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Components
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Abstract

In this paper, our first aim is to combine the 3-parameter generalized
quaternions, which are a general form of the quaternion algebra accord-
ing to 3-parameters, and repunit numbers, which are created by integer
numbers that are expressed in the decimal system as the repetition of
the unit. That is, we determine a special new number system called
3-parameter generalized quaternions with repunit number components.
Then, we construct a Maple code of this special number sequence. Ad-
ditionally, we get some new and classical well-known equations such as
Binet formulas, generating functions (usual, exponential, and Poisson),
polar representation, and Cassini and Catalan identities. In addition to
these, we express determinant property, characteristic polynomial, char-
acteristic equation, eigenvalues, and eigenvectors concerning the matrix
representation of repunit 3-parameter generalized quaternions. Next,
the other purpose is to combine the dual quaternions with the repunit
numbers. With the same manner of first aim and structure, we con-
struct a new recurrence sequence, which is called dual quaternions with
repunit number components.
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1 Introduction

Number theory is one of the most attractive frameworks in many concepts in
mathematics. Several researchers interested in numbers and numbers system
with lots of applications such as robotics, computer systems and others. One
can say that quaternions are among the most eminent number systems, and
this special number system is constructed as an extension of the complex
numbers by W. R. Hamilton in 1843, [27, 28, 29]. Quaternion algebra is
non-commutative, associative, and 4-dimensional Clifford algebra. The set of
Hamilton’s quaternions are defined by H and written as follows

H := {plp = po + p1i + p2j + psk, po,p1,p2, p3 € R},

where 4,j,k are quaternionic units satisfy the rules 2 = —1,

j2=—-1,k*=—1,ij = —ji = k, jk = —kj =i, ki = —ik = j. Then, Cockle
determined the split quaternions with the rules i = —1, j2 =k%> =1, ijk =1
[9]. Also, the 2-parameter generalized quaternions were studied several papers
by lots of researchers [37, 38, 39, 42, 45, 47, 56, 17, 22, 46]. For all A1, A2 € R,
the set of the 2-parameter generalized quaternions is denoted by Hsop and
expressed as

Hop := {p = po + p1i + p2j + p3k, po,p1,p2,p3, A1, A2 € R},

where i2 = —)\1,j2 = —)\2, k’2 = —)\1)\2, ’L] = —ji = k‘, jk‘ = —kij = )\gi,
ki = —ik = \j.

% For A\ =1, = 1; p is a real quaternion.

% For Ay =1,y = —1; p is a split quaternion.

% For \; = 1,2 = 0; p is a semi-quaternion,

%% For \; = —1, Ay = 0; p is a split semi-quaternion.

%% For A\; = 0,y = 0; p is a 1/4-quaternion [9, 37, 38, 39, 42, 45, 47, 56,
17, 22, 46, 43, 29).

Then, Sentiirk and Unal determined the 3-parameter generalized quater-
nions which are a new quaternion family type [52, 53]. They defined a general
notion for the quaternion algebra according to the 3-parameters to get a gen-
eralization of real, split, and 2-parameter generalized quaternions. The set of
3-parameter generalized quaternions is defined by Hsp and written as

Hsp := {p = po + p1i + p27 + p3k, po,p1, P2, p3, A1, A2, Az € R},
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where quaternionic units hold the rules written in Table 1.

Table 1: Multiplication Scheme [52, 53]

L] i [ 5 [ k]
11 i J i

i 7 | =xre | Mk | e

FT T =Nk | —xxs | Nsi

E k| Mg | —Nsi | —hahs

Based on the values A1, A2, A3, some special cases of 3-parameter general-
ized quaternions are given in the following list [52, 53].

A = 1, = A\ A3 = pu, we get 2-parameter generalized quaternions
[37, 38, 39, 42, 45, 47, 56, 17, 22, 46].

% For \; =1,y = 1, A3 = —1, we get split quaternions [9)].

% For A\ = 1,y = 1,3 = 1, we get Hamilton’s real quaternions [27, 28,
29].

% For \; =1, = 1, A3 = 0, we get semi-quaternions [46, 43].
% For A\; = 1, 2 = —1, A3 = 0, we get split semi-quaternions [46].
% For A\; =1,y = 0, A3 = 0, we get 1/4-quaternions [46, 29].

Furthermore, the other special types related to the Ai, A3, A3 can be seen
[52, 53].

One of the popular type of quaternions is dual quaternion, that is studied
by Majernik [41]. Dual quaternions are defined by Hp = {qlqg = qo + q1i +
q27 + g3k, qo,q1,42,q3 € R} where i, j, k satisfy the following rules [20, 41]:

=2 =k>=ijk=0, ij =ji=jk=kj=ki=1ik=0. (1)

On the other hand, several special recurrence numbers with different orders
such as; second, third, and higher than three-order. In this paper, we are
interested in second-order recurrence sequence which is called repunit number
sequence. For all n > 1, the repunit sequence satisfies the recurrence relation

Ryi1 =11R, —10R,_1, n>1 (2)

with the initial values Ry = 0, Ry = 1 [49, 15, 50]. As for the repunit numbers
(cf. OEIS, A002275), this number sequence is established by integers which
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are expressed with the decimal system as the repetition of the unit, and by
the set {0,1,11,111,1111,...} [48, 49].

The characteristic equation of repunit numbers sequence is written as the
Horadam-type characteristic equation of repunit numbers 72 — 117 + 10 = 0,
where ;1 = 10 and ro = 1. The Binet formula for repunit numbers is written
as [49]:

10" -1
— 3)

For more detailed information with respect to the repunit sequence, see [49,
50, 15, 16, 58, 10, 12, 13, 14, 51, 23, 11].

Bringing together the quaternions and special recurrence sequences has
been extensively studied working area, and also several researchers have been
attracted due to their applications and various use areas. In the existing liter-
ature, 2-parameter generalized quaternions with some third-order recurrence
sequences were examined. Cerda-Morales obtained the third-order Jacobsthal
2PGQs [6]. Padovan and Perrin 2PGQs [30], Pell-Padovan 2PGQs [31], 2PGQs
with generalized Jacobsthal numbers components [26], 2PGQs with general-
ized 3-primes and generalized reverse 3-primes numbers components [32] are
investigated by Isbilir and Giirses. Kizilates et al. examined the bicomplex
generalized Tribonacci quaternions in [40]. Also, Flaut and Shpakivskyi de-
fined the generalized Fibonacci quaternions and Fibonacci-Narayana quater-
nions in [21]. Tagci defined the Padovan and Pell-Padovan real quaternions
[65]. Gilinay and Tagkara [25] studied some properties of Padovan real quater-
nions. Also, Giinay defined the real quaternions with some generalized third-
order recurrence numbers components [24]. Moreover, Digkaya and Menken
[18, 19] introduced the (s,t)-Padovan and (s, t)-Perrin real quaternions, and
split (s,t)-Padovan and (s,t)-Perrin quaternions. Cerda-Morales studied the
real quaternions with generalized Tribonacci numbers components [3], third-
order Jacobsthal quaternions [4], third-order h-Jacobsthal and third-order h-
Jacobsthal-Lucas sequences and related quaternions [5], and third-order Ja-
cobsthal generalized quaternions [6]. Then, Bilgici defined the Fibonacci and
Lucas 3PGQs [1] and 3PGQs with Jacobsthal and Jacobsthal-Lucas numbers
components [2]. Chaker and Boua [8] studied some properties of generalized
quaternions algebra with generalized Fibonacci quaternions. Also, Horadam
3PGQs were determined by Isbilir and Giirses in [33]. Isbilir et al. defined
the 3-parameter generalized quaternions with generalized Tribonacci numbers
components [36]. Dual third-order Jacobsthal quaternions were determined
by Cerda-Morales [7].

In addition to these, generalized dual Fibonacci quaternions [59] and dual
Fibonacci and Lucas quaternions [60] introduced by Yiice and Torunbalc
Aydin. Nurkan and Giiven determined the quaternions with dual Fibonacci

R, =
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and dual Lucas numbers components [44]. Dual numbers with Fibonacci and
Lucas 3PGQs investigated by [57]. Isbilir and Giirses defined the Padovan,
Perrin and Pell-Padovan dual quaternions [34] and generalized Tribonacci dual
quaternions [35].

In this study, firstly we introduce the 3-parameter generalized quaternions
with repunit number components. Then, we give both classical and new prop-
erties of this type recurrence sequence. Secondly, we introduced the dual
quaternions with repunit numbers sequence with same manner and structure
of first purpose.

2 Preliminaries

In this part of this study, we remind some terminology.

2.1 3-parameter generalized quaternions

Let p = po + p1i+ p2j + p3k, 0= 00+ 011+ 02j + 03k € H3p, in the following
list some basic algebraic properties are listed [52, 53]:

L. Equality: p=0< po =00, p1 =01, p2=_02, pP3=03
2. Addition and subtraction:

pEo=potoo+(p1to1)i+ (p2=E02)j+ (ps+o3)k

3. Multiplication by a scalar: ¥p = Ypo+pri+vpsj+ipsk and 1 € R.

4. Multiplication:

po = (po + pri+ p2j + psk) (0o + 017 + 02 + 03k)
:SpSa - f(Vm Va) + S'pr + SQVQ + Vp A Vw

where
F (Vo Vo) = MAapro1 + AiA3p202 + AaA3p30s
and
Ni Naj Ak
VoAVe=1 p1 p2 P3
01 02 03

= A3(p203 — p302)i + X2(pz01 — p103)7 + M(pro2 — p201)k.

5. Conjugation: p = pg — p1i — p2j — psk.
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6. Inner product: (p,0) = pooo + A1 A2p101 + A1 A3p202 + A2A3p303.
7. Norm: N, = pp = pp = pg + MA2p? + M35 + A Asp3.

_ P
8. Inverse: p~! = P pPo — p1l— p2) — P3

— = where N 0.
Np p(2) -+ )\1)\2[)% + )\1/\3p% + )\2>\3p§ P 7&

Also, Spxp=pot 00 =55, Voo =V, £ V,;and p=5,-V,. f N, =1,
then p is a 3-parameter generalized unit quaternion.

Further, for N, > 0 and /\1)\2,0% + /\1/\3p% + /\2/\3;)% = 0, the 3-parameter
generalized quaternion p is written in a polar form

p = /N, (cosn+ psinn),

(p1: P2, p3)
VAL A2P? + M Asp3 + Aadsp3

where p = - Also,

Po
VNp

. ¢ A A2p? + A1 Asp? + Aodgp?
sinn = N )
P

cosn =

)

and p is called 3-parameter generalized unit vector. Also, the following fun-
damental matrix M, is obtained:

Po —Artdepr —A1A3p2 —AaA3p3

Moo= |~ Po —A3p3 A3p2
’ P2 A2p3 Po —A2p1
p3 —A1p2 A1p1 Po

It should be noted that, from beginning to end this study, this represen-
tation, which is the left matrix representation, will be used since the non-
commutativity of 3-parameter generalized quaternion for 3-parameter gener-
alized quaternion p. With the same logic, the right matrix representation can
also be expressed. Based on the values A, A2, Az, the matrix M, is classified.

1. For Ay =1, A2, A3 € R, M, for 2-parameter generalized quaternions is
attained.

2. For Ay = A2 = 1, A3 = —1 then, M, for split quaternions is attained.
3. For Ay = Ay = A3 =1 then, M, for Hamilton quaternions is attained.

Then, the following list includes some algebraic calculations for M,.
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% The determinant of M, is det (M,) = N7.
¢ The characteristic polynomial of M, is
ox, (0) = (v = 20pg + p§ + M A2pi + M Asp3 + >\2)\3P:21,)2
% The characteristic equation of M, is
det (M, —vly) =0
< o, (0) = (02 — 2vpg + P(z) + M dop? + Aidsps + )\2)\3P§)2 =0.

#® The characteristic equation provides an opportunity to calculate the
eigenvalues as follows.

Ti2=po+ \/—A1)\2P% — M A3p3 — AaAspd,

%34 =po— \/—>\1)\2P% — M A3p3 — AaAspd

#k The following relation is written
T12%34 = P(2) + )\1)\2/7% + )\1)\3/)% + )\2)\3/73 = N,.

% The eigenvectors corresponding to the eigenvalue T, > are given

>\1P2\/—>\1)\zpf—M%P%—M%P%—M&Plps
A1p3+A2p32
P3\/*/\1Azpf*/\1/\3P§*)\2/\3P§+/\1P1P2
A1p2+A2p3
1

0

and

)\zﬂs\/*Al>\2Pf*AlAspg*)\zAsﬂng)\l)Qplh
A1p3+A2p32
_ P2 \/—Al)\zpf—kl)\apg—)\2)\3#;2;—>\2/)1P3
A1p2+Az2p2
0

1

* The eigenvectors corresponding to the eigenvalue T3 4 are given

A1p2y/ =M1 X2p? —A1A3p2—A2Asp3+A1A2p1p3
A1p3+A2p32
_ Ps\/—/\l A2p?—A1A3p3—A2Asp3—A1p1p2
A1p2+A2p3
1

0
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and
. Azps\/*)\1Azpf*A1>\3P§*>\2>\3P§*>\1>\2P192
>\1P§+)\2P§
Pz\/—Al>\2P?—/\1>\BP§—/\2/\3P§+>\201P3
A1p2+A2p2
1

2.2 Dual quaternions

A dual quaternion p € Hp is expressed as p = S, + 79, where S, = pg is
scalar part and 7,) = p1t + p2j + psk is vector part. For p, o € Hp, regarding
(1), the following operations are written:

® p=0< po=00;P1= 01,02 = 02,03 = 03,

® pEto=po+oo+(p1E01)i+ (p2£02)j+ (p3 £ 03)k,
® wp = wpy +wpri +wpaj +wpsk, A € R,

e po = (po + p1i+ p2j + p3k)(0o + 017 + 027 + 03k).

Then, Sy,+, = po £ 00 = S, £ 5, and 7;)19 = 7,, + 79. The conjugate of
dual quaternion p is written as p = pg — p1? — p2j — p3k. Also, p =S5, —
and the norm of ¢ is expressed as N, = pp = pp = p§ [41, 35].

p

3 Repunit 3-Parameter Generalized Quaternions

In this part of this study, we introduce the 3-parameter generalized quaternions
with repunit numbers sequence.

Definition 1. Let R,, be the nth repunit 3-parameter generalized quaternion.
Then, it is defined as follows:

Ry = Ryp + Rpt1i + Rpy2j + Rpvsk  for every n €N, (4)
where R, is the nth repunit number and i,j, k are satisfied rules written in

Table 1. The initial conditions of repunit 3-parameter generalized quaternions
can be written as follows:

Ro =i + 11j + 111k,
Ry =1+ 11i + 1115 + 1111k.
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The classification of the repunit 3-parameter generalized quaternions can
be examined in the Table 2.

Table 2: Classification of Repunit 3-Parameter Generalized Quaternions
For Type
Ar=1, X, A3€R Repunit 2-parameter generalized quaternions
A =1, X =1, A3=—1 | Repunit split quaternions
AM=1, X=1 A=1 Repunit Hamilton quaternions [15]
A=1, X=1, A3=0 Repunit semi-quaternions
A1 =1, Ay=-1, A3 =0 | Repunit split semi-quaternions
AM=1, X=0, A3=0 Repunit 1/4-quaternions

Let us obtain some algebraic operations over 3PGQs with repunit number
components. For every n,m € N, let R,, and R,, be the nth and mth 3PGQ
with repunit number components, respectively. Equality, addition/subtrac-
tion, and multiplication by scalar, scalar and vector parts, multiplication of
any elements of this family, conjugation, inner product, norm and inverse are
given as follows:

1. Equality:

:Rn - :Rm = Rn - Rma Rn+1 = Rm+17 Rn+2 == Rm+2, Rn+3 = Rm+37

2. Addition/Subtraction:

R7L:|:R'rn = (RTL:I:RTn)+(R7L+1:l:R'rrL+1)i+(RTL+2:|:R77L+2)j+(Rn+3:|:R'm+3)ka

3. Multiplication by a scalar:
YR, =VRy + YRy p17+ YRy j2j + YR, 13k where 1 € R,

4. Multiplication:

JanRm :(Rn + Rn—i—li + Rn+2j + Rn+3k)(Rm + Rm+1i + Rnt+2j + Rm+3k)
=%, 5%, = f (V&,,V&,.) + =, V&, + 5=, V&, + Vz, AV

m?

where

F(Vg,, V&) = MAaRu41Rmy1 + MAsRptoRmi2 + Ao AsRyy3Rmats
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and

A3l Aoj Ak
ijn A\ ngm = Rn+1 Rn+2 Rn+3
Rony1 Rz Rings
+ A2 (Rn+3Rm+1 - RnJrlRerS)j

+ M (Rnt1Rmt2 — RoyoRimy1) k.
From Table 1, the multiplication is expressed as follows, as well:

RnRim =R R — MAeRp 1 Rp1 — MA3Rp 2 Rimg2 — M AsRy 3Ry
+ (RyRms1 + RnRuv1 + A3 (Ryr2Rm+s — RptsRma2)) i
+ (RnRimy2 + Ry Rogo + A2 (Rpy3 Ry — Ruy1 Riny3)) j
+ (RnRm+s + RmBRuys + M (Rur1Rmt2 — RptaRmy1)) k.

5. Scalar and Vector Parts: The scalar part of R, is represented as
S, and S¢, = R,. The vector part of R,, is represented by Vx A and
Vx,, = Rnt1t+ Rpqoj + Ryysk. So, Sx,+x,, = Ry £ Ry, = Sx, £ 5%
and Vg, 1w, = Vg, £ Vg, -

m m

6. Conjugation: R,, = R, — R, 415 — R, 12j — R,43k in which R,, repre-
sents the conjugation of R,,.

7. Inner product:

<Rn; Rm) = Ran+>\1>\2Rn+1Rm+1+)\1)\3Rn+2Rm+2+)\2)\3Rn+3Rm+3-

8. Norm: NJQ" = :Rnﬁn = ﬁnﬁn = R?L+)\1)\2RZ+1+)\1)\3R72L+2+)\2)\3R3L+3.

i Rn - Rn+1i - R71,+2j - Rn+3k

= here
Nx,  R24+MARZ .+ MAsRZp + MaAsR2 5

9. Inverse: R, =
N:Rn 7é O

Theorem 1 (Recurrence Relation). Let R,, be the nth repunit 3-parameter
generalized quaternion. The following recurrence relation is satisfied as fol-
lows:

Rpyo = 11R 11 — 10R,,  for every n > 0. (5)
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Proof. From the equations (2) and (4), we have

11R 41 — 10R,, =11 (Rp41 + Ruy2i + Rpi3j + Rntak)
— 10 (R, + Rnt1t + Ryy2j + Rpysk)
=11R,+1 — 10R, + (11R,, 42 — 10R,,11)i
+ (11Rp 45 — 10R,42)j + (11Rp 44 — 10R, 4 3)k
=R,42+ Rui3t+ Ryya) + Ryysk
:fRn+2~

O

Let us establish the Maple 12 code to calculate repunit 3-parameter gen-
eralized quaternions:

restart: with(LinearAlgebra):with(linalg):

R(n):

R:=proc(n)

if n=0 then return O:

elif n=1 then return 1:

elif n=2 then return 11:

else return ((10°n)-1)*(1/9)

end if;

end proc;

R_star(n):

R_star:=proc(n)

if n=0 then return R(0)+R(1)*i+R(2)*j+R(3)*k:

elif n=1 then return R(1)+R(2)*i+R(3)*j+R(4)x*k:

elif n=2 then return 11*(R(1)+R(2)*i+R(3)*j+R(4)*k)-10%(R(0)+R
— (1)*i+R(2)*j+R(3) *k) :

else return 11*R_star(n-1)-10*R_star(n-2)

end if;

> end proc;

VVV V VYV VVVVVVYVYV

vV Vv

*The notations R and R_star represent, repunit number and repunit
3-parameter generalized quaternion, respectively.

Theorem 2. For every n,m € N, the following properties hold for repunit
S-parameter generalized quaternions.

(1) Ry 4+ Rpg17 + Rypyof + Rypysk
=2R, — (Rn + MA2Rpq2 + MiAsRyupa + AoA3Ry )
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n=2R, —R,

R

2

- { RE+ R, =2 (B2 = MRy~ MR — MR )
R2 R = 4R, R, — AR2

—_ (RanJ,-l + Rn+132m)z
+ (Rnme+3 + Rn+3me) ]i}

Ran*)W)QRn—&-lRm-&-l - )\1)\3Rn+2Rm+2
77 _)\2>\3Rn+3Rm+3
(5) RpRpy + R Ry =2 | A3 (Rpt2Rmts — RugsRmy2) i
+A2 (Rng3Rmi1 — Ry Rimss) j
+>\1 (Rn+1R7rn+2 - Rn+2R7n+1) k

o (Rn+1Rm - Ran+1)Z
(6) fRniRm_:Rnme = -2 + (Rn+2R7n - Ran+2)]
+ (Rut3Bm — RyRmss) k

R.Ry + M ARy 1 R
B FAMA3 B2 Rg2 + Ao A3 Ry 3R 3
(7) RpRp 4R Ry =2 | +A3 (RutsRmt2 — RptoRimts) i
+)\2 (RnJrlRerB - RnJrSRerl)j
+A1 (Rny2Rims1 — Ruy1Ringo) k

Proof. (1) Based on Table 1 and equation (4), we have

Ry + Rpy1i+ Rygoj + Rpysk = Ry + Rpyy19+ Ryyoj + Russk
+ (Rpy1 + Ryy2i+ Rugsj + Ruqak)i

+ (Rypy2 + Ryysi + Rpsaj + Ruisk) j

+ (Rn43 + Ruyai+ Rnysj + Rotek) k

2R, — (Rp + M A2Ry g0 + M AsRyqa + AoAsRy6)

Then, we obtain

Ry +MAeRypo+ A3 Rupa+ o 3Rnt6 = Ry —Rp1i—Rpg2j — R4 3k.

(3) From Table 1 and equation (4) and conjugation property of repunit 3-
parameter generalized quaternions, we get

IREL - (Rn + Rn-i-li + Rn+2j + Rn—O—Bk) (Rn + Rn+1i + Rn+2j + Rn+3k)
=2R, R, — (R?L + )\1)\2R3H_1 + /\1/\3Ri+2 + )\2)\3R721+3) .
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and

72 3 . . .
R :(Rn — Ryt — Ryq2j — Rn+3k)(va —Rpy1t— Ryq2j — Rn+3k)

n

=—2R, R, — (=3R2ANXR2  + M AR L+ A AR L 5)
Then, we attain the followings

R2 4 R =2R, Ry — (B2 + MAaR2, 1 + MAsR2 o + A X3 R2, )
— 2R, R, — (=3R2 — MAaR2 | — MAsR2 5 — MaAsR2 )
=2 (R2 — MAoR2 1 — MR 5 — MoX3R2 )

and

R2 R =2Rp Ry — (B2 + MAaR2, | + MAsR2 o + Ao dsR2 )
+2R, R+ (—3R24+M AR L+ M ARE 5+ X3 R2 )
=4R,R, —4R2.

(5) According to Table 1, equation (4), conjugation and multiplication prop-
erties of repunit 3-parameter generalized quaternions, we obtain

R Ron + R R,
— (Rn — Rus1i — Rusoj — Ruysk) (Ru — Ronsai — Runsoj — Ronssk)
+ (Ry + Rug1i 4+ Ryyoj + Ruy3k) (R + Rypg1i + Riyy2j + Ringsk)
=2[RyRp— MM\ Rpi 1Ry — MAsRup2Rg2 — Ao AsRyy3Ryy3
+ A3(Rng2Rmi3 — Ruy3Rimg2)i + Aa(RpysRimy1 — Rup1Rinys)g
+ A (Rn+1Ring2 — Rogp2 Ring1)k].

(7) With the help of Table 1, equation (4), conjugation and multiplication
properties of repunit 3-parameter generalized quaternions, we attain

R R +Rp Ry

= (Rn - RnJrli - Rn+2j - Rn+3k) (Rm + Rm+1i + Rm+2j + Rm+3k)
+ (Rn + Rny1i+ Royoj + Roysk) (Rm — Rimg1i — Rimy2j — Rimysk)
— (R Ron + MAsRns1 Rt + MAsRusoRonss + AodaRoss Ronss

+ A3(Rn+3Rm2 — Ryv2Rmy3)i + A2 (R 1 Rz — RigaRin1)j

+ M (Bns2Rins1 — Roy1 Ripg2)k.

Hence, we completed the proof. O



3-PARAMETER GENERALIZED QUATERNIONS AND DUAL QUATERNIONS
WITH REPUNIT NUMBER COMPONENTS 124

Theorem 3. For every n € N, Binet formula for repunit 3-parameter gener-
alized quaternions is given

R, = im%;* i (6)

where ¢1 = 14 10 4+ 1005 + 1000k and ¢2=1+i+j+k.
Proof. According to the equations (3) and (4), the proof is done

:Rn :Rn + Rn—i—li + Rn+2j + Rn+3k

0" —1 10"t —1. 10"*t2—1. 10"T3—1
= + 1+ J+

9 9 9 9
10" 1
==~ (1+10i 41005 + 1000k) — o (1 + i+ + k)
_10%¢1 — ¢
9

O

Theorem 4. For everyn € N, the generating function for repunit 3-parameter
generalized quaternions is written as follows:

- Ro + (R = 11Ro) @
R, z" = : 7
;} v 1— 11z + 1022 (7)

[ee]

Proof. Let . Rpa"™ = Ro + Ryz + Roz? + ... + Rp2™ + ... be generating
n=0

function of repunit 3-parameter generalized quaternions Then, let us multiply

both sides of this equality by —11z and 1022 as follows

fllmZTRnx" = —11Ror — 1R 22 — 11Re2® + ... — 11R, 2" T + ...
n=0

102 ) " Rpa” = 10Roa” + 10R12° + 10Re2* + ... + 10R, 2" T2 + ..

n=0
After these, by using equation (5), we have
(1- 11z +102%) Y " Rpa" = Ro + (Ry — 11Rg)a.
n=0

Finally, we attain equation (7). O
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The following theorems are given without proofs since they are straight-
forward.

Theorem 5. The following Catalan identities are satisfied.

1Qgm—n
m :Rn

n 9 n n
_ [—11099%n + (10 9191+889) i (10 88%+1091)j T (10 10%1+911) k]

1. R2, — me—n:Rm—&-n =

p R2 — RpinRp—pn = 10M R,
. 4 [_1109:Rn _ (10 '88§+911) i+ (10911% +889)j + (911.109+1091) k]

Theorem 6. The following Cassini identities are satisfied.

, » , 11821
LR}, = RypoaRenr = 10™71 | ~1109 + 11117 — 11095 + — =k

2 o 9881 .
2 Ry = RngaRon 1 = 10771 | 1109 + ——i + 13115 + 891k

Theorem 7. The exponential generating function of repunit 3-parameter gen-
eralized quaternions is written as

o U (1071 — o\ "
n=0 n=0
Proof. By equation (6), we get the desired result. O

Theorem 8. The Poisson generating function of repunit 3-parameter gener-
alized quaternions is as follows.

g U (10761 — 62\ y"
Y= ()
n=0 n=0

Proof. Based on equation (8), we get the desired results, since Poisson gen-
erating function is written as multiplying the exponential generating function
by e~Y (see [54]). O

Definition 2. For Ng, > 0 and )\1)\2R%+1 + >\1)‘3R721+2 + )\2)\3R?L+3 # 0,
polar representation of repunit 3-parameter generalized quaternions is written

Ry =/ Nz, (cosn—l— an sinn) ,
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where
jz (Rn+1a Rn+27 Rn+3)

\//\1)\2R$L+1 + )\1/\3R%+2 + /\2)\3R%+3

and

cosn =

n

R, \/Al)\ngLH + MAsRZ L, 4+ Ao AsR2,,
J) smn = J)

\/Ngzn NR

where R, is called generalized unit vector of repunit 3-parameter generalized
quaternions.

Theorem 9. The matriz representation of nth 3-parameter generalized quater-
nion is expressed as

R, —XMXRpptn —MA3Rap2 —A2A3Rp43

M _ Rn+1 Rn *)\SRTH»S‘ AZﬁ’o-RnJrZ
Y Rz AoRpys R, Y AT
Rn+3 _)\an+2 )\1Rn+1 Rn

where the matriz Mg is called fundamental matrix for nth repunit 3-parameter
generalized quaternion.

Proof. Multiplying R,, = R, + Ry41t+ Rp12j + Ruqsk with 1,4, 4, k from the
left side and using Table 1, we attain

Ryl = Ry + Rus1i + Rotoj + Russk,

Rovi = ~MAaRni1 + Roi + AoRnssj — M Ruok,
Rnj = —MA3Rnq2 — A3Rpq3i + Ryj + M Rugak,
Rpk = =X A3Rn43 + AsRpy0i — MRy 17 + Rok.

Then, writing the coefficients of {1,4, j, k} of the above equations as columns
constructs the matrix Mg, . O

From the values of A\jc(1 2,31, Mz, can be classified. For A\; = 1, A3, A3 € R,
the fundamental matrix for repunit 2-parameter generalized quaternions is
ontained. For \; = Ay = 1, A3 = —1, then the fundamental matrix for repunit
split quaternions is given. Additonally, for Ay = Ay = A3 = 1, then the
fundamental matrix for repunit Hamilton quaternion is written.

Remark 1. For every m,n € N, let R, and R,, be nth and mth repunit 3-
parameter generalized quaternions. Then, the following matriz computation

can be given.
Mz, (Rp)' =Mz, (R)" = (RaR)",
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where the superscript * represents column matriz forms. So,
t
ier :( Rn RnJrl Rn+2 Rn+3 ) B

Rty = ( R Rps1 Rumss Rz ),
and

RoRpy — MAeRpt1Rmy1 — MAsRut2Rmy2 — Ao A3 Rny3Rm+s
(RoRo)" = RyRms1+ Rop1 R + A3Rni2Rm43 — AsRn43Rm42
nem RyRmy2+ RuntoRm — MRt 1 Ring3 + Mo Rpt3 Rt
Ran+3 + Ran+3 + )\1Rn+1Rn+2 — )\1Rn+2Rm+1

Definition 3. Let R,, be the nth repunit 3-parameter generalized quaternions
for every n € N. Then, the following mathematical equations hold

1. The determinant of Mg, : det (Mg, ) = N% .
2. The characteristic polynomial of Mg, :

onts, (0) = (0% = 20R,, + B2 + MAR2 | + MAsR2 L, + MAsR2 ;)7
3. The characteristic equation of Mg, :

det (Mg, —0ly) =0

& ontn, (0) = (02 = 20R, + R2 + MAR2,, + MAsR2 5 + MaAgR2, )
—0.

4. The eigenvalues of Mz, :

Ri2 =Ry + \/—)\1/\QR?L+1 — MAsR2 5 — N3 RE s,

m3,4 =R, — \/_)\1/\2R%+1 — /\1/\3R72L+2 — )\2)\3R%+3.

5. Multiplication of eigenvalues of Ma,, :
9%1729%374 = Ri + /\1)\2Ri+1 + >\1>\3Ri+2 + )\2/\3Ri+3 = Ng{n.

6. The eigenvectors corresponding to the eigenvalue Ry 2 of Mgz, :

/\1Rn,+2\/—AlkgRiJrl—/\1AngLJrQ—/\2>\3R%+3—)\1A2Rn+1Rn+3
2 2
MR2_ _,+X2R2Z g

Rn+3\/7A1)‘2R31+17)\1)‘3R3L+27)‘2>\3Ri+3+)‘1Rn+1Rn+2

) 7
A1 Rn+2+>\2 Rn+3

1

0
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and

XoRp43 \/—A1A2R%+1—AlA3R72H2—A2A3REI,+3+A1,\2R,L+1Rn”
)\1R2L+2+>\2R3L+3

Rpt2 \/*/\1 A2 R?H_l —A1A3 R?H—z —A2A3 Rﬁ+3 —X2Rpt1Rpys

) )
AMRD ot AR g

0

1

7. The eigenvectors corresponding to the eigenvalue Rz 4 of Mg, :

>\1Rn+2\/—>\1>\23i+1—>\1>\3Ri+2—>\2>\33i+3+>\1>\2Rn+1Rn+3

A1 Ri+2 +>‘2Ri+3

. Rn+3\/_>\l>\2Ri+1 —MA3R2 = A2A3R2 s —AiRpp1Rog2

A1 Ri+2+>‘2Ri+3

1

0

and

N )\an+3\/7A1)\2R72L+17)\1)\3R$H_27)\2A3R2 7)\1)\2Rn+1Rn+2

‘'n+43
) )
A1 Rn+2 +>\2Rn+3

Rpt2 \/*/\1 A2 Ri+1 —A1 Ang,,+2*>\2/\3R,2,+3+)\2Rn+1 Rpys
>\1R31+2+)\2Ri+3

0

1

Let us construct a numerical example.
Example 1. Let Ry be the 5th repunit 3-parameter generalized quaternions.

% According to equation (2), polar representation of ug is as follows:

123454321 + 1234565432171 A2 A
5 = (cosn—i—ng, smn) ,
+ 1234567654321 A1 A3 + 123456787654321 A2 \3
where
A (111111,1111111,11111111)
5

- V1234565432101 Ao + 1234567654321\ A5 + 123456787654321 X2 3
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s 3-parameter generalized unit vector of Rs and

11111

cosn = ;
123454321 + 123456543210, Ao
\/+ 1234567654321\, A5 -+ 123456 787654321 Ay A
, TN Mg + TITTITI0 As + 11111111000
S 193454321 1 123456543210 A
1234567654321\ A3 + 123456787654321 Ao Mg

% The following matriz is written as follows

11111 —111111A1 A2 —1111111A; A3 —11111111A2A3

Mo, — 111111 11111 1111111123 111111123
Rs = 1111111 11111111 ), 11111 —111111 A9
11111111 —1111111 111111 11111

%% The determinant of Ma, is determined as

2
123454321 + 12345654321\ \a ) (N
— (Na,

det Mg, ) =
et (Ma;) <+ 1234567654321 1 A3 + 123456787654321 2 A3

% The characteristic polynomial of Mg, is

2
) <02 — 2469086420 + 123454321 + 12345654321>\1)\2>
OR5 = .

+ 1234567654321 1 A3 + 123456787654321 2 A3

% The eigenvalues of Mg, are written as follows

Tio =11111
+ v/ —123456543210; Ao — 1234567654321\ 1 A3 — 123456787654321 Ag A3

and
T34 =11111
—\/—12345654321/\1 Ao — 1234567654321 )\1 A3 — 123456787654321 Ao \3.

%% The multiplication of the eigenvalues of Mx, is:

T1,273,4 =123454321 + 123456543211 Ao 4 1234567654321\ A3
+ 123456787654321 A2 A3
:NfR

5°
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%% The eigenvectors corresponding to the eigenvalue Ty 2 of Mg, are
—12345654321 1 Ao
1111111 | —1234567654321A1 A3 — A1 A21.23456665 x 10'2
—123456787654321 A2 A3
1234567654321\ + 123456787654321 )4
—12345654321 A1 Ao
11111111 | —1234567654321A1 A3 + A11.23456654 x 10!
—123456787654321 A2 3
1234567654321\ + 123456787654321 )4
1
0
and
—12345654321 21 A2
11111111 | —1234567654321 A1 A3 + A1 221.23456654 x 10
—123456787654321 A2 A3
1234567654321\ + 123456787654321 5
—12345654321 )1 Ao
1111111 | —123456765432101 03  — Ao = 1.23456654 x 1012
—123456787654321 A2 A3
1234567654321\ + 123456787654321 )\
0
1

%% The eigenvectors corresponding to the eigenvalue T34 of Mg, are

—12345654321 )1 Ao
1111111 | —1234567654321A1 A3 + A1 221.23456665 x 1012
—123456787654321 2 \3

1234567654321 + 123456787654321 Ao
—12345654321 M1 Ao
111111110 | —1234567654321A1 A3 — A11.23456654 x 10!
—123456787654321 A2 A3

1234567654321 + 123456787654321 Ao
1

0
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and

—12345654321 1 A2
11111111y | —1234567654321A1 A3 — A1 221.23456654 x 101!
—123456787654321 2 A3

1234567654321\ 4 123456787654321 2
—12345654321 )1 Ao
1111111 | —1234567654321X1 A3 + X21.23456654 x 10'?
—123456787654321 2 A3

1234567654321\ 4 123456787654321 2
0

1

4 Repunit Dual Quaternions

In this section, we investigate and examine the dual quaternions with repunit
number components.
This section is given without proof for the sake of brevity.

Definition 4. Let %, be the nth repunit dual quaternion. Then, it is deter-
mined as follows:

Hy = Ry + Rpy1i+ Ryy2j + Rugsk  for every n €N, (9)

where R, is the nth repunit number and 1, j,k are satisfied rules written in
equation (1). The initial conditions of repunit dual quaternions can be ex-
pressed as follows:
Ro =i+ 115 + 111k,
Ry =14+117 + 1115 + 1111k.
Let us give some fundamental algebraic properties of %Z,,. Let Z, = R,, +
RTH»IZ' + Rn+2j + Rn+3k and %m = Rm + Rm+1’t' + Rm+2j + Rm+3k be the

nth and mth repunit dual quaternion for every n,m € N, respectively. The
followings are written:

* r%n = '%m = Rn = Rvm Rn+1 = Rm+17 Rn+2 = Rm+27 Rn+3 = Rm+37

Ry, + Ry, = (Rn + Rm) =+ (R"_H + Rm+1)i + (Rn+2 + Rm+2)j

&
+ (RnJrS + Rm+3)ka

% wZ, =wR, +wWRy 111+ WRy 2] + wRy3k, weER,
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* %nt%m = R,R,, + (RanJrl + —RnJrl—Rm)Z + (Ran+2 + Rn+2Rm)]
+ (Ran+3 + Rn+3Rm)k7

where (1) is satisfied.
* @n = Rn - Rn+1i - Rn+2j - Rn+3k7

where %, denotes the conjugate of %,. Also, the scalar part of %, is
Sa, = Rn. The vector part of Z, is Vg, = Rut1i + Rpt2j + Rnisk.
Then: S%n:t%’m = Rn + Rm = Sg}n + S@m and R+ R — Ry, + R+

Theorem 10 (Recurrence Relation). Let %, be the nth repunit dual quater-
nion. The following recurrence relation is satisfied as follows:

Rpso = 11%p1 — 10%,,  for every n > 0. (10)

Let us establish the Maple 12 code to calculate repunit 3-parameter gen-
eralized quaternions:

> restart: with(LinearAlgebra):with(linalg):

> R(n):

> R:=proc(n)

> if n=0 then return O:

> elif n=1 then return 1:

> elif n=2 then return 11:

> else return ((10°n)-1)*(1/9)

> end if;

> end proc;

> R_ast(n):

> R_ast:=proc(n)

> if n=0 then return R(0)+R(1)*i+R(2)*j+R(3)*k:

> elif n=1 then return R(1)+R(2)*i+R(3)*j+R(4)*k:

> elif n=2 then return 11*(R(1)+R(2)*i+R(3)*j+R(4)*k)-10*(R(0)+R
— (1)*i+R(2)*j+R(3) *k) :

else return 11*R_ast(n-1)-10*R_ast(n-2)

end if;

> end proc;

vV Vv

*The notations R and R_ast represent, repunit number and repunit dual
quaternion, respectively.

Theorem 11. For every n € N, the followings are satisfied:

* %n - %n+1i - e%nJer - t%n+3k = Rn;
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® Kon + K1t + Ent2] + Fnisk = 2%, — Ry,

* BnFn = R2,

% An + Rn = 2R,

% By — Rn = 2%, — 2Ry,

¥ Zr =R} 4+ 2Ry Ryy1i+ 2Ry Ryyoj + 2R, Ry sk = 2R, %, — R},

% @j =R2 —2R,R,1i — 2R, Ry 12j — 2R, Ry i3k = 3R%2 — 2R, %,,.
Theorem 12. For all n € N, the followings are satisfied:

¥ BnRm, — B R, = 2(Rn R — Rn%n — 2RnR),

¥ BnRm, + BnRm, = 2Ry R,

¥ BB — RnPrm, =2 (RnRr, — Ry P,

X BoRBm + R P, = 2R, Ry,

Theorem 13. For every n € N, Binet formula for repunit dual quaternions

1s written
10%¢1 — 62
9
where g1 = 1+ 10i + 1007 + 1000k and o =14+ + k.

Ry, = (11)

Theorem 14. For alln € N, the generating function for repunit dual quater-
nions is expressed as follows:

s " Ro + (%l — 11%0) x
Z‘%"x T 1-llz+1022 (12)

Theorem 15. The exponential generating function of repunit dual quater-
nions is expressed as

=, U = (10" — o |y
Sat-f(R)E e

n=0

Theorem 16. The Poisson generating function of repunit dual quaternions
1s as follows.

_ " oy (1070 —6a ) u"



3-PARAMETER GENERALIZED QUATERNIONS AND DUAL QUATERNIONS
WITH REPUNIT NUMBER COMPONENTS 134

References

[1] G. Bilgici, Fibonacci 3-parameter generalized quaternions, Avrupa Bilim
ve Teknoloji Dergisi, 41 (2022), 357-361.

[2] G. Bilgici, Jacobsthal 3-parameter generalized quaternions, Advanced and
Contemporary Studied in Natural Science and Mathematics, Chapter 4,
46-53, 2024.

[3] G. Cerda-Morales, On a generalization for Tribonacci quaternions,

Mediterr. J. Math. 14 (2017), Article Number: 239, 12 pages.

[4] G. Cerda-Morales, Identities for third order Jacobsthal quaternions Adv.
Appl. Clifford Algebr. 27 (2017), 1043-1053.

[5] G. Cerda-Morales, On third-order h-Jacobsthal and third-order h-
Jacobsthal-Lucas sequences, and related quaternions, Preprints (2020), 13

pages.

[6] G. Cerda-Morales, Third-order Jacobsthal generalized quaternions, J.
Geom. Symmetry Phys. 50 (2018), 11-27.

[7] G. Cerda-Morales, Dual third-order Jacobsthal quaternions, Proyecciones
(Antofagasta) 37(4) (2018), 731-747.

[8] R. Chaker, A. Boua, Some results on generalized quaternions algebra with
generalized Fibonacci quaternions, An. Stiint Univ. Al I. Cuza lasi. Mat.
(N.S.) LXIX(2) (2023), 233-246.

[9] J. Cockle, On systems of algebra involving more than one imaginary; and
on equations of the fifth degree, Philos. Mag. 35(238) (1849), 434-437.

[10] E. A. Costa, P. M. Catarino, P. J. Vasco, F. R. Alves, A Brief Study on
the k-Dimensional Repunit Sequence. Rn, 10(1) (2025), 9.

[11] E. A. Costa, P. M. Catarino, D. C. Santos, A study of the symmetry of
the tricomplex repunit sequence with repunit sequence. Symmetry, 17(1)
(2024), 28.

[12] E. A. Costa, D. C. dos Santos, P. M. M. C. Catarino, Some Tridiagonal
Matrix of the Repunit Sequence. Latin American Journal of Mathematics,
4(1) (2025), 1-12.

[13] E. A. Costa, F. S. Carvalho, On repunit polynomials sequence. Brazilian
Electronic Journal of Mathematics. 5(2024), 1-15.



3-PARAMETER GENERALIZED QUATERNIONS AND DUAL QUATERNIONS
WITH REPUNIT NUMBER COMPONENTS 135

[14] E. A. Costa, G. A. Costa, P. M. M. C. Catarino, One-Zero numbers: A
new Horadam-type sequence, Intermaths. 5(2)(2024), 80-92.

[15] E. A. Costa, D. C. Santos, P. M. M. C. Catarino, E. V. P. Spreafico, On
Gaussian and Quaternion Repunit Numbers. Revista de Matematica da
UFOP, 2 (2024).

[16] E. A. Costa, D. C. dos Santos, F. S. Monteiro, V. M. A. de Souza, On the
Repunit sequence at negative indices. Revista de Mateméatica da UFOP,
1 (2024).

[17] L. E. Dickson, On the theory of numbers and generalized quaternions,
Amer. J. Math. 46 (1924), 1-16.

[18] O. Digkaya, H. Menken, On the (s,t)-Padovan and (s,t)-Perrin quater-
nions, J. Adv. Math. 12 (2019), 186-192.

[19] O. Diskaya, H. Menken, On the split (s,t)-Padovan and (s,t)-Perrin
quaternions, Int. J. Appl. Math. Inform. 13 (2019), 25-28.

[20] Z. Ercan and S. Yiice, On properties of the dual quaternions, European
Journal of Pure and Applied Mathematics, 4(2) (2011), 142-146.

[21] C. Flaut, V. Shpakivskyi, On generalized Fibonacci quaternions and
Fibonacci-Narayana quaternions, Adv. Appl. Clifford Algebr. 23(3)
(2013), 673—688.

[22] L. W. Griffiths, Generalized quaternion algebras and the theory of num-
bers, Amer. J. Math. 50 (1928), 303-314.

[23] S.S. Gupta, Repunit Numbers. In: Exploring the Beauty of Fascinating
Numbers. Springer Praxis Books(). Springer, Singapore (2025).

[24] H. Giinay, Quaternions and Applications of Some Generalized Third Or-
der Sequences, Selguk University, The Graduate School of Natural and
Applied Science of Selguk University, 2019.

[25] H. Glinay, N. Tagkara, Some properties of Padovan quaternion, Asian-
Eur. J. Math. 12(06) (2019), 2040017.

[26] N. Giirses, Z. Isbilir, On the combined Jacobsthal-Padovan generalized
quaternions, Adv. Studies: Euro-Thilisi Math. J. 15(2) (2022), 55-70.

[27] W. R. Hamilton, On quaternions; or on a new system of imaginaries in
algebra, Philos. Mag. 25(3) (1844), 489-495.



3-PARAMETER GENERALIZED QUATERNIONS AND DUAL QUATERNIONS
WITH REPUNIT NUMBER COMPONENTS 136

[28] W. R. Hamilton, Lectures on Quaternions, Hodges and Smith, Dublin,
1853.

[29] W. R. Hamilton, Elements of Quaternions, Chelsea Pub. Com. New York,
1969.

[30] Z. 1§bilir, N. Giirses, Padovan and Perrin generalized quaternions, Math.
Methods Appl. Sci. 45(18) (2022), 12060-12076.

[31] Z. Isbilir, N. Giirses, Pell-Padovan generalized quaternions, Notes Num-
ber Theory Discrete Math. 27(1) (2021), 171-187.

[32] Z. Isbilir, N. Giirses, A study on the association of the 3-primes and
reverse 3-primes generalized quaternions, 1st International Symposium
on Recent Advances in Fundamental and Applied Sciences (ISFAS-2021),
2021.

[33] Z. i§bilir, N. Giirses, Horadam 3-parameter generalized quaternions,
Honam Math. J. 46(3) (2023), 407-427.

[34] Z. Isbilir and N. Giirses, Padovan, Perrin and Pell-Padovan dual quater-
nions, Turkish Journal of Mathematics and Computer Science 15(1)
(2023), 125-144.

[35] Z. Isbilir and N. Giirses, (2023). Examination of generalized Tribonacci
dual quaternions. Acta et Commentationes Universitatis Tartuensis de
Mathematica, 27(2), 235-255.

[36] Z. Isbilir, N. Giirses, M. Tosun, On the 3-parameter generalized quater-
nions with generalized tribonacci numbers components, Filomat, 39(9)
(2025), 3003-3027.

[37] M. Jafari, Genellestirilmis Hamilton Operatérleri ve Lie Gruplar ,
Ankara Universitesi, Fen Bilimleri Enstitiisii, (2012).

[38] M. Jafari, Y. Yayl, Generalized quaternions and rotation in 3-space Egﬁ,
TWMS J. Pure Appl. Math. 6(2) (2015), 224-232.

[39] M. Jafari, Y. Yayli, Generalized quaternions and their algebraic proper-
ties, Commun. Fac. Sci. Ank. Series A1 64(1) (2015), 15-27.

[40] C. Kizilateg, P. Catarino, and N. Tuglu, On the bicomplex generalized
Tribonacci quaternions, Mathematics 7 (2019), 80.

[41] V. Majernik, Quaternion formulation of the Galilean space-time transfor-
mation, Acta Physica Slovaca. 56(1) (2006), 9-14.



3-PARAMETER GENERALIZED QUATERNIONS AND DUAL QUATERNIONS
WITH REPUNIT NUMBER COMPONENTS 137

. B. Mamagani, M. Jafari, On properties of generalized quaternion al-
42] A.B. M i, M. Jafari, O jes of lized ) l
gebra, J. Nov. Appl. Sci. 2(12) (2013), 683-689.

[43] H. Mortazaasl, M. Jafari, A study of semi-quaternions algebra in semi-
Euclidean 4-space, Mathematical Science and Applications E-Notes 2(1)
(2013), 20-27.

[44] S. K. Nurkan, L. Arslan Giiven, Dual Fibonacci quaternions, Advances in
Applied Clifford Algebras. 25(2) (2015), 403-414.

[45] H. Pottmann, J. Wallner, Computational Line Geometry, Springer-Verlag
Berlin Heidelberg, New York, 2001.

[46] B. Rosenfeld, Geometry of Lie Groups, Kluwer Academic Publishers,
1997.

[47] D. Savin, C. Flaut, and C. Ciobanu, Some properties of the symbol alge-
bras, Carpathian J. Math. 25(2) (2009), 239-245.

[48] N. J. A. Sloane, The online encyclopedia of integer sequences, (1964)
http://oeis.org/.

[49] D. C. Santos, E. A. Costa, A note on Repunit number sequence. Inter-
maths, 5(1) (2024), 54-66.

[50] D. C. Santos, E. A. Costa, Um passeio pela sequéncia repunidade. CQD-
Revista Eletronica Paulista de Matematica, p. 241-254, 2023.

[61] D. C. Santos, E. A. Costa, P. M. Catarino, On Gersenne Sequence: A
Study of One Family in the Horadam-Type Sequence. Azioms, 14(3)
(2025), 203.

[52] T. D. Sentiirk, 3-parameter generalized quaternions, Institue of Science,
Kastamonu University, PhD Thesis, 2020.

[63] T. D. Sentirk, Z. Unal, 3-parameter generalized quaternions, Comput.
Methods Funct. Theory. 22(3) (2022), 575-608.

[54] T. D. Sentiirk, G. Bilgici, A. Dagdemir, Z. Unal, A study on Horadam
hybrid numbers, Turk. J. Math. 44(4) (2020), Article 10, 1212-1221.

[65] D. Tagei, Padovan and Pell-Padovan quaternions, J. Seci. Arts 42(1)
(2018), 125-132.

[56] T. Unger, N. Markin, Quadratic forms and space-time block codes from
generalized quaternion and biquaternion algebras, IEEE Trans. Inform.
Theory. 57(9) (2011), 6148-6156.



3-PARAMETER GENERALIZED QUATERNIONS AND DUAL QUATERNIONS
WITH REPUNIT NUMBER COMPONENTS 138

[57] Z. Unal, Dual Fibonacci ve Lucas 3-parametreli genellestirilmis kuaterniy-
onlari. In International Conference on Scientific and Academic Research
(Vol. 1, pp. 34-36), (2023).

[58] S. Yates, Repunits and Repetends. [S.L]: Inc., Boynton Beach, Florida,
1982.15

[59] S. Yiice and F. Torunbalei Aydin, Generalized dual Fibonacci quater-
nions, Applied Mathematics E-Notes. 16(309) (2016), 276-289.

[60] S. Yiice and F. Torunbalc1 Aydin, A new aspect of dual Fibonacci quater-
nions, Adv. Appl. Clifford Algebras. 26 (2016), 873-884.

Isil ARDA KOSAL,

Department of Mathematics,
Sakarya University

Sakarya, 54187, Tirkiye.

Email: isil.arda@ogr.sakarya.edu.tr

Murat TOSUN,

Department of Mathematics,
Sakarya University

Sakarya, 54187, Tiirkiye.
Email: tosun@sakarya.edu.tr



