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Recognition of the Simple Groups *Dg((2")?)

Behnam Ebrahimzadeh

Abstract. One of the important problems in finite groups theory
is group characterization by specific property. Properties, such as
element orders, set of elements with the same order, the largest
element order, etc. In this paper, we prove that the simple groups
2Dg((2™)?) where, 28" + 1 is a prime number are uniquely deter-
mined by its order and the largest elements order.
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1 Introduction

For a finite group G, the set of prime divisors of |G| is denoted by 7(G) and
the largest element of the set 7.(G) of element orders of G is denoted by k(G).
The prime graph I'(G) of group G is a graph whose vertex set is 7(G), and
where two vertices u and v are adjacent if and only if uv € 7.(G). Moreover,
assume that I'(G) has t(G) connected components 7;, for i = 1,2,...,t(G).
In the case where |G| is of even order, we assume that 2 € 7. Should mention
that the other connected components are called the odd components. Let p
be a prime. A group G is called a C,, if p € 7(G) and p is an isolated vertex
of the prime graph of GG. In the other words, the centralizers of its elements
of order p in G are p-groups.

One of the important problems in finite groups theory is group charac-
terization by specific property. Properties, such as elements order, set of
elements with the same order, the largest elements order, etc. In fact, we
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say the group G is characterized by using the order of the group and the
largest elements order, if there exist the group H, so that k(G) = k(H) and
|G| = |H| implies that G = H. In the way, for example the authors in [1-8],
[10], |13], [15] proved that the simple groups Ls3(q) and Us(q) where ¢ is
some special power of prime, the projective special linear group Lo(q) where
q = p" < 125, the simple K4 -groups of type La(p) , where p is a prime, also
not of the form 2"-1, the simple sporadic groups, PGL(2,q), Suzuki group
Sz(q), where ¢ — 1 or ¢ + /2q + 1 is a prime number, PSU;(3"), where
3?" — 3" + 1 is a prime number and the simple Kj-groups of type Ls(p),
PSP(8,q), where ¢ be odd prime number and the symplectic group Cy(q),
where ¢ > 2 and % is a prime number by using the order of the group
and the largest element order are proved. In this paper, we prove that the
simple groups 2Dg((2")?), where 25" 4 1 is a prime number is recognized by
the largest element order and the order of the group. In fact, we prove the
following main theorem:

Main Theorem. Let G be a group and suppose that D := 2Dg((2")?)
where p := 28" + 1 is a prime. Then, |G| = |D| and k(G) < 2p if and only if
G=D.

2 Notation and Preliminaries

Lemma 2.1. [9] Let G be a Frobenius group of even order with kernel K and
complement H. Then

1. t(G) =2, m(H) and 7w(K) are vertex sets of the connected components
of T(G);

2. |H| divides |K| — 1;
3. K is nilpotent.

Definition 2.1. A group G is called a 2-Frobenius group if there is a normal
series 1 <H QK <G such that G/H and K are Frobenius groups with kernel
K/H and H respectively.

Lemma 2.2. [1] Let G be a 2-Frobenius group of even order. Then
1. t(G) =2, 7n(H)Un(G/K) =m and n(K/H) = mo;

2. G/K and K/H are cyclic groups satisfying |G/ K| divides |Aut(K/H)|.
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Lemma 2.3. [14] Let G be a finite group with t(G) > 2. Then one of the
following statements holds:

1. G is a Frobenius group;
2. G 1is a 2-Frobenius group;

3. G has a normal series 1 < H I K QG such that H and G/K are 71 -
groups, K/H is a non-abelian simple group, H is a nilpotent group and
|G/ K| divides |Out(K/H)].

Lemma 2.4. 16| Let q,k, [ be natural numbers. Then
1 (" =1, =1) = ¢*™) —1.
k,l ~ k l
2 (¢ +1.q+1) = g*b +1 if both g5 and g5 are odd,
(2,q+1)  otherwise.

g*h 41 if ﬁ is even and - is odd,

3. (¢F—1,¢d+1) = (k)

(4 K ) {(2, q+1)  otherwise.

In particular, for every ¢ > 2 and k > 1 the inequality (¢* — 1,¢* +1) < 2
holds.

Example 2.1. Let R be Zy; X Z7 X Z7 X Z7 X Z7. Let the symmetric group
of degree 5, S5, act on R by permuting the coordinates. That is, for o € S5,
we define (z1, X9, T3, 24, 25)7 = (T15-1, Tog—1, T35-1, Tgp-1, T5o-1). We use this
action to determine the semidirect product of R by Ss. Call it S. Now
D = {(z,z,z,2,z) | © € Zz} is a normal subgroup of S and we let G be the
factor group S/D. Now let H be R/D and K be (R/D)((As)D/D). Then,
we have a normal series 1 I H I K <G so that K/H is isomorphic to the
simple group As. Further, C¢(0,0,0,0,1) = Syx < (0,0,0,0,1) > S, x Z7.
Here Sy is the "natural” S, as a subgroup of S5 (that is the subgroup fixing
a point). It follows that m = {2,3,7} and m = {5} are the connected
components of I'(G). Note that Out(A;) has order 2, so |G/K| = 2 divides
|Out(K/H)|. However, k(K/H) =5 while k(G) = 21.

Lemma 2.5. Suppose that a > 1 is an integer and let N, := szl(am —1).
Then

1. N,=—8( mod (a®+1)) . Thus, a® + 1 does not divide N,,

IS
i3
Il

—8(a*—1)( mod (a®—1)). Thus, (a®—1)? does not divide N,,
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3. Suppose that © > 1 is an integer which is not divisible by 7. Then

(Ci—jll, a® —1) divides 7. Thus, if a > 2 is a power of 2, then (‘ijll,a%—

1) =1.

Proof. i) First note that a® = —1( mod (a® + 1)), so we can write

(a* —1) = (a* = 1)(a" = 1)(a° = 1)(=2)(—a” — 1)(=a’ = 1)(—a" — 1)

I
E\]

Na

ﬁk
A»—l

—(a* = 1)(a® — 1)(a"?* - 1)(=2) = 2(a* — 1)(=2)(—a* — 1)
4(a® —1) = —8( mod (a® +1))

ii) Note that a® = 1( mod (a® — 1)), s

Na
a8 —1

= ((a® - D(a* - 1D)(a® - 1)) = ((2 — a® — a®)?*(a* — 1)
= (6 — 4a® + 2a* — 4a°)(2 — 2a*) = 8(1 — a*)( mod (a® —1).

It follows that if (a® — 1) | 5=, then a* 4 1 | 8, a contradiction.

iii) Suppose that ¢ = 1,2,3 then (a + 1)(“&—;“11) —a @ - 1) =a"% + 1.

Now, by Lemma 2.4 (a* —1,a""?'+1) = a+ 1. Now, clearly, (ajll,a—i— 1|7,

S0 (a::rll, % —1) | 7. Similarly, if ¢« > 4 and 7 does not divide 4, then

2T (g + 1)(‘27—3) —(a* —1) = a®* "+ 1. Now as above (a* —1,a* " +1) =

a + 1, since 7 does not divide 4, which implies that (“;fll, a* —1) | 7, as

above. Note that if a is a power of 2, then @ = 1,2,4( mod (7)), so 7 does

not lelde ajll , and thus, (“lel,a% — 1) = 1. Thus if 7 does not divide

a, then a® = 1( mod (7)) and so a” = a( mod (7)), so 7 does not divide
a’+1 ]
a+1l "’

3 Proof of the Main Theorem

In this section, we prove the main theorem. To do this, we denote groups
2Dg(q*) by D, where ¢ = 2" and p = 2%" + 1 is a prime number. We notice
that [2Dy(¢?)| = (¢® + 1) [T (¢ — 1) and K(Ds(e) = (g + D(g" — 1)
(see [11]).

Note that [*Dg((2™")?)] = 2%67(28" 4+ 1) Now = ¢°6(¢®+1)N,. The above lemma
thus implies that ¢® + 1 does not divide N, and (¢® — 1)? does not divide

*Ds((9)?)]-
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Theorem 3.1. Let G be a group and suppose that D := ?Dg((2")?) where
p = 25"+ 1 is a prime. Then, |G| = |D| and k(G) < 2p if and only if
G=D.

Proof. Throughout the proof we let ¢ := 2" and p := 25" + 1 = ¢® + 1. Note
that 8n must be a power of 2, so we let 8n := 2° for some s > 3. Note that
p | |G|, but p* does not.

(<) Now we know that k(D) = (¢+1)(¢" —1). Thus7 if G = D, then we have
|G| =|D] and k(G) = k(D) = (q+1)(q —1)=¢*+q¢"—q—1<2(¢*+1) = 2p,
since 2p — (¢ + 1)(¢" — 1) = (¢® — ¢") + (¢ + 3) > 0, as required.

(=) The proof proceeds in a series of steps.

1.) p is an isolated vertex of I'(G).
Proof. Suppose that there is a prime r € 7(G) so that r # p and pr € 7.(G).
Now pr > 2p and so, k(G) > 2p, a contradiction.

2.) G is not a Frobenius group.

Proof. Suppose that GG is a Frobenius group with kernel K and complement
H. Now by Lemma [2.1[(a) we have ¢(G) = 2; 7(H) and 7(K) are connected
components of I'(G). Since p is an isolated vertex of I'(G) and {p} is a con-
nected component of I'(G), either 7(H) = {p} or n(K) = {p}.

i.) Assume that |H| = p. Then, |K| = |G|/p and since |H| | (K| — 1),
we have p | (|G|/p — 1). This says that ¢* +1 = p | ¢°°N, — 1. But as
¢*® = (¢*)" = —1( mod (p)), by the Lemma [2.5(i) ¢°°N, = 8( mod (p)),
contradiction.

ii.) If |K| = p, then |G|/p | (p — 1), and thus, |G| < p(p — 1), again a contra-
diction.

3.) G is not a 2-Frobenius group.

Proof. Suppose that G is a 2-Frobenius group. Then, by Lemma [2.2] there is
a normal series 1 JH <K <G so that G/H and K are Frobenius groups with
kernels K/H and H, respectively. And also,t(G) =2; n(G/K)Un(H) =m
and 7(K/H) = my, G/K and K/H are cyclic groups satisfying |G/K)| |
|Aut(K/H)|. Since p is an isolated vertex of I'(G), we must have that
7y = {p}. (Recall p? doesn’t divide |G|.) Thus, it follows that |[K/H| = p
and that |G/K| | (p —1) =2%". Now |G| = |H||K/H||G/K| = |H|-p- 2" for
some r < 8n. It follows that |[H| = 2°"""N,. Since K is a Frobenius group
with kernel H, we must have p | (|H| —1). But |H| —1 = 2%""N, -1 =
—956n=r+3 _ 1( mod (p). Hence, (26"—"+3 4 1,25 4 1) = 25" 4+ 1. By the
lemma in the paper we need 8n | (56n —r + 3) and so 8n | (r — 3), a contra-
diction as r < 8n.
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4.) We show that G = D.

Proof. By Lemma (iii), the group G has a normal series 1 < H <K JG
such that H and G/K are m-groups, K/H is a non-abelian simple group,
H is nilpotent. It should be |G/K| divides |Out(K/H)|. Note that since
p | |K/H| and p is an isolated vertex of I'(K/H), it follows that K/H is a
simple C),-group with p = 28" 4+ 1. Now by [12] we have that K/H must be
one of the following .

i.) Alt(p), Alt(p + 1), Alt(p + 2),

i) Ay(r), r =28 pk 2.pF +£1 which is a prime, 8n > k > 1, (Note here we
must have k = 1),

iii.) B,(2%), ab=8n, a > 2,

iv.) Fy(2%"),

v.) *Dgni1(2),

vi.) 2Dy /2(2°); ab = 16n.

We go through all these cases.

i.) Suppose K/H is isomorphic to Alt(p), Alt(p + 1), or Alt(p + 2). Note
that |K/H| | |G|, since p = 25" + 1 = 22" + 1, then 2°7! | |K/H| where
e — 22371 . 22572 9l — 223(2371)/2 — 225_1(2571) — 24n(8n71) — 232n274n. Since
932n%—4n—1

> 56n, we have a contradiction.

ii.) Suppose that K/H is isomorphic to A;(r) with r = 28" = p — 1; p;
2p £ 1, for these last two possibilities » must be a prime. First, note that
|A1(25™)] = ¢®(¢"® —1)(¢® —1). It follows that (¢®—1)? divides |G| and hence,
(¢* —1)? divides N,, a contradiction by Lemma . If r=2p+1is a prime,
then K/H has an element of order r > 2p, contrary to assumption. Also,
notice that if r = 2p—1, then r is not a prime as r = 2(28"+1) -1 = 28"+1 4.1
and 8n + 1 is not a power of 2. Now if r = p, then 287! 41 = (p;—l) divides
N,. Now 28"~ +1 divides []__, (22" —1,2%" —1). Using the result of Lemma
2.4((iil) we get 287! + 1 divides 3% - 11 - 43. An easy check shows that this
only happens when n = 1; ¢ = 2. It is easy to check that in this case |K/H|
does not divide |G|, a contradiction.

iii.) Suppose that K/H is isomorphic to B,(2%), ab = 8n, a > 2. Now
we know that |B,(2°)] = (22)* [T, ((2%)% — 1). We see that the power of
2 which divides |B,(2")] is (20)*" = 20 — 26mae Tt follows that a < 7.
Since n is a power of 2, we see that either a = 2 or a = 4. If a = 2, then
|Bo(2'™)| = ¢"%(¢® — 1)(¢'® — 1). Tt follows that (¢® — 1)* divides |G| and
so (¢® — 1)? divides N, a contradiction by Lemma [2.5[ii). If a = 4, then
|B4(22")] = ¢**(¢" — 1)(¢® — 1)(¢"* — 1)(¢'® — 1), and again we get (¢° — 1)*
divides Vg, a contradiction.

iv). Suppose that K/H is isomorphic to Fy(22"). Again, it follows that
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(¢® — 1)% divides |K/H| and hence, divides |G| again a contradiction.
v). Suppose that K/H is isomorphic to 2Dg,,.1(2). Now the power of 2 which
divides |K/H| is 2"F18" which is a contradiction, as (8n+4-1)8n > 56n. The
only possibility remaining is that K/ H is isomorphic to >Dg/(2") where a > 8
and ab = 16n. Recall that 8n = 2°. It follows that the power of 2 which
divides |K/H| is (2b)%/2(@/2=1) = 28(e/2-1) " Now we must have a/2 — 1 < 7,
so a < 16. It follows that either a = 8 or a = 16. Now if a = 8, then note
that [2D4(2%")| = ¢**(¢®+1)(¢* —1)(¢® —1)(¢'2 —1). Let r be a prime so that
q;T+11 . Tt is easy to see that r does not divide |>D,(2%")|, as follows that
|G/K]| | |Out(*D4(2%™))]| is a power of 2. Tt follows that r | |[H|. Let R be a
Sylr(G). Then it is clear that R < H. As H is nilpotent, then R<JG. Suppose
x is an element of G of order p = ¢® + 1. Now z acts as an automorphism of
R, but as |R| | ‘ir—il , |R| < |z| and it follows that  must centralize R. This
means that G contains an element of order pr > 2p, a contradiction. Thus,
the only possibility is that a = 16 and K/H is isomorphic to *Dg(2") = D. Tt
follows that |G| = |K/H| and thus, that H = 1 and G = K. Thus, G = D,
as required. O
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