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In this paper we investigated from rheological point of view some samples of 

ferrofluid-based magnetorheological fluids (FF-MRFs) with different volumic 

fractions of Fe microparticles, but with the same ferrofluid used as carrier liquid. 

We correlated the dimensionless flow curves, measured at different values of the 

magnetic field induction, using either Mason number or Casson number. It has been 

shown that in this approach, data sets measured under different conditions collapse 

on a single curve. This master curve is useful for controlling the concentration of 

Fe particles, so that the magnetic and magnetorheological properties of FF-MRF to 

be adapted to obtain high-performance applications. 

 

 

1. Introduction 

Conventional MRFs are fluid materials whose physical properties can be modified / 

controlled under the action of a magnetic field. They consist of non-colloidal ferromagnetic 

particles, dispersed in a non-magnetic base liquid in a volume concentration of 10-50%. The 

possibility of adapting the behavior of MRFs using magnetic fields of moderate intensities 

motivates their use in various applications of active vibration control or torque transmission, 

from many branches of engineering and biomedical [1], [2], [3], [4], [5], [6], [7], [8]: 

• vibration dampers for: civil applications - dampers positioned at the base of buildings 

and bridges, automotive - dampers for car seats; household applications - dampers for 
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washing machines, in sports – dampers for fitness equipment, in the medical field - 

dampers for intelligent prostheses for joints; 

• clutches, brakes; 

• polishing techniques; 

• rotating seals. 

Unfortunately, conventional MRFs also have some disadvantages, mainly caused by the 

"large" particle size. We mention only a few of them: their long-term sedimentation in the 

absence of continuous agitation, difficult redispersibility due to the remaining magnetic 

attraction between the particles, thickening during long use in the presence of strong magnetic 

fields, quite high abrasiveness. 

Therefore, the strategies to improve MR fluids have become a priority concern for 

researchers over the past decades. A detailed review of these strategies is contained in [9], [10] 

and they refer to improving performance through new MRF formulations: 

• preparing of inverse ferrofluids [11], [12], [13]; 

• adding of additives, surfactants, particles with the surface covered with an organic / 

inorganic layer [14], [15], [16]; 

• use of high viscosity and viscoelastic carrier liquids [17], preparation of magnetic gels [18] 

and magnetic elastomers; 

• adaptation of particle size and concentration, preparation of bidisperse composites [19], 

[20], [21]; 

• using of particles with other morphologies than spherical ones for the preparation of MRF 

[22], [23], [24], [25]; 

• preparing of ferrofluid-based magnetorheological fluids (FF-MRFs), which exploit both 

the advantages of ferrofluids (kinetic stability) and conventional MRFs (strong 

magnetoviscous and magnetorheological effects) [3], [26]. 

 

The physical properties and flow behavior of FF-MRFs both in the absence and in the 

presence of the magnetic field have been investigated in numerous papers [27], [28], [29], [25], 

[30], [31], [32], [33], demonstrating the advantages of replacing conventional MRFs with FF-

MRFs in practical applications. 

Analyzing three sets of FF-MRF with different volume fractions of magnetite 

nanoparticles and Fe microparticles, based on the approximation of the average magnetization, 

in the paper [32] we obtained a master curve representing the dimensionless viscosity curves 

(measured at different values of the applied magnetic field induction) vs. the Mason number. 
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For the same three sets of nano-microstructured MRFs, representing the static yield stress 

depending of characteristic magnetic stress, in the work [33] a master curve was also generated. 

The purpose of this paper is to obtain a master curve by representing the flow curves 

(measured for an FF-MRF at different values of the magnetic field induction) normalized with 

the yield stress vs. Mason number. Also, for FF-MRF samples with different volumetric 

fractions of Fe microparticles (but with the same ferrofluid used as carrier liquid), we aim to 

show that representing the dimensionless flow curves depending on the inverse of Casson 

number, also the data will collapse on a master curve. 

 

2. Theory - Dimensionless shear stress master curves according to Mason number 

The dynamic yield stress is defined as the stress required for materials to stop the flowing 

of the fluid, it marks the transition between viscoplastic and solid materials. Practicaly, it is the 

minimum shear stress to maintain the flow after the thixotropic structure has been destroyed 

[28].  

The dynamic yield stress can be determined by fitting the flow curve or viscosity curve 

with a constitutive model that predicts the existence of dynamic yield stress, such as: Bingham, 

Casson or Herschel-Bulkley models.  

1) For conventional MRFs (containing only one-dimensional, micrometric magnetizable 

particles dispersed in a non-magnetizable carrier liquid), the flow curves at high shear rates are 

generally linear, so they are well correlated with Bingham's formula [34]: 
 

B B   = +  , (1) 

 

where: 
B = the Bingham yield (stress) point,  

      
B = the Bingham viscosity (a calculated coefficient also called the “Bingham 

flow coefficient”). 

Physical significance of Bingham viscosity: 

To determine the physical significance of Bingham viscosity we divide formula (1) by 

  and we obtain: 

 

B
B


 


= +  

 

(2) 

For very high shear rates:       
 

B  →  =   (3) 

 

So the Bingham viscosity represents the viscosity at infinitely high shear rates. 
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Dividing equation (1) by 
B , it results: 

 

1 B

B B




 
= +   

 

(4) 

 

In the case of very low magnetic field strengths in dilute suspensions, the Mason number, 

which is defined as the ratio of the hydrodynamic Stokes force and the magnetic polarization 

force, is given by the expression [35]: 
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(5) 

 
 

(6) 

 

The meaning of physical quantities in this expressions: CL is the viscosity of the carrier 

liquid (which is non-magnetizable for conventional MRFs),  = the shear rate, 

7
20 4 10 N

A
  −=   = the free space magnetic permeability, CLr  = the relative permeability 

of the carrier liquid, pr = the relative permeability of the particles,  = the coupling parameter 

(or contrast factor). 

For very large magnetic field strengths, when the suspension comppletely magnetize, 

equations (5) and (6) do not apply anymore, and the Mason number becomes: 
 

2

72
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CL
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M
M



 
=    , 

 

(7) 

 

where  satpM  represents the magnetization of the particle under saturation conditions. 

Using the approximation of the average magnetization, Klingenberg obtained a unique 

expression of nM , valid for both weak and intense magnetic fields [36] in case of conventional 

MRFs: 
 

   





2
72

pCLro

CL
n

M
M =  

  

(8) 

 

pM = the average magnetization of a spherical particle from MRF. The Mason number 

allows to describe the dependence of the viscosity of MRF simultaneous on both the shear rate 

and the magnetic induction of the applied field by using only this one variable, nM . 
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Knowing average magnetization MRFM  of MRF and volume fraction   of particles 

dispersed in the MRF, 
pM is determined by the formula:  

 

   


=
MRF

p

M
M  

 

(9) 

 

The critical Mason number is defined as the Mason number for a critical shear rate value 

B
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(10) 

 

It follows from (8) and (10): 
 

*

n

n B

M

M





=   

 

(11) 

 

From (4) and (11) results the dimensionless Bingham equation: 
 

*
1 n

B n

M

M




= +  

 

(12) 

 

Representing the ( )n

B

f M



=  data for all shear rates and magnetic induction values for 

a MRF, the data collapses on a single curve, so a master curve is obtained.  

Such a master curve was obtained for commercial magnetorheological fluids (MRFs) and for 

inverse ferrofluids (IFFs) by Sherman and collab. [37], Ruiz-López and collab. [35]. 

 

2) In the case of FF-MRFs, the flow curves are no longer linear at high shear rates. The flow 

curves are very well described in this case by Casson's model: 
 

C C   = +   
 

(13) 

 

where: C represents the Casson yield stress, and 
C = Casson viscosity. 

It results, by squaring: 
 

2C C       = +    +   
 

(14) 

 

Physical significance of Casson viscosity: 
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To determine the physical significance of the Casson viscosity we divide the formula 

(14) by   and obtain: 

 

2C C C
C

  
 

 


= +  +  

  

(15) 

 

For very high shear rates: 
 

C  →  =  (16) 

 

So the Casson viscosity has the meaning of viscosity at infinitely high shear rates. 

We divide the equation (14) by the yield stress: 
 

1 2
C C C

   

  
  

= +  +  

 

(17) 

 

In case of FF-MRF, the Mason number and the critical Mason number are redefined for 

FF-MRF as follows [32], [38]: 
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(19) 

 

where: 
FFn = viscosity of FF used as carrier liquid, 

rFF = relative magnetic permeability of 

FF. 

In eq. (18) and (19) the magnetization of a suspended spherical iron microparticle is 

determined using data from the magnetization curves of FF-MRF and FF, with the formula 

[32]: 
 

Fe

FFMRFFF

p

MM
M



−
=

−
 

    

(20) 

 

From formulas (18) and (19) follows: 
 

*

n

n C

M

M





=   

     

(21) 

 

Taking into account equation (21), formula (17) becomes, as stated in [35]: 
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* *
1 2 n n

C n n

M M

M M




= +  +  

      

(22) 

 

This equation represents the dimensionless Casson equation. 

How the Casson number is defined as the ratio of magnetic forces to the viscous ones 

[39], [40], it is obtained: 
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(23) 

 

and considering the relationship (21), it results: 
 

 
an

n
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M 1
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(24) 

 

The relation (22) becomes:  
 

   
aaC CC

1
2

1
1 ++=
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(25) 

 

If the ( )n

C

f M



=  data for all shear rates and magnetic induction values will be 

represented, a master curve will be generated for each sample of FF-MRF. If the 
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M
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1
*


 data for samples with different volume fractions of Fe particles, at all 

shear rates and magnetic induction values will be represented, the data will overlap on a single 

curve, as we will show below. 

 

3. Experimental 

3.1. Samples 

The samples investigated in this paper are part of one of the sets of FF-MRF analyzed in 

papers [32], [33]. They were prepared in the Laboratory of Magnetic Fluids of the Romanian 

Academy - Timisoara Branch. It started from ferrofluid F 500, which was prepared by the 

method of chemical coprecipitation and steric stabilization [41] and which has a very good 

colloidal stability. The carrier liquid is transformer oil, and the spherical magnetite particles 

have an average size of 6.9 nm without a chemisorbed monolayer of oleic acid, and 7.66 nm 

mean physical diameter, and volume fraction is 11.67%. 
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 The 4 samples of FF-MRF (F 500-10%, F 500-20%, F 500-30%, F 500-40%) were 

obtained by dispersion in F500 of spherical particles of iron carbonyl with a diameter of 10 

microns and density of 7.87 g/cm3 (purchased from Merck KGaA, Darmstadt, Germany).  The 

volume fractions and saturation magnetizations of these composite samples are specified in 

Table 1. 

 

   Table 1. Presentation of investigated FF-MRF samples.  

 

Sample code Magnetite 

nanoparticles 

volume 

fraction φ (%) 

Iron 

microparticles 

volume fraction 

ΦFe (%) 

Saturation 

magnetization  

Ms [G] 

F 500-10%  
 

11.67 

10 992 

F 500-20% 20 4608 

F 500-30% 30 7332 

F 500-40% 40 9466 

 

 

3.2. Experimental setup 

 Rheological measurements were performed using a Physica MCR 300  rheometer 

(Anton Paar, Germany), with the MRD 170/1 T-SN80730989 magnetorheological cell. The 

gap between the parallel plates (with a 20 mm diameter) of the MR cell was fixed at 0.2 mm, 

and the preset temperature was 20oC. In case of this cell, the magnetic field is applied 

perpendicular to the sample layer using a coil placed under the bottom plate of the MR cell, 

and the magnetic flux density in the sample was determined using a Hall probe, as described 

in [42]. 

 

4. Results and discussion 

 The magnetization curves shown in fig. 1 were measured at room temperature by Dr. 

Oana Balau, using a vibrating sample magnetometer – VSM 880-ADE Technologies, USA, in 

the field range 0 - 950 kA/m. They were used to determine the values of the magnetization at 

each value of the magnetic field induction for both the ferrofluid used as the carrier liquid and 

for each sample. With these values we calculated the average magnetization of a Fe particle at 

each value of the magnetic field with formula (20), and further we determined the values of 

Mn with formula (18). 
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Figure 1. Magnetization curves of the ferrofluid used as the carrier liquid and of the of FF-MRF samples. 

 

Using a Physica MCR 300, the flow curves at room temperature (t = 20oC) for eight 

values of magnetic field (B = 0, 25, 58, 103, 148, 220, 323, 418 mT) were measured. They 

were fitted with the Casson model – formula (14). E.g., fig. 2 illustrates these fits for one of 

the investigated samples, F500-40%. The fit parameters values C  and   are listed in the 

legend of figure 2, and they are generally increasing with the induction of the applied magnetic 

field, because the sample stiffens as the field intensifies. 

 

 

Figure 2. Flow curves at different values of magnetic field for FF 500-40% sample.  

The solid lines represent the fits with Casson model. 
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The dependence ( )n

C

f M



= has been determined and it was observed that the data for 

each samples at all magnetic field values overlap on a single curve. This result is exemplified 

in fig. 3 for F 500-10% sample. The combined data sets were fitted with the dimensionless 

Casson equation (22). The fit value of parameter *

nM   for this sample is given in the legend of 

the figure. 

The master curves obtained for the four samples are distinct curves, as shown in Figure 

4. In this figure, the data sets measured at different values of the magnetic field were grouped 

and represented with a single color for each sample. The values obtained for the parameter Mn 

* in the case of each sample are those from the legend of the figure. As it can be observed, the 

parameter *

nM  decreases for increasing Fe volume fraction 
Fe  (except F 500-40%), which is 

an explainable tendency taking into account the increase in the magnetic forces over the viscous 

ones due to the increase of volume fraction o Fe microparticles. 

In the case of sample F 500-40% the behavior is different because the volume fraction of 

Fe exceeds the critical iron volume fraction (30%, as shown in [33]). The agglomerations of 

iron microparticles in this sample are probably more complex than those of the linear chain 

type, as it was also mentioned in [31], [32], [43], [44], [45]. 

 

 

Figure 3. Non-dimensional shear stress vs. Mason number for F 500-10% sample at all the magnetic induction 

values. Fit line: 
* *

1 2 n n

C n n

M M

M M




= +  + . 
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Figure 4. The master curves ( )n

C

f M



=  for all samples.  

 

But, representing the dependence 

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
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



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
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an

n

C C
f

M

M
f

1
*


, we observe that the measured 

data for all samples (with different volumetric fractions of Fe microparticles), at different 

values of the induction of the magnetic field, a single master curve is generated - figure 5. Also, 

the corresponding fit lines they overlap perfectly. 

 

 

Figure 5. The dependence 









=









=

an

n

C C
f

M

M
f

1
*


 for all samples (al volume fraction of Fe 

microparticles), at all shear rates and magnetic induction values. 
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5. Conclusions 

The magnetoreological behavior off ferrofluid-based magnetorheological fluids (FF-

MRFs), especially the yield  stress in the applied magnetic field is essential for the design and 

optimal operation of all technical (a high performance lubricant for semiactive dampers and 

brakes, as well as for rotating seals) or biomedical (smart prostheses for joints) applications. 

In this paper it was shown that for FF-MRFs the dependence of the normalized shear 

stress with the Casson yield stress, simultaneously on the applied magnetic field and the shear 

rate, can be characterized using a single variable – either the Mason number (
nM ) or the 

Casson number    (
aC ). 

We investigated four samples of FF-MRF obtained by dispersing micrometric particles 

of Fe in different volume fractions (10, 20, 30, 40%) in a high colloidal stability ferrofluid, 

based on transformer oil, with magnetite nanoparticles and saturation magnetization Ms = 500 

G. Using an MCR 300 rheometer, the flow curves in the absence and presence of a magnetic 

field with different values of magnetic induction were measured. 

We have shown that, for a FF-MRF, if the ( )n

C

f M



=  data for all shear rates and 

magnetic induction values for a FF-MRF are represented, a master curve is generated. More, 

by drawing the curves 









=









=

an

n

C C
f

M

M
f

1
*


 for all samples (with different volume fractions 

of Fe microparticles), at all shear rates and magnetic induction values, the data collapse on a 

master curve. 

The utility of these master curves: Using of such master curve, the optimal concentrations 

of microparticles of the bidispersed composites can be determined for the control of their 

magnetoreological behavior, so that in specific operating conditions to obtain high-

performance practical applications. 
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