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SUMMARY 

This article introduces a novel statistical model, the double weighted Xgamma 

distribution (DWXGD), for analysing cancer survival data. This study investigate its 

theoretical properties and illustrate its versatility through graphical representations of 

the probability density and cumulative distribution function for different values of 

parameters. Parameter estimation is done using the maximum likelihood estimation 

method. The practical utility of the proposed distribution is illustrated through the use 

of a real-world leukaemia dataset, in which it consistently outperforms existing models 

according to –logL, AIC, BIC, AICC, HQIC and CAIC criteria. These findings 

demonstrate the effectiveness and responsiveness of the DWXGD in modelling skewed 

or heavily-tailed survival periods, furnishing better forecasts and insightful information 

for clinical decision-making. 

Key words: double weighted Xgamma distribution, reliability analysis, maximum 

likelihood estimation, model selection technique: AIC, BIC, AICC, HQIC and CAIC 

1. Introduction 

One of the most significant uses of statistical analysis is in research and 

applications in the medical field. In order to establish the best model for fitting 

survival data, cancer research frequently involves further statistical analyses. 

Survival analysis is a set of statistical procedures for data analysis with the 

outcome variable of interest being the time until an event occurs. Weighted 

distributions are extensively used to address challenges in model specification and 

survival data analysis, particularly when observed data are prejudiced or non-
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random. Statistical modelling for lifetime and survival data matters a lot in medical 

fields, especially in cancer research. Back in the 1930s, Ronald Fisher laid some 

groundwork with his methods that helped shape later stochastic modelling. In the 

1970s David Cox introduced renewal theory, which significantly developed 

survival analysis and addressed reliability. Weighted distributions were introduced 

by Patil and Rao around 1978; they discussed how these handle biased data from 

size-biased sampling. Gupta and Kirmani expanded on this in 1990 with a solid 

framework for applications. Oluyede made further progress in 1999 with regard to 

reliability, showing how the distributions fit lifetime data with a high degree of 

accuracy. In survival analysis, Susarla and Van Ryzin produced an empirical Bayes 

model for right-censored data in 1978, especially useful for cancer studies. Zelen 

worked on tumour growth modelling in 1974, achieving good probabilistic models 

in oncology. Recent work pushes flexible weighted distributions to better capture 

skewness and variability. Al-Khadim and Hantoosh suggested double weighted 

exponential and inverse Weibull distributions in 2013 and 2014, detailing their 

properties and estimation performance. These demonstrated improved 

performance for lifetime data where hazard rates change. Rishwan added the 

double weighted Rayleigh distribution in 2013, and gave its characterization. 

Extensions are constantly being proposed for classical distributions. Priyadarshani 

constructed a new weighted generalized gamma class in 2011 to handle complex 

structures more flexibly. Atikankul and others proposed a length-biased weighted 

Lindley distribution in 2020, showing good performance for biased sampling and 

real datasets. Applications to cancer data have recently been developed at a fast 

rate. Alam and others used an arcsine-Gaussian distribution for liver cancer and 

leukaemia in 2021, showing that it fit better than old models. That shows that there 

is a need for more flexible distributions in biomedicine. The literature points to 

weighted and generalized distributions being key for survival and cancer data, 

dealing with skewness, censoring, and heterogeneity. However, we still appear to 

need better, more efficient models for the methodologically challenging aspects of 

cancer survival. This causes a push for new distributions to improve modelling and 

analysis of those datasets, although some gaps remain open. 
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Modelling cancer survival data becomes problematic because of the skewness 

and heavy tails found in the data, in addition to heterogeneity and the censoring 

issue, whereby some data cuts off early. The traditional setups like the exponential 

or Weibull distributions are insufficient for capturing such complexities. The 

Xgamma distribution seems somewhat more flexible, but still struggles with the 

highly irregular hazard rates found in cancer datasets. A gap therefore exists for a 

model that can handle statistical outliers in cancer survival data a lot better. This 

study aims to fill this gap with what will be called the double weighted Xgamma 

distribution. The goal is to make modelling more accurate and to obtain stronger 

results from inferences. Cancer survival analysis has significant implications for 

medical tasks, such as researching and planning treatments or assessing risks. 

Determining survival times accurately helps to work out how the disease 

progresses, and makes decisions easier. However, actual cancer data from the real 

world shows that hazard rates are not at all monotonic, and exhibits high skewness 

along with kurtosis and the problem of censored observations. Existing 

distributions often fail to cope with these features. It appears that weighted 

distributions may perform better, especially double weighted versions. These 

adjust the base probability structure in ways that add flexibility.  

Formally, a double weighted distribution is defined as 

𝑓𝐷𝑊(𝑥; 𝑐) =
𝑤(𝑥) 𝑓(𝑥) 𝐹(𝑐𝑥)

∫ 𝑤(𝑡) 𝑓(𝑡) 𝐹(𝑐𝑡) 𝑑𝑡
∞

0

,        𝑥 ≥ 0,  𝑐 > 0,  

where 𝑓(𝑥)and 𝐹(𝑥) denote the pdf and cdf of the baseline distribution, 

respectively, and 𝑤(𝑥) is a non-negative weight function. 

2. Double Weighted XGamma Distribution (DWXGD) 

The probability density function (pdf) and cumulative distribution function (cdf) 

of the baseline Xgamma distribution is given by 

𝑓(𝑥) =
𝜗2

(1+𝜗)
(1 +

𝜗

2
𝑥2) 𝑒−𝜗𝑥               𝑥 > 0, 𝜗 > 0                                  (2.1)  

and  
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𝐹(𝑋) = 1 −
(1+𝜗+𝜗𝑥+

𝜗2𝑥2

2

(1+𝜗)
  𝑒−𝜗𝑥          𝑥 > 0, 𝜗 > 0      

Then, the double weighted distribution is  

𝑓 (𝑥) =
𝑤(𝑥) 𝑓(𝑥) 𝐹(𝑐𝑥)

𝑊𝐷
,        𝑥 ≥ 0,  c > 0,                                                 (2.2) 

 where     𝑊𝐷 = ∫ 𝑤(𝑥) 𝑓(𝑥) 𝐹(𝑐𝑥) 𝑑𝑥
∞

0
 

= ∫ 𝑥
𝜗2

(1+𝜗)
(1 +

𝜗

2
𝑥2) 𝑒−𝜗𝑥

 ( 1 −
(1+𝜗+𝜗𝑐𝑥+

𝜗2𝑐2𝑥2

2

(1+𝜗)
)𝑒−𝜗𝑐𝑥

 𝑑𝑥

∞

0

  

 = −
𝜗3

(1+𝜗)2 [
2𝑐

𝜗3(1+𝑐)3 +
3𝑐2

𝜗3(1+𝑐)4 +
12𝑐

𝜗4(1+𝑐)5 +
60 𝑐2

𝜗4(1+𝑐)6]                             (2.3)  

Consider the weight function 𝑤(𝑥) = 𝑥. 

Substitute equation (2.1), (2.3), F(cx) and w(x) in equation (2.2):  

𝑓 (𝑥) =

𝑥
𝜗2

(1+𝜗)
(1+

𝜗

2
𝑥2)𝑒−𝜗𝑥(1−

(1+𝜗+𝜗𝑥+
𝜗2𝑥2

2
(1+𝜗)

  𝑒−𝜗𝑥) 

−
𝜗3

(1+𝜗)2[
2𝑐

𝜗3(1+𝑐)3+
3𝑐2

𝜗3(1+𝑐)4+
12𝑐

𝜗4(1+𝑐)5+
60 𝑐2

𝜗4(1+𝑐)6]
  

 

Definition 1: A non-negative continuous random variable X is said to follow  

a double weighted Xgamma distribution with parameters  𝜗 𝑎𝑛𝑑 𝑐  if its pdf is 

given by      

 𝑓(𝑥; 𝜗, 𝑐)

=
𝑥2(1 +

𝜗𝑐
2 𝑥 +

𝜗
2 𝑥2 +

𝜗2𝑐
2 𝑥3)𝑒−𝑥𝜗(1+𝑐)

2
𝜗3(1 + 𝑐)3 +

12
𝜗4(1 + 𝑐)5 + 𝑐(

3
𝜗3(1 + 𝑐)4 +

60
𝜗4(1 + 𝑐)6)

  ;   𝜗, 𝑐, 𝑥

> 0                                                                                                                     (2.4) 

This is denoted by X~ DWXGD( 𝜗, 𝑐).      

The expression in equation (2.4) is the probability density function of the 

double weighted Xgamma distribution, and is denoted by 𝑓(𝑥, 𝜗, 𝑐)  ∀ 𝑥 > 0. 

Note: 
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  𝑓(𝑥; 𝜗, 𝑐) = ∫
𝑥2(1+

𝜗𝑐

2
𝑥+

𝜗

2
𝑥2+

𝜗2𝑐

2
𝑥3)𝑒−𝑥𝜗(1+𝑐)

2

𝜗3(1+𝑐)3+
12

𝜗4(1+𝑐)5+𝑐(
3

𝜗3(1+𝑐)4+
60

𝜗4(1+𝑐)6)
 𝑑𝑥

∞

0
    … . .               (2.5)  

using the integral  

∫ 𝑥𝑛𝑒−𝑎𝑥
∞

0

𝑑𝑥 =
𝑛!

𝑎𝑛+1
    ∀ 𝑛 > 0                                                                   (2.6) 

Using the integral of (2.6) in equation (2.5): 

𝑓(𝑥; 𝜗, 𝑐)

=
∫ 𝑥2𝑒−𝑥𝜗(1+𝑐)𝑑𝑥

∞

0
+

𝜗𝑐
2 ∫ 𝑥3𝑒−𝑥𝜗(1+𝑐) 𝑑𝑥

∞

0
+

𝜗
2 ∫ 𝑥4𝑒−𝑥𝜗(1+𝑐) 𝑑𝑥

∞

0
+

𝜗2𝑐
2 ∫ 𝑥5𝑒−𝑥𝜗(1+𝑐) 𝑑𝑥

∞

0

2
𝜗3(1 + 𝑐)3 +

12
𝜗4(1 + 𝑐)5 + 𝑐 (

3
𝜗3(1 + 𝑐)4 +

60
𝜗4(1 + 𝑐)6)

 

           𝑓(𝑥; 𝜗, 𝑐) =

2
𝜗3(1 + 𝑐)3 +

12
𝜗4(1 + 𝑐)5 +

3𝑐
𝜗3(1 + 𝑐)4 +

60𝑐
𝜗4(1 + 𝑐)6

2
𝜗3(1 + 𝑐)3 +

12
𝜗4(1 + 𝑐)5 + 𝑐 (

3
𝜗3(1 + 𝑐)4 +

60
𝜗4(1 + 𝑐)6)

 

 𝑓(𝑥; 𝜗, 𝑐) = 1,  

Then the cumulative distribution function of the DWXGD is defined by  

𝐹(𝑥; 𝜗, 𝑐) = ∫ 𝑓(𝑡; 𝜗, 𝑐)
𝑥

0

 𝑑𝑡                                                                  

= ∫
𝑡2(1 +

𝜗𝑐
2 𝑡 +

𝜗
2 𝑡2 +

𝜗2𝑐
2 𝑡3)𝑒−𝑥𝜗(1+𝑐)

2
𝜗3(1 + 𝑐)3 +

12
𝜗4(1 + 𝑐)5 + 𝑐(

3
𝜗3(1 + 𝑐)4 +

60
𝜗4(1 + 𝑐)6)

 𝑑𝑡
𝑥

0
 

Let us define the denominator as a normalizing constant k: 

𝑘 =
2

𝜗3(1 + 𝑐)3
+

12

𝜗4(1 + 𝑐)5
+ 𝑐(

3

𝜗3(1 + 𝑐)4
+

60

𝜗4(1 + 𝑐)6
) 

Then  𝐹(𝑥; 𝜗, 𝑐) =
1

𝑘
∫ 𝑡2 (1 +

𝜗𝑐

2
𝑡 +

𝜗

2
𝑡2 +

𝜗2𝑐

2
𝑡3) 𝑒−𝑥𝜗(1+𝑐)𝑑𝑡

𝑥

0
 

=
1

𝑘
∫ (𝑡2 +

𝜗𝑐

2
𝑡3 +

𝜗

2
𝑡4 +

𝜗2𝑐

2
𝑡5) 𝑒−𝑥𝜗(1+𝑐)𝑑𝑡                                

𝑥

0
 

=
1

𝑘
{∫ 𝑡2𝑒−𝑥𝜗(1+𝑐)𝑑𝑡 +

𝑥

0

∫
𝜗𝑐

2
𝑡3𝑒−𝑥𝜗(1+𝑐)𝑑𝑡 +

𝑥

0

∫
𝜗

2
𝑡4 𝑒−𝑥𝜗(1+𝑐)𝑑𝑡

𝑥

0

+ ∫
𝜗2𝑐

2
𝑡5𝑒−𝑥𝜗(1+𝑐)𝑑𝑡

𝑥

0

 } 
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Let                

∫ 𝑡𝑛𝑒−𝑎𝑡
𝑥

0

𝑑𝑡 =
𝑛!

𝑎𝑛+1 [1 − 𝑒−𝑎𝑡  ∑
(𝑎𝑡)𝑗

𝑗!

𝑛

𝑗=0

 ]            ∀ 𝑛 > 0                     (2.7) 

 Using the integral (2.7) 

𝐹(𝑥; 𝜗, 𝑐)    =
1

𝑘
{

2

𝜗3(1+𝑐)3 [1 − 𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
3
𝑗=0 ] +

3𝑐

𝜗3(1+𝑐)4  [1 −

𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
3
𝑗=0 ] +  

12

𝜗4(1+𝑐)5  [ 1 − 𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
4
𝑗=0  ] +

60𝑐

𝜗4(1+𝑐)6   [1 − 𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
5
𝑗=0  ] } ;  𝑥 ≥ 0, 𝜗𝑐 >  0                 (2.8)  

where 𝑘 =
2

𝜗3(1+𝑐)3 +
12

𝜗4(1+𝑐)5 + 𝑐(
3

𝜗3(1+𝑐)4 +
60

𝜗4(1+𝑐)6) 

At 𝑥 → 0   

 𝑒−𝜗(1+𝑐)𝑥
 

→ 1  and (𝜗(1 + 𝑐)𝑥)𝑗
 

→ 0 

𝑙𝑖𝑚
𝑥→0

𝐹(𝑥; 𝜗, 𝑐) = 0 

At 𝑥 → ∞   

𝑒−𝜗(1+𝑐)𝑥
 

→ 1   

𝑙𝑖𝑚
𝑥→∞

𝐹(𝑥; 𝜗, 𝑐) = 1    

   Figure 1: DWXGD pdf curves              Figure 2: DWXGD distribution curves 
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Figure 1 shows the density functions of double weighted Xgamma distributions 

for different values of 𝜗 and c. Figure 2 shows the distribution functions of double 

weighted Xgamma distributions for different values of 𝜗 and c. 

3. Reliability function 

Assume that x is a continuous random variable from a double weighted Xgamma 

distribution with pdf f(x). Then the general formulas for the survival and hazard 

functions are 𝑠(𝑥) = 1 − 𝐹(𝑥)  and ℎ (𝑥)  =
 𝑓(𝑥)

𝑠(𝑥)
    respectively. 

Survival function 

The survival function is also known as the reliability function. The survival 

function of the double weighted Xgamma distribution is given by 

𝑠(𝑥, 𝜗, 𝑐) = 1 −  𝐹(𝑥; 𝜗, 𝑐)                                                                                 (3.1)  

Substituting equation (2.8) in (3.1), 

 

𝑠(𝑥, 𝜗, 𝑐) = 1 −  
1

2

𝜗3(1+𝑐)3+
12

𝜗4(1+𝑐)5+𝑐(
3

𝜗3(1+𝑐)4+
60

𝜗4(1+𝑐)6)
{

2

𝜗3(1+𝑐)3 [1 −

𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
3
𝑗=0 ] +

3𝑐

𝜗3(1+𝑐)4  [1 − 𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
3
𝑗=0 ] +

 
12

𝜗4(1+𝑐)5  [ 1 − 𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
4
𝑗=0  ] +

60𝑐

𝜗4(1+𝑐)6   [1 −

𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
5
𝑗=0  ]  }   

Hazard function 

The hazard function of a double weighted Xgamma distribution is expressed as   

  ℎ (𝑥; 𝜗, 𝑐)  =
 𝑓(𝑥; 𝜗, 𝑐)

𝑠((𝑥; 𝜗, 𝑐))
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=

𝑥2(1+
𝜗𝑐
2 𝑥+

𝜗
2𝑥2+

𝜗2𝑐
2 𝑥3)𝑒−𝑥𝜗(1+𝑐)

2

𝜗3(1+𝑐)3+
12

𝜗4(1+𝑐)5+𝑐(
3

𝜗3(1+𝑐)4+
60

𝜗4(1+𝑐)6)

1−  
1

2

𝜗3(1+𝑐)3+
12

𝜗4(1+𝑐)5+𝑐(
3

𝜗3(1+𝑐)4+
60

𝜗4(1+𝑐)6)
 {[1−𝑒−𝜗(1+𝑐)𝑥 ∑

(𝜗(1+𝑐)𝑥)𝑗

𝑗!
3
𝑗=0 ]+

3𝑐

𝜗3(1+𝑐)4 [1−𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
3
𝑗=0 ]

+ 
12

𝜗4(1+𝑐)5 [ 1−𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
4
𝑗=0  ] +

60𝑐

𝜗4(1+𝑐)6  [1−𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
5
𝑗=0  ]}

 

     

                                                                  

 ℎ (𝑥; 𝜗, 𝑐) = [𝑥2 (1 +
𝜗𝑐

2
𝑥 +

𝜗

2
𝑥2 +

𝜗2𝑐

2
𝑥3) 𝑒−𝑥𝜗(1+𝑐)] / [

2

𝜗3(1+𝑐)3 +

12

𝜗4(1+𝑐)5 + 𝑐 (
3

𝜗3(1+𝑐)4 +
60

𝜗4(1+𝑐)6) − {
2

𝜗3(1+𝑐)3 [1 −

𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
3
𝑗=0 ] +

3𝑐

𝜗3(1+𝑐)4  [1 − 𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
3
𝑗=0 ] +

 
12

𝜗4(1+𝑐)5  [ 1 − 𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
4
𝑗=0  ] +

60𝑐

𝜗4(1+𝑐)6   [1 −

𝑒−𝜗(1+𝑐)𝑥 ∑
(𝜗(1+𝑐)𝑥)𝑗

𝑗!
5
𝑗=0  ]  }]                                                                                                              

The hazard function behaves as follows: 

1. As 𝑥
 

→ 0,   ℎ(𝑥; 𝜗, 𝑐)
 

→ 0  

2. As 𝑥
 

→ ∞,  ℎ(𝑥; 𝜗, 𝑐) = 𝜗(1 + 𝑐) 

Hence the hazard function is increasing.  

The survival and hazard function plots are shown in Figures 3 and 4 respectively. 

Figure 3: Survival function of DWXGD  Figure 4: Hazard function of DWXGD 
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4. Statistical properties 

In this section, we discuss statistical properties of the DWXGD, namely moments, 

moment generating function, and characteristic function. 

Moments 

The qth order moment of the DWXGD is given by 

𝜇𝑞
′

=

𝛤(𝑞 + 3)
𝜗𝑞+3(1 + 𝑐)𝑞+3 +

𝜗𝑐
2

𝛤(𝑞 + 4)
𝜗𝑞+4(1 + 𝑐)𝑞+4 +

𝜗
2

𝛤(𝑞 + 5)
𝜗𝑞+5(1 + 𝑐)𝑞+5 +

𝜗2𝑐
2

𝛤(𝑞 + 6)
𝜗𝑞+6(1 + 𝑐)𝑞+6

2
𝜗3(1 + 𝑐)3 +

12
𝜗4(1 + 𝑐)5 + 𝑐(

3
𝜗3(1 + 𝑐)4 +

60
𝜗4(1 + 𝑐)6

 

Proof: 

The qth moment is defined by 

𝜇𝑞
′ = 𝐸(𝑋𝑞)     = ∫ 𝑥𝑞

∞

0

𝑓 (𝑥; 𝜗, 𝑐)𝑑(𝑥. )             

= ∫ 𝑥𝑞
𝑥2(1 +

𝜗𝑐
2 𝑥 +

𝜗
2 𝑥2 +

𝜗2𝑐
2 𝑥3)𝑒−𝑥𝜗(1+𝑐)

2
𝜗3(1 + 𝑐)3 +

12
𝜗4(1 + 𝑐)5 + 𝑐(

3
𝜗3(1 + 𝑐)4 +

60
𝜗4(1 + 𝑐)6)

𝑑𝑥
∞

0

   

Let 𝑎 = 𝜗(1 + 𝑐) with 𝜗 > 0, (1 + 𝑐) > 0. 

𝑘 =
2

𝜗3(1 + 𝑐)3
+

12

𝜗4(1 + 𝑐)5
+ 𝑐 (

3

𝜗3(1 + 𝑐)4
+

60

𝜗4(1 + 𝑐)6
) 

𝜇𝑞
′ = ∫

𝑥2+𝑞(1 +
𝜗𝑐
2 𝑥 +

𝜗
2 𝑥2 +

𝜗2𝑐
2 𝑥3)𝑒−𝑥𝑎

𝑘
𝑑𝑥

∞

0
 

 =
1

𝑘
{∫ 𝑥𝑞+2

∞

0

𝑒−𝑥𝑎𝑑𝑥 + ∫ 𝑥𝑞+3
∞

0

𝜗𝑐

2
𝑒−𝑥𝑎𝑑𝑥 + ∫ 𝑥𝑞+4

𝜗

2

∞

0

𝑒−𝑥𝑎𝑑𝑥

+ ∫ 𝑥𝑞+5
∞

0

𝜗2𝑐

2
𝑒−𝑥𝑎𝑑𝑥 

Using the standard gamma integral ∫ 𝑥𝑣𝑒−𝑎𝑥𝑑𝑥 =
Γ(𝑣+1)

𝑎𝑣+1

∞

0
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𝜇𝑞
′ =

𝛤(𝑞 + 3)
𝑎𝑞+3 +

𝜗𝑐
2

𝛤(𝑞 + 4)
𝑎𝑞+4 +

𝜗
2

𝛤(𝑞 + 5)
𝑎𝑞+5 +

𝜗2𝑐
2

𝛤(𝑞 + 6)
𝑎𝑞+6

2
𝜗3(1 + 𝑐)3 +

12
𝜗4(1 + 𝑐)5 + 𝑐(

3
𝜗3(1 + 𝑐)4 +

60
𝜗4(1 + 𝑐)6

 

where for q > –3 the qth moment is  

𝜇𝑞
′ =

𝛤(𝑞+3)

𝜗𝑞+3(1+𝑐)𝑞+3+
𝜗𝑐

2

𝛤(𝑞+4)

𝜗𝑞+4(1+𝑐)𝑞+4+
𝜗

2

𝛤(𝑞+5)

𝜗𝑞+5(1+𝑐)𝑞+5+
𝜗2𝑐

2

𝛤(𝑞+6)

𝜗𝑞+6(1+𝑐)𝑞+6

2

𝜗3(1+𝑐)3+
12

𝜗4(1+𝑐)5+𝑐(
3

𝜗3(1+𝑐)4+
60

𝜗4(1+𝑐)6

                     (4.1)  

Mean:  

Put q = 1 in equation (4.1): 

𝜇1
′ =

𝛤(4)
𝜗4(1 + 𝑐)4 +

𝜗𝑐
2

𝛤(5)
𝜗5(1 + 𝑐)5 +

𝜗
2

𝛤(6)
𝜗6(1 + 𝑐)6 +

𝜗2𝑐
2

𝛤(7)
𝜗7(1 + 𝑐)7

2
𝜗3(1 + 𝑐)3 +

12
𝜗4(1 + 𝑐)5 + 𝑐(

3
𝜗3(1 + 𝑐)4 +

60
𝜗4(1 + 𝑐)6

 

      =

6
𝜗4(1 + 𝑐)4 +

12 𝜗𝑐
𝜗5(1 + 𝑐)5 +

60 𝜗
𝜗6(1 + 𝑐)6 +

360 𝜗2𝑐
𝜗7(1 + 𝑐)7

2
𝜗3(1 + 𝑐)3 +

12
𝜗4(1 + 𝑐)5 + 𝑐(

3
𝜗3(1 + 𝑐)4 +

60
𝜗4(1 + 𝑐)6

 

 =
𝟔𝜗3(1 + 𝑐)3 + 12 𝑐𝜗3(1 + 𝑐)2 + 60 𝜗2(1 + 𝑐) + 360 𝜗2𝑐

 𝜗 (1 + 𝑐) [2𝜗2(1 + 𝑐)3 + 3𝑐𝜗2(1 + 𝑐)2 + 12𝜗(1 + 𝑐) + 60𝜗𝑐]
 

𝑀𝐸𝐴𝑁 = 𝜇 =
6𝜗(1 + 𝑐)3 + 12𝑐𝜗(1 + 𝑐)2 + 60(1 + 𝑐) + 360𝑐

(1 + 𝑐)[2𝜗2(1 + 𝑐)3 + 3𝑐𝜗2(1 + 𝑐)2 + 12𝜗(1 + 𝑐) + 60𝜗𝑐]
  

Variance:  𝑣(𝑥) = 𝜇2
′ − (𝜇1

′ )2 

𝜇2
′ =

24𝜗(1 + 𝑐)3 + 60𝑐𝜗(1 + 𝑐)2 + 360(1 + 𝑐) + 2520𝑐

(1 + 𝑐)2[2𝜗3(1 + 𝑐)3 + 3𝑐𝜗3(1 + 𝑐)2 + 12𝜗2(1 + 𝑐) + 60𝜗2𝑐]
 

 𝑣(𝑥)

=
24𝜗(1 + 𝑐)3 + 60𝑐𝜗(1 + 𝑐)2 + 360(1 + 𝑐) + 2520𝑐

(1 + 𝑐)2[2𝜗3(1 + 𝑐)3 + 3𝑐𝜗3(1 + 𝑐)2 + 12𝜗2(1 + 𝑐) + 60𝜗2𝑐]

− {
6𝜗(1 + 𝑐)3 + 12𝑐𝜗(1 + 𝑐)2 + 60(1 + 𝑐) + 360𝑐

(1 + 𝑐)[2𝜗2(1 + 𝑐)3 + 3𝑐𝜗2(1 + 𝑐)2 + 12𝜗(1 + 𝑐) + 60𝜗𝑐]
}

2

 

𝑣(𝑥)

=

12{𝜗6(1 + 𝑐)6 + 𝜗6𝑐(1 + 𝑐)5 + 3𝜗6𝑐2(1 + 𝑐)4 + 24𝜗5(1 + 𝑐)4 + 210𝜗5(1 + 𝑐)2𝑐2

+60𝜗4(1 + 𝑐)2 + 720𝜗4(1 + 𝑐)𝑐 + 1800𝑐2𝜗4} 

[2𝜗3(1 + 𝑐)3 + 3𝑐𝜗2(1 + 𝑐)2 + 12𝜗2(1 + 𝑐) + 60𝜗2(1 + 𝑐)2𝑐]2  
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5. Estimation of parameters 

This section considers parameter estimation for the double weighted Xgamma 

distribution. The maximum likelihood estimation method is used to estimate 

unknown parameters. 

Let x1, x2…,xn   be a random sample of size n taken from a double weighted 

Xgamma distribution with parameters 𝜗, 𝑐. Then the likelihood function is   

𝐿(𝑥) = ∏ 𝑓 (𝑥, 𝜗, 𝑐)𝑛
𝑖=1                                                                         

𝐿(𝑥) = ∏ ( 
𝑥𝑖

2(1+
𝜗𝑐

2
𝑥𝑖+

𝜗

2
𝑥𝑖

2+
𝜗2𝑐

2
𝑥𝑖

3)𝑒−𝑥𝑖𝜗(1+𝑐)

2

𝜗3(1+𝑐)3+
12

𝜗4(1+𝑐)5+𝑐(
3

𝜗3(1+𝑐)4+
60

𝜗4(1+𝑐)6)
 )𝑛

𝑖=1   

 𝐿(𝑥) = (
1

2

𝜗3(1+𝑐)3+
12

𝜗4(1+𝑐)5+𝑐(
3

𝜗3(1+𝑐)4+
60

𝜗4(1+𝑐)6

)

𝑛

∏ (𝑥𝑖
2(1 +

𝜗𝑐

2
𝑥𝑖 +𝑛

𝑖=1

𝜗

2
𝑥𝑖

2 𝜗2𝑐

2
𝑥𝑖

3)𝑒−𝑥𝑖𝜗(1+𝑐))  

The log likelihood function is given by (5.1): 

𝑙𝑛 𝐿 = ∑ {𝑙𝑛𝑥𝑖
2 + 𝑙𝑛 (1 +

𝜗𝑐

2
𝑥𝑖 +

𝜗

2
𝑥𝑖

2 +
𝜗2𝑐

2
𝑥𝑖

3)𝑛
𝑖=1 − 𝜗(1 + 𝑐)𝑥𝑖 −

𝑛𝑙𝑛 𝑘                                                                                                                                (5.1)  

where  𝑘 =
2

𝜗3(1+𝑐)3 +
12

𝜗4(1+𝑐)5 + 𝑐(
3

𝜗3(1+𝑐)4 +
60

𝜗4(1+𝑐)6 

From the log likelihood function given in (5.1), by taking the partial derivative and 

equating it to zero, 

  
𝜕 𝑙𝑛 𝐿

𝜕𝜗

= ∑

𝑐𝑥𝑖
2 +

𝑥𝑖
2 + 𝜗𝑐𝑥𝑖

3

1 +
𝜗𝑐
2 𝑥𝑖 +

𝜗
2 𝑥𝑖

2 +
𝜗2𝑐

2 𝑥𝑖
3 

𝑛

𝑖=1

− ∑ 𝑥𝑖(1 + 𝑐) +
𝑛{6𝜗(1 + 𝑐)3 + 48(1 + 𝑐) + 9𝑐𝜗(1 + 𝑐)2 + 240𝑐}

𝜗(2𝜗(1 + 𝑐)2 + 12)(1 + 𝑐) + 3𝑐𝜗2(1 + 𝑐)2 + 60𝑐𝜗

𝑛

𝑖=1

=   0                                                                                                                         (5.2) 
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𝜕 𝑙𝑛 𝐿

𝜕𝑐

= ∑

𝜗𝑥𝑖
2 +

𝜗2𝑥𝑖
3

2

1 +
𝜗𝑐
2 𝑥𝑖 +

𝜗
2 𝑥𝑖

2 +
𝜗2𝑐

2 𝑥𝑖
3 

𝑛

𝑖=1

− ∑ 𝑥𝑖𝜗 +
𝑛{12𝑐2𝜗 + 12𝑐𝜗 + 6}

(2𝜗(1 + 𝑐)2 + 12)(1 + 𝑐) + 3𝑐𝜗 (1 + 𝑐)3 + 60𝑐(1 + 𝑐)

𝑛

𝑖=1

= 0                                                                                                                          (5.3) 

The maximum likelihood estimate of the parameters of the double weighted 

Xgamma distribution is given by equations (5.2) and (5.3). These equations are 

generally difficult to solve; they involve both linear and nonlinear terms. The 

equations, however, can be solved numerically; we used the optimx package from 

R statistical software (Chaussé, P. 2010) to obtain the maximum likelihood 

estimator of the double Xgamma distribution. 

6. Results and discussion 

Model selection criteria – namely the Akaike Information Criterion (AIC), 

Bayesian Information Criterion (BIC), Corrected Akaike Information Criterion 

(AICC), Hannan–Quinn Information Criterion (HQIC), Consistent Akaike 

Information Criterion (CAIC) and −logL – are employed to evaluate and compare 

the performance of the proposed model.   

Data set: the data set consists of 39 patients suffering from blood cancer 

(leukaemia in year) reported from one of the ministry of health’s hospitals in Saudi 

Arabia.  

 

0.315, 0.496, 0.616, 1.145, 1.208, 1.263, 1.414, 2.025, 2.036, 2.162, 2.211, 2.37, 

2.532, 2.693, 3.858, 2.805, 2.91, 2.912, 3.192, 3.263, 3.348, 3.348, 3.427, 3.499, 

3.534, 3.767, 3.751, 3.986, 4.049, 4.244, 4.323, 4.381, 4.392, 4.397, 4.753, 4.929, 

4.973, 5.074, 5.381 
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Table 1: Measures (MLEs, model selection criteria) for blood cancer data 

Distribution Double  

weighted  

Xgamma 

Double 

weighted 

exponential 

Modified 

double weighted 

exponential 

MLE 𝜃̂=0.638817 

𝑐̂=1.609108 

𝜃̂=0.9670858 

𝑐̂ =0.0000010 

𝜃̂=3.644723 

𝑐̂ =0.000001 

–logL -69.46287 -71.56027 -74.04267 

AIC 142.9257 147.1205 152.0853 

BIC 146.2529 150.4476 155.4125 

AICC 143.2591 144.1195 148.2529 

HQIC 147.4538 148.3142 152.4476 

CAIC 152.4187 153.2791 157.4125 

 

Table 2: Goodness-of-fit tests for blood cancer data 

Distribution K-S (p-value) A-D (p-value) 𝝌𝟐 (p-value) 

Modified  

double weighted exponential 

0.195661 

(0.100956) 

2.35556 

(0.059365) 

15.61538 

(0.00136) 

Double weighted exponential 0.160011 

(0.2702) 

1.5298 

(0.1696) 

8.3636 

(0.039064) 

Double weighted Xgamma  

 

0.13794 

(0.4481) 

1.0453 

(0.3339) 

5.4200 

(0.14350) 

 

Survival data for 39 leukaemia patients were analysed using double weighted 

Xgamma, double weighted exponential, and modified double weighted 

exponential distributions. Comparing both datasets, the double weighted 

Xgamma distribution has the lowest values of –logL, AIC, BIC, AICC, HQIC 

and CAIC, indicating a good balance between model fit and complexity. Other 

distributions, including the Weibull and modified exponential models, gave higher 

information criteria values, reflecting a poorer fit to the observed survival times. 

Model adequacy was verified using the Kolmogorov–Smirnov (K-S), 

Anderson–Darling (A-D), and chi-square goodness-of-fit tests, where higher p-

values (p > 0.05) and lower test statistics indicate a superior fit. As summarized in 

Table 2, the modified double weighted exponential distribution exhibited the 

poorest fit. The double weighted Xgamma distribution demonstrated a consistently 
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superior fit relative to both baseline models, having the lowest test statistics 

(K-S = 0.13794, A-D = 1.0453, 𝝌𝟐 = 5.4200) and highest p-values (0.4481, 

0.3339, 0.1435). 

These results suggest that the double weighted Xgamma distribution is  

a flexible and reliable model for survival analysis, particularly for medical datasets 

with skewed or heavy-tailed characteristics. Practically, this model can improve 

predictions of patient survival times and support more informed clinical decision-

making. Overall, the findings highlight the importance of using multiple 

information criteria in model selection to identify the distribution that most 

accurately represents the data. 

7. Conclusion 

The double weighted Xgamma distribution is a flexible and effective model for 

analysing cancer survival data. Application to leukaemia datasets showed that it 

provides the best fit compared with existing distributions, based on –logL, AIC, 

BIC, AICC, HQIC and CAIC values and goodness-of-fit metrics. These results 

demonstrate its practical applicability for modelling skewed or heavy-tailed 

survival times, and highlight its potential to improve predictions and support 

clinical decision-making in cancer studies. Future work may focus on extending 

this distribution to handle censored data, incorporating covariates through 

regression models. 
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