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Abstract. We extend the notion of k-strictly pseudononspreading
mappings introduced in Nonlinear Analysis 74 (2011) 1814-1822
to the notion of the more general pseudononspreading mappings.
It is shown with example that the class of pseudononspreading
mappings is more general than the class of k-strictly pseudonon-
spreading mappings. Furthermore, it is shown with explicit ex-
amples that the class of pseudononspreading mappings and the
important class of pseudocontractive mappings are independent.
Some fundamental properties of the class of pseudononspreading
mappings are proved. In particular, it is proved that the fixed
point set of certain class of pseudononspsreading selfmappings of a
nonempty closed and convex subset of a real Hilbert space is closed
and convex. Demiclosedness property of such class of pseudonon-
spreading mappings is proved. Certain weak and strong conver-
gence theorems are then proved for the iterative approximation of
fixed points of the class of pseudononspreading mappings.
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1 Introduction

Let H be a real Hilbert space and C' a nonempty closed convex subset of H.
In [11] Kurokawa and Takahashi studied the class of nonspreading mappings
in real Hilbert spaces. They called a mapping T : C' — C' nonspreading if

[Tz — Ty||* < ||z — y||* + 2(x — T,y — Ty), Y,y € C. (1.1)

This class of mappings contains the important class of firmly nonexpansive
mappings, that is, mappings T': D(T') C H — H such that

T2 = Ty|]* < (Tw — Ty, x —y), Yo,y € D(T).

Firmly nonexpansive mappings have intimate connection with maximal mono-
tone operators on Hilbert spaces, where an operator T' : D(T) C H — 27
with effective domain D(T) = {x € H : Tz # ()} is maximal monotone if

(u—v,x—y) >0, Ve,y € D(T),u € Tx,v € Ty;

and its graph G(T') = {(x,u) : « € D(T),u € Tz} is not properly contained
in the graph of any other monotone operator on H. It is well-known that
if T is maximal mononotone then the resolvent J, = (I +rT)"',r > 0 is
single-valued and firmly nonexpansive, and F(J,) = {x € D(T) : J.x =
r}=T'0={xeD(T):0€ Tz}

Kurokawa and Takahashi [11] obtained a weak mean ergodic theorem of
Bailon’s type [1] for nonspreading mappings in Hilbert spaces. They further
proved a strong convergence theorem somewhat related to Halpern’s type
6] for this class of mappings using an idea of mean convergence in Hilbert
spaces. Other authors that have studied nonspreading mappings and related
operators include ([4],[7],[8],[9],[11],[13],[19]).

In [17] Osilike and Isiogugu introduced a new class of nonspreading type
mappings which is more general than the class studied by Kurokawa and
Takahashi [11]. Following the terminology of Browder and Petryshyn [3],
they called a mapping 7' : C' — C' k-strictly pseudononspreading if there
exists k € [0, 1) such that

1Tz = Tyl* < |lo =yl +klla = Tz~ (y - Ty)|]”
+2(x — Tx,y — Ty), Ya,y € C. (1.2)

They exhibited examples of this class of mappings and showed with example
that it is more general than the class of nonspeading mappings of Kurokawa
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and Takahashi [11]. They further exhibited some important properties of the
class of k-strictly pseudononspreading mappings; and extended the results of
Kurokawa and Takahashi [11] to this class of mappings. Osilike and Isiogugu
[17] used an auxiliary mapping to obtain a strong convergence theorem of
Halpern’s type [6] for the class of k-strictly pseudononspreading mappings
and for the case where T is averaged, this resolved in the affirmative an open
problem posed by Kurokawa and Takahashi [11] in their final remark.

In this work we further extend the notion of k-strictly pseudononspreading
mappings to the notion of pseudononspreading mappings.
We show with an example that this class of mappings is more general than the
class of k-strictly pseudononspreading mappings. Furthermore, it is shown
with explicit examples that this class of mappings and the important class of
pseudocontractive mappinng (i.e., mappings 7" satisfying the inequality ||Tz—
Ty||> < ||z —y||*+ ||z —Tx— (y—Ty)||?, Vz,y € C) are independent. Some
fundamental properties of certain subclass of pseudononspreading mappings
are proved. In particular, for the Lipschitz pseudononspreading mappings
T :C — C, it is proved that F(T) = {z € C : Tx = z} is closed and
convex. We also proved a demiclosedness principle which established that
if T': C — C is a Lipschitz pseudononspreading mapping, then (I — 7))
is demiclosed at zero. Certain weak and strong convergence theorems are
then proved for the iterative approximation of fixed points of the class of
pseudononspreading mappings T" when F(T') # ().

2 Preliminaries

In what follows, we shall need the following results.

Lemma 2.1. ([20]) Let {a,}>2, be a sequence of nonnegative real numbers
such that
An+1 S (]- - )\n)an + )\n’)/n + Op, N Z 17

where {\,} € (0,1), {7} C R, {o.} is a sequence of nonnegative real num-
bers and

(1) 35 A\, = 00, or equivalently, II> (1 —\,) =0,

(11) limsup~, <0, and

n—oo

(iii) £ 0, < 00.
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Then lim a, = 0.
n—oo

Lemma 2.2. ([14], Lemma 3.1). Let {I',}°°, be a sequence of real numbers
that does not decrease at infinity, in the sense that there exists a subsequence

(T, 1520 of {Tn}nZ such that
T, < Tps1, ¥j > 0,
Also consider the sequence of integers {T(n)}n>n, defined by
7(n) =max{k <n: Ty <1}
Then {T(n)}n>n, is a nondecreasing sequence which satisfies
lim 7(n) = oo,
n—yo0

and for all n > Ny, the following two estimates hold:

FT(TL) < FT(?’L)+1
Fn < FT(n)-‘,—l'

Let C be a closed convex subset of a real Hilbert space H. Let Po : H —
C' denote the metric projection (the proximity map) which assigns to each
point € H the unique nearest point in C', denoted by Po(x). It is well
known that

z = Po(x) if and only if (z — 2,2 —y) >0, Vy € C,

and that Pg is nonexpansive.

It is also well known that in real Hilbert spaces H, we have the following:
1@ =Nz +xyl[* = (1= Nll2l* + Allyl* = A0 = Nz —ylI*,  (2.1)
Vr,y € H, and VA € [0, 1],

|z +yl* < |lylI* + 2(z,z + y), Vx,y € H. (2.2)

3 Main results

Let H be a real Hilbert space. Following the terminology of Browder-
Petryshyn [3], we define the following new class of mappings.
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Definition 3.1. A mapping T : D(T) C H — H is pseudononspreading if

Tz =Tyl < lo =yl + [Jo = T2 — (y = Ty)|]”
+2(x — Tx,y — Ty), Ya,y € D(T). (3.1)
Clearly, every strictly pseudononspreading mapping is pseudononspread-

ing. The following example shows that class of pseudononspreading mapping
is more general than the class of strictly pseudononspreading mappings.

Example 3.1. Let R denote the reals with the usual norm and define 7" :
R:— R by Tx = —3z.

Then
[Tz — Ty|* = 9]z — y|?,
|z — Tz — (y — Ty)]> = 16|z — y|*,
2w —Tz,y — Ty) = 32xy.
Thus

v~y +]z — Tz~ (y = Ty)P* +2(z — Tz,y — Ty)

= |z —y|* + 16|z — y|* + 322y

= 9|z — y|* + 8(z* — 2y + y*) + 322y

=9z —y|* + 8(z + y)*

> 9z —yl*

= |Tx — Ty|*.
Hence T is pseudononspreading. 7' is not strictly pseudononspreading since
for x = %, Yy = _71, we have
le—yl? =1, |Te—Ty]* =9, |z—Tax—(y—Ty)|> = 16, 2(x—Tx,y—Ty) = —8.
Thus

Tz —Ty?=9 = |z -y’ +|o—To—(y— Ty +2(x — Tz,y - Ty)
> o —yl* + Ble — Tz — (y — Ty)’
+2(x — T,y — Ty), VB € [0,1) and Vz,y € K.
It is also interesting to note that the class of pseudononspreading map-

pings and the class of pseudocontractive mappings are independent. This
follows from the following examples:
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Example 3.2. Define T : R — R by

[0, z€(—00,2]
Tx—{ 1, z € (2,00)

Then for all z,y € (—o0,2] and § € [0, 1), we obtain

@ = yI* + Blo = Tx — (y = Ty)* + 2(z — Tw,y — Ty)
=2+ +Blz —To— (y—Ty)|> >0=|Tx — Tyl

Furthermore, for all z,y € (2,00), we obtain

|z —y> + Blz — Tz — (y — Ty)|* + 2(x — Tx,y — Ty)
=lz—yP+B8lz—Tz— (y—Ty)|*+2(x—1)(y—1)
>0=|Tx — Tyl

For all x € (—o0,2] and y € (2,00), we obtain

|z —y|* + Blz — Tz — (y — Ty)|> + 2(x — T,y — Ty)
=2+ y* =20y + Blr —Tx — (y — Ty)|* + 2x(y — 1)
=2* = 2r 4y’ + Ble — Tz — (y — Ty)|?

= (z =1 4y =1+ flz —Te—(y—Ty)|

>y —1>3>1=|Tx—Tyl|>

Thus for all z,y € R and 8 € [0,1) we have
T2 = Ty|]? < ||z — ylI* + Bllz — Tz — (y = Ty)|]* + 2(x — T,y — Ty),
and hence T is strictly pseudononspreading. 7" is not pseudocontractive since

for r = 2”!/ = g we obtain |x - y|2 = %7 |TLU - TyP = 17
@ =Tz — (y = Ty)]* = §. Thus

1
ITw—Ty|2=1>§=II—y|2+I$—T$—(y—T’y)I2-

Example 3.3. Let %2 denote the 2-dimensional Euclidean plane. Define
T: R — R% by

Tx =T((z1,22)) = (21, 22) + (22, —x1) = (1 + T2, 3 — x7),

for each x = (z1,79) € N2
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Then for all x = (21, 22),y = (y1,y2) € R?, we obtain

Tz —Tyl|> = |[(x1+ 22,29 — 21) — (Y1 + Y2, 92 — y1)||?

= |[(x1 —y1 + 72 — Yo, 2 — Y2 — (11 — 1))
= (11— 2 —y)’ + (12— y2 — (211 —11))°
= 2[(z1 —1)” + (22 — y2)7]

= 2|z —yl]*.

I

We observe that 7' is 2—Lipschitzian. Furthermore, x — Tz = —(zq, —1),
Y= Ty = _<y27 —3/1)7 and

o —Te—(y =Tyl = [l(x2 —y2, —(21 — 1)
= (z1—n)*+ (22 — p)?
= |z —yl]*

Thus

|z = yl* + ||z = Tz — (y = Ty)|]” = 2|z — yI[*, and
T2 = Ty|* = 2[Jx — yII* = |lo — y|* + ||z — Tz — (y = Ty)|* = 2[|x — y[|.
Hence T is Lipschitz pseudocontractive.
T is not pseudononspreading since for x = (1,1), y = (=1,—1) € R2, we
obtain ||Tz — Ty|[* = 16, ||z — y|[* =8, [z — Tz — (y — Ty)[|* =8,
2(x — Tx,y — Ty) = —4. Thus

H:U—y|\2+||a:—T:E—(y—Ty)H2+2(33—Ta:,y—Ty> =12<16 = HT:I:—TyH2.

It is also easy to verify that any translation T : ® — R, given by Tx = x +a
for a fixed nonzero a € R is a Lipschitz pseudononspreading mapping with-
out a fixed point.

Lemma 3.1. Let H be a real Hilbert space and let C' be a nonempty closed
convex subset of H. LetT : C' — C' be an L-Lipschitzian pseudononspreading
mapping. Then F(T) ={x € C: Tx =z} is closed and convez.

Proof. If F(T) = 0, then it is closed. If F(T') # 0, let {p,}>>, C F(T) be
such that p, — p. We prove that p € F(T).

P = Tpul| + | T — Tpl|
[P — pull + Ll|pn — p|| = (1 + L)||pn — p|| = 0 as n — oo.

llp—Tp|| <
<

Thus p € F(T), and F(T) is closed.
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To prove convexity, we first note that if F'(T") is empty or singleton, then
it is convex. Thus we may assume that F(T') has more than one element.
Let p1,ps € F(T) be arbitrary. Let A € [0, 1] be arbitrary, and
p=Ap1 + (1 — X)pa. We prove that p € F(T). Observe that

llp = p1ll = (1 = Mllpr = p2ll; [l — p2ll = Allp1 — pall. (3.2)
For /5 € (0, ﬁ), set Ggr =T[(1 — B)x + fTx].

Then Ggp: = p1, and Ggps = po. Furthermore,

lp— Gapl” = ||Ap1+ (1= A)p2 — Gap|[?
1M1 — Gap) + (1 = M) (p2 — Gp)||?
= Alpr = Gopl [ + (1 = N)|Ip2 — Gpl|?
—M1 = N)|lp1 — pal, (3.3)

IT[(1 = B)p + BTp| — Tpa

1(1 = B)p + BTp — pu|?

+|(1 = B)p+ BTp — Gep — (pr — Tpy)|?
+2((1 = B)p+ BTp —T[(1 = B)p+ BTpl,p1 — Tp1)
(1= B)(p —p1) + B(Tp —p)|?

+|(1 = B)(p — Gap) + B(T'p — Ggp)|?

= (1=B)llp—mll>+8lTp — Tp:l]?

=81 =)llp = Tpl> + (1 = B)llp — Gepl|?
+8||Tp — Gpl” — B(1 = B)llp — Tpl|?

(1= B)llp — ml* + Blllp — pal* + llp — Tpl ]
B = B)llp = Tpl> + (1 = B)llp — Gpl|*
+3°L2|p — BTpI* = 8(1 = B)llp — Tpl|?

= |lp—mll = B[l — 28— 8°L?]|]p — Tp||?
+(1 = B3)llp — Gepl]*.

HGﬁp—p1H2

VAN

IN

Thus,

1Gsp =l < llp— pilP + (1 = B)llp — Gpl® (3.4
Similarly,

1Gsp — pal|” < llp = p2ll* + (1 = B)llp — G| (3.5)
Using (3.4) and (3.5) in (3.3) we obtain

lp = Gapll> < Mllp—pil + (1= B)llp — Gspll]

+(L = Nlllp = pal* + (1 = B)llp — Gapll’]
=AML= N)|lp1 = pall*
(1= B)llp — Gapl.

IN
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It follows that 0 < 8]|p — Gpl||> < 0, and hence Gp = p.
Observe that

| Tp—pll < |lp—Ggpll + ||Gsp — Tpl|
< |lp — Gppl| + L||(1 = B)p + BTp — p||
= |lp— Ggpl| + LB|[p — Tp||.
Thus 0 < (1 — Lp)||Tp — p|| <0, and hence Tp = p. ]

Lemma 3.2. Let H be a real Hilbert space and let C' be a nonempty closed
convex subset of H. LetT : C'— C be an L-Lipschitzian pseudononspreading
mapping. Then (I —T) is demiclosed at zero.

Proof. Let {x,}2, be a sequence in C' such that z, — p and z,, — Tx,, — 0.
We prove that p — Tp = 0. Define f : H — R* for each x € H by

f(z) :=limsup ||z, — z|)*. (3.6)
n—oo
Thus
f(z) =limsup ||z, — p||> + ||p — z||>, Vo € H. (3.7)
n—oo
It follows that
flx) = f(p) +|lp — =|*, Vo € H. (3.8)
Hence
f(Gep) = f(p) + llp — Gapl]*. (3.9)
Observe that
|Gpzn — anl| < ||Gpzn — Tn|| + [|2n — T2y
< L1 = B)zn + BTy — || + [|lzn — Ty
= (LB + 1|z, — Tx,|] — 0 as n — oo.
Furthermore,

|Tx, — Gpxnl| <||TTn — zul| + ||2n — Gazpl| = 0 as n — oo.
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Thus

f(Gsp)

Thus

IN

IN
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lim sup [z, — Gypl

n—oo

limsup ||z, — Gz, + Gz, — Gppl|*.

n—oo

lim sup ||Ggx,, — Ggp||2

n—oo

lim sup [HT[(l — B)xn + BT, — T[(1 — Bp) + 5TP]H2}

n—oo

lim sup [||(1 — B)an + BTz, — [(1 = B)p + BTp]|[?

n—oo

+||(1 - 6)1‘71 + BTxn - Gﬂxn - [(1 - ﬁ)p—f_ ﬁTp - Gﬁp]HQ
+2((1 = B)xp + BT 20 — Gaan, (1 — B)p+ BTp — Gﬂpﬂ

timsup|[(1 = ) (&, —p) + B(T, = To)|
1L = B)(@n — Cpn) + B(T — G,
~1(1= A)(p — Gap) + B(Tp — Gp)|

lim sup [H(l — B)(xn — p) + B(Tzy — Tp)||?

n—oo

HI(1 = B)(p — Gap) + B(Tp — Gap)|I]

limsup | (1= 8)lan — plI* + B[ Twn — Tp|

~B(1 = B)llzn — Taw — (0= Tp)|
+(1= B)llp — Gspll* + BITp — Gapl — B(1L = B)llp — Tol?]

limsup[(l = B)llzw = plI* + B(llzn = pII* + |20 = T2y — (p = Tp)I?

n—oo

+2(xq — Twn,p — Tp)) = B(1 = B)llp — Tp|[*

+(1= B)llp — Gspll? + B°L2Ip — Tl = B(1 = B)llp — Tpll?]
timsup [l —pl[* + (1= B)llp ~ Gl

~Bl1 28— FL%|lp - Tpl?]

tim sup [l — pl[ + (1 = B)lp — Gapl ]

n—oo

F(Gsp) < f(p) + (1= B)llp — Gapl[*. (3.10)
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From (3.9) and (3.10) we obtain
f(Gap) = f(p) +Ip — Gepll* < f(p) + (1 = B)llp — Gepl[*.
Thus 0 < B||p — Ggp||* < 0, and we obtain ||[p — Ggp|| = 0. Observe that
0<|lp=Tpll <lp = Gapll + |Gsp — Tpl| < lIp — Gapl| + LBIp — Tpl|-

Thus 0 < (1 = LB)[|p = Tpl| < [lp — Gppl| = 0, and we obtain Tp =p. [

In what follows, we prove convergence theorems for iterative approxima-
tion of fixed points of Lipschitz pseudononspreading mappings in real Hilbert
spaces. For more details on the major iteration schemes and the schemes re-
lated to the scheme we introduce below, see for example ([2],[5],[12],[15],[16]).

Theorem 3.3. Let H be a real Hilbert space and let T': H — H be a an
L-Lipschitzian pseudononspreading mapping with F(T) = {x € H : Tx =
x} £ 0. Let {x,}5°, be the sequence generated from an arbitrary 1 € H by

Tpi1 = (1 —ay — Bp)xn + G, T[(1 — A\p)xy + NTxy,), n > 1, (3.11)

where {a, }5° 1, {6n 152, and {\,}>2, are real sequences in (0,1) which sat-
isfy the following conditions:
(1) lim o, =0, Vn >1
n—oQ
(i) 0<e<pBp<A{l—a,), Vn>1
(ZZZ) )\n € (0, m)
Then {x,}22 | converges strongly to a fized point of T.

Proof. Let y, = (1 — A\y)zp + \yTxy,, and let p € F(T') be arbitrary. Then

(1 = an = Bn)n + BuTyn — pl|

(L = an = Bn)(@n = p) + Ba(Tyn — p) — |

(1 = an = Ba)(@n — p) + Bu(Tyn — p)||

+a|[pl]- (3.12)

[|Zns1 — pl|

IN
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Observe that

Furthermore,

Osilike et al. An. U.V.T.

||(1 — O — Bn>(xn _p) +ﬁn<Tyn _p)||2
= [|(1 = Bo)(@n — ) + Bn(TYn — p) — an(Tn —p)||2
= [|(1 = Bu) (@ = p) + Ba(Tyn — )|I* + gz, — pl

=20, (1 = Bp) (= p) + Bu(TYn — ), 0 — D)

= (1= Bu)llen = pII* + Bul| Ty — plI*

—Bn(1 - ﬁn)Han - TynH2 + a?szn _pH2
—20, (1 — Bn)Hxn - p||2 - 2an/3n<Tyn — D, Tn — p>

=[(1-8.) + O‘i — 20, (1 = By)][|zn — pH2

—2a, 3, <Tyn — D, Tn — p>

||Tyn _p||2 = ||Tyn — Tp + Tp _p||2

= Ty — zall® + llon — plI* + 2(Tyn — 2, 70 — p).

2<Tyn — Tn, Tn _p> = HTyn _pH2 - HTyn - anz - Hxn _pHQ- (3'14>

Using (3.14) we obtain

2(Tyy —p, 2 —p) = 2[(TYn — 2y + 2p — P, 2n — D))

2Ty, — Ty T — DY + |70 — D[]
Ty, — p|I> = [|Tyn — x> + ||z — p|[*.(3.15)

Using (3.15) in (3.13) we obtain

(1 = an = Bp)(@n — p) + Bu(Tyn _p)H2
=[(1 - 8.) + a727, — 20, (1 = B)]| |7 — p“2
—anBull| Ty = pII* = 1Ty — al * + [lzn — plI°]
+BullTyn = plI* = Bl = Ba)llzn — Tyal?
= [(1 = Ba) + ai = 205 (1 = B,) — anBullan — pl[?
+0(1 — )| Tyn _pH2
+HenBn — Bu(1 — Bu)lllzn — Tyn||2' (3.16)
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Since T' is pseudononspreading, we also obtain

Tyn =211 < lyn —pI* + lyn — Tynll?

11 = Aa)(@n = p) + An(Tz0 = p)II?
HI(L = A (@0 = Tyn) + An(T2y — Ty ||
= (1= )llzn = plI* + Xal[ T2y — pl|*
(1= Aoz — T |?
+(1 = A)||zn — Tyn||2 + Anl[Tzn — TynH2
(1= o)z — T |?
|0 = pI* = Ma[l = 200 = NSL |2y — T ||
+(1 = A)|zn — Tynl)?. (3.17)

IN

Substituting (3.17) in (3.16) and using the conditions on the real sequences
we obtain

1(1 = an = Ba) (0 — D) + Bu(Tym — p)II°
<[(1=Bn) +ap = 2a,(1 = By)
— B+ Ba(1 = )]z — pl[?
"’_[O‘nﬁn - ﬁn(l - ﬁn)
80 (1 = ) (L= N)]||2n — Tyl
—Budn (1 —a)[1 =2\, — A2 L?)||z, — Tz ||?
= (1= an)?[|zy = pl?
—Bu[An(1 — ) = Balll2n — TynHQ
—Badn(1 — an)[1 —2X\, — N2 LA||zy — T, |2
< (1= a)?llzy — pl*. (3.18)

Using (3.18) in (3.12) yields

(1 = an)l|zn = pl[ + anl|p|

|zn —pl| <
< max{|fz, —pl], [[pl]}- (3.19)

It follows from (3.19) and a simple induction that {x,}7° is bounded. Using
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(2.2) and (3.14)

|zns1 = plf?

Osilike et al. An. U.V.T.

we obtain

IA I

IN

<

(1 = an = Ba)xn + BuTyn — pl|”

[(zn —p) = Bu(zn — Tyn) — O‘nanz

(0 — p) = Balzn — Tyn)||2 — 20, (T, Tp1 — D)
|z = pII* + Ballzn — Tyall* = 28020 — Tyn, 0 — D)
=20, (T, Tpy1 — P)

|0 — pI* + Ballzn — Tyall?

—Bulll Ty — xn||2 + ||zn _pH2 — Ty _pHQ]
=20, (T, Tpy1 — P)

(1 = B)llwn — p“2 = Bu(1 = Bl — Tyn||2

+Bul| Tyn — pH2 — 20, (T, Tnt1 — D)

(1= Ba)llzn = pII* = Bl = Bo)llzn — Tyall?
+Balllyn = PI* + 1lyn = Tyall’] = 200 (20, Tus1 — p)
(1= Ba)llwn — pH2 = Bn(1 = Bu)llwn — TynH2

B [(1 = A)llan = Bl + Al Tz = pI

=1 = Ao)|[2n — Txn||2 + (1= Ao)|[zn — Tyn||2
+ || Ty — TynHz = A(1 = An)[|zn — TanQ

=20, (Tp, Tpy1 — P)

[(1 - 571) + 5n]|‘xn - pH2 o 571()‘11 - 5n)|’xn - Tyn||2
—BnAn[l =2\, — /\iLQ]Hxn - TanQ

=20, (Tp, Tpy1 — P)

|2y — p”2 — BpAnll = 2A, — )‘ZLQ]H%L - TmnHZ

=200 (T, Tpe1 — D). (3.20)

Since {z,}5°, is bounded, there exists D > 0 such that

—2(Xp, Ty —p) < D, Vn > 1. (3.21)

It thus follows from (3.20) that

@1 —p|1> = |70 = pI* + Badn[l = 2\, — N2 L?)| |7, — T,||* < Dy, (3.22)

To complete the proof, we consider the following two cases:
Case I. suppose {||z, — p||}22, is monotone decreasing. Then
{||zn — pl|}2, converges and since

Badn[l — 2\, — A2L%] > 624

[4V1+ L2+ 3L% + 4] > 0,

1
(1+v1+12)
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we obtain

lim ||z, — Txz,|| = 0. (3.23)

Since {x,}5° is bounded and (I — T) is demiclosed at zero, it follows from
standard argument that {z,}>%, converges weakly to a fixed point z* of T
We now prove that {z,}>2, converges strongly to z*. Observe that

Tor1 = (1—ay—Bn)en+ BuTyn

(1= Bp)n + BuTyn — anwy

= 2, — QuT,, where z, = (1 — 8,)z, + 8. Tyn

= (1—an)zn — ap(x, — 2)

= (1 —an)zn — anfbn(Tn — Tyn). (3.24)

Furthermore

lza =277 = [I(1 = B)(@n — 2") + Bu(Tyn — 27)||*

= (1= B)llzn = 2"[]” + Bul| Ty — 27"
=B (Bo)llzn = Tyl

< (1= Bo)llen — 2" + Bulllyn — 21"
Hlyn = Tynll] = Bu(L = Bu)llzn — Tyl

— (1= B)llo = 27+ B (1 = Aol — 2|
A\|| T2 — 2|2 = A (1= X))@ — T ||
(1= X)) |20 = Tyl * + Mo Tz — Ty
“Aa(1 = Al = T ]

_Bn(l - /Bn)Hxn - Tyn||2
< o = & |* = Ba(An = Bo)llzn — Tyall®
—Badn[l = 200 — N2L2||z,, — T |2
< len — 2|2 (3.25)

From (3.24) and (3.25) we obtain

||xn+1 - :E*||2 = [|(1 = an)zn — anBu(wn — Tyn) — :L‘*||2
(1 = an) (20 — %) = @nBn(2 — Tyn) — cna”|[?

< (1_0‘71)2”271_37*“2
=20, (Bn(xy — Tyn) + %, Tpy1 — %)
< (1 _an)|’xn_m*||2 — 20 B0 (T — TYny Trg1 — T7)

=20, (2", Ty — 7). (3.26)
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Since ||xy, — Tyn|| < ||z — Tan|| + LA||zn — T2p|| — 0 as n — oo, and
{z,}5°, converges weakly to z*, we have

lim (z, — Ty, Tpy1 — %) = lim (z*, 2,41 — z*) = 0.

n—oo n— o0

It now follows from (3.26) and Lemma 2.1 that {x,}>°, converges strongly
to x*.

Case II. Suppose {||z, —p||}>°; is not monotone decreasing, then there
exists a subsequence {||z,; — p||} of {||z, — p||} such that
[|n; =PIl <[l 11 —pll, Vj € N.

Then Lemma 2.2 implies that there exists a nondecreasing sequence
{T(n)}n>n, such that 7(n) — oo, and

|27y =PI < |2rmy+1 — 2l and ||z, — pl| < ||27m)41 —pl], YR > No. (3.27)

From (3.22), we obtain

Do,
||x'r(n) - Txr(n)||2 < )

< — 0 asn — oo.
BrmArm)[1 = 2Ar(n) — AZ,, L]

As in Case I we obtain that {z,¢,)} converges weakly to z* € F(T') as 7(n) —
oo. It follows from (3.26) that for all n > Ny we have

||'T7'(n) - 'T*Hz S 2B7'(n) <I7(n) - TyT(n)a " — xT(n)+1>
+2(z", 2" — Trnyns1)- (3.28)

It now follows from (3.28) that

Jim [[ar7(n) — "] = 0.
From (3.26) we obtain
lim ||2;m)41—2*|| = 0. Since ||z, —2*|| < [|Tr(m)41 —2*||, Vn € N, we obtain
n—o0

x, — x* as n — oo. From Cases I and II, we conclude that {x,} converges
strongly «* € F(T). O

Remark 3.1. If (' is a nonempty closed convex subset of H, then we can
modify the iteration scheme accordingly and obtain the following:

Theorem 3.4. Let C be a nonempty closed convexr subset of a real Hilbert
space H and let T : C — C be an L-Lipschitzian pseudononspreading map-
ping with F(T) = {x € C : Tx = x} # 0. Let {x,}3°, be the sequence
generated from an arbitrary 1 € C by

Tpr1 = (1 —an — Bn)xn + 5o T[(1 — X))y + N Ty + apzy, n>1, (3.29)
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where {on, }o2 1, {Bn}oy, and {\,}2, are real sequences in (0,1) which sat-
1sfy the following conditions:
(i) lim a,, =0, Vn >1
n—o0

(i) 0<e<pBp<Al—a,), Vn>1

e 1
(ZZZ) )\n € (0, m)
Then {x,}22 | converges strongly to a fized point of T.

Thus if 0 € C, one may generate the sequence {z,} from z; = 0 and (3.29)
reduces to (3.11). Alternatively, one can use the proximity map Pc : H — C
to generate the sequence from arbitrary x; € C' by

Tpgp1 = P(;((l — ay — Bp)xn + B T[(1 — Ny, + )\nTxn]>, Vn > 1.

Remark 3.2. In [18] the authors proved the following:

Theorem 3.5. [18] Let H be a real Hilbert space and let T : H — H be an
L-Lipschitzian hemicontractive map such that (I —T) is demiclosed at 0. Let
{tn}ooy, {an}22, and {B,} be sequences in (0,1) satisfying the conditions
(¢1) lim t, = 0;

n—oo
(c2) 3 piitn =00
(c3) an <Bn, n>1;and0<e< B, <b<1 for somee >0 and for some

1 .
be <O’ \/1+L2+1)’
(¢4) lim ;—” =

n—oo "

Then the modified Ishikawa iteration sequence {x,}2 | generated from an
x1 € H by

Tor1 = (1—an)(1—ty)z,

+a, T (1= 5,) (1 — tn)xn + BT [(1 —ty)z,] |, n>1 (3.30)
converges strongly to Ppr)(0), the least norm element of F/(T).

Since every pseudononspreading mapping 7" with a nonempty fixed point
set is hemicontractive and (I —T') is demiclosed at zero, Theorem 3.5 remains
true if we replace L-Lipschitzian hemicontractive mapping T for which (I—T)
is demiclosed at 0 with L-Lipschitzian pseudononspreading mapping with

F(T) # 0.
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