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Multiple time scales method for a two dimensional
system with distributed delays

Maria Roxana Matei

Abstract Building on the simplified mathematical model derived from the dynam-
ics of the hypothalamic-pituitary-adrenal (HPA) axis, which describes the interac-
tions between ACTH and cortisol through a system of differential equations with
distributed delays, this paper focuses on the criticality analysis of the Hopf bifur-
cation. This analysis is conducted using the method of multiple time scales, which
is applicable to systems with arbitrary distributed delays and indicates whether
the Hopf bifurcation leads to a stable or unstable limit cycle. Furthermore, the
approach presented in this paper can be applied to a broader class of systems that
exhibit similar structural properties, extending its relevance beyond the specific
biological context considered here.
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1 Introduction

The starting point of this article is the dynamics of the hypothalamic-pituitary-adrenal
(HPA) axis using a simplified model that captures the interactions between ACTH and
cortisol which was previously studied in [6].

The simplified HPA model comprises a system of two differential equations that in-
corporate general distributed delays

{A<t> = [ (Jg~ he(s)C(t = s)ds) = B.A(E) 1)
C(t) = g (Jy* ha(s) At = 5)ds) = 5.C(1)
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The system models the concentrations of ACTH denoted by A(t) and cortisol denoted
by C(t) at time t with elimination constants f,, 8. being positive.

Feedback functions f, g : [0,00) — (0,00) represent the negative feedback of cortisol
on ACTH and the positive feedback of ACTH on cortisol, both being monotonous, smooth
and bounded on [0, 00) where f is strictly decreasing and g is strictly increasing. They
are represented by Hill functions, see [1,4,7]:
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with m,n > 1,7 > 0,u,v > 0 and u,n € (0, 1].

The delay kernels hg, h. : [0,00) — [0, 00) are probability density functions represent-
ing the delayed stimulation of cortisol by ACTH (h,) and delayed inhibition of ACTH
by cortisol (h.) satisfying:

/ hj(S)dS = 17 ] € {CL,C},
0
where

= / shy(s)ds,  j e {ach
0

are the average time delays associated to the delay kernels h;.
Previously, we analyzed the presence of a positive equilibrium point, being a solution
of the following algebraic system:

{ f(C) = B.A
9(A) = B8.C

and obtained that the system has a unique equilibrium point F = (A*, C*).
A sufficient condition for delay-independent asymptotic stability was established en-
suring that the equilibrium is asymptotically stable when b < ,0., where

b=—f(C")g' (A7) >0

In the absence of delays, the equilibrium was proven to be locally asymptotically stable.
Studying the stability using linearization techniques (see [12,13]), we have the corre-
sponding characteristic equation:

(2 + Ba) (2 + Be) + bHo(2,7a) He(2, ) = 0, (1.2)

where H;(z,7;) = [;° e **h;(s)ds, for j € {a,c}, denote the Laplace transforms of the
delay kernels h;.

We investigated the occurrence of Hopf bifurcations and using the root locus method,
we searched for pure imaginary roots z = +iw (with w > 0) for the characteristic equa-
tion [11], [13]. This approach led us to a system of equations that describe the critical
frequencies for the Hopf bifurcation.

This system provides implicit equations for the bifurcation curves in the (7,, 7.)-plane.
We showed that these bifurcation curves are determined by the intersection of two surfaces
in the (7, 7., w)-space. When it is not possible to eliminate w analytically, we can still
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identify the Hopf bifurcation curves by projecting the intersection of these surfaces onto
the (7,4, 7.)-plane.

Furthermore, we proved that the pure imaginary complex conjugate roots correspond-
ing to the bifurcation must have multiplicity 1, which is one of the necessary conditions
required for the occurrence of a Hopf bifurcation. We also examined the transversality
condition and determined the orientation of the normal vector to the bifurcation curve,
governed by a specific sign condition. The main theoretical result that we obtained refers
to the fact that Hopf bifurcations occur near the equilibrium point (A*, C*) of system
(1.1) along specific curves in the (7,, 7.)-plane (described above).

An important detail in the analysis of the Hopf bifurcation is the criticality analysis
that represents the focus of this paper, using the method of multiple time scales. The
advantage of this method compared to central manifold reduction is that it can also
be used in the case of arbitrary distributed delays as in [5] and [8]. The criticality of
the bifurcation tells us whether a stable or unstable limit cycle results from the Hopf
bifurcation.

This paper is structured into four main sections. In the first section we introduce the
simplified HPA model, in Section 2 we study the criticality analysis by the multiple time
scales method and Hopf bifurcation analysis for studying limit cycles. In Section 3 we
compute some numerical simulations for the Dirac case which confirms a supercritical
Hopf bifurcation leading to a stable limit cycle when the critical delay is exceeded, as
shown in the phase portraits of Figure 1. Section 4 concludes with a summary of the
findings and recommendations for future research.

2 Criticality analysis through the method of Multiple Time
Scales (MTS)

Denoting the convolutions

(hy % A) (t):/oooha(s)A(t—s)ds, (he  C) (t):/ooohc(s)C(t—s)ds,

from (1.1) we obtain:
A<t> =/ (hc * C) <t> - 6&A(t)
C<t) =9 (ha * A) (t) - Bcc<t>

If 7, is the average time delay for the delay kernel h,, and 7. is the average time delay for

he, denoting 7, +7. = 7, 7, = p7, 7. = (1 — p)7, where p € (0, 1], we obtain that == 1%1;

and = = }—17, and therefore, we introduce the modified delay kernels:

~ 1~ 1~
he(t) = Toho(rot)  with  ho(rs) = he <Tcls) = —h, <15> - —hc( i > ,

Te

~ 1~ 1~
ha(t) = Toha(Tat)  with  h,(7s) = h, (Tals) = —h, (ls) = —h, (f) )

Ta Ta



Vol. 61 (2025) MTS method for bidimensional system with distributed delays 64

It is easy to verify that /f;a and ﬁc are probability density functions with the mean equal
to 1. Introducing the nondimensional variables:

we have:
(1) = rA(rt) = 7[f (he % C) (1) — uA(rt)] = 7 [f ( | e - s)ds) - ﬁaAm)} .

Changing the variable s = 75’ we have that:

where Ec(s) = l%p?zc (ﬁ) is a probability density function, with the mean:

Shcsds:/ hc( >ds: 1—p/ shq(s)ds =1 — p.
| setsas = [ b () as= (=) [ st

In the same way, we deduce that EI(S) = %Ea <§> is a probability density function with

the mean p. Hence, the following nondimensional system is obtained:

a(t) = f (ﬁc xc) — mBaalt)
ét)y=rg <?La xa) — 70c(t)

We consider the Taylor expansions of the functions f and g as follows:

f(C) = f(C*) + f/(C*)(C = C) + PO (0 — 02 + gc (C'— C*)3 + h.o.t.
9(A) = g(A) + ¢ (A°)(A — A%) + 25 (4 — a2+ LG4 Ay 4 Dot

where h.o.t. stands for higher order terms. Using the transformation u(t) = a(t) — A",

v(t) = ¢(t) — C*, we have:

(

i(t) = 7[(C)+ (O e e =)+ LG e s 0= ) LA (o w e — O
+h.o.t. — Bua(t)]

oty = T [g(A*) + ¢ (A (hg % a — A) + #(ﬁa xa— A*)? + gm( L (hg % a — A%)?
+h.o.t. — Bec(t)]
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We also know that

(he % ¢ — C*)(t) = /Oooiic(s)c(t — 8)ds — C* = /OOO he(s) (c(t — s) — C*)ds = he * v,

(%a*a_A*)(t):/Oooﬁa@)a(t—s)ds—m:/Oooﬁa(s) (a(t — 5) — A*)ds = o % 1,

and hence, we obtain:

0(t) = —7B(t) + 79 (A7) (ha * ) (t) + 78 (hy 5 u)2(1) + 782 (hy % w)3(t) + heo.t.

{u@) = —7B,u(t) + 7f/(C*) (he % ) (1) + TLEL (R 5 0)2(8) + 7L (B 5 0)3 () + hoot.

(2.1)
Denoting
U ~ ﬁa * U Ea 0 U
w = , hxw= |~ = ~ | %
v he v 0 h. %
we observe that system (2.1) can be written in the form below:
, . 0 0 "CN ~+ ~
w(t) = —1 (60 ﬁc) w(t) +7 (g’(A*) / (0 >> (h*w)(t) +1F ((h * w)(t)) :
We will use the following notations:
" C* 7 A* " C* " A*
fi=11(C"), 1 =g/ (A"), fo= ! (2 ), 92 = g (2 )> fs = —f (6 ), 93 = g2 (6 ),
o /Ba 0 o 0 fk . 2 3
L—(O Bc N Mk— i WA F(’LU)—MQ”LU +M3w,

where w? = w ®w and w? = w ®w ®w, with ® representing the Hadamard product, i.e.
the element-wise application of the power function. With these notations, system (2.1)
becomes B B

w(t) = —rLw(t) + TM, (h % w)(t) + 7F <(h R w)(t)) (2.2)

At the critical value 7 = 7* of the time delay, the corresponding linearized system is:
w(t) = Low(t) (2.3)
where the linear operator is given below:
Lyw = —7*Lw + 7 My (h % w).

We assume that for the critical value 7* of the average delay, the linear operator L, has
complex conjugated eigenvalues +iw. Let g be an eigenvector of L,« corresponding to
the eigenvalue iw. Hence w(t) = e“!q is a solution to the linear system, which gives:

iwq = —7"Lq+ 7" M H (iw)q,

or equivalently:
['(iw)q = 0,
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where I'(z) = zI, + 7°L — 7* M, H(z), and we will further denote v(z) = detI'(z). Ob-
viously, from the characteristic equation, we have v(iw) = det I'(iw) = 0. We apply the
method of multiple time scales in the system (2.2). Using this technique, we expand a
solution of system (2.2) in terms of € as follows:

Z kak T(), Tg (24)
k=1

where T; = €/t for j € {0,2} represent multiple time scales and € > 0 is a nondimensional
book-keeping parameter. Using the notations:

d 0 0
dt 0+€ 2, where 0 Ty’ 2 Ty’

by computing the derivative of w(t, €) with respect to t, we obtain:

d o0
aw (t, € :Zek Dowy, + € Dgwk) = eD,wy + €€ Dywsy + € (Dowy + Dows) +O( )
k=1

(2.5)
The state variable with time delay can be expressed as:
w(t — s;€) = e wy (TD — 5,15 — 628) ) (2.6)
k=1

Denoting Wy (e) := wy, (Ty — s, Ty — €%5) in equation (2.6) and using Taylor expansion, we
obtain:
W// 0 W///
Wi(e) = wy (To — 5, Tp — €°s) = Wi,(0) + W, (0)e + k2< )62 + k6
= wy (Ty — 8,T3) — sDoxy, (Ty — 8, To) €€ + O (63) ,

where

Wi/ (€) = Dowy, (Ty — s, To — €s) (—2es) = W,/(0) =0,
Wi (€) = Diwy, (TO — 5,1y — 628) (4e*s?) — 2sDywy, (TO — 5,1y — 628)
— Wk”(O) = —2sDywy, (Tg — S, T — S) .

Substituting the equation (2.7) in equation (2.6) we have that:

w(t — s;€) =ew; (Ty — 8, Ty) + Ewy(Ty — s, T)+
+ € [=sDoywy (T — 5, T») + w3(Tp — s, T2)] + O (€*)

and therefore, the convolution can be expressed as:
(h*w)(t;€) = e/ h(s)wy(Ty — s, Ts)ds + 62/ h(s)wy(Ty — s, To)ds
0 0

+ € [ — /OOO sh(s)Dowy(Ty — s, Ty)ds + /OOOTL(s)wg(TO —s,Ty)ds (2.8)

+0 (64)
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From now on, we introduce the following notations:

Wi(Ty, Ty) = / h(s)wn(To — 5, Ty)ds,  J(To, Ty) — / sh(s) Doy (T — 5, T) ds.
0 0

Dropping the arguments, we obtain:
(hxw) = Wy + EWy + (W3 — J) + O ('),
which implies that:
(hxw)? = (h*w) © (h*w) = EWE+28W, © Wy + O (1)

(hxw)® = W2 + 0 (") .

Substituting all we have obtained so far in equation (2.2) we have that :

6D0w1 + €2D0w2 + 63 <D2w1 + D(ﬂUg) =
= —7L(ew; + wy + € ws3) + T My [eW) + €W + (W — J)]
+ T My(WE + 26 Wy © Way) + 7> MzW7 + O (64)

Next, we introduce the detuning parameter ¢ to describe the nearness of 7 to its critical
value 7* by 7 = 7* + €28, which leads to the following equations written up to €* order:

€ D0w1 + T*Lw1 — T*Ml(TL * wl) =0

62 . D0w2 + T*L"LUQ — T*Ml(’ﬁ * U)g) = 7'*]\421/1/12

e . Dows + 7* Lws — T*Ml(}i k w3) = —Dowy — dLwy + 6M1(E * w1 )

— T*MlJ + 2T*M2(W1 © WQ) + T*M3W13

(2.9)

Noticing that the first equation of (2.9) is similar to the linear homogeneous equation
(2.3) if we regard w; as depending on time Ty, the solution is given by

w (T, Ty) = B(Ty)e“™q + B(Ty)e g (2.10)

where ¢ is the eigenvector of the operator L. corresponding to the eigenvalue iw and
B(T3) is a scalar function. Next, we calculate:

Wl(T(), Tg) = / TL(S)U)l(TO — S, TQ)dS = / E(S)B(Tg)@iw(TO_s)q ds + c.c.
0 0
= B(Ty)e™™ H(iw)q + c.c.

where c.c. stands for the complex conjugate terms. Therefore, taking into account that
H(iw) is a diagonal matrix, we get:

W2 =W, @ W, = B(Ty)?® ™ H(iw)2q © q + | B(T3)|?|H (iw)|2¢ © G + c.c.
= B(Ty)?¢**™ H(iw)?¢? + | B(Ty) |*|H (iw) [*|q|? + c.c.
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where |q|? = ¢ ® g. Substituting in the second equation of (2.9) it follows that:

Dows + 7* Lwy — 7 My (h * wa) =" B(Ty) 2™ My H (iw)?q* + 7| B(T)|* M| H (i) *|q|*
+ c.c. (2.11)
Based on the superposition principle, we search for a particular solution of (2.11) for the

first non-homogeneous term, of the following form: e*<° K (T,), which gives (by simple
replacement):

I'(2iw) K1 (Ty) = 7 B(Ty)* My H (iw)*q?,

and hence: B
K\(Ty) = 7" B(Ty)*I'(2iw) My H (iw)?q>.

Repeating the same process for the second non-homogeneous term, we seek a particular
solution of the form K(T3), and once again, a simple replacement leads to:

L(0)Ks(Tz) = 7| B(T3)|* Ma| H (iw) Pl

finally providing: B
Ky(Tz) = 7| B(Ty)[’T(0) ™ M| H (iw)|*|q]*.

Hence, the solution of equation (2.11) is:
wy(Tp, Ty) = > 0K (Ty) + Kyo(Ty) + c.c. (2.12)

As the next step, we calculate:

WQ(T[),TQ) = / h(S)wg(To — S,Tg)ds = €2iWTOf[(2iW)K1(T2) + KQ(TQ) + c.c.
0

Wy oW =Wy oW, = [e%w%ﬁ(ziw)f{l (T3) + Ko(T5) + c.c.} © [eiWTOB(TQ)ﬁ(iw)q n c.c}

= T [RB(T) Ky(Ty) © (H(iw)q) + BT H2iw) K (1) © (H(iw)q)]
+c.c.+ N.S.T.

— ¢ To [QB(TQ)FI(M)(KQ(TQ) ® q) + B(T3)H(2iw) H (iw) (K1 (T5) ® 6)}
+c.c.+ N.ST.

— ¢Tor B(Ty) | B(Ty) |22 (iw) ((F(O)—1M2|ﬁ(zw)|2|q|2> © q>

+ T B(T)| BT H (2i) H i) ( (T (2000) " Mo (i0)%”) ©7)
= 7" B(Ty) | B(13)|*®(iw, q)
where
D(iw, g) =2H (iw) ((T(0)" Mol H (i) Plgl*) © q)

+ (i) (i) ((T(200) Mo H (1)) ©7)
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followed by

Wi=W,oW)oew,
= [B(TQ)%%wToﬁ(wff + |B(Ty) ?|H (iw) *|q|> + c.c} ® [B(Tg)ei“TOI:l(iw)q +c.c.
= 3¢ B(Ty)|B(T) || H (iw)|*H (iw) (¢ ® §) + c.c. + N.S.T.,

J(Ty, T) = / sha(s)Dawy (Ty — 5, Ty) ds = B'(Ty)e™™ / sha(s)e ™ dsq + c.c.
0 0

= —e“T0B'(Ty)H' (iw)q + c.c.

where c.c. stands for the complex conjugate terms and N.S.T. stands for terms that do
not produce secular terms. We continue with the last equation of (2.9):

i} i 5 (2.13)
+ 27 Mg(Wl © WQ) + 7 Mng .

From the first equation of (2.9) we note that:
~ J
—6Lw1 + 5M1(h * U)l) = —*Dowl,
T

and knowing from (2.10) that w,(Ty, T») = B(T)e™T0q + c.c., we obtain that the right
hand side of (2.13) is

R(Ty, Tp) = —B'(Iz)e™ g + %B(Tﬂiwewnq
+ T*B/(Tz)einolef/(iw)q + T*einoB<T2)‘B(T2)|2\I/(q2 ® G) 4o +NST.
= ~B(B)e" [ = 7 My (i) 0 + %B(Tz)iwei“%q
+ 7T B(T3)| B(Ty)|*¥ (iw, ¢) + c.c. + N.S.T.

where

U (iw, q) = 27" My®(iw, q) + 3Ms| H (iw) |2 H (iw) (4> © 7).
Therefore, the term which appears next to ¢ in the right side of equation (2.13) is:

E(Ty) = —B'(Ty) | I, — T*MlH'(iw)] q+ %B(Tg)iwq + 7*B(Ty)| B(T) |*¥ (iw, q).
Substituting into equation (2.13) we have that:
Dows + 7*Lws — 7 My (h + w3) = E(T3)e™™ + c.c + N.S.T. (2.14)
Looking for a solution of the form:
w3(Ty, Ty) = e“ " P(Ty) + c.c.
we obtain

iwe™ T P(Ty) + 7*Le™™ P(T) — 7* My H (iw)e™T P(Ty) = ¢“T E(T3),
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and hence:

L(iw)P(Ts) = E(T). (2.15)
Taking into account that det I'(iw) = 0, by the Fredholm alternative, it follows that the

SN
linear system (2.15) has a solution if and only if F(75) € ker <I‘(iw)T> . Hence, for any
solution y of the adjoint system

[(iw) y=0

we must have:

(y, E(Tz)) = §" E(T3) = 0.

Moreover, for convenience, we will choose a particular solution of the adjoint system,
which satisfies:

T - T*Mlﬁ[/(iw) =1 & 7'I'(iw)g=1.
Summarizing, our aim is to choose the vectors ¢ and 7 such that:

['(iw)g =0
Y T (iw) = 0 . (2.16)
7 (iw)g =1

We consider the following vectors which satisfy system (2.16):

1 f1g172ﬁa(iw)ﬁc(iw)
q= and y = (Bar-+iw)L (iw)
fiTH(iw) g17Hg (iw)

The orthogonality condition y7 E(Ty) = 0 is equivalent to:

B'(Ty) =y" 0 B(Ty)iwg + 7°B(Ty) | B(Ty)|*¥ (iw, q) | ,

;
which gives the equation in normal form:

wo

T*

B'(T;) = (?TQ) B(Ty) + 1" [yT\If(iw, q)] B(T)|B(Ty)[. (2.17)

Therefore, with the above calculations and using [9, 10] we conclude:

Theorem 2.1. If the real parts of the coefficients appearing in normal form (2.17), or
equivalently, if
- @Tq) and %(@T\P(iw,q))

have opposite / identical sign, then the Hopf bifurcation occurring along the curve () in
a neighborhood of the equilibrium state x* is supercritical / subcritical, and the resulting
limit cycle is stable / unstable.
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Remark 2.1. We can further express the terms that appear in the coefficients of the
normal form (2.17) using the following formulas, which result from extensive calculations:

H.(iw)(BaT + iw) + H.(iw) (BT — iw)
v (iw)
We write ¥ (iw, q) as a sum of ¥ + 15 + 13 and obtain

yq=

S 3f1ﬁc(iw)ﬁ[a(iw) <f3g1(ﬁa7' +iw)? + ggTQfIf(z'w)>
Yy 1 — TW )

AR () A) | Bali)]| 007 (92(Bar — 1) E200) + o fogn (Bur + i)

yrves Fu(Bar — 1) (Bube — Frgn)7 (i)
AR a7+l (£ a0} Pur + i) Hali) + Bega(Bur — i) i)
Fi(Bat = i) (BafBe — frg1)7 ¥ (i) ’
~ 27 (B, — iw)f]a(iw)flc(z'w) [flzfggﬁ' (ffggT(ﬁaT + 2iw)f[a(iw)2>} ﬁc(%w)
yrtn f1(Bar — iw)y'(iw) + Ty (2iw)
+2r(ﬁa7 i) H, (iw) H. (i) [ fagiT ( Fogr (Bar + iw)2ﬁa(2iw))} H,(2i)
J1(Bat — iw)y/ (iw) + 77(2iw)
. g2 H,(2iw) [ Fo(Ba + i) (BT + 2iw) + ffggTBﬁa(m)ﬁfc(mw)}
J1(Bat — iw)y/ (iw) + 77(2iw) ’
where
7 (@) = 7(Ba + B.) = 2ieo + frgr7* (Halico) Hico) + Hy(ico) (i) )
and

V(2iw) = (2iw + 784) (2iw + 78.) — fro17> Ho(2iw) H,(2iw).

Example 2.1 (Dirac kernels). In the case of Dirac kernels, the Laplace transforms H,
and H. have the following form

H,(iw) = ™ H,(iw) = ™.
Substituting in the Remark (2.1) we obtain

e (B, +iw) + e T (B — iw)
T(Ba + Be) — 2iw + fLo1 72 (74 + 7 )ew(Tate)

yq=

and writing ¥ (iw, q) as a sum of ¢ + 1y + 13 we have the following values for 1, 19, 13

3fleiw(7'a+7'c)fggl(6a7_ + Z'w)Q 4 g37.26iw(7'a+7'c)

VT 8,5 B = 20t + Figir (ra + To)e )
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4t f39572 (g (Bat — iw)e ™™™ 4 By f1 fogi (BaT + i)
f1(Ba —iw)(Bafe — frg1) (T2(Ba + Be) — 2iwT + frgi73(74 + 7¢)ei(TatTe))
4€7 fo | Bat + iw|” (f2f202 (BaT + iw)e™™ + Bogo(Bat — iw)e 7o)
J1(Ba = iw)(BaBe — frg1) (T2(Ba + Be) — 2iwT + fr173(7a + 7 )ei(Tate))’

Y=

_|_

27 (Bat — iw)e” Tt (f2 foagu (f7927 (BaT + 2iw) + fog1(BaT + iw)?))
f1(Ba — iw) V' (iw) + 7v(2iw)
fagoe™ 29T (BT 4 iw)?(Bet + 2iw) + fgiriem 2w 2ratTe)
Fi(Bar — iw) ¥ (iw) + 77(2iw)

Y-z =

_I_

Y

where

7 (w) = 7(Ba + B) = 2+ figr7? (Haliw) Hyliw) + Hy (i) Ho(ico) )

and
Y(2iw) = (2w + 7,)(2iw + 78.) — fro17 Ho(2iw) Ho(2iw).

3 Numerical simulations

For the numerical analysis, the elimination rates 5;, i € {a,c}, are determined from the
half-life values T; of the ACTH and CORT hormones [2]. These rates are calculated using
the formula §; = 2 2) Given that the half-life of ACTH (7},) is approximately 19.9 min
and the half-life of CORT is approximately 76.4 min, the corresponding elimination rates
are 3, = 0.034831 and S, = 0.00907 (min~1).

The equilibrium state is associated with the 24-hour mean hormone concentrations,
given by a = 7.659 pg/ml, representing the average ACTH level, and ¢ = 21 pg/ml,
reflecting the average free cortisol concentration.

The system incorporates feedback functions for ACTH and cortisol regulation, where
m=mn=25,u=1,v =146, n = 5543 and u = 3055pg/ml, v = 21pg/ml which
correspond to the concentration levels of free cortisol and ACTH in a healthy individual.

For the Dirac case, the computed values are —< (@Tq) = —47.58 and R (yT\I/(iw, q)) =
0.0002, and since they have opposite signs, according to Theorem 2.1 the Hopf bifurcation
is supercritical resulting in a stable limit cycle.

15=9, 1.=16 1,=10, 1.=16 1,=12, 1.=16
3090 3090
3300
3080 3080
3070 = 3070 3200
3060 Cff’_\\,\. 3060 3100
3050 J 3050 3000
3040 3040 2900
3030
3030 2800
3020 3020
2075 21, 2125 2075 21, 2125 18, 20, 22, 24

Figure 1: Phase portraits for system (1.1) in a neighborhood of the Hopf bifurcation
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In Figure 1 we show that if we exceed the critical delay value of 7, fixing it at 7, = 16,
we obtain an asymptotically stable limit cycle.

4 Conclusions

This paper focuses on the criticality analysis of the Hopf bifurcation curves in the
pituitary-adrenal model with distributed time delays. In the presented analysis even
if we used the mutiple time scales method for the pituitary-adrenal model, the method
is applicable to other systems and mathematical models with similar structures [3].
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