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Refinements of Aczél-Popoviciu and Bellman
Inequalities
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Abstract Some refinements of the celebrated Aczél-Popoviciu and Bellman in-
equalities in both discrete and Lebesgue integral forms are provided. We also
express Holder and Aczél-Popoviciu inequalities in a monotonous sequence S(m),
and the special case S(0) > S(+00) is our refinement.
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1 Introduction

The following theorem is well known in the literature as Holder inequality [6].

Theorem 1.1. Let p, g > 1 with i + é =1anda;,b; >0,1=1,....n. Then

n Up s p 1/q n
i=1 =1

i=1
abbreviating as A > B.
The theorem below is known as Aczél-Popoviciu inequality, see [1], [7].

Theorem 1.2. Let p, ¢ > 1 with % —1—5 =1 and a;,b; > 0, 1 = 1,...,n such that
al — > a’ >0, b1 —> b > 0. Then
i=2 i=2

n 1/p n 1/q n
(-30) (-30) <o Tan 12)
1=2

=2 1=2

abbreviating as A’ < B'.
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The case when p = ¢ = 2, provides Aczél inequality.
The following theorem is the famous Minkowski inequality [6].

Theorem 1.3. Letp > 1 and a;,b; > 0,1 =1,....,n. Then

n 1/p n 1/p n 1/p
<Z @f> + (Z bf) 2 <Z(ai + bi)p) ; (1.3)

i=1
abbreviating as C' > D.

A converse of this result is incorporated in the theorem below and is known as Bellman
inequality [2]:

n

Theorem 1.4. Letp > 1 and a;,b; > 0, i = 1,...,n such that a} — > af >0, Yy = > 0¥ >
i=2 =2
0. Then
n 1/p n 1/p n 1/p
(a’; - Z@’) + (bff -y bf) < ((a1 +b)” = (4 + bi)p> , (1.4)
i=2 i=2 i=2
abbreviating as C' < D'.

The comparison between two sides of Aczél inequality and CBS inequality was first
considered in [3]. A similar comparison for Aczél-Popoviciu inequality and Hélder in-
equality is established in [5]. Theorem 5 in [5] can also be seen as a comparison between
the two sides of Bellman inequality and Minkowski inequality to some extent.

Motivated by these results, in the following, we prove refinements of Aczél-Popoviciu
inequality and of Bellman inequality in both discrete and integral forms.

2 The discrete case

The following inequality is a refinement of Aczél-Popoviciu inequality:

Theorem 2.1. Let p, g > 1 with ]lj + é =1 anda;,b; >0,1=1,....,n be such that

A=Y al >0, b - b >0 (2.1)
=2 =2

Then

n 1/p n 1/q n
(#-5) (4-£4) 5o
(0 S) — ; n ) - n I/P n /g —
IS TN RED
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Proof. Observe that

n 1/p n /e s n p s/ n 1/q
(-5 620 6 (8
i=2 i=2 i=1 i=1

n 1/p n 1/p n 1/q n 1/q
— <a§’ _ Z ag?) (af + Z af> (b‘{ _ Z bj) (b‘{ + Z bj)
=2 1=2 =2 3
n 2
b7 — (Z b§>
1=2

n 2
_ 2p p
=2

1/p 1/q

v 2/p1P 1/p " 2/q7 ¢ 1/q
(e | () | ) (| (3m)
=2 i=2
Utilize Aczél-Popoviciu inequality for four numbers to get
1/p 1/q

n 2/p| P n 2/q] 14
=2 1=2
n 2/p /s 2/q n 2
< aibi - (Z af) (Z b?) < ajbf — (Z aibi>
i=2

i=2 =2

= <a1b1 — i albl> (albl + i albl) = <a1b1 — i albl> i Cllbz
=2 =2 =2 =1

This proves the desired result (2.2).

The following inequality abreviated as C'+ C" < D + D’ can be stated as well:

Theorem 2.2. Letp > 1 and a;,0; > 0, 1 =1, ...,n be such that

af—zn:af>0, blf—zn:bf>0.
1=2 1=2

(5 () ()

=1 =1

Then

3

1/p n 1/p n 1/p
< a1+b1 (CZZ—FbZ)p) —(&?—Zaf) —<b€—be> .
=2 =2 1=2

Proof. Use the proof by contradiction. Assume that the strict inequality

n 1/p n 1/p n 1/p n 1/p
<a€—2af;) +<b€—26€> +(Zaf) +<be) -
i=2 i=2 i=1 i=1

n 1/p n 1/p
> ((a1 + bl)p — Z(az + bz)p) -+ (Z(@z + bz)p>

=2 i=1

33
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holds for some sequences.
From the fact that C > D > D’ > C’" > 0 and the assumption C + C" > D + D’
above, we claim that
CP+C" >(D+D —-C'yY+C"

and
(D+D —C'Y+C" >DP +D".

The second inequality is due to the fact that (D + D' — C”), C' majorizes D, D" and that
f(z) =aP (p > 1) is a convex function on [0, c0).
If we combine the two inequalities above, we have

C?+C" >DP+ D",

which is
p

n 1/p 1/p n 1/p n 1/p
(a’f—Zcﬁ) +<b€— ) + (Zaé’) +<Zb$’) > 2o b’
=2 =2 =1 =1

However, by reverse Minkowski inequality for positive numbers z;, y;, i = 1, 2;

P

3

p p
<$}/p + l”é/p) * <yi/p + y;/p> < (w1 +y) P+ (22 +92) P p > 1, (2.5)
we have that
n 1/p n 1/p] P n 1/p n 1/p] P
(df—Zaf) + (bff— ) + ( ) + (be) < 2w +h)"
=2 =2 i=1 i=1
So the assumption is wrong, hence the inequality (2.4) is proved. O]

There’s another refinement for Theorem 2.1 as follows:

Proposition 2.3. Let p, ¢ > 1 with %%—é =1 anda;,b; >0,i=1,...,n be such that the
condition (2.1) is valid. Then

n 1/p n 1/q
(af; . ) (b% . b?)
(O S) =2 =2

n
a;b; — Z a;b;
i=2

. : (?f@ (“%b“(%aiw |
(5) " (50) " (= (50) ) (s (£2))

/a (2.6)
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Proof. For the second inequality, it’s obvious that

1/q

4 (Z ) o s (Z bg> >
=2 1=2
n 2/p s p 2/q n 2
> alb? + (Z af) (Z b‘f) > alb? + (Z aibi> .
=2 =2 1=2

For the first inequality, the proof is similar to that of Theorem 2.1. Observe that

n 1/p n e s p v /s p 1/q
(#-2) (1-2) (%) ()
i= ;_1 Ny i=1
b =
)) ()
1/p " o\ 1/a
(5]
i=2
n 2 1/q
b
(i:2 ' )

Utilize Aczél-Popoviciu inequality for four numbers to get

n 4/p n /g1 7\ V4
a? — (Z af) e — (Z bg) <
=2 1=2

n /v s 4/q n 4
< ajbi — (Z af) (Z b?) < afbf - (Z aibz->
1=2 =2 =2

n 2_ n 2
= |adb? + <Z aibi> aib] — (Z a,»bi>

1/p

p\ 1/p

| 1=2 =2
i n 2] n n
= a%bf -+ <Z CLzbZ> <Z a,,b,) <a1b1 — Z azb2> .
1=2 i=1 =2

This proves the desired result (2.6).

35
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Furthermore, defining

kfjo ((albl)Qk + Cé aibi)2k>

S(m) = ;

1 1
- - n ok\ 1/p o W ok\ 1/a
IT|a” +(2a o™ + | 22 b;
k=0 i=2 i=2

we have the following conclusions.

Lemma 2.4. Let p,q > 1 with % +% =1 and a;,b; > 0, © = 1,....,n be such that the

condition (2.1) is valid. Then
n 1/p n 1/q
(- Sa) (- Sor)
S<+OO> _ =2 > 1=2 )
arby — >~ ab;
i=2

Proof. Note that

ab; — Z a;b;
S(m) - =2 =

n 1/p n 1/q
(a’f _3 ) (b‘% = b?)
1=2 1=2

(albl)2m+l — <Z aibi)
_ 1=2
B n om+1 1/p n om+1
(aff’““ - (z ) ) (b?’"“ - (z bz) )
i=2 =2
= L(m).

Let m — +o0, L(m) = 1, thus the conclusion is proved. O

2m+1

1/q

Theorem 2.5. Let p,q > 1 with }D —i—% =1and a;,b; > 0, i = 1,...,n be such that the
condition (2.1) is valid. Then

n n 1/p n 1/q
> aib; <a€ -2 af) (b? -2 f)
= = 5(0) > S(1) > ... > S(400) = =2 =2 .

NP e N 2 2 "
(L) (£#) ab = 3 aib,
i=1 =

i=1

Proof. Note that
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while
" gm+1\ 1/p " om+1\ 1/¢q
e (Sa) ) (e (Se) )
i=2 i=2
27n+1/p n 27n+1/q
> (a1by) 2m+1 (Za ) <Z b?)
i=2
2m+1
> (aby) 2m+1 <Z @i ’) ’
SO (( +)1) > 1, and the inequality chain is proved. O

As can be seen, there are infinite terms between Holder and Aczél-Popoviciu inequal-
ities, and Proposition 2.3 is one case.

3 Integral version
The integral forms of Aczél-Popoviciu type inequalities are considered in [4], [8], [9], [10]

for Riemann integrable functions or Lebesgue integrable functions. The theorem below
is the Lebesgue integral form of Aczél-Popoviciu inequality.

Theorem 3.1. Let p, ¢ > 1 with % + é =1 and f € LP[a,b], g € Lia,b] such that

b b
/ @) de < A, / jg(x)|" di < B (3.1)

holds for some positive constants A, B. Then

<os>(Ap—/ab|f<x>|pdx) (5 [ e |qu) <z~ [ 1@l a

(3.2)
With similar idea, we consider the integral version of Theorem 2.1 as follows.
Theorem 3.2. With the assumptions of Theorem 3.1 we have
(47— P17 ar)” (Bq - [l de)
0= AB [ f(a)gte) ds .

AB—l—fa]fxgx)|dx .
- /p /e —
(404 [1f@) P ax) " (Brs [ o)) dr)
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Proof. The second inequality is obvious due to the discrete and integral version of Holder
inequality. For the first inequality, observe that

(4= [ 1srar) " (50~ [ ac) »
(o) (o
e ) (o [
Utilize Acsél-Popovicin inequality for four numbers to et

(e T) (o)
<wer—([ |f(x)\pdx) v ( A \g<x>|qd$)

s </ /e |da:>

(AB+/ e |dg:) (AB /|f |dx)

This proves the desired result (3.3). O

1/q

Similarly, we also consider integral version for Theorem 3.1.

Theorem 3.3. Let p > 1 and f, g € LP[a,b] such that

b b
/ @) de < AP, / g(a) di < BY (3.4)

holds for some positive constants A, B. Then

0o (a4 | @ i) o (5 [ o@P i) ”

~(asmrs | @) + 9P ) "

< (@+my /|f )+ gl >|Pdas)1/p

(- [ s \pdm) —(Bp— /ab\g<x>|pdx)l/p

(3.5)
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Proof. The proof is similar to that of Theorem 2.2. Use the proof by contradiction.

Moo that
Qv;[uwwmfm+@%<[wmwmf/
e (s [iara) s (e [ra) >
> ((A + B)P + /ab |f(z) + g(2)| dx) "

+(M+Bv—lﬁﬂ@+mmﬁmfm

holds for some functions. Based on this assumption and similar discussion in Theorem

2.2, we infer that
b 1/p b 1/p]P
(#—/uuwﬁ)+(m—/muww)]

#| (24 [0 Pm)p @v+fhuwwfqp

> 2(A+ B)P.

However, by reverse Minkowski inequality (2.5) we have

ijfuuwmfm+@%1[mmwqup
Qvt/u FM)p @%+[®@Wwfqp

< 2(A+ B)P.

So the assumption is wrong, hence the inequality (3.5) is proved. O]

Remark 3.1. In [3], [5], the difference between two sides of Aczél-Popoviciu inequality
and Holder inequality is compared, in this paper, we compare the ratio of two sides in
Aczél-Popoviciu inequality and Holder inequality in Theorem 2.1 and Proposition 2.3.
Inequality 0 < C? — DP < D" — C" is proved in [5] and we prove 0 < C — D < D' — ('
in Theorem 2.2.
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