇ × 𝜐⃗ = 2Ω⃗⃗⃗,    𝜐⃗ = Ω⃗⃗⃗ × 𝑟, 𝜐⃗ = Ω𝑟𝜃. (2) 
 

The irrotational vortex is the vortex in which the velocity of the fluid decreases inversely 

proportional to the distance to the axis: 

 Ω⃗⃗⃗ = Γ2𝜋𝑟2 𝑧̂,    𝜐⃗ = Ω⃗⃗⃗ × 𝑟 = −Γ𝑦2𝜋𝑟2 𝑥̂ + Γ𝑥2𝜋𝑟2 𝑦̂,    𝜔⃗⃗⃗ = ∇ × 𝜐⃗ = 0 (3) 

 

that is, in polar coordinates,  𝜐⃗ = Γ𝜃 (2𝜋𝑟)⁄  and 𝜐𝑥 = −Γsin𝜃𝑥̂ (2𝜋𝑟)⁄ , 𝜐𝑦 = Γcos𝜃𝑦̂ (2𝜋𝑟)⁄ . In 

Eq. (3), Γ is the circulation of the flow velocity on a closed curve 𝐶 that includes the origin of the 

reference system (intersection of the plane 𝑂𝑥𝑦with the axis of rotation 𝑂𝑧) 

 Γ = ∮ 𝜐⃗𝑑𝑙𝐶 = const.,     (4) 

 

with the elementary length vector 𝑑𝑙 parallel to the tangent vector 𝜐⃗, to the curve 𝐶, at each point. 

This vortex has characterized by the non-physical property that the speed tends to infinity when the 

distance tends to zero, 𝑟 → 0. This vortex is known as the point or line vortex. 

A vortex approach closer to real (experimental) situations is the core vortex. This vortex, for 

a viscous fluid, was studied by William John Macquorn Rankine [27]. This type of vortex has a core 

of radius 𝐷 which rotates as a rigid with angular velocity Ω⃗⃗⃗ and where, for distances from the axis 𝑟 ≤ 𝐷, the fluid velocity is given by Eq. (2). For larger distances 𝑟 > 𝐷, the vortex is irrotational 

having zero vorticity and the relation between the angular velocity and the fluid velocity is given by 

Eq. (3). 

In specialized papers [22, 23, 28-30], other types of vortices are also described: the spherical 

vortex (Hill vortex), the ring vortex (toroidal vortex, circular vortex ring), Burgers vortex (an 

axisymmetric viscous vortex) and the Lamb–Oseen vortex. 

Of particular importance for the modeling of the Acoustic World is the theoretical and 

experimental study of vortices in quantum superfluid and superconductors [31-35]. 

Two vortex system  

In the paper "Elementary Fluid Mechanics" [22], the system of two point vortices is studied, 

using the complex potentials 𝐹(𝑧) = [𝑘 (2𝜋𝑖)⁄ ]ln𝑧 with 𝑧 = 𝑥 + 𝑖𝑦, 𝑧̅ = 𝑥 − 𝑖𝑦. The potential of 

the two-vortex system is 

 𝐹(𝑧) = 𝐹1(𝑧) + 𝐹2(𝑧) = 𝑘12𝜋𝑖 ln(𝑧 − 𝑧1) + 𝑘22𝜋𝑖 ln(𝑧 − 𝑧2). (5) 



60 

ION SIMACIU, VIOREL DRAFTA, ZOLTAN BORSOS and GHEORGHE DUMITRESCU 

VORTEXES AS SYSTEMS SPECIFIC TO THE ACOUSTIC WORLD 
 

 

 

Bulletin of the Polytechnic Institute of Iași, vol. 71(75), no. 1-2, 57-71, 2025 
 

According to this potential, the velocities of the two vortices are: 
 

 
𝑑𝑧̅1𝑑𝑡 = 𝑧̅1̇ = 𝑑𝐹2(𝑧)𝑑𝑧 |𝑧−𝑧1 = 𝑘22𝜋𝑖 1𝑧1−𝑧2 , 𝑑𝑧̅2𝑑𝑡 = 𝑧̅̇2 = 𝑑𝐹1(𝑧)𝑑𝑧 |𝑧−𝑧2 = 𝑘12𝜋𝑖 1𝑧2−𝑧1 (6) 

or 

 
𝑧̅1̇ = 𝑥̇1 − 𝑖𝑦̇1 = 𝑘22𝜋 (𝑦1−𝑦2)−𝑖(𝑥1−𝑥2)(𝑥1−𝑥2)2+(𝑦1−𝑦2)2 ,𝑧̅̇2 = 𝑥̇2 − 𝑖𝑦̇2 = 𝑘12𝜋 (𝑦2−𝑦1)−𝑖(𝑥2−𝑥1)(𝑥2−𝑥1)2+(𝑦2−𝑦1)2 . (7) 

 

The distance between the two vortices, 𝑑2 = (𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2, is constant and the 

centre of vorticity [22] is the complex quantity 

 𝑧𝑐 = 𝑘1𝑧1+𝑧2𝑘2𝑘1+𝑘2 . (8) 

If we consider the origin of the reference system to be in 𝑧𝑐 (i.e. 𝑧𝑐 = 0), from the above 

relation follows 

 𝑘1𝑧1 = −𝑧2𝑘2. (9) 
 

With the help of relations (8, 9), we define the complex distances between the centre of each 

vortex and the centre of vorticity: 

 𝑧1 − 𝑧𝑐 = 𝑘1(𝑧1−𝑧2)𝑘1+𝑘2 ,    𝑧2 − 𝑧𝑐 = 𝑘2(𝑧2−𝑧1)𝑘1+𝑘2 . (10) 

 

The distances between the centres of the vortices and the centte of vorticity, obtained using 

Eqs. (10), are: 

 
𝑑𝑥1 = 𝑘2(𝑥1−𝑥2)𝑘1+𝑘2 , 𝑑𝑦1 = 𝑘2(𝑦1−𝑦2)𝑘1+𝑘2 , 𝑑1 = 𝑘2𝑑𝑘1+𝑘2 ;𝑑𝑥2 = 𝑘1(𝑥2−𝑥1)𝑘1+𝑘2 , 𝑑𝑦2 = 𝑘1(𝑦2−𝑦2)𝑘1+𝑘2 , 𝑑2 = 𝑘1𝑑𝑘1+𝑘2 . (11) 

 

With these quantities, the expressions of the velocities of the two vortices, given by Eqs. (7, 

10), become: 

 𝜐12 = √𝑥̇21 + 𝑦̇21 = 𝑘22𝜋𝑑 = 𝑘222𝜋(𝑘1+𝑘2)𝑑1 ,    𝜐21 = √𝑥̇22 + 𝑦̇22 = 𝑘12𝜋𝑑 = 𝑘122𝜋(𝑘1+𝑘2)𝑑2. (12) 

 

In polar coordinates, the positions of the two vortices are: 𝑧𝑗 = 𝑟𝑗exp(𝑖𝜃𝑗), 𝑗 = 1,2 and the 

angular velocities are: 

 

𝑑𝜃1𝑑𝑡 = 𝜃̇1 = 𝜐12𝑑1 = 𝑘22𝜋𝑑1𝑑 = 𝑘222𝜋(𝑘1+𝑘2)𝑑12 = 𝑘1+𝑘22𝜋𝑑2 ,𝑑𝜃2𝑑𝑡 = 𝜃̇2 = 𝜐21𝑑2 = 𝑘12𝜋𝑑2𝑑 = 𝑘122𝜋(𝑘1+𝑘2)𝑑22 = 𝑘1+𝑘22𝜋𝑑2 = 𝜃̇1 = 𝜃̇. (13) 
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It follows that the two vortices form a more complex system that behaves as a single vortex at 

distances greater than the distance between their centers (𝑟 > 𝑑). If the vortices are different, 𝑘1 ≠ 𝑘2, 

but have different orientations, 𝑘1 > 0, 𝑘2 < 0, the resulting vortex will have angular velocity 𝜃̇ = [𝑘1 − |𝑘2|] (2𝜋𝑑2)⁄ . If the vortices are identical, 𝑘1 = 𝑘2 = 𝑘, and have the same vorticity 

orientation, the resulting vortex has angular velocity 𝜃̇ = 𝑘 (𝜋𝑑2)⁄ . If the vorticities are opposite and 

equal in value, 𝑘1 = 𝑘, 𝑘2 = −𝑘 , the angular velocity of the system is zero and the system performs 

a translational movement, in the direction perpendicular to the line joining their centers, with linear 

velocity 𝜐 = 𝑘 (2𝜋𝑑) ⁄ [22]. The solutions given by this formalism do not tell us what is the inertial 

mass of the vortex and therefore what is the expression of the force between the two vortices. 

3. Hydrodynamic Maxwell equations for the vortex  

Hydrodynamic Maxwell equations  

In the specialized scientific papers [36, 37, 15], starting from the analogy between 

electromagnetism and fluid mechanics, the Maxwell hydrodynamic equations were deduced, which, 

for the vortex, have the form: 

 ∇ ⋅ 𝐸⃗⃗𝜐 = 4𝜋𝜌𝜐,   (14) 

 ∇ ⋅ 𝐻⃗⃗⃗𝜐 = 0,   (15) 

 ∇ × 𝐸⃗⃗𝜐 + 𝜕𝐻⃗⃗⃗𝜐𝜕𝑡 = 0,   (16) 

 𝑢2(∇ × 𝐻⃗⃗⃗𝜐) − 𝜕𝐸⃗⃗𝜐𝜕𝑡 = 𝐽𝜐 ≡ 4𝜋𝑗𝜐, (17) 

 

with the following defining relations for the physical quantities involved: the field vectors 

 𝐸⃗⃗𝜐 ≡ − 𝜕𝜐⃗⃗⃗𝜐𝜕𝑡 − ∇ℎ𝜐,    𝐻⃗⃗⃗𝜐 ≡ 𝜔⃗⃗⃗ = ∇ × 𝜐⃗𝜐, ℎ𝜐 = 𝜐𝜐22 ; (18) 

the acoustic charge density 𝜌𝜐 and the acoustic current density, 𝐽𝜐 ≡ 4𝜋𝑗𝜐 = 4𝜋𝜌𝜐𝜐⃗,  

 4𝜋𝜌𝜐 = − 𝜕(∇𝜐⃗⃗⃗𝜐)𝜕𝑡 − 𝛥ℎ𝜐,   (19) 

   𝐽𝜐 ≡ 4𝜋𝑗𝜐 = − 𝜕2 𝜐⃗⃗⃗𝜐𝜕𝑡2 + ∇ (𝜕ℎ𝜐𝜕𝑡 ) + 𝑢2(∇ × (∇ × 𝜐⃗𝜐)). (20) 

 

These hydrodynamic equations correspond to the energy densities, 𝑤 = 𝑤𝐸 + 𝑤𝐻  

 𝑤 = 𝐸⃗⃗𝜐28𝜋 + 𝐻⃗⃗⃗𝜐28𝜋 → 𝑤 = 𝜀𝜐𝐸⃗⃗𝜐22 + 𝜇𝜐𝐻⃗⃗⃗𝜐22 . (21) 
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written in the Gussian and MKSA system of units [38]. We consider a vortex with a core and the fluid 

is considered ideal with zero viscosity. In the nucleus of radius 𝐷 (𝑟 ≤ 𝐷), according to relation (2), 

the velocities are independent of time: 

 𝜐⃗𝜐𝑖 = Ω⃗⃗⃗ × 𝑟 = (0, Ω 𝑟, 0), 𝜐⃗𝜐𝑖 = Ω 𝑟𝜃;  𝜔⃗⃗⃗𝑖 = ∇ × 𝜐⃗𝜐𝑖 = 2Ω⃗⃗⃗ = (0,0,2Ω); (22) 
 

and outside (𝑟 > 𝐷), are: 

 𝜐⃗𝜐𝑒 = (0, Ω𝐷2𝑟 , 0), 𝜐⃗𝜐𝑒 = Ω𝐷2𝑟 𝜃;  𝜔⃗⃗⃗𝑒 = ∇ × 𝜐⃗𝜐𝑒 = 0. (23) 

 

With definitions (18) and (22), we obtain for the core vortex: the interior field vectors 

 

 𝐸⃗⃗𝜐𝑖 ≡ −∇ℎ𝜐 = −𝜐𝜐(∇𝜐𝜐) = −Ω2𝑟 = (−Ω2𝑟)𝑟̂,    𝐻⃗⃗⃗𝜐𝑖 = 2Ω⃗⃗⃗ = 2Ω 𝑧̂  (24) 
 

and the exterior field vectors 
 

 𝐸⃗⃗𝜐𝑒 ≡ −∇ℎ𝜐𝑒 = −𝜐𝜐𝑒(∇𝜐𝜐𝑒) = Ω2𝐷4𝑟4 𝑟,    𝐻⃗⃗⃗𝜐𝑒 = 0. (25) 

 

The units of measurement, in the International System (SI), of the intensity of the acoustic 

field are those of an acceleration, ⟨𝐸𝜐𝑒⟩𝑆𝐼 = m s2⁄ , and those of the acoustic induction are those of 

the angular velocity, ⟨𝐻𝜐⟩𝑆𝐼 = 1 s⁄ . 

With definitions (19) and (22), the acoustic charge density 𝜌𝑎 and the acoustic current 

density 𝐽𝑎, become: 

 𝜌𝜐𝑖 = −𝛥ℎ𝜐𝑖4𝜋 = −𝛥(𝜐𝜐𝑖2 )8𝜋 = −Ω22𝜋 , 𝜌𝜐𝑒 = −𝛥(𝜐𝜐𝑒2 )8𝜋 = −Ω2𝐷42𝜋𝑟4 ; (26) 

   𝐽𝜐𝑖 ≡ 4𝜋𝑗𝜐𝑖 = 𝑢2 (∇ × (2Ω⃗⃗⃗)) = 0,    𝑗𝜐𝑖 = 0. (27) 

 

The acoustic charge of the vortex, per unit length, is calculated by integration: 𝑒𝜐 =∫ 𝜌𝜐𝑟0 2𝜋𝑟𝑑𝑟. For the case when 𝑟 << 𝐷, the internal charge that generates the acoustic intensity 

inside, results:  
 

 𝑒𝜐𝑖 = ∫ 𝜌𝜐𝑖𝑟0 2𝜋𝑟𝑑𝑟 = ∫ (−Ω22𝜋 )𝑟0 2𝜋𝑟𝑑𝑟 = −Ω2𝑟22 , 𝑒𝜐𝑖𝐷 = 𝑒𝜐𝑖(𝑟 = 𝐷) = −Ω2𝐷22  (28) 

 

With this charge, the expression for the internal field strength (24) becomes 
 

 𝐸⃗⃗𝜐𝑖 = (−Ω2𝑟)𝑟̂ = 2𝑒𝜐𝑖𝑟̂𝑟 . (29) 

 

In Eq. (29) of the field intensity expressed by the charge that determines it, 𝑒𝜐𝑖, the factor 2 

appears, because this field has cylindrical symmetry and we used Eq. (14) written for a spherical 

symmetry. For cylindrical symmetry, 𝜌𝜐𝑖 = −Ω2 𝜋⁄ and 𝑒𝜐𝑖 = −Ω2𝑟2 and 𝐸⃗⃗𝜐𝑖 = 𝑒𝜐𝑖𝑟̂ 𝑟⁄ . 
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The force between the two vortices is determined by both the field strength 𝐸⃗⃗𝜐𝑖 and the field 

induction   𝐻⃗⃗⃗𝜐𝑖: 
 

𝑓𝜐𝑖 ≡ 𝑒𝜐𝑖𝐷𝐸⃗⃗𝜐𝑖 + 𝑒𝜐𝑖𝐷(𝜐⃗𝜐𝑖 × 𝐻⃗⃗⃗𝜐𝑖) = (−Ω2𝐷2)(−Ω2𝑟)𝑟̂ + (−Ω2𝐷2)[(Ω 𝑟𝜃) × (2Ω𝑧̂)]        = Ω4𝐷2𝑟𝑟̂ − 2Ω4𝐷2𝑟𝑟̂ = −Ω4𝐷2𝑟𝑟̂ = −𝑒𝜐𝑖𝐷𝑒𝜐𝑖𝑟̂𝑟  , ⟨𝑓𝜐𝑖⟩𝑆𝐼 = m3s4 .  (30) 

 

and it is attractive because the magnetic acoustic component is attractive and twice as large as the 

electrical component which is repulsive. For the force per unit length to be the Newtonian force ⟨𝑓𝜐𝑁⟩𝑆𝐼 = kg s2⁄ , we must multiply the expression in Eq. (30) with a constant having the physical 

dimensions ⟨𝛼𝑁⟩𝑆𝐼 = kgs2 m3⁄ , 𝛼𝑁 = 𝛼 𝜌0 Ω2⁄ : 

 𝑓𝜐𝑖𝑁 = 𝛼𝑁𝑓𝜐𝑖 = 𝛼𝜌0Ω2 (−Ω4𝐷2𝑟𝑟̂) = −𝛼𝜌0𝐷2Ω2𝑟𝑟̂ = −𝛼(𝜌0𝜋𝐷2𝑙)2𝜋𝑙 (2Ω2𝑟2)𝑟̂𝑟 = −𝛼𝑚𝑎⃗⃗𝑐𝑓2𝜋𝑙 , (31) 

with 𝑎⃗𝑐𝑓 = 2𝜐𝜐𝑖2 𝑟 = 2⁄ Ω2𝑟 centrifugal acceleration, 𝑚 = 𝜌0𝜋𝐷2𝑙 vortex core mass of length 𝑙 and 𝛼 numerical/ dimensionless constant. According to section 3, the two vortices of the same direction 

rotate around the center of mass and so 𝑑1 = 𝑑2 = 𝑟 2⁄ . The constant 𝛼 = 2𝜋 is deduced from the 

condition, 𝑓𝜐𝑖𝑁 = −𝑚𝑎⃗𝑐𝑓 𝑙⁄ . In this case, the equivalent mass of the vortex is the mass of the vortex 

core. 

For the case when 𝑟 >> 2𝐷, the charge of the vortex that generates the intensity of the 

electroacoustic field is: 

 
𝑒𝜐𝑒(𝑟) = ∫ 𝜌𝜐𝑖𝐷0 2𝜋𝑟𝑑𝑟 + ∫ 𝜌𝜐𝑒𝑟𝐷 2𝜋𝑟𝑑𝑟 = ∫ (− Ω22𝜋) 2𝜋𝑟𝑑𝑟𝐷0 +        ∫ (− Ω2𝐷42𝜋𝑟4 ) 2𝜋𝑟𝑑𝑟𝑟𝐷 = −Ω2𝐷2 (1 − 𝐷22𝑟2)  (32) 

and the total charge of a sample vortex placed outside another identical vortex is 𝑒𝜐𝑒𝑡 = ∫ 𝜌𝜐𝑖𝐷0 2𝜋𝑟𝑑𝑟 + ∫ 𝜌𝜐𝑒∞𝐷 2𝜋𝑟𝑑𝑟 = ∫ (− Ω22𝜋) 2𝜋𝑟𝑑𝑟𝐷0 + ∫ (− Ω2𝐷42𝜋𝑟4 ) 2𝜋𝑟𝑑𝑟∞𝐷 = −Ω2𝐷2.     (33)  

With this charge (32), the intensity of the electroacoustic field (25) is written 

 𝐸⃗⃗𝜐𝑒 = Ω2𝐷4𝑟4 𝑟 = 𝑒𝜐𝑒(𝑟)𝐷2𝑟4(1− 𝐷22𝑟2) 𝑟  . (34) 

The force between two vortices placed at distance 𝑟 >> 2𝐷, using Eqs. (25) and (32), is 

 𝑓𝜐𝑒𝑡 ≡ 𝑒𝜐𝑒𝑡𝐸⃗⃗𝜐𝑒 + 𝑒𝜐𝑒𝑡(𝜐⃗𝜐𝑒 × 𝐻⃗⃗⃗𝜐𝑒) = 𝑒𝜐𝑒𝑡𝐸⃗⃗𝜐𝑒 = (−Ω2𝐷2) (Ω2𝐷4𝑟̂𝑟3 ) = −Ω4𝐷6𝑟3 𝑟̂. (35) 

This force can be written as a function of the expression of the charges (32) and (33) and the 

moment of the acoustic charge 𝑑𝜐𝑒 = 𝑒𝜐𝑒𝐷: 



64 

ION SIMACIU, VIOREL DRAFTA, ZOLTAN BORSOS and GHEORGHE DUMITRESCU 

VORTEXES AS SYSTEMS SPECIFIC TO THE ACOUSTIC WORLD 
 

 

 

Bulletin of the Polytechnic Institute of Iași, vol. 71(75), no. 1-2, 57-71, 2025 
 

 𝑓𝜐𝑒𝑡 = −(Ω2𝐷2)2𝐷2𝑟̂𝑟3 = −𝑒𝜐𝑒𝑡2 𝐷2𝑟̂𝑟3 = −𝑑𝜐𝑒𝑡2 𝑟̂𝑟3 ;   𝑓𝜐𝑒𝑡 = −𝑒𝜐𝑒𝑡𝑒𝜐𝑒(𝑟)𝐷2𝑟̂𝑟3(1− 𝐷22𝑟2) = −𝑑𝜐𝑒𝑡𝑑𝜐𝑒(𝑟)𝑟̂𝑟3(1− 𝐷22𝑟2) . (36) 

and so it is an acoustic dipole force and is analogous to the electrostatic dipole force [38]. 

To obtain the Newtonian interaction force of the vortices, per unit length, we must multiply 

this expression by the same constant ⟨𝛼𝑁⟩𝑆𝐼 = kgs2 m3⁄ , 𝛼𝑁 = 𝛼 𝜌0 Ω2⁄  

 𝑓𝜐𝑒𝑁 = 𝛼𝑁𝑓𝜐𝑒𝑡 = −𝛼𝜌0Ω2𝐷6𝑟̂𝑟3 = 𝛼(−𝜌0𝜋𝐷2𝑙)𝑟̂2𝜋𝑙 (2Ω2𝐷4𝑟3 ) = −𝛼𝑚𝑎⃗⃗𝑐𝑓𝑒2𝜋𝑙 . (37) 

The expression of this force becomes𝑓𝜐𝑖𝑁 = −𝑚𝑎⃗𝑐𝑓𝑒 𝑙⁄  if 𝛼 = 2𝜋, that is, the numerical 

constant is of the same magnitude as in the case of the interior of the vortex core. With this constant, 

the acoustic charge in the Gaussian system is 𝑒𝜐𝑒𝑡𝑁2 = 2𝜋𝜌0Ω2𝐷4. And in this case, the equivalent 

mass of the vortex is the mass of the vortex core 𝑚 = 𝜌0𝜋𝐷2𝑙. 
By analogy with the Maxwell equations for the oscillating bubble that behaves as an acoustic 

monopole with spherical symmetry, the constant ⟨𝛼𝑁⟩𝑆𝐼 = kgs2 m3⁄ , 𝛼𝑁 = 2𝜋 𝜌0 Ω2⁄  is expressible 

as a function of the acoustic permittivity   𝜀𝜐 = 𝜌0 Ω2⁄  for the vortex,   𝛼𝑁 = 2𝜋𝜀𝜐, which depends 

on the parameters of the fluid of undisturbed density 𝜌0 and subject to periodic motion (rotational 

motion with angular velocity   Ω⃗⃗⃗). Acoustic permeability has the expression   𝜇𝜐 =1 (𝜀𝜐𝑢02)⁄ = Ω2 (𝜌0𝑢02)⁄ , ⟨𝜇𝜐⟩𝑆𝐼 = m kg⁄ . 

To highlight the existence of acoustic permittivity  𝜀𝜐 = 𝜌0 Ω2⁄ , we write the Newtonian 

force per unit length (37) as a function of the acoustic charge in the MKSA/ SI system (i.e., Eq. (14) 

becomes ∇ ⋅ 𝐸⃗⃗𝜐 = 𝜌𝜐   𝜀𝜐⁄ ) [38]: 

 𝑓𝜐𝑒𝑁 = −𝛼𝜌0Ω2𝐷6𝑟̂𝑟3 = −𝑞2𝐷2𝑟̂2𝜋𝜀𝜐𝑟3  (38) 

or 

 𝑞𝜐𝑒2 = 4𝜋2𝜀𝜐Ω2𝐷4 = (2𝜋𝜌0𝐷2)2, 𝑞𝜐𝑒 = 2𝜋𝜌0𝐷2 ≅ 𝑚 𝑙⁄ . (39) 

As can be seen, the acoustic charge in the MKSA system is proportional to the mass of the 

vortex core which is the source of the field created by the vortex. Again the numerical constant 2 

appears and we have not been able to remove it. Between the two acoustic charges, written in different 

unit systems, there is the relationship 

 
𝑞𝜐24𝜋𝜀𝜐 ≅ 𝑒𝜐𝑒𝑡𝑁2 , (40) 

similar to that for the electrostatic charge [38]. 
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The angular momentum of the vortex  

The specific quantity of the vortex is the angular momentum: 𝑆𝜐 = 𝑧̂ [∫ (𝜌0𝜐𝜐𝑖𝑟)𝐷0 2𝜋𝑙𝑟𝑑𝑟 + ∫ (𝜌0𝜐𝜐𝑒𝑟)2𝜋𝑙𝑟𝑑𝑟𝑅𝐷 ] = 𝑧̂2𝜋𝑙𝜌0Ω [∫ 𝑟3𝑑𝑟𝐷0 + 𝐷2 ∫ 𝑟𝑑𝑟𝑅𝐷 ] =        𝜋𝐷2𝑙𝜌0 (𝑅2 − 𝐷22 ) Ω𝑧̂ = 𝑚 (𝑅2 − 𝐷22 ) Ω𝑧̂ ,                                                                       (41)  

with 𝑅 radius of the enclosure. 

For a system of two interacting vortices, to this internal angular momentum is added the 

orbital angular momentum 𝐿⃗⃗𝑠𝜐. If the vortices are identical, it is: 

 𝐿⃗⃗𝑠𝜐 = 2(𝜋𝐷2𝑙𝜌0) (𝑟2) 𝜐𝜐𝑒𝑧̂ = (𝜋𝐷4𝑙𝜌0)Ω𝑧̂ (42) 

and the total angular momentum of the two-vortex system is 

 𝐿⃗⃗𝑠𝜐𝑡 = 2𝑆𝜐 + 𝐿⃗⃗𝑠𝜐 = 2𝑚 (𝑅2 − 𝐷22 ) Ω𝑧̂ + 𝑚𝐷2Ω𝑧̂ = 2𝑚𝑅2Ω𝑧̂ , (43) 

if 𝑟 >> 2𝐷. 

 

Energy densities of the vortex field  

To obtain the energy density expression of the vortex field, we substitute Eqs. (24) in  

Eq. (21) 

 𝑤𝑖 = 𝐸⃗⃗𝜐𝑖28𝜋 + 𝐻⃗⃗⃗𝜐𝑖28𝜋 = Ω4𝑟28𝜋 + Ω28𝜋. (44) 

To express them in the international system (SI), ⟨𝑤𝑖𝑆𝐼⟩ = Jm−3 = kgm−1s−2, we use the 

relations: 

 𝑤𝑖𝑆𝐼 = (4𝜋𝜀𝜐)𝐸⃗⃗𝜐𝑖28𝜋 + (4𝜋𝜇𝜐) 𝐻⃗⃗⃗𝜐𝑖28𝜋 = 𝜀𝜐𝐸⃗⃗𝜐𝑖22 + 𝐻⃗⃗⃗𝜐𝑖2𝜇𝜐2 = 𝜌0(Ω𝑟)22 + 𝜌0𝑢022 , (45) 

that is, we obtain the summation of the kinetic energy density and the relativistic-acoustic energy 

density of the fluid (𝜌0𝑢02 ≅ 𝜁𝑝0) inside the vortex core. 

For the outside of the vortex, using Eqs. (25), it follows: 

 𝑤𝑒 = 𝐸⃗⃗𝜐𝑒28𝜋 = Ω4𝐷88𝜋𝑟6 , 𝑤𝑒𝑆𝐼 = (4𝜋𝜀𝜐)𝐸⃗⃗𝜐𝑒28𝜋 = 𝜌0Ω2𝐷82𝑟6 = 𝜌0Ω2𝐷42𝑟2 𝐷4𝑟4 , (46) 

which is lower than the acoustic kinetic energy density outside the vortex core 𝑤𝜐𝑘𝑎 =(𝜌0 2⁄ )(Ω𝐷2 𝑟⁄ )2. 

Maxwell's hydrodynamic equations are most similar to the equations of the gravito-

electromagnetic field [39-42]. For the weak gravitational field, the gravitational charge density is the 

mass density 𝜌𝑔 = 𝜌 = 𝑑𝑚 𝑑𝑉⁄ , and the Maxwell equation for the gravitational field strength is ∇ ⋅
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𝐸⃗⃗𝑔 = 4𝜋𝐺𝜌 = 𝜌 𝜀𝑔⁄ , 𝜀𝑔 = 1 (4𝜋𝐺)⁄ . It is interesting that this gravitational permittivity, which is a 

function of the gravitational constant 𝐺 can be put in the form analogous to that for the 

hydrodynamic/acoustic permittivity. For a universe model of finite radius 𝑅𝑢 and density 𝜌𝑢, 

oscillating with frequency  𝐻𝑢 = 1 𝑇𝑢⁄ = 𝑐 𝑅𝑢⁄  and/or rotating with the same oscillation period, 

according to relativistic universe models [43 - Ch. 16, Eq. (16.3.8)], between these quantities there is 

the relationship   𝜌𝑢 ≅ 𝐻𝑢2 𝐺⁄  and so  𝜀𝑔 ≅ 1 𝐺 =⁄ 𝜌𝑢 𝐻𝑢2⁄ .  

In the same relativistic universe, at the submicroscopic scale, i.e. at the Planck scale [44], 

the Planck density 𝜌𝑃 ≅ 𝑚𝑃 𝑙𝑃3⁄ , 𝑚𝑃 = √ℏ𝑐 𝐺⁄  and the Planck pulsation 𝜔𝑃 = 𝑚𝑃𝑐2 ℏ⁄ 𝐺 ≅ 𝐻𝑢2 𝜌𝑢⁄  

are defined, so that 𝐺 ≅ 𝜔𝑃2 𝜌𝑃⁄  and therefore  𝜀𝑔 ≅ 1 𝐺 =⁄ 𝜌𝑃 𝜔𝑃2⁄ . These similarities highlight the 

role of the background field (the fundamental fluid with periodic movements – oscillating, in the case 

of pulsating bubbles [15], and rotating for vortices) in the generation of interactions between systems 

specific to the acoustic world and the possibility of deriving hydrodynamic Maxwell equations. 

 

4. The vortex as an acoustic lens  

Acoustic index of refraction around a vortex  

The velocity field, specific to the vortex,   𝜐⃗𝜐, generates in a compressible fluid density 

variations, 𝜌𝜐 = 𝜌0  𝜐𝜐 𝑢0⁄ , and pressure variations, 𝑝𝜐 = 𝜌0  𝑢0𝜐𝜐, [45- Ch. 8] which locally modify 

the propagation speed of the acoustic waves and therefore a refractive index of the fluid, 𝑛𝜐, in the 

presence of a vortex, According to the works [5, 6, 11], the refractive index for the vortex has the 

expressions: 

 𝑛𝜐(𝜌) = (1 + 𝜌𝜐𝜌0)−𝜁 = (1 + 𝜐𝜐𝑢0)−𝜁 ≅ 1 − 𝜁𝜐𝜐𝑢0 + 𝜁(𝜁+1)2 (𝜐𝜐𝑢0)2, (47) 

 𝑛𝜐(𝑝) = (1 + 𝑝𝜐𝑝0) −𝜁2𝜁+1 = (1 + 𝜌0𝑢0𝜐𝜐𝑝0 ) −𝜁2𝜁+1 ≅ 1 − 𝜁2𝜁+1 𝜌0𝑢0𝜐𝜐𝑝0 + 𝜁(3𝜁+1)2(2𝜁+1)2 (𝜌0𝑢0𝜐𝜐𝑝0 )2. (48) 

Since 𝑝0 = 𝜌0𝑢02 (2𝜁 + 1)⁄ , substituting in Eq. (45), it follows 

 𝑛𝜐(𝑝) ≅ 1 − 𝜁𝜐𝜐𝑢0 + 𝜁(3𝜁+1)2 (𝜐𝜐𝑢0)2, (49) 

which differs from the index expression (47) by the second power of the ratio 𝜐𝜐 𝑢0⁄ . The two 

expressions of the index of refraction are different, even if we average over time (as in the case of the 

field of an acoustic wave [5, 6]), for a velocity field in the vortex that does not depend on time, 

because ⟨𝜐𝜐⟩ ≠ 0. For a better approximation of the refractive index expression, in the following we 

will use the expression of the average of the two Eqs. (47, 48). 
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 𝑛𝜐(𝜐𝜐) = 𝑛𝜐(𝜌)+𝑛𝜐(𝑝)2 ≅ 1 − 𝜁𝜐𝜐𝑢0 + 𝜁(2𝜁+1)2 (𝜐𝜐𝑢0)2. (50) 

For 𝑟 < 𝐷 and   𝜐𝜐𝑖 = Ω 𝑟, the index of refraction inside the nucleus/ core is: 

 𝑛𝜐𝑖 = 1 − 𝜁 Ω 𝑟𝑢0 + 𝜁(2𝜁+1)2 (Ω 𝑟𝑢0 )2
 (51) 

and for 𝑟 > 𝐷 and   𝜐𝜐𝑒 = (Ω𝐷2) 𝑟⁄ , the refractive index outside the core is 

 𝑛𝜐𝑒 = 1 − 𝜁 Ω𝐷2𝑢0𝑟 + 𝜁(2𝜁+1)2 (Ω𝐷2𝑢0𝑟 )2. (52) 

For velocities in the vortex much lower than the speed of sound in the respective fluid, Ω 𝐷 << 𝑢0, the refractive indices can be approximated by the relations: 𝑛𝜐𝑖 = 1 − 𝜁 Ω 𝑟 𝑢0⁄ < 1 and 𝑛𝜐𝑒 =1 − 𝜁 Ω𝐷2 (𝑢0𝑟)⁄ < 1. 

Acoustic lens generated by a vortex  

The existence of an acoustic refractive index around a vortex causes the vortex to behave 

like a cylindrical acoustic lens with focal length [5, 6]: 

 
1𝑓𝜐 = 2(𝑛𝜐−1)𝑟 = 2𝜁𝜐𝜐𝑢0𝑟 [(2𝜁+1)𝜐𝜐2𝑢0 − 1] (53) 

or 

 𝑓𝜐 = 𝑢0𝑟2𝜁𝜐𝜐[(2𝜁+1)𝜐𝜐2𝑢0 −1]. (54) 

The lens corresponding to the vortex is converging, 𝑓𝜐 > 0, if 𝜐𝜐 𝑢0⁄ > 2 (2𝜁 + 1)⁄  and is 

divergent if 𝜐𝜐 𝑢0⁄ < 2 (2𝜁 + 1)⁄ . As en example, for water [5, 6] 𝜁 = 3 and 𝜐𝜐 𝑢0⁄ > 2 7⁄ , that is, 

the lens is convergent at speeds close to the speed of sound in water. At low velocities in the vortex, 

the lens is divergent, that is, it scatters the acoustic waves. If 𝜐𝜐 𝑢0⁄ = 2 (2𝜁 + 1)⁄ , (and for points 

on the vortex axis, 𝜐𝜐 = 0 and 𝑓𝜐 → ∞) the lens has infinite focal length and the waves pass 

undeviated. 

Dumb hole corresponding to the vortex  

The acoustic lens becomes a dumb hole (an acoustic black hole) if the acoustic wave 

(acoustic ray) is captured [5, 6] i.e. it is deflected on a circular or spiral path intersecting the axis of 

the vortex. In this situation the focal length is equal to or less than the impact distance, 𝑓𝜐 ≤ 𝑟 = 𝑟𝜐𝐷𝐻. 

With this condition, the equation that determines the radius of the dumb hole is obtained, 𝑟𝜐𝐷𝐻, 

 2𝜁𝜐𝜐(𝑟𝜐𝐷𝐻) [(2𝜁+1)𝜐𝜐(𝑟𝜐𝐷𝐻)2𝑢0 − 1] = 1. (55) 

With this equation, for the exterior of the core vortex, 𝑟 > 𝐷,    𝜐𝜐𝑒 = (Ω𝐷2) 𝑟⁄ , we obtain the 

equation: 
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2𝜁Ω𝐷2𝑢0𝑟𝜐𝐷𝐻𝑒 [(2𝜁+1)Ω𝐷22𝑢0𝑟𝜐𝐷𝐻𝑒 − 1] = 1, 𝑟𝜐𝐷𝐻𝑒2 + 2𝜁Ω𝐷2𝑢0 𝑟𝜐𝐷𝐻𝑒 − 𝜁(2𝜁+1)Ω2𝐷4𝑢02 = 0. (56) 

This equation has as a real solution the expression: 

 𝑟𝜐𝐷𝐻𝑒 = Ω𝐷2(1+√1+(2𝜁+1) 𝜁⁄ )𝑢0  (57) 

and this radius is smaller than the core radius, 𝑟𝜐𝐷𝐻𝑒 < 𝐷, if Ω𝐷(1 + √1 + (2𝜁 + 1) 𝜁⁄ ) < 𝑢0. 

For the vortex core, 𝑟 < 𝐷,    𝜐𝜐𝑖 = Ω𝑟, the equation that determines the radius of the dumb 

hole is 

 
𝜁(2𝜁+1)Ω2𝑟𝜐𝐷𝐻𝑖2𝑢02 − 2𝜁Ω𝑟𝜐𝐷𝐻𝑖𝑢0 − 1 = 0. (58) 

This equation has as a real solution the expression: 

 𝑟𝜐𝐷𝐻𝑖 = 𝑢0(1+√1+(2𝜁+1) 𝜁⁄ )(2𝜁+1)Ω  (59) 

and depends on the constant 𝜁 that characterizes the phenomenon of fluid compression, the speed of 

sound in the undisturbed fluid 𝑢0 and the angular velocity Ω of the fluid in the core of the vortex. 

We reach a similar result using the metric written in cylindrical coordinates, from the work 

Quantum analogue of a Kerr black hole and the Penrose effect in a Bose-Einstein condensate [46]. 

According to Eq. (5) from the paper [46], results: a) for the outside of the core, with   𝜐𝜐𝑒 =(Ω𝐷2) 𝑟𝜐𝐷𝐻𝑒⁄ = 𝑢0, or𝑟𝜐𝐷𝐻𝑖 ≅ Ω𝐷2 𝑢0⁄ ; b) for the interior of the core, with  𝜐𝜐𝑖 = Ω𝑟𝜐𝐷𝐻𝑖 = 𝑢0, or 𝑟𝜐𝐷𝐻𝑒 ≅ 𝑢0 Ω⁄ . In this type of paper, [46] and the papers cited therein, wave deflection is interpreted 

as a curvature of spacetime. According to our solution (this paper and the papers [6, 11, 19]) the 

phenomenon of lensing in a fluid, in the presence of specific systems (bubbles, vortices, etc.), is the 

effect of changing the density of the fluid and therefore the change in the propagation speed of the 

acoustic waves, relative to the observer in the AW. 

 

5. Conclusions  

In this paper we have demonstrated, using Maxwell's hydrodynamic equations, that the 

vortex, as a system having internal angular momentum, 𝑆𝜐 ≠ 0, from the point of view of interaction 

with other vortices, behaves like an acoustic dipole, if the distance between them is 𝑟 > 𝐷. The vortex 

also behaves like a cylindrical acoustic lens. 

As for the pulsating bubble (acoustic monopole), the hydrodynamic equations for the vortex 

show an acoustic permittivity,  𝜀𝜐 = 𝜌0 Ω2⁄ , which depends on the undisturbed fluid density and 
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angular velocity. In this way, the role of the fluid that has periodic properties in the generation of 

interactions specific to the AW is highlighted. These periodic properties of the acoustic background 

explain the boundary conditions imposed by the quantification of the characteristic properties of the 

systems specific to the AW and, by analogy, to the Electromagnetic World [47, 48]. It remains to be 

studied, in a future work, the oscillations of the vortex induced by an inducing acoustic wave and the 

particular state when the pulsation of the acoustic wave is equal to the rotation speed of the vortex,   𝜔 = Ω. 

We have also demonstrated that the energy density of the electric acoustic field of the vortex 

core is the rotational kinetic energy density, 𝑤𝑖𝐸𝑆𝐼 = 𝜌0(Ω𝑟)2 2⁄  and the energy density of the 

magnetic component is proportional to the fluid pressure, 𝑤𝑖𝐻𝑆𝐼 = 𝜌0𝑢02 2⁄ . Also, since the vortex 

induces changes in the fluid density, 𝜌𝜐 = 𝜌0  𝜐𝜐 𝑢0⁄ , and pressures, 𝑝𝜐 = 𝜌0  𝑢0𝜐𝜐, and therefore in 

the propagation speed of the acoustic waves, the corresponding acoustic refractive index causes the 

vortex to behave like an acoustic lens. We evaluated this acoustic refractive index and the possibility 

of the vortex becoming a dumb hole. These results allow solving the problems: pulsating vortex under 

the action of an acoustic wave, the multi-vortex system, and the pulsating bubble system captured by 

a vortex (i.e., the model of the monopolar acoustic particle with spin). 
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