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New Hardy-Hilbert-type integral inequalities
involving special inhomogeneous kernel functions

Christophe Chesneau

Abstract In this article, new Hardy-Hilbert-type integral inequalities are estab-
lished. Our main result is based on a special inhomogeneous two-parameter kernel
function. It is of the ratio power form, and has the property of involving a product
term which perturbs the standard homogeneity property. We then use this result
to derive new weighted integral norm inequalities and other Hardy-Hilbert-type
integral inequalities. They are also defined with inhomogeneous kernel functions,
but with innovative power and logarithmic forms. Some of them are obtained by
treating an adjustable parameter as a variable and integrating with respect to it,
which remains an original technique of proof. The article concludes with an at-
tempt to unify some new and old Hardy-Hilbert-type integral inequalities. Due to
the mathematical complexity, the optimality of the final result remains an open
question, giving some new perspectives to a classical topic.
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1 Introduction

The foundation of this article is based on the work of the English mathematician Godfrey
Harold Hardy in [5], which introduced the Hardy-Hilbert integral inequality. The state-
ment of this inequality is given below. Let p > 1, ¢ = p/(p — 1), so that 1/p+1/q =1,
and f, g : (0,+00) — (0,400) be two functions (the interval (0, +00) can be replaced by
[0, +00) without loss of generality). Then we have

1/q
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where the integrals on the right-hand side must converge, i.e., foﬂo fP(x)dr < 400 and

f0+°° 9%(y)dy < +oo. The Hardy-Hilbert integral inequality plays a fundamental role in
several areas of mathematical analysis, particularly in operator theory, functional analy-
sis and harmonic analysis. Since its inception, it has been the focus of extensive research,
leading to numerous generalizations, refinements and applications. Significant contribu-
tions can be found in [1,3,4,11-16], while a comprehensive survey is available in [2].
Further extensions to multidimensional settings are presented in [6-10].

Among the key results, a generalized one-parameter variant of the Hardy-Hilbert
integral inequality established in [16] has influenced the motivation of this article. It is
stated formally below. Let p > 1, ¢ =p/(p —1), A >0 and f, g : (0,400) — (0, +00) be
two functions. Then we have

/%o /m L f(@)g(y)dxdy
< (2 2) [ [Tt e " [ "

where the integrals on the right-hand side rnust Converge and Beta(a b) is the standard

(1.1)

beta function taken at a,b > 0, defined by Bea(a,b) = fo ta=1(1—t)>=1dt or, equivalently,
+o0 ta—l

Beta(a, b) = o dt. 1.2

wah) = [ (1.2

If we take A\ = 1, using the well-known beta formula B, (a,1 — a) = 7/ sin(ar) for any
€ (0, 1), this inequality simplifies to

/ ” / ” ey y )9(y)dzdy < % [ /0 - fE”‘pr(ﬂf)dw] " { /0 - yq‘zgq(y)dy} 1/q~

Due to the inclusion of the power functions 2?2 and y?~2, this approach provides an
alternative weighted integral norm upper bound to the one found in the Hardy-Hilbert
integral inequality. Furthermore, we observe that the main double integral can be ex-
pressed in the following standard kernel function integral form:

/0+oo /0+°° ern (7, y) f(2)g(y)dxdy,

where ke (z,y) is the kernel function defined by

1

EE (1.3)

kern(xa y) =

This function is symmetric, i.e., for any x,y > 0, ke (2, y) = kern (¥, ), and homogeneous,
i.e., it exists o € R such that, for any § > 0, the following equality holds: ke (dz, dy) =
0%kem(x,y). Here, we have 0 = —A. The inequality in Equation (1.1) achieves two
important objectives: adaptability through the parameter A and originality through the
form of the upper bound obtained. This innovative approach has naturally inspired
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numerous studies, as reflected in its high bibliometric impact, with 148 citations as of
March 2025.

In this article, we build on this framework while introducing a greater degree of gen-
erality and complexity. Our main focus is on establishing upper bounds for the following
double integral:

+oo  pHoo 1
/0 /0 (z +y + axy)? f(x)g(y)dzdy,

where a > 0 and 8 > 0. So we are dealing with the kernel function defined by ke (2, y) =
1/(z+y+axy)®. Drawing a parallel to the kernel function in Equation (1.3), the product
term axy disturbs the homogeneity of the sum term x + y in the denominator. To the
best of our knowledge, this inhomogeneous kernel function has not been studied in the
literature, or at least not in full generality. Given the complexity of this framework, we
analyze three distinct parameter cases in increasing order of difficulty: /5 > 1, f =1
and B € (0,1). Once relevant upper bounds are established, we use them to derive new
weighted integral norm inequalities and Hardy-Hilbert-type integral inequalities. Some of
these results are obtained by minorizing (z + y + axy)?. Others are proved by treating o
as a variable and integrating with respect to it, which is an original approach in the field.
This methodology leads to the introduction of innovative kernel functions, in particular
inhomogeneous kernel power functions and inhomogeneous kernel logarithmic functions.
To support this claim in the introduction, one of our special inequalities is

/+oo /+OO 1 ]og (1+ Ty )f( ) ( )d d
— 1% r)g\y)axray
0 o Ty rT+y

+ p/2-1 Up 1 rtoo yi/2-1 1/q
_ T (a)da Y agdy|
e ([ Aeon]

where v > 0. The corresponding kernel function is

SQ?TV{

1 Ty
kern(x7y) = m_ylog (1 + V:v—i—y) )

so of the two-parameter logarithmic type and inhomogeneous. To the best of our knowl-
edge, this particular form has not been encountered in the literature, like all the forms
that will be presented.

Next, we attempt to develop a unified framework that integrates the techniques de-
rived from the preceding results with those arising from Equation (1.1). We use the term
"attempt” because, due to the mathematical complexity of the setting, we are unable to
establish the same level of optimality as that achieved in [16]. Therefore, this framework
should be seen as a complementary extension to our original integral inequalities.

The following sections complete the article: Section 2 is devoted to the statement of
our main theorem, followed by a detailed proof and a discussion. Additional theorems on
new weighted integral norm inequalities and Hardy-Hilbert-type integral inequalities are
presented in Section 3, together with their detailed proofs. Finally, the article concludes
with Section 4.
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2 Main theorem

The result below is our main theorem. It establishes new two-parameter Hardy-Hilbert-
type integral inequalities under different parameter configurations.

Theorem 2.1. Letp > 1,q=p/(p—1), and f,g: (0,+00) — (0,+00) be two functions.
For any a >0 and B > 0, we set

+oo +oo 1
8—/0 /0 ($+y+wy)ﬁf(:v)g(y)dxdy-

Then, depending on the values of 3, the inequalities below hold.

1. For any 8 > 1, we have

1 +00 1 . 1/p +oo 1 , 1/q
SSB—J[A ﬂ4u+a@f‘”“i {é WAu+awg@”4 ’

where the integrals on the right-hand side must converge.

2. For B =1, we have

+o00 rp—2 L/p +o00 yq,Q 1/a
S < P(x)d (y)d
<7 /0 T an! (z)dx /0 1+ay9(y)y ,

where the integrals on the right-hand side must converge.

3. For any € (0,1), we have

1/p 1/q
B B too [ (2-8)p—2 . too [y (2=B)a-2 .
S S Beta (57 5) [/0 (1 + Oéx)ﬂf (l’)dl’] [/0 (1 + Oéy)’Bg (y)dy] 9

where the integrals on the right-hand side must converge and Bey(a, b) is the stan-
dard beta function at a,b > 0 defined in Equation (1.2). In fact, this inequality is
valid for any B > 0, not just for § € (0,1).

Proof. We now proceed to prove the inequalities stated in the three items individually.

1. We suppose that § > 1. A suitable product decomposition of the integrand associ-
ated with 8 considering the equality 1/p 4+ 1/q = 1, followed by the application of
the Holder integral inequality at p and ¢, gives

oo ptoo 1 1
S = X dad
/0 /0 (x—i—y—l—axy)ﬁ/pf(x) <x+y+my)ﬂ/qg(y) Wy o)
< AY/rpl/a,

where

+0oo +oo 1
A= P(1)dxd
L aryramp! e
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and

“+o0o “+oo 1
B = () dxdy.
/o /0 <m+y+a$y)ﬁg(y)xy

Let us determine the expressions of A and B one by one.

Since the integrand associated with A is non-negative, we can apply the Fubini-
Tonelli integral theorem that allows the exchange of the order of integration. This,
followed by standard integral developments considering 8 > 1, gives

“+o00 r —+o0 1
A= p dy| d
, @ / CETE—T y} g

“+o00

P [ !
=), W / [x+<1+ax>y]ﬂdy} e
oo 1 1 1 r**m

- 0 f'(z) 11— % 1+ ax % [z + (14 ax)y]f!

1 +oo 1
= ﬁ/0 mfp(x)dx.

Similarly, we have

+00 r pr+oo 1
B = q dr| d
/0 9 /0 (z +y+ azy)s x} Y

- /0+oo 6') /Oo e ay)x]ﬁd‘”] W
(1 1 1 ]Hm

+o00
_/0 9'v) T-8 " T+ay  [y+(1+aya?

B 1 /+OO 1 q( )d
TB-1Jy v itan? VY

Putting Equations (2.1), (2.2) and (2.3) together and using the equality 1/p+1/q =
1, we obtain

1 +00 1 . 1/p 1 +o0 1 , 1/q
0= [ﬁ -1 /0 P (1 + Oéx)f (x)dx} {6 -1 /0 Y11+ ay)’ (y)dy]

- [ o] ([ o]

The desired result is achieved.

x=0

2. We suppose that § = 1, so that

+oo +00 1
S = _— dxdy.
/0 /0 x+y+amyf(f€)g(y) wdy

A suitable product decomposition of the integrand associated with 8 considering the
equality 1/p+1/q = 1, followed by the application of the Holder integral inequality
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at p and ¢, gives

+oo ptoo L1/(2 1/(2p) mfl/(2q)y1/(2p)
s= / / f(@) % o)y

x—l—y+axy)1/l’ (x +y+ azy (2.4)
< Cl/le/q’
where
+oo oo I,p/ 2q) —1/2
/ / Y ) dady
r+y+ary
and
+oo  ptoo —1/2 q/(2p)
D= / / S gi(y)dady.
r+y+ary

Let us determine the expressions of C' and D one by one.

Since the integrand associated with C is non-negative, we can apply the Fubini-
Tonelli integral theorem that allows the exchange of the order of integration. This,
followed by the use of standard square root and arctangent primitives and ¢ =

p/(p—1), gives

400 +o0 y—1/2
C = / :vp/(Qq)fp(as) [/ —dy} dx
0 0 T+ y+ axy
+oo +oo —-1/2
— / P CO=1 gp (1) / y dy ¢ dx
0 1+ [Vy(1 + ax)/x]?
+oo Yy—r+o0
_ / 2P/ (29) 1fp |~ arctan |4 /ﬂ dr (2.5)
0 1+ ax .
y:
—+00
— / P/ (29) “Lir(2) / > —dq;
0

:W/Om " o) da

1+ ax

Similarly, we have

—+00
D :/ y?/ (2P) g () {

0
+o00 400 Z'_l/Q

:/ y?/ () =1 g () / dzx » dy
0 L+ [Va(l+oy)/yP?
+oo

= / y/(2p)= ‘/ arctan
0
+o0

_/ yq/(2p
0 \/

2—1/2

—dx} dy
0 T+y+oxy

z(1+ay)
Y

r—+00
] dy (2.6)
=0
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Putting Equations (2.4), (2.5) and (2.6) together and using the equality 1/p+1/q =
1, we obtain

—+o00 .',Up_2 T 1/p B +00 yq_2 1/q
S < P(2)d 9(4))d
< 7T/O 1+(mf(ﬂc)ﬂc 7T/0 Hayg(y)y

“+o0o ZEP_Q T 1/]3 +oo yq 9 1/‘1
= / fP(x)dx /
0 1+ ax

This is the desired result.

3. We suppose that 5 € (0,1). A suitable product decomposition of the integrand
associated with 8 considering the equality 1/p+1/q = 1, followed by the application
of the Holder integral inequality at p and ¢, gives

X dxd
(x+y+ azxy)s/r /(@) (z +y+ axy)bl 9(y)dady (2.7)

s _/+OO /+OO —(8/2— 1)/qy(5/2 1/p $(5/2*1)/qy*(5/2*1)/p

< El/ppl/q’

where

+00 +oo —(B/2-1) p/qy6/2 1
x)dxd
/ / (x +y+ axy)? f*(w)dwdy

+0o0 +o0 xﬁ/Q ly_(/B/Q 1)q/p d d
T
/ / (x +y+ azy)? 9"(y)dudy.

and

Let us determine the expressions of £ and F' one by one.

Since the integrand associated with E is non-negative, we can apply the Fubini-
Tonelli integral theorem that allows the exchange of the order of integration. This,
followed by the change of variables z = y(1+ax)/x and the use of the beta function,

gives
+o0 +oo B/2—1
FE :/ x*(ﬁ/%l)p/qu(x) / Yy / dy| dzx
0 o (T+y+azy)’

X (B/2-Vp/a—p e y?
- —1)p/q— P d d
(@) U T+ (L an)/a] y} g

+
_ / (
0
+00 B/2 +oo L B/2—1
_ ~(B/2-1)p/a—P 4p < A o
/o T fP(z) (1 +am) {/o L Z} x (2.8)
+ )p—
-,
B

00 (1,8/2 . Bﬁ
Wf( )XBeta(§ 2>d

BB\ [T [z@Pw2
ta (575)/0 mf (ZL“)CZZE
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Similarly, but with the change of variables w = z(1 4+ ay)/y, we have

oo too  B/2-1
F— /0 y—(ﬂ/2—1)Q/pg¢J(y) {/0 CESTETTIE dw] dy
— /;OO y~(B12=0a/p=B gay)) {/OJFOO i xzplﬂioty)/y]ﬁdx] dy
= /;oo y7(5/271)q/pfﬁgq(y> (1 fay)ﬁ/z l/om éUi/—Zw;ﬂdw] dy (2.9)

o B B +oo y(2_/3)q—2 q
= Beta (57 5) A \/ mg (y)dy

Putting Equations (2.7), (2.8) and (2.9) together and using the equality 1/p+1/q =
1, we obtain

1/p
B B\ [T |az-de2
Beta <§, 5)/0 mf (IL‘)d:E]
1/q
ﬁ ﬁ +oo y(Q—B)q—Q .
Beta (5, 5)/0 Wﬂ (?/)dy]

1/p 1/q
B B B oo | (2-B)p—2 . too [ y(2=Pla—2 .
=DBeta (5,5) [/0 mf (x)dx] [/0 \/ Wﬂ (y)dy] :

The desired result is achieved.

S <

X

This concludes the proof. O
In Theorem 2.1, the main double integral is based on the kernel function defined by

1
(x +y+ azy)s

k:ern('r7 y) -
This function is clearly symmetric. It is also inhomogeneous for o« > 0 because, for any
x,y > 0 and 6 > 0, we have

1 1 1 1
Forn (0, 0y) = 07 + 0y + a(02)(09)]° 08 (z +y + adwy)? 7 e ().

So the new parameter « is the main cause of this inhomogeneity. The inequality in
Theorem 2.1 thus belongs to the class of inhomogeneous Hardy-Hilbert-type integral
inequalities.
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As indicated in the statement, the item 3 of Theorem 2.1 is valid for any 8 > 0. In
particular, if we take 8 = 1, since Be,(1/2,1/2) = 7, then we have

+oo +oo 1
_ dxd
/0 /O x+y+axyf(:v)g(y) xdy

[ V][ o]

It simplifies to the result of the item 2.
Still concerning the item 3, if we take a = 0 and p = 2, so that ¢ = 2, we also have

[ / h ﬁf@)g(y)dmgj
< Beta \//+wa Bf2(x d:c\//ﬂo 1-642(y)dy.

The same is obtained with Equation (1.1) by taking A = § and p = 2. However, there is
no correspondence between these two results for p # 2. This point will be clarified in a
forthcoming unified theorem, i.e., Theorem 3.6.

<

3 Additional theorems

3.1 Weighted integral norm inequalities

Theorem 2.1 can be used to derive new weighted integral norm inequalities, as presented
in the result below.

Theorem 3.1. Let p> 1, q=p/(p—1), and f: (0,400) — (0,400) be a function. For
any a > 0 and B > 0, we set

+oo 1
T(y) = /0 ( fla)da.

r+y+ azy)’
Then, depending on the values of 3, the inequalities below hold.

1. For any B > 1, we have

T s p—1 » 1 oo 1 .
/0 [ 1+ ay)]" [T())P dy < M/o mf (z)dx,

where the integral on the right-hand side must converge.

2. For B =1, we have

oo /q + oy (p-1)/2 +oo xrp—2
T(y)]P dy < =P P
/0 ( ypf2 ) [ (y)] dy >7 /(; 1+ CYiL'f (l’)d{[),

where the integral on the right-hand side must converge.
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3. For any € (0,1), we have
+o0 (1 + Oéy)ﬁ (p—1)/2 B B +o0 2(2-B)p—2
—— TP dy < BP, (= .= ()

where the integral on the right-hand side must converge and By, (a, b) is the standard
beta function at a,b > 0 defined in Equation (1.2). In fact, this inequality is valid
for any B > 0, not just for € (0,1).

Proof. We now proceed to prove the inequalities stated in the three items individually.
1. Let us set oo
_ -1
G =/ [y L+ o))" [T dy.
0

A suitable product decomposition of the integrand and the Fubini-Tonelli integral
theorem give

where )
9:(y) = [y" (1 +ay)T(y)]"
Applying the item 1 of Theorem 2.1 to the functions f and g,, we get

+oo +o00 1
/0 /0 (z +y + azy)? f(@)g+(y)dzdy
1 +o00

(3.2)
1 ) 1/p +00 1 , 1/q
<551l waran”@] | parapon]
Since ¢ = p/(p — 1), we have
e 1 4Ny — e 1 p-1(1 T q(p—1) d
/0 m%(y) y—/o m [y (1+ay) (?/)} Yy
+oo
= /0 m [yﬁ_l(l + Oéy)(f(y)]pdy
+o00
o A ) 0 VR
(3.3)

Putting Equations (3.1), (3.2) and (3.3) together, we obtain

1 +o0 1 1/p y
< - - b q
G_ﬁ_ll/o xﬁ—l(l—i—ax)f(x)dI G,
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so that, using the equality 1/p =1 —1/q,

T Y 1 +oo 1 1/p
P — 9 < - P
G\ = @G <3 [/ $671<1+w)f (Ji)dm}

and, raising both sides to the exponent p,

T p—1 P 1 +oo 1 »
/0 [yﬁ (1+ ay)} [Ty dy =G < M/o mf (z)dx.

2. Let us set

- [ () " rwra

yr—?
A suitable product decomposition of the integrand and the Fubini-Tonelli integral
theorem give

H— / +°° (1 *_“y) " Ty

yr—2

B 1+ ay Pl oo 1 34
B { 2 } /0 (fﬂ+y+ozxy)5f(x)dxdy o0

/ - / h (z+y+ my) 5f(2)g. (y)dady,

0) = ||/ o5ty >r1

Applying the item 2 of Theorem 2.1 to the functions f and g,, we get

/ h / h @+y+ wy) 5/ (@)g.(y)dudy

. s 1/q
| H/O N

Since ¢ = p/(p , we have
/-‘roo ya—2 T /+oo 1 T ay ) a(p—1) "
1+ay”* 0 1+ ay yP 2
+oo p
/ LT ayj, )} dy (3.6)
0 1 + ay yp 2

[T () pwra-n

Putting Equations (3.4), (3.5) and (3.6) together, we obtain

+oo p—2 1/p
H<n [/ fP(x) x] Hl/q7
0

where

14+ ax
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so that, using the equality 1/p =1 —1/q,

400 p— 1/p
HYP — -V < / v fp( )d
0 1+ ax

and, raising both sides to the exponent p,

+o0o 1+Oéy (»—-1)/2 +00 gjp
TP dy=H < xP P
[T(25) mwra-mse [ pw

3. Let us set

—+00 (1+C¥y)ﬁ (29*1)/2 »
I:/O {W] [T(y)]" dy.

A suitable product decomposition of the integrand and the Fubini-Tonelli integral
theorem give

o0 _(1—|-O./y)6 (p—1)/2 po1
I:/O _W] [T T(y)dy

_ | [0+ ay) T e 1 |
- / ny(y)] /0 (@t y + azg)p! W (3.7)

+oo  pHo00
/ / (z+y+ wy) 5./ (2)gs(y)dzdy,

(1+ ay)ﬂg,(y)] ‘

where

gb(y) = y(Q,ﬁ)p,Q

Applying the item 3 of Theorem 2.1 to the functions f and g., we get
+oo +oo 1
x dzd
/0 /o (z +y+ azy)? 5/ ()9 ()dudy

B B +oo [ p(2-B)p— 2 too [ y(2=B)a-2
< Beta (§’§> [/0 (1—1—0@) ] [/ \/ l—l—ay 5g'> ]

Since g = p/(p — 1), we have
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Putting Equations (3.7), (3.8) and (3.9) together, we obtain

1/p
Foo (2—-B)p—2
I < Bigta é, ﬁ / I—fp(x)dx ]1/q7
272 0 (1+ ax)?

so that, using the equality 1/p =1 —1/g,

BB z@-Pr
/p — /4
pr=r- <B‘*a<2 2) [/ (1+ax ]

and, raising both sides to the exponent p,

+oo (1+O./y)ﬁ (p—1)/2 ) ) 2(2-B)p— 2
/0 [W] [Ty dy=1< Beta A+ az)

This concludes the proof.

In fact, as a direct application of the Holder integral inequality, it can be proved that
the items 1 in Theorems 2.1 and 3.1 are equivalent, the items 2 in Theorems 2.1 and 3.1
are equivalent, and the items 3 in Theorems 2.1 and 3.1 are equivalent. Theorem 3.1 can
thus be seen as a one-function version of Theorem 2.1. It is also useful for studying the
integral operator described by 7.

3.2 Consideration of new inhomogeneous kernel functions

Some Hardy-Hilbert-type integral inequalities based on new inhomogeneous kernel func-
tions can be derived from Theorem 2.1 and power inequalities involving the parameter
B. This is developed in the result below.

Theorem 3.2. Letp >1,q=p/(p—1), and f,g: (0,+00) — (0,+00) be two functions.
For any v >0 and § > 0, we set

+o0o +00 1
- /o /0 @97 T (g @Wal)dedy.

Then, depending on the values of 3, the inequalities below hold.

1. For any 8 > 1, we have
2f-1

P(z)d () d
g—1 /0 J;ﬂ—l(l + 71/5a;>f (x) l’} |:/) yﬂ_l(l + Wl/ﬁy)g (y> y} )

where the integrals on the right-hand side must converge.

U<

2. For any € (0,1), we have

+oo [ (2-B)p—2 +oo Yoz Ve
U< Beta > / 1+’yl/ﬂ1‘ o WQ (y)dy|

where the integrals on the right-hand side must converge and Bey(a,b) is the stan-
dard beta function at a,b > 0 defined in Equation (1.2). In fact, this inequality is
valid for any B > 0, not just for B € (0,1).
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Proof. We now proceed to prove the inequalities stated in the three items individually.
1. We suppose that § > 1. Then a standard convexity-power inequality gives
(@ +y+"Pay) <277 (@ + )7 + (vPay)?] = 2°7 (2 + y)” + v(ay)),

so that
1 28-1

< .
(@ +9)P +y(2y)? ~ (x+y -+ 2y)?
Using this and the item 1 of Theorem 2.1 applied to a = v*/#, we obtain

+00 +00 1
U= /0 /0 (x +y)P +(zy)? fl@)gly)dedy

+oo +oo 1
< 25—1/ / dxd
< o (x+y+,yl/5$y)ﬁf(fﬂ)g(y) dy

25*1 +oo 1 1/p “+o0 1 1/q
< P(2)d 9(y)d .
-1 Vo rA=1(1 +71/%)f () x} Uo V(1 + 41 78y)Y (v)dy

This is the desired inequality.

2. We now suppose that § € (0,1). Then a standard convexity-power inequality gives
(@ +y+"ay) < (2 +9)" + (P2y)’ = (2 +y)° +(xy)’,

so that
1 1

< .
(@ +y)P +y(zy)’ ~ (z+y+yPay)’
Using this and the item 3 of Theorem 2.1 applied to o = v'/#, we obtain

+o0 +o0 1
v= /0 /0 (z+y)f + v(fvy)ﬁf(x)g(y)dxdy

+oo  pHo0 1
= /0 /0 (z 4y + ~/Bxy)B f(x)g(y)drdy

1/p 1/q
5 B 400 x(276)p72 » +o0 y(275)q72 .
< Beta <§, §> [/O \/ mf (@dxl [/0 \/ Wﬂ (y)dy] .

The desired inequality is achieved.

This concludes the proof. O

The kernel function associated with the main double integral is thus
1
(z+y)P +(xy)?
It is clearly symmetric and inhomogeneous. To the best of our knowledge, this kernel
function and the inequalities in Theorem 3.2 have not been studied in the literature.
The theorem below presents a new Hardy-Hilbert-type integral inequality based on an

inhomogeneous two-parameter power kernel function. The proof relies on Theorem 2.1,
treating « as a variable and integrating it over a suitable interval.

kern (x7 y) =
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Theorem 3.3. Letp > 1, q=p/(p—1), and f, g : (0,4+00) — (0, +00) be two functions.
Then, for any B > 1, u >0 and v > 0 such that v > p, we have

/+00/+oo 1 [ 1 1 f( ) ( )d ;
_ . .
(x 4+ y+ pxy)P1  (z+y+vey)s! g\ y
tee 1+vx U ptoo 4 1+ vy 1/q
< —1 P(x)d 1 q
< l/o B Og(1+ﬂx)f (z) x} [/0 e og(1+ﬂy>g (y)dy} :

where the integrals on the right-hand side must converge.

Proof. Tt follows from the item 1 of Theorem 2.1 that, for any g > 1,

+o0o 400 1
/0 /0 (x4 y + azy)? f(z)g(y)dzdy

=51 [/ mfp(@dx}l/p Vommgq(y)dy Uq,

with @ > 0. Treating « as a variable and integrating it over the interval (u,v), we have

(3.10)

where

- /MV {/O+oo /O+oo — Jlr amy)ﬁf(x>g(y)dxdy} da
and

<= { [ o] [ o Uq} .

Let us study J and K one by one.
Using the Fubini-Tonelli integral theorem and a standard power primitive, we get

- /0+OO /0+°° {/ﬂ” (z+y i aa:y)ﬁda} f(@)g(y)dzdy
- /+OO /+Oo [1% X x_ly % T +104;L‘y)/3—1:|2:: f(z)g(y)dzdy

B—1 /+oo /+Oo 1 [ (x+y +1,u:vy)f31 C(r+y +11/a:y)51} J(@)g(y)ddy.
(3.11)

Using the Holder integral inequality at p and ¢, the Fubini-Tonelli integral theorem
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and standard logarithmic primitives, we get

K < { /M { /0+oo m fp(x)dx] p/p da}l/p
)
[/ - - ( ,; 1 —|—1oz;pda) fp(x)dx} " [1 4 e yﬁl—l ( /u 1 +1ayd0‘) gq(y)dy] 1/q
- 1Og<1+m>]:fp<x>dx} p
{ /0 1og(1 + ay)} ::u gq(y)dy}l/q
B MW 3:1/3 log G 1 :i) fp(:r)da:} " UOM yiﬁ log G i:z;) gq(y)dy} 1/q‘

Putting Equations (3.10), (3.11) and (3.12) together, we obtain

+oo  pHo0 1 1 1
-1 / / { (z+y+pay)pt  (z+y+ V:cy)ﬁ—l} f(@)g(y)dady

e 1+vx Upp ptoo 4 1+ vy 1/q
_5—1Vo xﬁlg(u x)fp“} VO y—510g<1+ﬂy>gq(y)dy] 7

so that, since 8 > 1,
+oo  pHo0 1 1 1
- dxd
/ / { (x +y + pay)! (:1:—|—y+1/a:y)ﬁ—1} f(x)g(y)dady
+oo q 1+ vx 1/p +oo 14y 1/q
< —1 P d _1 q d '
_VO 2P Og(HW)f(a:) x] VO ” og(Huy)g(y) y]

This concludes the proof. O

(3.12)

The kernel function associated with the main double integral is thus
1 1 1
kern z, = - :
(@) Y [(1‘ +y+pry)it Tty + wcy)/“}

It is clearly symmetric and inhomogeneous.
If we take p = 0, then the new inequality simplifies to

[ i e faddy

< VO %log(l—i-ux)fp(x)dx]l/p [/O+Ooyilog(l+uy) ()dy]

1/q
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The presence of logarithmically weighted integral norms in the upper bound has a certain
originality.

On a similar mathematical basis, the theorem below presents a new Hardy-Hilbert-
type integral inequality based on an inhomogeneous two-parameter logarithmic kernel
function.

Theorem 3.4. Letp > 1,q=p/(p—1), and f,g: (0,+00) — (0,+00) be two functions.
Then, for any p >0 and v > 0 such that v > u, we have

+o00 +o00 1 T+ y n vy
/ / (:zc +y+ M;y> f(@)g(y)dady

400 2P/2-1 1/pr rtoo yi/2-1 1/q
< 2m(v — Plx)dz
=2 ’“‘){o rvat i ) | v

where the integrals on the right-hand side must converge.

Proof. 1t follows from the item 2 of Theorem 2.1 that

+o0 +oo 1
_ dxd
/0 /0 x+y+myf(l’)g(y) zdy

+o00 rp—2 Lp +o0 yq_g 1/a
< Plx)d Uy)d
<7 /0 Hmf(x)x /0 1+Oéyg(y)y

with a > 0. Treating « as a variable and integrating it over the interval (u,v), we have

L<7M, (3.13)

N A {/0+°° /;OO mf(l‘)g(y)drrdy} do
M= / [/*“ 1+_axfp ] [/mm ] da.

Let us study L and M one by one.
Using the Fubini-Tonelli integral theorem and a standard logarithmic primitive, we

have
/+°° /+°° {/; z+ y1—|— myda} f()g(y)dady

= / - / - [— log(z +y + axy)] o f(x)g(y)dzdy (3.14)

a=p

+o00 +o0o 1 T+ y n vy
/ / (x Tyt My> f(x)g(y)drdy.

where

and




Vol. 61 (2025) New Hardy-Hilbert-type integral inequalities 191

Using the Holder integral inequality at p and ¢, the Fubini-Tonelli integral theorem,
standard square root primitives, natural conjugate and the equality 1/p+ 1/q = 1, we

get
y oo g p/p
M < / /0 [T o fP(x)dz| da
I

/; [/;OO \/qu(y)dy] "
— {/Om gP/21 U ﬁda} f”(x)dx}l/p
1/q
AL e e o)
a=v 1/p
{/0+ooxp/2 1{ 1+0493} fp(:)s)dx}

{/0 v mrygq(y)dy}l/q (3.15)

a=[L

1/p

1/q

—2 UO 222 [T+ vz — T+ | f”(:z:)d:z:} h

+oo g
X [/0 yp/2—2 [\/1 + vy — \/1 + My] gq(y)dy}
+o00 1p
— p/2—2 (1+vz)— (1+ px) .
2{/0 t \/1+1/$+\/1+M$f (33)d$]
x { /| et vy) = (4 ) q<y>dy1 :
0

V1+vy+ V14 py

( [ +o0 P21 oy ]l/p
=2(v — x)dx
2 0 \/1+Vx+\/1+uxf()
+00 yq/2—1 1/q
X Uy)d .
[0 x/1+vy+wl+uyg(y) y]

Putting Equations (3.13), (3.14) and (3.15) together, we obtain

+o0 +o00 1 x—i—y+uazy
/ / (:v+y+w:y) f(x)g(y)dzdy

Foo P/2-1 1pr rtoo y1/2-1 1/q
<27TV— pgj
=27 u){o \/1+V93+\/1+M35f() ] {0 VItry+ v+ py

This concludes the proof. O
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The kernel function associated with the main double integral is thus

1 T +y+rry
kern(z,y) = —log | ———= | .
Ty Tty + pxy

It is obviously symmetric and inhomogeneous.
If we take ;4 = 0, then the new inequality simplifies to

/+OO /+OO oy 8 (1 + ”xiyy) J(x)g(y)dady

LP/2-1 Up oo /21 1/q
< 2mv dx d :
= {0 \/1+_ua;+1 J'() } {0 T 1l Wy

Again we emphasize the originality of the form, with a logarithmic term that includes
the ratio-product-sum term zy/(x + y).

Another variant of the Hardy-Hilbert-type integral inequality is proposed in the the-
orem below, using an inhomogeneous two-parameter power kernel function.

Theorem 3.5. Letp > 1, q=p/(p—1), and f,g : (0,4+00) — (0, +00) be two functions.
Then, for any 8 € (0,1), u >0 and v > 0 such that v > u, we have

/+oo /+°° x+y+wcy) (;L‘—|—y_|_uwy)1—5} F(2)g(y)dwdy
< ﬂ_ﬂBm (22)
—p

2 2°2
8

/

+o0 1/q

X {/ Y=o [(1 4+ py) =02 — (1 + py) =77 gq(y)dy} :
0

—+00

1/p
gU=A/2p=2 [(1+ va) A2 — (1 + Mfﬂ)lfﬂ/ﬂ fp(x)dx}

where the integrals on the right-hand side must converge and Bey(a,b) is the standard
beta function at a,b > 0 defined in Equation (1.2).

Proof. 1t follows from the item 3 of Theorem 2.1 that, for any 8 € (0, 1),
+o0 +oo 1
x dxd
|| e @ty

1/p 1/q
5 ﬂ 400 $(27,8)p72 » 400 y(2 B)g—2
< Beta (5, 5) [/0 mf (x)dxl [/0 mg (y)dy] ;

with a > 0. Treating « as a variable and integrating it over the interval (i, v), we have

5B
N < Bua (5, 5) 0, (3.16)
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where

:/MV{/Omo /O+oo (erleraxy)ﬁf(x)g(y)dxdy} do
oz/u” [/0+°° (1(12@ ] [/*”mg dy] do.

Let us study N and O one by one.
Using the Fubini-Tonelli integral theorem and a standard power primitive, we get

v [ gt}

=V

:/+OO/+OO[ 1 xix(x—f—y%—axy)l_ﬁ}a f(z)g(y)dxdy
0 0 1-8 my

a=[L

oo ptoo
- ﬁ /0 /0 % (x4 y+vey)' ™" — (x+y + pay) "] f(2)g(y)dedy. (3.17)

Using the Holder integral inequality at p and ¢, the Fubini-Tonelli integral theorem,
standard power primitives and the equality 1/p+ 1/¢ = 1, we get

o<l ﬁm]
/; [/O+OO \/%gq(y)dy] " do
{/0 1-8/2)p-1 VM <1+ax mda] @) }UP
. {/0 g [/ 1+ ay) ﬁ/zdo‘} gq(y)dy}l/q (3.18)

oo 12 o=y v
{/0 1=6/2)p {5 X 5 5 x (1 +ax)1_’3/2} fp(x)dx}

1/p

1/q

a=p
/ y(1=8/2)a-1 1. 2 (1+ ay)t=o72 o “(y)d N
X573 y LWy
1/p
:—B {/ L (1-6/2)p—2 [(1 + vz) P2 — (1+ ,ux)l_ﬂ/z} fp(a:)d:z:}

1/q
X {/ Y=o [(1 4+ py) =02 — (1 4 py) =777 gq(y)dy} :
0
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Putting Equations (3.16), (3.17) and (3.18) together, we get

+00 +oo
1 . 8 /0 /0 iy (@ +y+vaey)' P = (z+y + pwy) 7] f(2)g(y)dady

x
2 B B
< mBeta (57 5)

+o00 1/p
X {/ 2 1=B/2)p=2 [(1 + yac)l_ﬁ/2 —(1+ ,ux)l_’a/z} fp(x)dx}
0

+00 1/q
X {/ yU=ORa2 [(1 4+ py) =02 — (1 4 py) =777 g"(y)dy} :
0

so that, since 8 € (0, 1),

400 o0
/0 /o J;_ly [(z +y +vay)' ™ — (z+y + pay) 7] f(2)g(y)dwdy
1 _
<

20-08), (85
—WBMGE)

—+00

1/p
g 1=p/2p=2 [(1 +vx) 2 (1 + NI)I_LW] fp(x)dx}

/
+00 1/q
X {/ y PR wy) 2 — (14 py) 0] gq(y)dy} :
0

This concludes the proof.

The kernel function associated with the main double integral is thus
1 _ _
kera(,y) = 0 [y 4 vay) ™ — (@t y + pay)

It is obviously symmetric and inhomogeneous.
If we take 1 = 0, then the new inequality simplifies to

0 T

21-5) (@ g)
= 9 _ B eta 27 2
+o0 1/p
X {/ g1=A/2p=2 [(1+ vr)=A2 — 1] fp(x)dx}
0

+00 1/q
. { [t [ vy - gq<y>dy} |
0

+o00 +00 1
/0 / _y [(f +y+ ny)l_ﬁ — (x4 y)l—ﬂ} F(2)g(y)dwdy
<

194

This Hardy-Hilbert integral type is interesting because of the two adjustable parameters

and the original form of the kernel function.
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3.3 Attempt of a unified framework

The theorem below unifies some cases of Theorem 2.1 and the result in [16], as recalled
in Equation (1.1). The proof revisits that of Theorem 2.1, with the aim of obtaining
” Beta(8/p, 5/q)” as the factor constant.

Theorem 3.6. Letp > 1, q=p/(p—1), and f, g : (0,4+00) — (0, +00) be two functions.
Then, for any o > 0 and B > 0, we have

+oo 400 1
/0 /0 (z +y + azy)? f(x)g(y)dxdy

/B B +oo xp—ﬁ—l . 1/p +o00o yq—ﬂ—l . 1/q
<ta(po) U wremmren] [ atagmron]

where the integrals on the right-hand side must converge and Bey(a,b) is the standard
beta function at a,b > 0 defined in Equation (1.2).

Proof. A suitable product decomposition of the integrand considering the equality 1/p+
1/q = 1, followed by the application of the Hélder integral inequality at p and ¢, gives

/+OO /ﬁo (z+y Jlr azy)P 5[ (x)g(y)dxdy

too  ptoo . —(8/p—1)/q.,(8/9-1)/p (8/p—1)/a,,—(B/q—1)/p
Y T Y 3.19
-] () x oldaay 1
(x +y + axy)s/r (x 4+ y + azy)fld
< pl/le/q’
where
oo ptoo . —(8/p— lp/qyﬂ/q 1 o
z)dx
/ / (x +y + axy)? frx)dedy
and
oo pHo0 pB/p=1y~(B/a=Da/p o
zdy.
Q= / / x+y+my>ﬂg(y) Y

Let us determine the expressions of P and () one by one.

Since the integrand associated with P is non-negative, we can apply the Fubini-Tonelli
integral theorem that allows the exchange of the order of integration. This, followed by
the change of variables z = y(1 4+ ax)/x, the equality 1/p + 1/q = 1 and the use of the
beta function with the property Beta(a,b) = Bea(b, a) for any a,b > 0, gives

+oo +oo B/q—1
p :/ = B/e=Lp/a fp () [/ Yy dy] du
0 o (v+y+axy)s
o0 o0 8/g—1
— —(B/p=1)p/a—B £p Yy dul d
[ @[ ey o

+00 Bla +oo B/q—1
- —(B/p—1)p/a—B ¢p L s 3.20
[ rolm) | eyt 60

B +o0 xp—ﬁfl 5 5
- o (1 + O[l’)ﬁ/qu(x) X Beta (E; 5) d

B B B +o0 xpfﬁfl .
- Beta (575)/(; Wf (x)dx
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Similarly, but with the changes of variables w = z(1 + ay)/y, we have

Q= / y~Plabalrgay) { / o dm} dy
o (x+y+ary)s

+oo B/p—1
- ~(B/a—Nalp—8 / z d } J
) g \y T ay
/ ") [ , Tra+an)/yl

B/p oo, .B/p—1
_ ~(B/a-1)a/p—B 44 y Y awld 3.21
/ g<y>(1+ay> [/0 (1+ w)? w} / 321
yo ot BB
_ Bea | =, 5
/ 1 +Oéy B/Pg (y) X eta p> q d
— By

G s

Putting Equations (3.19), (3.20) and (3.21) together and using the equality 1/p+1/q = 1,
we obtain

too oo 1
/0 /0 (z 4y + azy)? f(z)g(y)dzdy
B ﬂ oo pp—p-1 ) 1/p
< |:Beta (E7E>/o Wf( z)d ]
6 B oo yq_ﬁ—l . 1/q
X |:Beta (5’5)/0 Wﬂ (Z/)dy}

B 8 B oo gl Up r p+oo yr it 1/q
“5e () [ e[ aiameon]

This concludes the proof. O

In particular, if we take 5 = 1, using a well-known beta formula, we have By, (1/p,1/q) =
Beta(1/p,1 —1/p) = 7/ sin(m/p), so that

400 1
A / e @)y
T

< ST [/ OO Wf p“”)d””} : [/OO %ngy .

To the best of our knowledge, this is a new Hardy-Hilbert integral inequality. If we take
a = 0, this conforms to the result in [16].

A limitation of this theorem lies in the complexity and generality of the framework,
which is an obstacle to determining the optimality of the constant factor. This remains
a challenging mathematical problem that we leave for future investigation. Nevertheless,
two additional results derived from these theorems are presented below.

The theorem below provides a new two-parameter weighted integral inequality.
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Theorem 3.7. Let p > 1, ¢ = p/(p — 1), and f : (0,400) — (0,4+00) be a function.
Then, for any a > 0 and 8 > 0, we have

oo (1 + ay)b/P Pl e 1 P
/0 { yih-t } Uo (x+y+a:cy)5f(x)dx W

p (B8 LA
< Bey (p q>/ Wf (x)dx

where the integral on the right-hand side must converge and Be,(a, b) is the standard beta
function at a,b > 0 defined in Equation (1.2).

Proof. Let us set

o0 T (] ) AP P e 1 b
= / { ya—f-1 ] Vo (w+y+axy)5f(x)dx] 4.

A suitable product decomposition of the integrand and the Fubini-Tonelli integral theo-

rem give
T4 ay)PPP e . -
R _/0 {W} UO e axy)ﬁf(x)dx]
+o00 1
X {/o Crmn (wy)ﬁf(x)dm} dy
_ +o0 (]_ —+ ay)ﬁ/ﬁ 400 1 p1 .
_/0 {W/o ($+y+amy)ﬁf(x)dx} (3.22)
+oo 1
[/ x+y+axy) 5f( >d$1 dy
+o0 +o00
/ / T v+ angy) Dony)dady,
where

r+y+ azy)?

gr(y) = [“;ﬁ# /0 - ( ! f(x)dx] "

It follows from Theorem 3.6 applied to the functions f and g, that

+oo +o0 1 »
/0 /0 (:L‘+y+axy),3f(x)gA<y) xdy

/8 5 400 :L,pfﬁfl ) 1/p 400 yq B—1 1/q
<t (G o) U wraroe] | wrmmeon] e
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Since ¢ = p/(p — 1), we have
+oo yq—ﬂ—l .
/0 Wﬂ/\(y)dy

+o0 yq,5,1 (1 + ay)ﬁ/l’ +o0 1 p a(p—1) p
— X )ax
/0 (1+ ay)b/r [ ya—h-1 /0 ($+y+axy)5f( ) } Y

+oo yQ*ﬁfl (1 + O[y)ﬁ/p ~+o0 1 p p p (324)
B /0 (14 ay)o/r { ye i /0 (z+y+ awy)ﬁf(x) 4 !
oo T (1 ay)fPYPTH[ [t 1 P
I ol S
0 Yl o (r+y+azy)
Putting Equations (3.22), (3.23) and (3.24) together, we obtain
o B /p
B 8 /+ i o
R<Bea T —Ff7 d R/q,
- (p ) Tramp! 0
so that, using 1/p=1—1/q,
+o0 p—B—1 1/p
/p — RI-Y4 < B ﬁé / i

R R >~ eta (p7 q 0 (1+O{x>’6/qf (I’) T

and, raising both sides to the exponent p,
+oo (1 B/p 1P~ ptoo 1 P
A= | fla)de| dy=R
0 yirp o (z+y+azy)f
B B /-1-00 xp—ﬁ—l

<BP =, = ——— fP(z)dx.

= eta (pa q 0 (1 + Oéﬂi’)ﬁ/qf (fL‘) L
This ends the proof. O]

In particular, if we take § = 1, using Beta(1/p, 1/q) = 7/ sin(m/p), we obtain

+00 1 1/p p—1 +o00 1 P
0 ya- 0 r+y+oary

P 400 xp—Z .
Ty e

Another variant of the Hardy-Hilbert-type integral inequality is proposed in the the-
orem below, using an inhomogeneous two-parameter power kernel function.

Theorem 3.8. Letp > 1,q=p/(p—1), and f,g: (0,+00) — (0,+00) be two functions.
Let B >0 and up >0 and v > 0 such that v > p. Then, depending on the values of [3,
the inequalities below hold.
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1. For any S5 € (0,400)\{1,p, q}, we have

+o0o +00
/ / x+y+l/xy) — (z +y + pay)’ B}f y)dxdy

1/p 1/q
_ p BB
<l 5\<| ﬁl) <|p—6|) Bem(ﬁ’f])

+o0 1/p
X {/ aP=P2 (1 + vr) P — (14 ,ux)l_ﬂ/q| fp(:v)dx]
0

+00 1/q
X {/ Y2 (L4 vy) 0P — (14 py) 0| gy y] ,
0

199

where the integrals on the right-hand side must converge and Bey(a,b) is the stan-

dard beta function at a,b > 0 defined in Equation (1.2).

2. For =1, we have
too oo 1 T +y+vry
dxd
[ (Hymcy) F(@)g(y)dudy

AEREES

X [/Om 2?78 [(1+ va) P — (1 + pa) /7] fp(x)dx}

1/p

+o00 1/q

x U y P (L vy = (1 + py)'1] gq(y)dy} :
0

3. For any B = p with p # 2, we have
400 +o0o 1
/ / (& +y + pay)' " — (x+y +vay)' 7] f(2)g(y)dedy
1/p
- _ 2-p| fp
|2—p\1/P [/0 A +va) P — (1 + pa)* 7P| f (x)d:z:}

+oo 1+ vy 1/q
X y? P *log ( > 9 (y dy} -
Uo L+ py (v)

4. For any B = q with ¢ # 2, we have

/ h / - [(z+y+ pay) ™ — (z +y +vay) 7 f(2)g(y)dzdy

+o00 - 1+ vz 1/p
< q V W2l°g(1+ x)fp“ }

+00 1/q
X V y A+ vy) = 1+ py)* ™ ¢ (y y} :
0
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5. For any B =p with p =2, so ¢ = 2, we have

+o0o oo 1
/o /o (x +y + pry)(z +y + vay) F@)g(y)dudy

1 too 14 va too 14+ vy
< —21 2(x)d 2] 2(y)dy.
_V_M\//o z og<1+m)f(fc) fv\//o y og<1+uy>g(y)y

Proof.

1. For any § € (0, +00)\{1,p, ¢}, it follows from Theorem 3.6 that, for any 5 > 0,

+oo  p+oo 1
/0 /o (z+y+ axy)ﬂﬂx)g(y)dl“dy

8 B +oo L p—f-1 ., 1/p +00 yq—ﬁ—l , 1/q
<t (o) L wrammren] [ aliameron]

with a > 0. Treating « as a variable and integrating « over the interval (i, v), we

have
5 < Beta (é’ B) T, (3.25)
P q
where
S V c : dxdy ¢ d
—/u {/0 /0 (m+y+axy)5f(x)g(y) x Z/} e}
and

= [ o] ] Yo

Let us determine the expressions of S and 7" one by one.

Using the Fubini-Tonelli integral theorem, a standard power primitive and the ap-
propriate use of the absolute values, we have

- /+OO /+OO {/#y (x+y 41_ azy)? do‘} f(x)g(y)dzdy

:/ / [1 X % X (z+y+ azy)'” r_yf(fv)g(y)drrdy

a=p
/ / — (@ +y+vay)' ™" = (@ +y+ pzy)' "] f(2)g(y)dudy
400
i l z4y+vey)' T — (@ +y+ pay)' 0| f(2)g(y)dady.

(3.26)



Vol. 61 (2025) New Hardy-Hilbert-type integral inequalities 201

Using the Holder integral inequality at p and ¢, the Fubini-Tonelli integral theorem,
standard power primitives, the use of absolute values and the equality 1/p+1/q = 1,
we get

R
’ {/ L <1yj5y>lﬁ/p ] i da}w

1/p
:{ xPP1 [ (1+04x B/qda} fp(x)dx}
I

1/q
yi- -1 q
AL ] o)
+o0 1 a=v 1/p
= / gP=h=1 {— x —L_ x (1+ aa:)lﬁ/q} fP(x)dx
0 r qg—p a=p
- 1/q
+00 1 a=v (327)
X / y? o {— x —— x (1 +ay)1ﬁ/p] 9*(y)dy
0 Yy p—= ﬂ a=
q +00 1/p
— [| 5 / ZPh2 |(1 + 1/1:)1_5/‘1 —(1+ um)l_ﬁ/q| fp(x)dx}
q— 0
p +00 1/q
X [\p—ﬁl y P (U wy) I — (L ) P gy dy}

() (62)
lqg — f| lp— B

+00 1/p
X {/ gP P2 (1 + va) P — (1 + ,u:v)lfﬁ/q| fp(:v)da:}
0

+o00 1/q
X U y I (L vy) T = (L4 )| gy dy}
0

Putting Equations (3.25), (3.26) and (3.27) together, we obtain

+oo  pHoo
1 —6I/ / _‘ (@ +y+vay) ™" = (v +y + pry) | f(z)g(y)dady

1/q
p BB
<<|q—ﬁ|) <|p—@|) B“a(p’q)

+o0 1/p
X [/ gP A2 (1 + va) P (1 + ,ux)l_ﬁ/q! fp(x)dx}
0

+00 1/q
x V Y I (L wy) P — (L py) P g%y y] :
0
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so that

+oo +0o0
/ / —|x+y+ua:y) — (z+y+ pxy)' | f(2)g(y)dady

1/p 1/q
_ p BB
<i-a(t5) (52m) B (o)

X {/Jroo 2P P2 (1 + wa) P — (1 4 pa) 0| fp(x)dxl
0

1/p

+o00 1/q
X U y (L vy) T = (14 )| gy y}
0

This is the desired result.

For the other three items, for the sake of redundancy, we will only comment on the
points that explain the expressions of the given inequalities.

2. For § = 1, adopting the notation of the previous item and using a standard loga-
rithmic primitive, we get

+o00 +o0 1 T+ y 4 vy
/ / (x Tyt u:vy) f(@)g(y)dady.

The term T remains unchanged; it is sufficient to replace = 1 in its expression.
The same is true for the remaining constant.

3. For § = p with p # 2, adopting the notation of the item 1, the term S remains
unchanged. In the term 7', only the integral with respect to y has to be recalculated
with a standard logarithmic primitive. The remaining constant can be expressed
as indicated, using Be, (1,p — 1) = 1/(p — 1), among other classical developments.

4. For § = q with ¢ # 2, we proceed as in the previous item, with the appropriate
logarithmic change for the calculus on the variable x.

5. For any 8 = p with p = 2, so ¢ = 2, for the term .S, we use the decomposition

zy
T +y+ pay)(r +y +vey)

1

(@ +y+pzy) — (v +y+vry)” Z(V—M)(

For the term T', we proceed as in the items 3 and 4 for the upper bounds.
This ends the proof. O

This is a new collection of Hardy-Hilbert-type integral inequalities, thus extending
the existing theory by the introduction of inhomogeneous kernel functions.
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4 Conclusion

In this article, we have established Hardy-Hilbert-type integral inequalities that are inno-
vative in form and generality. In particular, we have obtained relevant upper bounds for
a class of double integrals involving a special inhomogeneous kernel function governed by
two parameters, o and 3. The introduction of « is the key point: it increases the flexibil-
ity of our results while changing the homogeneity of a classical kernel function. Through
a detailed case-by-case analysis of 5, we derived several weighted integral norm inequal-
ities and Hardy-Hilbert-type integral inequalities. Finally, we propose a framework that
unifies new and established results. We hope that this work will serve as a foundation for
further research, inspiring deeper investigations of Hardy-Hilbert-type integral inequali-
ties with inhomogeneous integral kernels and their applications in mathematical analysis.
The discrete analogues of our results are also an interesting perspective that we leave for
a future article.

Acknowledgement

The author would like to thank the reviewer for his constructive comments on the article.

References

[1] T. Batbold, Y. Sawano, Sharp bounds for m-linear Hilbert-type operators on the weighted
Morrey spaces, Math. Inequal. Appl. 20 (2017), 263-283.

[2] Q. Chen, B. C. Yang, A survey on the study of Hilbert-type inequalities, J. Inequal. Appl.
2015 (2015), Article ID 302.

[3] C. Chesneau, Some four-parameter trigonometric generalizations of the Hilbert integral
inequality, Asia Mathematika 8, no. 2 (2024), 45-59.

[4] C. Chesneau, New integral formulas with applications to integral inequalities, Annals of
West University of Timisoara - Mathematics and Computer Science 61 (2025), 89-119.

[5] G. H. Hardy, J. E. Littlewood, G. Pélya, Inequalities, Cambridge Univ. Press, Cambridge,
1952.

[6] Y. Hong, On multiple Hardy-Hilbert integral inequalities with some parameters, J. Inequal.
Appl. 2006 (2006), Article ID 94960.

[7] Z.Huang, B. C. Yang, A multidimensional Hilbert-type integral inequality, J. Inequal. Appl.
2015 (2015), Article ID 151.

[8] S. W. Jian, F. Z. Yang, All-sided generalization about Hardy-Hilbert integral inequalities,
Acta Math. Sin. (China) 44, no. 4 (2001), 619-626.



Vol. 61 (2025) New Hardy-Hilbert-type integral inequalities 204

[9] W. T. Sulaiman, On three inequalities similar to Hardy-Hilbert’s integral inequality, Acta

[10]

[11]

Math. Univ. Comenianae IXXVT (2007), 273-278.

B. Sun, A multiple Hilbert-type integral inequality with the best constant factor, J. Inequal.
Appl. 2007 (2007), Article ID 071049.

D. C. Ullrich, A simple elementary proof of Hilbert’s inequality, Amer. Math. Monthly
120, no. 2 (2013), 161-164.

B. C. Yang, Hilbert-Type Integral Inequalities, Bentham Science Publ., UAE, 2009.

B. C. Yang, On Hilbert’s integral inequality, J. Math. Anal. Appl. 220, no. 2 (1998),
778-785.

B. C. Yang, On the norm of a Hilbert’s type linear operator and applications, J. Math.
Anal. Appl. 325 (2007), 529-541.

B. C. Yang, Hilbert-type integral inequality with non-homogeneous kernel, J. Shanghai Univ.
17 (2011), 603-605.

B. C. Yang, 1. Brneti¢, M. Krni¢, J. Pecari¢, Generalization of Hilbert and Hardy-Hilbert
integral inequalities, Math. Inequal. Appl. 8, no. 2 (2005), 259-272.

Christophe Chesneau
Department of Mathematics, LMNO, University of Caen-Normandie, 14032, Caen, France.

E-mail: christophe.chesneau@gmail.com

Received: 4.04.2025
Revised: 22.08.2025
Accepted: 5.09.2025



	Introduction
	Main theorem
	Additional theorems
	Weighted integral norm inequalities
	Consideration of new inhomogeneous kernel functions
	Attempt of a unified framework

	Conclusion

