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Abstract The present paper is focused of some concepts of dichotomy with growth
rates (h-dichotomy, weak h-dichotomy) for linear discrete systems. These concepts
use two types of dichotomy projections sequences (invariant and strongly invariant)
and generalize some well-known dichotomy concepts. More precisely, necessary
and sufficient conditions of Datko type are given using both invariant and strongly
invariant projections sequences for h-dichotomy and weak h-dichotomy.
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1 Introduction

The notions of (uniform) exponential dichotomy was introduced by Perron in [17], and
considered afterwards by Ta Li in [12] in the discrete variant. Remarkable results on ex-
ponential dichotomy were obtained in [3,5,9,13]. In addition, the exponential dichotomy
was studied from different perspectives in [11] and [18]. Connections between admissi-
bility and various dichotomy notions for evolution families are given in [7, 8, 21, 23, 24].
Important methods in the asymptotic theory of evolutionary equations are the so-called
Datko, Rolewicz, Zabczyk characterizations (see [2, 6, 27] and the presentation in [22]).
The study in this paper is in this direction. The present paper considers three concepts
of uniform h-dichotomy, weak uniform h-dichotomy and provides new characterizations
of Datko type. We study h-dichotomy with growth rates for linear discrete time systems
in Banach spaces with respect to invariant and strongly invariant projections sequences.
The properties presented in the first part of the preliminary section have been previ-
ously obtained in [2] and [4], where the authors considered the notion of h-dichotomy
with invariant sequence projections. After that, we present new criteria. We mention
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that various concepts of polynomial dichotomies have been explored by Dragičević [7],
Dragičević, Sasu and Sasu [8], Seimeanu [25], and Seimeanu and Megan [26]. In ad-
dition, this work is motivated by the recent progress made in the dichotomy theory
(see [1, 2, 4, 7, 8, 10,14–16,19,20,23–26]).

2 Preliminaries

Let X be a real or complex Banach space and B(X) the Banach algebra of all bounded
linear operators from X into itself. The norms on both these spaces will be denoted by
‖·‖. Let N denote the set of all positive intergers and we denote by ∆ and T the following
sets:

∆ = {(m,n) ∈ N2 : m ≥ n} T = {(m,n, p) ∈ N3 : m ≥ n ≥ p}.

In this paper we consider linear discrete-time systems of the form

(A) xn+1 = Anxn, n ∈ N

where (An) is a sequence in B(X).
Then every solution x = (xn) of system (A) is given by

xm = Anmxn, for all (m,n) ∈ ∆,

where

Anm =

{
Am−1Am−2...An, m > n

I, m = n

and I is the identity operator on X.

Remark 2.1. We have the following properties:

(i) Ann+1 = An, for all n ∈ N;

(ii) AnmA
p
n = Apm, for all (m,n, p) ∈ T .

Definition 2.1. A nondecreasing sequence (hn) on [1,∞) is called a growth rate sequence
if lim

n→∞
hn =∞.

Definition 2.2. A sequence (Pn) on B(X) is called a sequence of projections on X if
P 2
n = Pn, for all n ∈ N.

Remark 2.2. If (Pn) is a sequence of projections on X, then the sequence Qn = I−Pn is
also a projections sequence on X, which is called the complementary projections sequence
of Pn. Then Ker(Qn) = Range(Pn) and Range(Qn) = Ker(Pn) and PnQn = QnPn = 0
for all n ∈ N.

Definition 2.3. The sequence (Pn) is said to be invariant for the linear system (A), if

AnPn = Pn+1An, for all n ∈ N.
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Remark 2.3. If (Pn) is invariant for (A) then

AnmPn = PmA
n
m, AnmQn = QmA

n
m,

for all (m,n) ∈ ∆.

Remark 2.4. If the sequence of projections (Pn) is invariant for the linear system (A),
then the complementary sequence of projections (Qn) is also invariant for the linear
system (A).

Definition 2.4. The sequence of projections (Pn) is said to be strongly invariant for the
linear system (A) if it is invariant for (A) and the restriction of Anm is an isomorphism
from Range(Qn) to Range(Qm).

Remark 2.5. If the sequence of projections (Pn) is a strongly invariant for the system
(A), then there exists B : ∆ → R with B(m,n) = Bn

m : Range(Qm) → Range(Qn)
isomorphism from Range(Qm) to Range(Qn) with the following properties:

(i) AnmB
n
mQm = Qm,

(ii) Bn
mA

n
mQn = Qn,

(iii) Bp
mQm = Bp

nB
n
mQm,

for all (m,n), (n, p) ∈ ∆.

Proof. See [2].

2.1 h-Dichotomy with invariant sequence of projections

Definition 2.5. Let (Pn) be a sequence projections invariant for the linear system (A).
We say that the pair (A, P ) is uniformly h-dichotomic (u.h.d.) if there exist N ≥ 1 and
ν > 0 with:

(uhd1) hνm||AnmPnx|| ≤ Nhνn||Pnx||,

(uhd2) hνm||Qnx|| ≤ Nhνn||AnmQnx||,

for all (m,n, x) ∈ ∆×X.

Remark 2.6. Let (Pn) be invariant. We note that the pair (A, P ) is uniformly h-
dichotomic if and only if there exist N ≥ 1 and ν > 0 such that:

(uhd′1) hνm||ApmPpx|| ≤ Nhνn||ApnPpx||,

(uhd′2) hνm||ApnQpx|| ≤ Nhνn||ApmQpx||,

for all (m,n, p, x) ∈ T ×X.
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Proof. Necessity. For (uhd1) =⇒ (uhd′1) we have

||ApmPpx|| = ||AnmPnApnPpx|| ≤ N

(
hn
hm

)ν
||PnApnPpx|| ≤ N

(
hn
hm

)ν
||ApnPpx||

and for (uhd2) =⇒ (uhd′2) we have

||ApmQpx|| = ||AnmQnA
p
nQpx|| ≥

1

N

(
hm
hn

)ν
||QnA

p
nQpx|| ≥

1

N

(
hm
hn

)ν
||ApnQpx||.

Sufficiency. It is obvious, talking p = n both in (uhd′1) and (uhd′2).

Remark 2.7. 1. For hm = em, for all m ∈ N in Definition 2.5, one obtains the uniform
exponential dichotomy property, in short (u.e.d.).

2. For hm = m+1, for all m ∈ N in Definition 2.5, one obtains the uniform polynomial
dichotomy property, in short (u.p.d.).

Definition 2.6. We say that the pair (A, P ) has uniform h-growth (u.h.g) if there exist
M ≥ 1 and ω > 0 such that:

(uhg1) hωn||AnmPnx|| ≤Mhωm||Pnx||,

(uhg2) hωn||Qnx|| ≤Mhωm||AnmQnx||,

for all (m,n, x) ∈ ∆×X.

Remark 2.8. We note that the pair (A, P ) has uniform h-growth if and only if there
exist M ≥ 1 and ω > 0 such that:

(uhg′1) hωn||ApmPpx|| ≤Mhωm||ApnPpx||,

(uhg′2) hωn||ApnQpx|| ≤Mhωm||ApmQpx||,

for all (m,n, p, x) ∈ T ×X.

Proof. Necessity: For (uhg1) =⇒ (uhg′1) we have

hωn||ApmPpx|| = hωn||AnmPnApnPpx|| ≤Mhωm||PnApnPpx|| ≤Mhωm||ApnPpx||

and for (uhg′2) =⇒ (uhg′2) we have

||ApmQpx|| = ||AnmQnA
p
nQpx|| ≥

1

M

(
hn
hm

)ω
||QnA

p
nQpx|| ≥

1

M

(
hn
hm

)ω
||ApnQpx||.

Sufficiency: It is obvious for p = n in (uhg′1) and (uhg′2).

Remark 2.9. The particular cases for the concept of uniform h-growth are:
1. If hm = em, the pair (A, P ) has uniform exponential growth, in short (u.e.g.).
2. If hm = m+ 1, the pair (A, P ) has uniform polynomial growth, in short (u.p.g.).
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Definition 2.7. Let (Pn) be a projections sequence which is invariant for the linear
system (A). The pair (A, P ) is said to be weakly uniformly h-dichotomic (w.u.h.d.) if
there exist N ≥ 1 and ν > 0 with:

(wuhd1) hνm||AnmPn|| ≤ Nhνn||Pn||,

(wuhd2) hνm||Qn|| ≤ Nhνn||AnmQn||,

for all (m,n) ∈ ∆.

Remark 2.10. Let (Pn) be a projections sequence which is invariant for the linear system
(A). The pair (A, P ) is weakly uniformly h-dichotomic if and only if there exist N ≥ 1
and ν > 0 such that:

(wuhd′1) hνm||ApmPp|| ≤ Nhνn||ApnPp||,

(wuhd′2) hνm||ApnQp|| ≤ Nhνn||ApmQp||,

for all (m,n, p) ∈ T .

Proof. Necessity. For (wuhd1) =⇒ (wuhd′1) we have

hνm||ApmPp|| = hνm||AnmPnApnPp|| ≤ Nhνn||PnApnPp|| ≤ Nhνn||ApnPp||

for all (m,n, p) ∈ T.
For (wuhd2) =⇒ (wuhd′2) we have

||ApmQp|| = ||AnmQnA
p
nQp|| ≥

1

N

(
hm
hn

)ν
||QnA

p
nQp|| ≥

1

N

(
hm
hn

)ν
||ApnQp||.

Sufficiency. It is obvious, talking p = n both in (wuhd′1) and (wuhd′2).

Remark 2.11. 1. If hm = em for all m ∈ N, we obtain the concept of weak uniform
exponential dichotomy (w.u.e.d.).

2. If hm = m + 1 for all m ∈ N, we obtain the concept of weak uniform polynomial
dichotomy (w.u.p.d.).

Definition 2.8. We say that the pair (A, P ) has weak uniform h-growth (w.u.h.g) if there
exist M ≥ 1 and ω > 0 such that:

(wuhg1) hωn||AnmPn|| ≤Mhωm||Pn||,

(wuhg2) hωn||Qn|| ≤Mhωm||AnmQn||,

for all (m,n) ∈ ∆.

Remark 2.12. We note that the pair (A, P ) has weak uniform h-growth if and only if
there exist M ≥ 1 and ω > 0 such that:

(wuhg′1) hωn||ApmPp|| ≤Mhωm||ApnPp||,

(wuhg′2) hωn||ApnQp|| ≤Mhωm||ApmQn||,
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for all (m,n, p) ∈ T .

Proof. Necessity: For (wuhg1) =⇒ (wuhg′1) we have

hωn||ApmPp|| = hωn||AnmPnApnPp|| ≤Mhωm||ApnPp||

and for (wuhg2) =⇒ (wuhg′2) we have

||ApmQp|| = ||AnmQnA
p
nQp|| ≥

1

M

(
hn
hm

)ω
||QnA

p
nQp|| ≥

1

M

(
hn
hm

)ω
||ApnQp||.

Sufficiency: It is obvious for p = n in (wuhg′1) and (wuhg′2).

Remark 2.13. The particular cases for the concept of weak uniform h-growth are:
1. If hm = em, we obtain the concept of weak uniform exponential growth, in short

(w.u.e.g.).
2. If hm = m+ 1, we obtain the concept of weak uniform polynomial growth, in short

(w.u.p.g.).

2.2 h-Dichotomy with strongly invariant sequence of projections

Proposition 2.1. Let (Pn) be a strong invariant sequence projections for the linear sys-
tem (A). The pair (A, P ) is uniformly h-dichotomic if and only if there exist N ≥ 1, ν > 0
with:

(uhds1) hνm||ApmPpx|| ≤ Nhνn||ApnPpx||,

(uhds2) hνn||Bp
mQmx|| ≤ Nhνp||Bn

mQmx||,

for all (m,n, p, x) ∈ T ×X.

Proof. Necessity. If the pair (A, P ) is u.h.d. with the respect to the sequence of projec-
tions (Pn), then

hνm||ApmPpx|| = hνm||AnmPnApnPpx|| ≤ Nhνn||ApnPpx||

and

hνn||Bp
mQmx|| = hνn||Bp

nB
n
mQmx|| = hνn||Bp

nQnB
n
mQmx||

≤ Nhνp||QnB
n
mQmx|| = Nhνp||Bn

mQmx||,

for all (m,n, p, x) ∈ T ×X.
Sufficiency. This is straightforward, for p = n in (uhds1) and p = m in (uhds2).

Proposition 2.2. Let (Pn) be a strong invariant sequence projections for the linear sys-
tem (A). The pair (A, P ) is uniformly h- dichotomic if and only if there exist N ≥ 1, ν >
0 such that:

(uhds
′
1 ) hνm||AnmPnx|| ≤ Nhνn||Pnx||,

(uhds
′
2 ) hνm||Bn

mQmx|| ≤ Nhνn||Qmx||,
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for all (m,n, x) ∈ ∆×X.

Proof. We only have to prove the equivalence between the (uhds2) ⇐⇒ (uhds
′
2 ).

For the necessity, from (uhd2) and the equalities (i) and (ii) from Remark 2.5 we have
that

hνm||Bn
mQmx|| = hνm||QnB

n
mQmx|| ≤ Nhνn||AnmQnB

n
mQmx||

= Nhνn||QmA
n
mB

n
mQmx|| = Nhνn||Qmx||.

The sufficiency follows similarly, by using (ii) from Remark 2.5 and (uhds2) in the
following manner:

hνm||Qnx|| = ||Bn
mA

n
mQnx|| = ||Bn

mQmA
n
mQnx|| ≤ Nhνm||AnmQnx||.

Definition 2.9. Let (Pn) be a sequence of projections which is strongly invariant for
(A). The pair (A, P ) is said to be weakly uniformly h-dichotomic if and only if there exist
N ≥ 1 and ν > 0 such that:

(wuhds1) hνm||AnmPn|| ≤ Nhνn||Pn||,

(wuhds2) hνm||Bn
mQm|| ≤ Nhνn||Qm||,

for all (m,n) ∈ ∆.

Remark 2.14. Let (Pn) be strongly invariant for (A). The pair (A, P ) is weakly uni-
formly h-dichotomic if there exist N ≥ 1 and ν > 0 with:

(wuhds
′
1 ) hνm||ApmPp|| ≤ Nhνn||ApnPp||,

(wuhds
′
2 ) hνn||Bp

mQm|| ≤ Nhνp||Bn
mQm||,

for all (m,n, p) ∈ T .

3 Main results

In this paper, we will consider H the set of growth rates (hn) considered in [2], Section
3, which satisfy the following properties:

(i) ∃H > 1 : hn+1 ≤ Hhn, ∀n ∈ N;

(ii) ∀α ∈ (−1, 0), ∃ H1 > 1 :
∞∑
k=m

hαk ≤ H1h
α
m, ∀m ∈ N;

(iii) ∀α ∈ (0, 1), ∃ H2 > 1 :
m∑
j=0

hαj ≤ H2h
α
m, ∀m ∈ N.

Theorem 3.1. [2] If the pair (A, P ) has uniform h-growth with h ∈ H, then:
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(i) the pair (A, P ) is uniformly h-dichotomic;

(ii) there exists constants D ≥ 1 and d > 0 such that the following properties hold:

(uhD′1)
∞∑
k=n

hdk||A
p
kPpx|| ≤ Dhdn||ApnPpx||, ∀ (n, p, x) ∈ ∆×X,

(uhD′2)
∞∑
k=n

hdk
||ApkQpx||

≤ Dhdn
||ApnQpx||

, ∀ (n, p, x) ∈ ∆×X and ApnQpx 6= 0.

Proof. See (uhD1
1) in [2, Theorem 2, (uhD1)] and (uhD2

1) in [2, Theorem 3, (uhD
′
2)].

Theorem 3.2. [2] If (A, P ) has uniform h-growth, h ∈ H, then the pair (A, P ) is
uniformly h-dichotomic if and only if there exists D ≥ 1, d > 0 with:

(uhD2
1)

m∑
j=p

h−dj
||ApjPpx||

≤ Dh−dm
||ApmPpx||

, for all (m,n, p, x) ∈ T ×X and ApmPpx 6= 0,

(uhD2
2)

m∑
j=p

||ApjQpx||
hdj

≤ D||ApmQpx||
hdm

, for all (m,n, p, x) ∈ T ×X.

Proof. See (uhD1
2) in [2, Theorem 2, (uhD

′
1)] and (uhD2

2) in [2, Theorem 3, (uhD2)].

We consider (Pn) a sequence of projections strongly invariant for (A) and (Qn) the
complementary projections sequence of (Pn).

Theorem 3.3. If (A, P ) has uniform h-growth and h ∈ H, the pair (A, P ) is uniformly
h-dichotomic if and only if there exists D ≥ 1, d > 0 with

(uhDs
1)

∞∑
k=n

hdk||A
p
kPpx|| ≤ Dhdn||ApnPpx|| for all (m,n, p, x) ∈ T ×X,

(uhDs
2)

∞∑
k=p

hdk
||Bk

mQmx||
≤

Dhdp
||Bp

mQmx||
, for all x ∈ X with Bp

mQm 6= 0 and (m,n, p) ∈ T .

Proof. For the necessity, it is obvious using Theorem 3.1 that we have to prove only the
second condition. Since the pair (A, P ) is uniformly h-dichotomic, we have N ≥ 1, ν > 0
such that we have (uhDs

2)

∞∑
k=p

hdk
||Bk

mQmx||
≤

∞∑
k=p

Nhdk

(
hp
hk

)ν
· 1

||Bp
mQmx||

≤
Nhνp

||Bp
mQmx||

∞∑
k=p

hd−νk ≤
NH1h

d
p

||Bp
mQmx||

=
Dhdp

||Bp
mQmx||

,

where D = NH1 ≥ 1 for all x ∈ X, Bp
mQm 6= 0.
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Suppose there exists k0 ≥ p such that Bk0
mQmx = 0. Since Qm is a projection, we

have Qmx ∈ Range(Qm). By hypothesis, Bk0
m is a linear isomorphism. In particular, it

is injective, so from Bk0
mQmx = 0 we get Qmx = 0. But this contradicts the assumption

Bp
mQmx 6= 0. Indeed, since Bp

m is linear, it would follow that Bp
mQmx = Bp

m(0) = 0 which
contradicts Bp

mQmx 6= 0. Therefore, our assumption must be false, and we conclude that
Bk
mQmx 6= 0 for all k ≥ p.

For the sufficiency, if we consider k = n in (uhDs
2), we have

hdn
||Bn

mQmx||
≤

Dhdp
||Bp

mQmx||

which is equivalent to
hdn||Bp

mQmx|| ≤ Dhdp||Bn
mQmx||.

Thus, we obtain (uhds2), for D = N, d = ν.

Theorem 3.4. If (A, P ) has uniform h-growth, h ∈ H, then the pair (A, P ) is uniformly
h-dichotomic if and only if there exist D ≥ 1, d > 0 with:

(uhDs1
2 )

m∑
j=n

h−dj
||AnjPnx||

≤ Dh−dm
||AnmPnx||

, for all (m,n, x) ∈ ∆×X and AnmPnx 6= 0,

(uhDs2
2 )

m∑
j=n

||Bj
mQmx||
hdj

≤ D||Qmx||
hdm

, for all (m,n, p, x) ∈ T ×X.

Proof. See (uhDs1
1 ) in [2, Theorem 2, (uhD′1)] and (uhDs2

2 ) in [2, Theorem 4, (uhDs
2)].

Theorem 3.5. If the pair (A, P ) has weak uniform h-growth with M ≥ 1, ω > 0 and
h ∈ H, then we have:

(i) The pair (A, P ) is weakly uniformly h-dichotomic.

(ii) There exists constants D ≥ 1 and d > 0 such that the following properties hold:

(wuhD1
1)

∞∑
k=n

hdk||A
p
kPp|| ≤ Dhdn||ApnPp||, ∀ (n, p) ∈ ∆,

(wuhD2
1)

∞∑
k=n

hdk
||ApkQp||

≤ Dhdn
||ApnQp||

, ∀ (n, p) ∈ ∆ and ApnQp 6= 0.

(iii) There exists constants D ≥ 1 and d > 0 such that the following properties hold:

(wuhD3
1)

∞∑
k=n

hdk||AnkPn|| ≤ Dhdn||Pn||, ∀ (m,n) ∈ ∆,

(wuhD4
1)

∞∑
k=n

hdk
||AnkQn||

≤ Dhdn
||Qn||

, ∀ n ∈ N and Qn 6= 0.
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Proof. (i) =⇒ (ii) The pair (A, P ) is weakly uniformly h-dichotomic, so we have that
there exist two constants N ≥ 1, d ∈ (0, ν), such that we have

(wuhD1
1)

∞∑
k=n

hdk||A
p
kPp|| ≤

∞∑
k=n

hdkN

(
hk
hn

)−ν
||ApnPp|| ≤ Nhνn||ApnPp||

∞∑
k=n

hd−νk ≤ Dhdn||ApnPp||

where D = NH1 ≥ 1, and
(wuhd21)

∞∑
k=n

hdk
||ApkQp||

≤
∞∑
k=n

hdk·N ·
(
hk
hn

)ν
· 1

||ApnQp||
≤Nhνn·

1

||ApnQp||
·
∞∑
k=n

hd−νk ≤ NH1h
d
n

||ApnQp||
=

Dhdn
||ApnQp||

,

where D = NH1 ≥ 1 with ApnQp 6= 0. We have that Apk = AnkA
p
nQp. Since both ApnQp 6= 0

and Ank is a linear operator, it follows that ApkQp 6= 0 for k ≥ n ≥ p.
(ii) =⇒ (iii) For p = n in (wuhD1

1) we have:

∞∑
k=n

hdk||AnkPn|| ≤ Dhdn||AnnPn|| = Dhdn||Pn||

for all n ∈ N.
For p = n in (wuhD2

1) we have:

∞∑
k=n

hdk
||AnkQn||

≤ Dhdn
||AnnQn||

=
Dhdn
||Qn||

for Qn 6= 0.
(iii) =⇒ (i) We have to prove (wuhD3

1) =⇒ (wuhd1). The pair (A, P ) has (u.h.g)
with M ≥ 1 and ω > 0 such that we have:

||ApmPp|| = ||AnmApnPp|| ≤M

(
hm
hn

)ω
||ApnPp|| ≤M

(
hm
hn

)ω
·
(
hm
hn

)d(
hm
hn

)−d
||ApnPp||

≤MHω+d ·
(
hm
hn

)−d
· ||ApnPp|| = N

(
hm
hn

)−d
||ApnPp||,

where N = MHω+d ≥ 1 and ν = d.
Secondly, we have to prove (wuhD4

1) =⇒ (wuhd2). Note that

||ApmQp|| = ||AnmApnQp|| ≥
1

M

(
hn
hm

)ω
||ApnQp||,

which is equivalent to

||ApnQp|| ≤M

(
hm
hn

)ω+d
·
(
hm
hn

)−d
||ApmQp||

≤MHω+d

(
hm
hn

)−d
||ApmQp|| = N

(
hm
hn

)−d
||ApmQp||,

where N = MHω+d ≥ 1 and ν = d.
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Theorem 3.6. If (A, P ) has weak uniform h-growth, h ∈ H, then the pair (A, P ) is
weakly uniformly h-dichotomic if and only if exists D ≥ 1, d > 0 with:

(wuhD1
2)

m∑
j=p

h−dj
||ApjPp||

≤ Dh−dm
||ApmPp||

, for all (m,n, p) ∈ T and ApmPp 6= 0,

(wuhD2
2)

m∑
j=p

||ApjQp||
hdj

≤ D||ApmQp||
hdm

, for all (m,n, p) ∈ T .

Proof. Necessity. The pair (A, P ) is weakly uniformly h-dichotomic, so we have N ≥ 1,
d ∈ (0, ν), such that we have:

(wuhD1
2)

m∑
j=p

h−dj
||ApjPp||

≤
m∑
j=p

Nh−νj ·
(
hj
hm

)ν
· 1

||ApmPp||
≤ Nh−νm
||ApmPp||

·
m∑
j=p

hν−dj

≤ NH2h
−d
m

||ApmPp||
=

Dh−dm
||ApmPp|||

,

where D = NH2 ≥ 1 and ApmPp 6= 0. Suppose that for some j ∈ {p, p+1, ...,m}, we have
ApjPp = 0. Then, for any k ≥ j, we can write ApkPp = AjkA

p
jPp = Akj · 0 = 0. In particular,

this implies ApmPp = 0, which contradicts the assumption ApmPp 6= 0. Therefore, it must
be that ApjPp 6= 0 for all j ∈ {p, ...,m}.

Moreover, we have
(wuhD2

2)

m∑
j=p

||ApjQp||
hdj

≤
m∑
j=p

Nh−dj

(
hm
hj

)−d
||ApmQp|| ≤ Nh−νm ||ApmQp||

m∑
j=p

hν−dj ≤ Dh−dm ||ApmQp||,

where D = NH2 ≥ 1.
Sufficiency. We have to prove (wuhD1

2) =⇒ (wuhd1) and (wuhD2
2) =⇒ (wuhd2).

For j = n in (wuhD1
2) we have

h−dn
||ApnPp||

≤ Dh−dm
||ApmPp||

,

which is equivalent to
hdm||ApmPp|| ≤ Dhdn||ApnPp||,

where D = N and ν = d.
For j = n in (wuhD2

2) we have

||ApnQp||
hdn

≤ D||ApmQp||
hdm

,

which is equivalent to
hdm||ApnQp|| ≤ Dhdn||ApmQp||,

where D = N and ν = d.



Vol. 61 (2025) Discrete h-dichotomy for linear discrete-time systems in Banach spaces 52

4 Conclusions

The present paper gives properties and characterizations for the general concept of uni-
form h-dichotomy, with respect to invariant projection sequences and with respect to
strongly invariant projection sequences. The results are a continuation of the study per-
formed in [2]. Also, using the idea of the characterizations of Datko-Zabczyk type for the
general concept of uniform h-dichotomy ([2]), we obtain some characterizations for the
concept of weak uniform h-dichotomy with respect to invariant projection sequences and
with respect to strongly invariant projection sequences. More precisely Theorem 3.5 and
Theorem 3.6 are novel.
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