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About on the obtaining of some quantum code
parameters from (—21}’”_1 + 1)-constacyc1ic
codes over the ring R=F, +ovF, + --- + 0" 'F,

Gékhan GOKGOZ and Figen OKE

Abstract

In this study, the hull dimensions of (—21}7"71 +1)-constacyclic codes
over the ring R = Fy +vF, + - - - + 0™ 'F, with v™ = v are determined.
In addition, by using a special Gray map, a necessary condition is given
under which the generator polynomial of a (—21}”71 + 1)-constacyclic
code over R yields, through the polynomial representation of the Gray
map, the generator polynomial of the corresponding cyclic code over Fj,.
Later, an example is presented showing that the parameters of a quan-
tum error-correcting code over F, can be obtained from a (—2v™ ! 4-1)-
constacyclic code over R by means of the X-construction method. Fur-
thermore, the case in which the number of (—2v™~! + 1)-constacyclic
codes of length n over R equals the number of cyclic codes of length
2n over Iy is examined, and an example is provided in which the pa-
rameters of the quantum error-correcting codes arising from those cyclic
codes—which are Gray images of (—2v™ ' + 1)-constacyclic codes over
R—are presented.

1 Introduction
In this study, some results from Tian et al. [2] are extended to (—2v™ 1 +1)-

constacyclic codes over the ring R = F, + vF, + -+ + 0™ 'F, (v™ = v). By
using the orthogonal idempotent elements eg, e, ...,e,,—1 of R, we establish
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the necessary and sufficient condition for a linear code of length n over R to be
a (—2v™~ 1 +1)-constacyclic code. We also provide a theorem to determine the
hull dimension of such (—2v™~! 4 1)-constacyclic codes over R. We examine
the general form over R = Fy +vF, 4 -+ 0™ 'F,(v™ = v) of the Gray map,
which was previously defined by Tian et al. [2] over F,+ulF,(u? = u), by Raka
et al. [1] over R = F,+uF,+u?F,+u3F,(u* = u), and by Zhang et al. [8] over
Ry. When m > 2, the Gray map is not a vector space isomorphism, unlike the
m = 2 case; thus, the results from [2] are not directly applicable. For m > 2,
we provide an example showing that, under specific conditions, data from the
generator polynomials of (—20™~!+41) -constacyclic codes over R = F,+vF,+
st vm*I]Fq(vm = v) can be used to construct new quantum error-correcting
code parameters through the Gray images of these codes and the X-quantum
construction method. Moreover, even though a one-to-one correspondence
has not been established, we present an example related to the parameters
of quantum error-correcting codes obtained via the X-quantum construction
from those cyclic codes that are Gray images of (—2v™~! + 1) -constacyclic
codes over R, in the scenario where the number of these constacyclic codes
equals the number of cyclic codes of length 2n over F,.

The study of Tian et al. [2] examined hull dimensions of constacyclic codes
of length n over F, + vF, with v? = v, under both Euclidean and Hermitian
inner products. Using a suitable Gray map from F, + vlF, to ]Fg, they deter-
mined the hulls of the Gray images of (—2v + 1)-constacyclic codes and, via
the X-quantum construction, obtained new QECC parameters.

Hull dimensions play a central role in X-quantum constructions, for which
Tian et al. [2] relied on [4, 7]. One classical approach for deriving quantum
code parameters is the CSS construction. Cengellenmis and Dertli [3] obtained
new quantum codes over I, using a self-duality-preserving Gray map defined
on R=F,+vF, +--+v™ 'F, with o™ = v, (m—1) | (p — 1), p odd prime,
q=p°.

Shi et al. [15] studied the algebraic structure of the same ring R and de-
scribed skew cyclic codes together with a general Gray map. Raka et al. [1]
investigated (—2u? + 1)-constacyclic codes over F,, + uF, + u*F, + u*F, with
u* = u and analyzed their Gray images. Moreover, Shi et al. [6] showed that
the Gray images of u-constacyclic codes over R = Fpo +ulF g2 + - - + UT_IIqu
(with w” =1, r | (¢+1)) become cyclic codes over 2 under the Fourier trans-
form, and they derived new quantum parameters via Hermitian construction.

Zhang et al. [8] produced parameters for maximal-entanglement EAQECCs
from Gray images of cyclic codes over R,_1 = Fy+v1Fq +---4+vs_1F,, where
v? = v; and v;v; = 0 for ¢ # j. They further obtained ME-MDS EAQECCs

(2
from Gray images of (—2v; + 1)-constacyclic codes over Ry = Fy + v F,.
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2 Preliminaries

For the fundamental definitions and concepts of algebraic coding theory, the
reader is referred to [12] and [11].

The "hull’ concept was first defined by Assmus and Key [9] in their 1990
paper ” Affine and projective planes.” The hull of a linear code C is C' N C+.
The dual is typically defined using the Euclidean inner product, but other
inner products, like the Hermitian, may also be used. Massey (1992) [10], in
”Linear Codes With Complementary Duals,” first explored the properties of
linear codes C' where C N C*+ = {0}. He named such codes "LCD” (Linear
Complementary Dual) codes.

3 (—2v™! 4+ 1)-Constacyclic Codes over the Ring R =
Fq[v]/{v™ —v)

Unless specified otherwise, R will refer to R = F, + vF, + - - + v™~'F, with
g=p%, (m—1)| (p—1), p an odd prime, and v™ = v. The algebraic structure
of R was given by Shi et al. in [5]. In this work, the notation in [5] will be
used.

Dinh [13] gave the definition of a constacyclic code over an arbitrary finite
ring, and the relationship between a A-constacyclic code and its dual.

Proposition 1. The element (—21} m—1 4 1R) s a unit in the ring R.

Proof. Since v™ = v, we have v™~! = 1. Thus, (=2v™ "' + 1g) (=20 " + 1)
=4 (™)’ —40™ 1 4 1g =4-1p —4-1g + 1r = 1g. Hence, (—20™ ! 4 1) isa
unit. O

Definition 1. Let C be a linear code of length n over the ring R. Let
(—2v™~L +1) € R be a unit element and let T be a (—20™ ! + 1)-constacyclic
shift transformation. For everyc = (co,c1,...,cn_1) € C, if7(c) = ((—2v™ 1+
1)en—1,C0,- .., Cn_2) € C, then the code C is called a (—2v™~1+1)-constacyclic
code over R.

Proposition 2. Fori = 0,1,...,m — 1, let C; be codes of length n over
F,. The code C = egCy @ e1C1 & -+ ® €—1Cm—1 is a (—20™71 + 1)-
constacyclic code of length n over R if and only if Cy is a cyclic code and,
fori=1,2,....m—1, each C; is a negacyclic code.

Proof. In the factorization v™ —v =v- (v —v1) - (v —v2) -+ (V — Vyp—1), since
fo=v—0=v, we have fo = (v™~1—1). It is easily seen that the values of ag
and by satisfying the equality ag fo + bg fo =1 are v~ 2 and —1, respectively.
Indeed, v™ 2.0+ (—1)-(v™~1—1) = 1. In this case, we obtain eg = —v™ 1 —1.
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Let any element of C; C F' (i = 0,1,...,m — 1) be of the form (af, ai,
yah_1). Since C C R™ and R = e)F, @ e1Fy @ -+ & e,,1Fy, for j =

0,1,...,n — 1, each element m; € R can be uniquely written as m; = eoag +
ela} 4+ emfla}”_l. Therefore, any element of a code C' of length n over
R can be written as (mo,m1, ..., My_1).
Under these representations: for each (af,ai,...,a’_;) € C;(i=0,1,...
,m — 1), we have m = (mg,m,...,mp_1) € C, where m; = eoa? + ela} +
+emo1al ! (j=0,1,...,m—1).
Above, it was shown that eg = —v™ 1 —1. Now observe that —2v™ 1 +1 =

2(—v™~1 4+ 1) — 1 = 2¢p — 1. Thus, a (—2v™~! + 1)-constacyclic code and a
(2ep — 1)-constacyclic code are the same. In the remainder of the proof, the
expression “(—2v™~! + 1)-constacyclic code” will be replaced by “(2eq — 1)-
constacyclic code.”

Let C = eoCo @ e1C1 @ -+ @ €101 € R be a (—20™" 1 + 1)-

constacyclic code. Then, for each m = (mg,my,...,mu—1) € C, we have
((260 — 1)7)’1»,1_17 mo, ... ,mn_g) eC.
On the other hand, ((2eg — 1)my—1,mo, ..., mp—2) = eg(ad_;,a), a?,
—2)+61( ’}L 17(1'(1)70'%7"'7a3L—2)+62(7a%—17a(2)7a%7"' 31 2)+
tem_1(—amtalt a L am ) e C.
Indeed, (2eg — 1)my,_1 = (2eg — 1) - (ega®_, +e1al 1+ +em_1a™}) =
e0al_, —eal_; — -+ —em_1a™ . Thus, the first components of the two

n-tuples are equal. ((260 —1)-ep =2e% — ey =2ey—eg=eg) and (2e9 — 1) -
exal | =2epepak | —epak | =0—epak | (k=1,2,....m—1).

It is easily seen from mj = eoa; —|—61a1+ +em_ 1a 1 forj=0,1,. —
2 that the other components of the tuples are also equal

Therefore, considering C' = eqCy G ey Cl D -Dem_1Cm_1 C R™, we obtain
(a%—lv CL8, a(l)v s 7a9L—2) € Co, (_a’}L 1> aO’ a%’ R a7lz—2) € Ch, (_a?z—ha%’a%’

a2_y) € Coy ..., (—a™af " a .. a™) € Cpyoq. This means
that Cy is a cyclic code, and C1,Cs,...,C,,_1 are negacyclic codes.

Conversely, let C = egCy ® 1C1 @ -+ B €—1Cm—1 € R™ be a linear
code of length n over R. For any codeword m = (mg, my,...,my_1) € C,
its components are written as m; = eoa? + ela} + - 4+ em_la;”_l (j =
0,1,...,n—1), with (a},at,...,at,_;) € C;.

Since Cy is cyclic and C1,C, ..., Ch— 1 are negacyclic codes over F,,
we have (a¥_y,ad,a?,...,a0_,) € Co, (—ah_y,ad,al,...,ah_5) € C1, ...,
(—a™ L al et a7} ) € Chu_y. Therefore, eg(a®_,ad,a?,...,a%_,)
+61(—aifl,aé,a1, e a}l 9
+ 62(_0‘31717 agv a%v s va72172) +-- +€m,1( an 11’a6n ! CL71n 17 R a’zl:Ql) €
C, which implies ((260 — 1)mp_1,mo, ... 7mn,g) eC.

Hence, C is a (2ey — 1)-constacyclic code of length n over R. Therefore, C
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is a (—20™~! 4 1)-constacyclic code of length n over R. O

Proposition 3. Let C =¢yCo@e1C1 P - Pepn_1Cm_1 be a (—21)7”_1 + 1)-
constacyclic code of length n over R. Let go(x) be the generator polyno-
mial of the cyclic code Cy, and let g1(x),g2(x), ..., gm-1(x) be the genera-
tor polynomials of the negacyclic codes Cy,Cs,...,Cp_1, respectively. Then

C= <€090($),€191($), - ~7€m—19m—1(x)>'

Proof. As a consequence of Proposition 2.2. in [13], we obtain the following:
m: R" = Rlz]/(z" — (=20™"1 + 1)), ¢ = (co, ¢ty .., Cno1) > m(c) =
coteir+-tepaml=coteirt e 12"+ (2" — (=20 4+ 1))
is an R-module isomorphism.

A linear code C' C R™ is a (—2v™~! 4 1)-constacyclic code if and only if
7(C) is an ideal of the ring R[z]/{z™ — (—2v™1 + 1)).

For C =eyCo @ e1C1 @+ B ep—1Cn—1 C R"™, we have 7(C) = 7(egCo ®
6101@' : '@€m71cm,1) = w(eoCo)@w(elCl)®~ . '@ﬂ'(emflcmfl) = 6071’(00)@
erm(C)®- - ®em_17(Cr-1) = (e0go(z), e191(2), ..., €m—1gm—1(x)). There-
fore, C = (eogo(x), e191(2), ..., €m—1Gm—1(2)). O

Proposition 4. If C = eyCo ® e1C1 & -+ @ €1,—1C—1 is a (—20™ 71 +1)-
constacyclic code of length n over R, then C+ = egCg-@e;CL®- - -@epm_1CE_;
is also a (—2v™ ™! + 1)-constacyclic code of length n over R.

Proof. For i = 0,1,...,n —1, let x; = epxs0 +€1T51 + - + €m—1Tim-1 €
R=eFq@e1Fqg@---Depm_1Fqg and y; = eoyio +e€1¥i,1 + -+ €m—1Yim—1 €
R=¢elF, ®erF; & - @ ep_1F,. Thus, for each z = (x0,21,...,%Tn-1), Yy =

n—1

(Y0, Y1s---+Yn—1) € R™, the Euclidean inner product is x -y =Y .y x; - y; =
2?2—01 [(eomi,o +e1zi1+Fem_1%im—1)- (€oYio+eryi1+-- '+€m—1yi,m—1)]
= 60'2?;01(961',0'%,0)-&-61 EZ’;&(M Y1)+ Femat -ZZZJ (im—1"Yi,m—1)s
where €? =e; and i # j = ¢; - e; = 0.

In the continuation of the proof, the same index notation will be used for
the elements x and y of R™.

For each z € C* C R*" = foreach y € C C R", z-y = Op, =
-1 -1 -1
€ Z?:o (%i0-Yi0) +er Z?:o (i1 -yi1)+- +em_1 Z?zo (Tiym—1Yim—1) =
—1 —1 -1
Or, = i (€i,09i,0) = OF,, Doig (Ti1¥i1) = OFgs -y >oig (Tim—1Yim—1)=
OF, -
Since R is an Fg-module and R = egFy @ e1Fq @ -+ @ emn—1Fy, the set

{eo,€1,...,em—1} C R is a basis of the ring R, hence linearly independent.
Therefore, for j =0,1,...,m —1, (xo,;,Z1,5,.-.,Tn-1,;) € CjL.
Thus, x = (29,1, -, Tn_1) = (€0$0,0+61$0,1+- Tt em—1T0,m—1, €0%1,0t+

111 + - F em_1T1,m—1, -+, €0Ln-1,0 + €1Tn-11 + ** + €m—1Tn—1,m—1)
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= e0(20,0, 21,05+ - - s Tn—1,0) + €1(Z0,1, T1,1, -+, Tr—1,1)
-t em—1(T0m—1,T1m—1s s Tn—1,m—1) € €0Co Be1CL B Bem_105_.
Indeed, since for each 2 € C+ C R™ and for each y € C, Z;:Ol (i,0°Yi,0) =

Or,, for all (y0,0,41,0,-->¥n-1,0) € Co, (70,0,21,0,--->Tn—1,0) * (Y0,0,¥Y1,0,

- yYn-1,0) = Or,, therefore (zo0,21,0,...,Tn-1,0) € Cg-. Applying similar
reasoning,

(Z‘QJ,Z‘L]', . ;xn—l,j) S OJL forj=1,2,....m— 1.

Conversely, for i = 0,1,...,m — 1, let () € Cf- C Fy. Then for each
z=epzO e z® 4. . te, 12D e eOCOl EBelCllEB- @ey 1CE | C R
and for each y = ey @ + ey 4+ +ep 1y € C = egCo®er1C1®--- @
em—1Cm—1, we have z -y = eo(z(® - yO) 4 ey (M - yM) 4 e,y (M=)
ym=1) = Op,, hence z € C*, and therefore C+ = ¢oCy @ 1Cf @ -+ @
em,lC#;fl.

Moreover, from Proposition 2.4. in [13] and Proposition 1., since the code
C C R"is a (—2v™"! + 1)-constacyclic code, the code C+ C R™ is also a
(—2v™~1 4+ 1)-constacyclic code. O

Definition 2. Let f(z) = Zf:o fiz" € Fylz], fo # 0, be a polynomial. The
polynomial defined by f*(x) = f(;lxdeg f("”)f(%) is called the reciprocal poly-
nomial of f(x). It holds that deg f(z) = deg f*(z) = k and (f*)*(z) = f(x).
If f(z) = f*(x), then f(z) is called a self-reciprocal polynomial; otherwise,
the pair of polynomials f(x) and f*(x) is called a reciprocal polynomial pair

12

Proposition 5. Let g(x) be the generator polynomial of a A-constacyclic code

C, and let h(z) = Ign(;))‘. Then the polynomial h*(x) is the generator polyno-

mial of the Euclidean dual code C* [2].

Proposition 6. If A = F1 and C C R™ is a A-constacyclic code, then the
code C+ C R™ is also a \-constacyclic code [2].

Proof. This follows easily from Proposition 2. O

Corollary 1. Let C = egCy®e1C1 B - - P ep_1Cp_1 be a ( —2pml 4 1)—
constacyclic code of length n over R. Let the polynomial go(x) be the gen-
erator polynomial of the cyclic code Cy, and let the polynomials g1(x), g2(z),
.o, gm—1(x) be the generator polynomials of the negacyclic codes Cy,Cs, ...
,Cym_1, Tespectively. In this case, for the code C+ = e¢Cq ® e1C{ @ -+ @
em—1C:=_1 C R", the code Cg- is cyclic, while the codes Ci-,Cy-, ldots, Ci-_ |
20(1&’
() be the reciprocal polynomials of

are negacyclic. Moreover, let hi;(x) be the reciprocal polynomial of and

let the polynomials hi(x), h5(x),...
R
g1(x)? g2(2) 7 gm—

*
» H'm—1

Jlr(lw) , respectively. Then we have:
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ct = (eohg(x), e1hi(z), ..., em—1hn_1(x)).

Proof. By using Proposition 2., Proposition 3., Proposition 4., and Proposition
5. the desired results are therefore obtained. O

Lemma 1. If C =egCy @ e1C1 @ - P epm_1Cm_1 and D = egDy ® ey D, &
<+ ® em_1Dm_1 are linear codes of length n over R, then C N D = eo(Cy N
DO) S 61(01 N Dl) D---D e"L—l(O’H’L—l N Dm—l)-

Proof. Let for each x =egzg+e1x1+ -+ em_1Tm_1 € CND. & egxg +
e1r1+ -+ em1Tm_1 € C =¢eCo ®e1C1 @+ D epm_1Cm_1, and egrg +
e1x1+ -+ emo1Tm_1 € D =egDyg®e1D1®---Pep_1Dm_1. & x9 €
Co,21€C1, ..., -1 € Cpp1,and 29 € Do, 21 € Dy, ...y, Tt € Diyp1.
< X9 € (CO N Do), x| € (Cl n Dl), e, Tm—1 € (Cm,1 N Dmfl). = r =
epTot+err1+---+em_1Tm—-1 € eo(CoﬁD0)+€1(Cl ﬁDl)—f—' . ~+em,1(Cm,1ﬂ
Dy—1). Since for 4,j = 0,1,...,m — 1 with i # j, C; N C; = {0y} and
D; N Dj = {0px}, it follows that (C; N D;) N (C; N Dj) = {0y }. In this case,
60(000D0)+61(Cl ﬂD1)+' . '+€m—1(0m—1 ﬂDm_l) = 60(0001)0)@61(01(7
D& - ®en_1(Cmn_1NDpy_1). Therefore, CND = eq(CoN Do) ® e (CyN
Dl)@"'egemfl(cmflmDmfl) O

Lemma 2. If C C R" is a cyclic code, then Hull(C) C R"™ is also a cyclic
code. Moreover, if C C R™ is a negacyclic code, then Hull(C) C R™ is also a
negacyclic code.

Proof. Since C is a cyclic code, its dual C* is also cyclic; and since C' is a
negacyclic code, its dual C* is also negacyclic, the proof follows easily.

O

Corollary 2. If C' is a (72’0’”*1 + 1)—constacyclic code of length n over R,
then Hull(C') is also a (72’0’”*1 + 1)—constacyclz’c code of length n over R.

Proof. Since we take D = Ct in Lemma 1. and use Proposition 2., Proposition
4., and Lemma 2., the desired result is easily obtained. O

Notation. Unless otherwise stated, the least common multiple of poly-
nomials P(x) and Q(z) will be denoted by lem(P(x),Q(z)) = [P(z),Q(z)],
and their greatest common divisor will be denoted by ged(P(z),Q(z)) =

(P(x), Q(x))-

Lemma 3. Let p(x) and q(x) be the generator polynomials of the A-constacyclic
codes C' and D of length n over F,, respectively. Then CND is a A-constacyclic
code whose generator polynomial is [p(x),q(x)] [14].

Lemma 4. The ring R = e)F, ® e1Fy @ --- @ en—1Fy is an Fy-vector space.
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Proof. 1t is easily shown. O

Lemma 5. R = ¢y @ e1F; @ -+ @ em—_1Fq is an Fy-vector space that is
isomorphic to the F,-vector space F".

Proof. Lemma 4 states that R is an [F-vector space. It is clear that F" is also
an F-vector space. Considering the map f: R = egF;@eiF @ - Pep1Fy —
" defined by egfo + €181+ +em—1Bm—1 + f(B) = (Bo, B1;- -, Bm—1), the
proof follows easily. O

Corollary 3. Let C' be a linear code of length n over R = egFq @ e1F, @
- @ epn—1Fy.  Then, for i = 0,1,...,m — 1, define C; = {z; € Fy |
Jxo, .. X1, Tit 1y ooy Tin—1 € ]Fg such that egxg+e1x1 4+ -+ €m_1Tm_1 €
C'}. Then dim(C) = dim(Cp) + dim(Cy) + - - - + dim(Cyy—1).

Proof. Since C' C R™ is an R-submodule and F;, C R, we have that C is
also an Fg-vector space. Moreover, for i = 0,1,...,m — 1, each C; C Fy is
a linear code, since it is closed under F,-scalar multiplication and addition.
Therefore, Co 8 C1 & --- B Cy1 C [y is an FF-vector space. Define £ : C =
eoCo ® e1C1 @ -+ @ ep-1Cp—1 € R" - Co®C1 @ - ® Cp1 C Fy by
27;61 e;ci — f(Z;n:_Ol eici) = co+c1+ -+ cm_1. Since every element of
the direct sum Cy & C; & --- & C,,—1 has a unique representation, we have
that £ is injective; since & preserves addition and scalar multiplication and
is surjective, we have that £ is an Fg-vector space isomorphism. Therefore,
C=¢eCo®e1C1D-Pep1Cme1 Z2CodC1 -+ Cpu_1. We have
dlm(C) = dlm(CO eC1G--- @Om—l): dlm(CQ) +d1m(Cl) —+-- +dim(Cm_1).
Therefore, the result follows. O

Proposition 7. Let C = egCo®e1C1®---Dey_1Ch_1 be a (—2vm_1 + 1)—
constacyclic code of length n over R, and let g;(x) be the generator polyno-
mials of the codes C; for i = 0,1,...,m — 1. Then there erists a unique
polynomial g(z) = epgo(x) + e191(z) + -+ + em—19m-1(x) such that g(z) |
(2" — (=201 +1)) and C = (g(x)).

Proof. From Proposition 3., C = {(epgo(x),€191(x), ..., em—19m—1(x)). Since
g(x) = eogo(x) +e1g1(x) 4+ -+ - + em_1gm—1(x), it is clear that (g(z)) C C. On
the other hand, since e; are orthogonal idempotents for ¢ = 0,1,...,m — 1,
we have eggo(z) = epg(x), erg1(x) = e19(x), ..., em—1gm—1(x) = em—_19(x).
Therefore C' C (g(x)), hence g(z) is a generator polynomial of C.

Moreover, since C is cyclic and C1,Cy, ..., C,,—1 are negacyclic codes, it
follows that go(z) | (™ — 1), g1(x) | (z™ 4+ 1), g2(2) | (™ + 1), ..., gm—1(x) |
(™ + 1). Hence there exist polynomials r;(z) € Fylz] for : =0,1,...,m—1
such that 2™ — 1 = go(z)ro(x), 2" + 1 = g1 (x)r1(z), 2™ + 1 = go(a)ra(2), ..,
2"+ 1= gm_1(x)rm_1(z).
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On the other hand, (eqgo(z) + e1g1(x) + -+ 4+ em—19m—1(x))(egro(x) +
erri(@)+ -+ em_1rm_1(x)) = eogo(x)ro(z) + e191(z)r1(x) +
o+ em—lgm—l(x)rm—l(x) = 60(33" - 1) + e1 (xn + 1) + -+ €7n_1(.13n + 1)
= (60 +er+ -+ em_l):z:" + (*60 + (61 + -+ em_l)) =z" — (260 - 1) =
2" — (—2v™~1 +1). Thus g(z) | (z" — (—20™" ! +1)).

Since R is an Fg-vector space and {eg,e1,...,em—1} C R forms a basis,
the expression g(z) = eggo(z) + e191(x) + -+ + €m—19m—1(x) is unique. O

4 Hulls of (—2v™"! + 1)-Constacyclic Codes over the Ring
R

In Section 2.3 of [2], the authors provide a factorization method for the poly-
nomials ™ — 1 and 2™ + 1 in the polynomial ring F,[x]. In this work, we shall
use the same notation.

Theorem 1. Let C = ¢gCy @ e1C1 & -+ D ey_1C_1 be a (—21}’”*1 + 1)—
constacyclic code of length n over R. Let go(z) be the generator polynomial of
the cyclic code Cy, and let g1(x), g2(x), . .., gm—1(x) be the generator polynomi-
als of the negacyclic codes Cy,Ca, ..., Cp_1, respectively. Let hi(x) denote the

reciprocal polynomial of f}:—&%, and let hi(z), h5(x), ..., kY, (z) denote the re-
ciprocal polynomials of EI(JS, ';:('S, cee giij(lz) , respectively. Then Hull(C) =
CNC* = (e [go(@), hi ()], e1[g1(2), hi(@)], ..., em—1 [gm-1(2), b1 (2)]) -

Proof. 1f C = egCo ® €1C1 @ -+ - ® €pp—1Cin—1 is a (—20™ 7! + 1)-constacyclic
code of length n over R, then, since Proposition 2. implies that Cj is a cyclic
code and that fori = 1,2, ..., m—1 the codes C; are negacyclic codes, we have,
by Proposition 3., that if g (z) is the generator polynomial of the cyclic code Cy
and ¢1(2), g2(x), ..., gm—1(x) are the generator polynomials of the negacyclic
codes C1,Cy, ..., Cpy_q, then C' = (eggo(x), elg%(x), ooy em—19m—1(x)). More-

over, if hfj(z) is the reciprocal polynomial of “;:ﬁ and hi(z), h(z),..., kY _1(z)

. . z"4+1 z"+1 " 41
are the reciprocal polynomials of 9i(5) G2 (@) G (D)

sition 4. and Corollary 1. describe the duals, we have C*+ = eoCd‘ ® ele‘ D
@ e 1Ch_ = (eohy(x), erhi(z), ..., em_1h%,_1(z)). Since, by Lemma
4., for i = 0,1,...,m — 1 the generator polynomials of Hull(C;) = C; N C;-
are [g;(x), h}(x)], and since Lemma 1., Lemma 2. and Proposition 3. describe
how direct-sum decompositions and generator polynomials combine, we have
Hull(C) = C 1 C = {eglgo(w), hi (@), e1lgn (), b ()]

ey m—1lgm-1(x), h%,_1(2)]). O

Lemma 6. For all P(z),Q(z) € Fy[x], we have [P(JI)Q(.Z‘)]* = P*(z)-Q*(x).

, then, since Propo-
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Proof. Let P(z),Q(z) € F,[x] with leading coefficients Py and Qq, respec-
tively. Then (P(2)Q(z))" = (PyQo)~'ades P+dee @ P(1/2)Q(1/x)
=(Py lats P P(1/2)) (Qp "2 9Q(1/x)) = P*(2)Q" (). O

Corollary 4. For all reciprocal polynomial pairs f(x), f*(x) € Fy[z], the prod-
uct polynomial f(z)f*(x) € Fylz] is also self-reciprocal.

Proof. Let f(z), f*(x) € Fy[z] be a reciprocal polynomial pair. Since Lemma

6. implies (f(x)f*(x))" = f*(2)(f*(2))" = f*(2)f(x), therefore f(x)f* () is

a self-reciprocal polynomial. O

Theorem 2. Letn € Z, p be a prime, € a nonnegative integer, and (p, )
so that n = Ap®. Let q be a power of p, and define Ny = {{ > 1 | 3
0 such that £ | (¢* +1)}. Let ® be Euler’s totient function, and set vo(i,
®(3)/ord;(q) fori | n, i € Ny, Bo(i,q) = ©(3)/(20rd;(q)) fori | n, i ¢
Forw=1,2,...,m—1, set v,(j,q) = ®(j)/ord;(q) forj|2n,jtn,je
Bl @) = B()/(201d;(a)) for § | 20, j 17, J & Ny

Let R=TF,+vF, + -+ v 'F, withq=p°, m—1] (p—1), v™ = v.
Then the hull dimensions of (—21}”‘_1 + 1)-constacyclic codes satisfy 0 < a; <
Y0(i,q)[p°/2], 0 < b < Bo(i,@)p", 0 < cwj < (U, @)p7/2], 0 < dyy <
Bu(j,@)p°. Since

2 =

N,
Ny

Hull(C) = Z ord;(q) a;+ Z ord;(q) bi+ Z ord;(q) cu,j+ Z ord;(q) dw,j

iln i|n jl2a, jtn jl2n, jtn
1€ENg i¢Ng i7'€Nq L jQNq )
w=1,..., m— w=1,..., m—

Proof. From Section 2.3 of [2]: let i and j be coprime positive integers, ord;(7)
the order of ¢ modulo j, ¢ a power of a prime number p, and for n € Z
we have n = nap® with (p,n) = 1 and ¢ € Zy U {0}. Define N, = {¢ >
1| 3k > 0such that £ | (¢* + 1)}, ® the Euler totient function, vo(i,q) =
®(i)/ ord;(q), Po(i,q) = ®(i)/(20rd;(q)), where gi;(z) is a monic irreducible
self-reciprocal polynomial of degree ord;(q), and fx;(z), fi;(x) are irreducible
reciprocal polynomial pairs of degree ord;(¢q). Then from Section 2.3 of [2] we
know that

Y0 (%,9) Bo(%,q) p
=1 = (z"—1)" lH ( H gri(w ) H ( H fri(2) s (@ )] (1)
i, i,

That is, for each ¢ | 7 with ¢ € N, there are (7, ¢) monic irreducible self-
reciprocal factors of degree ord;(q), and for each i | # with ¢ ¢ Ny, there are
Bol(i, q) reciprocal polynomial pairs (fri(z), f7;(x)) of the same degree.
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There is a one-to-one correspondence between A-constacyclic codes of length
n over F, and the monic divisors of ™ —\ [15]. Hence, cyclic-code enumeration
corresponds to the factorization of 2" — 1, whereas constacyclic-code enumera-
tion corresponds to the factorization of z" +1. If we write z" —1 = [ [, Qi(z),

then ) ) )
(@"—1D)a"+1) =2 - 1= ] Q)
il2n
and the factors satisfying j | 2n and j 7 are the ones associated with the

factorization of z™ + 1.
Let 7¢;(z) be a self-reciprocal polynomial of degree ord;(q), and let s4;(z),

St () be a reciprocal irreducible pair of the same degree. For w =1,2,... ,m—
1, define ~,(j, g) = ®(j)/ ord; (q) and B (j,q) = @(j)/(2 ord;(g)). Then
) Y (5,9) Buw (4,q) P
ey = [T ) TCH o)
jl2n jl2n
jin jtn
JENg j¢Nq

(2)
Primarily, in order to find the number of cyclic codes, if we focus on deter-
mining the number of factors of the polynomial ™ — 1; from equation (1),
any monic divisor of the polynomial z™ — 1 can be expressed as go(x) =
Lz (T2 (i) - T i (TR (i)™ (Fa()) ). where

i€EN, i¢Ng

0< uk“vkl, wg; < p°. (It should be noted that in the products appearing in
this expression, taking the upper bounds as vo(7, ¢) and By (%, ¢) does not mean
that all factors gg;(z) are chosen; choosing ux; = 0, or similarly vy; = 0, wg; =
0, implies that the corresponding factor is not selected.) The check polyno-

n_ 1 n_ 1 p°
mial ho(x) of the polynomial gg(z) is given by ho(z) = z = (z ) =

go(x) . go(x)
lH (M2 gri(a)) - 1 (125 fuata >f:i<x>)]

i (H“(“’)( @) ) TT i (TI2 [ i) (f7 ()]

€N, i¢N,
the fact that the exponent p® in the numerator represents the power of each fac-
tor is taken into account and the expression is rearranged, we obtain hy(x) =

Il im (HVO(Z Q)(gk( ))ps_um),l—[ i ( ﬂo(z,q [(sz( ))ps_v“(f;i(a:))pe_“’kiD,

1€EN, i¢Ng
Considering from Lemma 8. that the reciprocal of the product of polynomials

equals the product of their reciprocals, since gg;(x) is self-reciprocal, so that
gr:i(@) = gri(z), and since (f;)*(x) = fri(z) holds, so that

. When
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(fi ()P =vri (fii(x))P"~“ri appears in the factorization, we have

(4,) Bo(i,q)
i) = 11 H giaCe))? 7 LT TT G =2 (o=
i k=1 i@ k=1

i€Ny i¢Ng

. From Theorem 1., the hull dimensions of (—2v™~! 4+ 1)-constacyclic codes of
length n over R can be obtained from the dimensions of the codes Hull(Cy),
Hull(Cy), Hull(C3), ..., Hull(Cy,—1) for the cyclic code Cy and the nega-
cyclic codes Cy,Cs,...,Cy—1 over F,. Therefore, it is necessary to com-
pute the degrees of the polynomials [go(z), h§(x)], [g1(z), hi(x)], [92(2), h5 ()],

* [gmfl(x)v h;kn—l(x)]
We have [go(2), hi(z)] = Hl“ﬁ ( 7"(1 7 (gri(z ))maX{Uki,pe—um})
N,

1€Ng
T (TS [(Fualystons = (g (oot ] ) (3).

igN,

I? the exponent max{ug;, p° — ug;} is examined, let z € N U {0} be a
variable, and let p° be a fixed natural number. Define max{z, p* —x} =y. If
x> p° —z (in this case x = y), then 2z > p* =z > p*/2 = y=a > p°/2. If
p® —x > x (in this case p* — x = y), then p* > 2z = p*/2 > z. & =p°/2 is
chosen, then p® —x = p® — p®/2 = p®/2, which is the minimum value that the
expression p® —z can take. For the smallest value of 2 € NU{0}, the expression
p° —x takes its maximum value. Therefore, for x = 0, we obtain y = p*. Thus,
|p®/2| < max{ug;, p° — ur;} < p°. (If polynomial exponents must be positive
integers, then |p®/2| may be used.) Now, similarly, if we examine the exponent
max{vg;, p° — wi; } + max{wk;, p° — vk}, let 2,y € NU {0} be variables and
let p® be a fixed number. Define z = max{z, p* — y} + max{y, p* — z}.

Case I. Suppose > p* —y. If x > p* — y, we have y > p° — x, therefore
z = max{z, p* —y} + max{y, p° —z} =z +y.

Case II. Suppose z < p* —y. If x < p° —y, we have y < p° — 1z,
therefore z = max{x, p° — y} + max{y, p° — z} = 2p° — (x + y), hence
z=max{z +vy, 2p° — (z+y)}.

In this case, it is observed that the value of z changes depending on = +y. For

x4y = 0, z takes its maximum value 2p°. Its minimum value is attained if x =

p® —y, in which case z = p°, therefore p® < max{vg;, p° —wy; } + max{wg;, p°—

Vit < 2p°. In light of the information in Section 2.3 of [2], if similar calcu-

lations are carried out for the factorization of the polynomial ™ + 1 € F[z],

then for w =1,2,...,m — 1 we have g, (z) =[] jom (H:;”{J’q) (e (x))xw)
kg



ABOUT ON THE OBTAINING OF SOME QUANTUM CODE PARAMETERS
FROM (—21}’"’1 +1)-CONSTACYCLIC CODES OVER THE RING

R:Fq+qu+...+vm—l]Fq -
Toan (TE2P [(s05(@)»s (s (@) ), and huy(a) = 23
ifm G ()
J¢Ng
Yw (4,9) B Buw (4,9) ] )
= H H (re; ()P~ | - H H [(se5())?" V% (s ()P 9]
Jj|2m t=1 jl2m t=1
i it
IENq &N,
and hence /() = [T jjon (H?ifj"”(mj (x))pg_%)
N,
Hjlff (Hf;ul(LQ) [(Stj(x))pe_ztj(SZ‘j(g;))pE_ytj]). Therefore, [g, (), bl (z)] =
itm
J¢€Ng ‘
[ipn (I (g (a)ymastonrt=ou})
N,
11 jlfj (Hfgl(Jﬂ) [(Stj (x))max{ytjyps,ztj}(szfj (:E))max{ztjvpsfytj}:l> o (4).
im
JENg

(lp°/2) < max{xy;, p° —x¢;} < p°,  p° < max{v, p° — wii} + max{wg;,
p° — vgi} < 2p°). Moreover, go(z) and hj(z) are monic divisors of the poly-
nomial ™ — 1, and for w = 1,2,...,m — 1, the polynomials g,,(z) and h% ()
are monic divisors of the polynomial z™ + 1 [2]. From Corollary 3., it is
known that boy(C) = boy(C1) + boy(Cs) + - - - + boy(Cr—1), and Hull(C) =
cnet = (6000@6101@' : -@em_lCm_l)ﬁ(eoCoL@elCll@ : ~69em_10nl%1) =
60(00 N OOL) S5 61(01 n C%) DD em_l(C’m_l n C#—l) = GQHUZZ(CQ) D
elHull(C’l) D---D em_lHull(Cm_l).

Moreover, go(x) and hf(x) are monic divisors of the polynomial z™ —1, and for
w=1,2,...,m—1, the polynomials g, (z) and h% () are monic divisors of the
polynomial 2" +1 [2]. From Corollary 3., it is known that boy(C) = boy(C1) +
boy(Cy) + - -+ + boy(Cpu_1), and Hull(C) = CNC* = (egCo @ e1C1 D --- D
em_lcm_l) ﬂ(eoCd‘@elCll D-- 'EBem—lchr_L—l) = 60(00“08‘)@61(01 ﬁCf‘)@
s '@emfl(cmflﬂC#‘L_l) = eoHU”(Co)@elHUll(Cl)@ . ~®em,1Hull(Cm,1).
If Corollory 3. is considered for the linear code Hull(C)

C R™, then boy(Hull(C)) = boy(Hull(C})) + boy(Hull(C3)) +

<+ boy(Hull(Con1)) = (n — deglgo(z), h3(@)]) + (n — deglg (x), b (2)]) +
o+ (n — deglgm—1(x), by 1 (@)]).

Now, in light of the studies carried out above for the factorization of the poly-
nomials z™ + 1 and z™ — 1, the expressions for n, deglgo(x), h{(z)],
deggi(x), hi(x)], -, deg[gm—1(x), hk,_,(x)] are obtained as follows: For the
expression to be substituted in place of n, let us consider the factorization of
the polynomial =™ — 1:
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] = ("Eﬁ*l)ps _ |}I - (H'Yo(z ) gki($)> H i (Hﬂo(z,q) sz(lf)f,:z(x))‘|
€N, i¢ Ny

For a fixed value of i satlsfymg the correspondinggconditions in the product,

the expression [[}2 ’q) gri(z) is the product of 44(7,¢) polynomials, each of

degree ord;(q). Hence this product has degree ord;(q)7o(%, q)-

On the other hand, in the expression HBD(W) fri(x) fi;(x), each polynomial
product fri(z)fi;(«) has degree 2ord;(g). Since there are 5y(i, ¢) such factors,
the total degree is 2ord;(q)Bo (i, q). Moreover, since the degree of the product
of polynomials equals the sum of the degrees of the multiplied polynomials,

we obtain:

(22 ipn [ordi(@)v0(3,@)] + > ijn [20rdi(q)Bo (4, q)]) - p°

1€EN, i¢Nq
=3 l‘n [ord;(q )270(1 -9) P+ i [2ordi(q)Z£0:(f’q) Pl =n
1€N, i€ Ng
(written as ZW(W) ¢ for analogy with the factorization).
The degree of [go(z), h§(x)] is obtained by an analogous reasoning as fol-
lows: [go(g;)yhg(x)} = H i ( ;6/0:(;7‘1) (gki(x))max{uki7p —uki}>
ieN,

T (TEES (i) ™77 (e (@)™ 7 for a fixed

igN a
index i satisfying the above conditions.

In the product [} (gki(x))max{u“’p ~"there are Y0(i,q) polynomi-
als, each of degree ord;(q) -max{ug;, p°—ug;}. Hence the degree of this product
polynomial is ord;(q) - vo (%, ¢) - max{ug;, p° — wp; }-

Yo (i,9)
Consequently, the degree of the polynomial ] ( TT (gria))m>tur PE"“C”)

ilm k=1
iENg
is ) im (Ordi(Q) “70(i, q) - max{ug;, p° — uki})
ieN,
— L d. . Y0(,9) i £ _ .
Z ilm {OT Z(Q) Zkzl maX{ukz»P ukz} .
ieN,
Bo(i,9) . _ . _
For the product H flﬂ )>max{vm,ll — Wk } (fgi(x))max{wm,ll _'Ukz}] there
k=1

are fo(i,q) factors (for the fixed index ¢ satisfying the stated conditions), and
each factor has degree ord;(q) max{uvg;, p° — wg; } +ord;(q) max{wy;, p° — vk }.
Therefore the degree of the entire product equals ord;(q) So (4, ) (max{vki, pe—

Wi} + max{wyi, p° — vk }).
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Bo(isq
et P = [T ( H Fral)) "D (g )R ) e

i|n
¢ Ny

the degree of P(x) is Z [ordi(q) Bo(i, q) (max{vg;, p° — wy;i } +max{wy;, p° —

im

igN,
Bo(4,9)
fu;ﬂ})} , which can be written equivalently as Z [ordi(q) Z (max{vki, P —
ilm k=1

i¢N,
Wi } + max{wy;, p° — vkl})} . Therefore, n — deg|[go(x), hi(z)]
- (z in [ 0rdi)) D00 | 4 X i 2 ordi@) DG pr

1€N, i¢ Ny

-2 im <0rdi(Q) : ZZ‘L‘?Q) max{ug;, p° — Uki})

iEN,

- im <ordi(q) . Zgoﬁ’q) (max{vki, P° — wy; } + max{wy;, p¢ — Uki})> . Sim-

i¢Ng
ilarly, carrying out the same computation for 2" + 1 and for the polynomials
[gl (), h’{(x)], [gg(w), hs (1‘)], A [gm_l(az), h;‘n_l(a:)}, we obtain the follow-

ing expression for n — deg[g1 (), h}(z)]:
n — deg[g1(2), hf(x)]

= (Z il2n [Orddj(q) 7 } + 2 jjew [Ofdd () 2 D
im im
jeNq ]¢N
= X o | orda, (@) S0 max{ae, p° - @}
s
=2 jjom {Ofddj (q) Ztﬂ;(lj)q) (max{ytj7 p® — 25} + max{zy;, p° — ytj})]
it
JEN,
Moreover, it is known from Proposition 2. that the code C' = eqCy®e1C1 &
@D ep_1Cm_1 € R"is a (f2vm*1 + 1)—constacyclic code of length n over
R if and only if the code Cy is cyclic and, for i = 1,2,...,m — 1, the codes C;
are negacyclic.
Therefore, in order to compute the values (n — deg[gz(z), h3(2)]), (n —
deg[gs(x), h3()]),
..., (n—deg[gm—1(x), h},_(2)]), the same procedure as for determining n —
deglg1 (z), hi(x)] will be applied.
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In the light of this information; boy(Hull(C)) = (n — deglgo(x), h{(z)]) +
(n —deglgr(z), hi(2)]) + - + (n — deglgm—1(2), by, 1 (2)])

= (z i [ordi(@) P87 5] + 5 g [ordi() ST 2p ])

1€EN, 1¢Ng
~ 3 i [ordi(q) 32000 max{ug:, p* — upi}]
iEN,
-2 im [Ofdi(Q) Zﬁoz(}’q) (maX{Uki,pE — wgi } + max{wg;, p° — ’Uki})]
i€N,
(2w [orda, (a) 7200 b7 + o [orda, () 2720 2] )
im im
JEN, J¢Ng
1 w=1 G:0) w=1
-2 jl2m [Orddj (q) 22720 max{we;, p° — xtj}}
jggbflq
- Zn;ﬁ% [orda, (q) Sy (max{y:j, p° — 215} + max{z;,p° — y1;})]
it
jii\flq
=3 i [ord (q )ZVO(W) (ps — max{ug;, p° — uki})]
iEN,
+ 3 i [ordi(g) Tp20? (2p° — (max{vi, p° — wrs} + max{wyi, p° — vii}))]
i¢Ng
+ Z _7|2’r7, [Ordd ( ) V:w(Lq) (p - maX{-’IJt],p - xtj}):l
g”e*f\‘z
4 50 Torday (@) P (2% — (smax{ips, F — 215} + max{eng,° — s )]
im
jéqu
w=
Let us reorganize the terms that appear multiplied by ord;(q) in the sum-

mations as follows. For the first summation, we have L%J < max{ug;, p° —
Upi } < p° = —p° < —max{ug, p°—upi} < — {%J = 0 < p® —max{ug;, p° —
Ui} < pF— {%J . Since for a € Z and = € R we have |a+z| = a+|z], it follows
that p® — {%J = {p’f — ’;—EJ = {%J . Hence, 0 < p® — max{up;, p° — up;} <
L%J . Say a; = o(i,q)(p° — max{ug;, p° — ugi}), since we have 0 < a; <
Yo(4, q) L%J ,

For the second summation: p® < max{vy;, p°—wpg; } +max{wg;, p°—vg; } <

2p° = —2p° < —(max{vki, p° — wi; } + max{wg;, p° — v }) < —p°
= 0 < 2p° —(max{vki, p° — wk; } + max{wy;, p° — vk }) < p°. Say by = 2p° —
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(max{vg;, p° — wi; } + max{wg;, p° — vg;}), since we have 0 < b; < p°.

When similar arrangements are made for w = 1,2, ..., m—1, it follows that
0 S a; S ’VO(Z?q)\‘%J ) 0 S bi S 60(i7 Q)'pea 0 S cw,j S ’Yw(jv q)\‘%J ) 0 S
dw.j < Buw(j,q)-p°. Therefore, we obtain

dim(Hull(C)) = > s ordi(q)-ai+>_ jm ordi(q)-bi+) . jjom, jm ord;(q)-

iEN, i¢N, JEN,
w=1,2,....m—1
Coj+2 jmgm ordi(g) - du ;.
JENg

w=1,2,....m—1

O

Example 1. Forp =q =7, n =4 and m = 4, the hull dimensions of the
(—2v3 + 1)-constacyclic codes C of length 4 over the ring R = F7[v]/(v? — v)
are obtained as follows:

Since (p,m) = 1, we have ¢ = 0. The dwvisors of 4 are 1,2, and 4. Since
1,2,4 € Ny, there are no Bo(i,7) values in Theorem 2.. We get vo(1,7) =
Y0(2,7) =0(4,7) = 1.

Similarly, the divisors of 8 are 1,2,4,8. It is easy to see that 8 € Ny for
81 7. In this case, for w = 1,2,3, we obtain v, (8,7) = 2, and there are no
B (8,7) values. Since L?O/QJ =0, we have a; = as = a4 =0 and ¢, s =0 for
w=1,2,3.

Therefore, dim(Hull(C)) = > 44 ord;(7)-a; +)_ jjs, jta ord;(7)-c,; = 0.

1EN7 JEN7

Example 2. For p = 5, ¢ = 25 and m = 5, the hull dimensions of the
n = 20-length (—2v* + 1)-constacyclic codes over the ring R = Fas[v]/(v® —v)
are obtained as follows: Since n =20 =4-5, we have n =4 and € = 1. The
divisors of 4 are 1,2 and 4. It is easily seen that 1,2 € Nos and 4 ¢ Nos.

Since 251 = 0 = 1 (mod 1), ord;(25) = 1. Thus, 70(1,25) = 5p3 = 1,

%0(2,25) = sopider = 1 =1, and Bo(4,25) = somitosy = 55 = 2. The divisors
of 2-n =8 are 1,2,4 and 8. It is seen that 8 ¢ Nas for the value 84 4. In this

case, ,, does not exist for w =1,2,3,4, and (,(8,25) = %ﬁ’()%) = % = 2.
From the inequalities 0 < a; < v0(1,25) - [51/2], 0 < as < 70(2,25) - [51/2],
0 < by < Bo(4,25) -5 and 0 < dy, 5 < B.(8,25) - 5! for w = 1,2,3,4, we
obtain 0 < a3 < 2,0 <ay <2,0<b <10, and 0 < dy, s < 10 (w =
1,2,3,4). In this case, dim(Hull(C)) = ord;(25) - ay +orda(25) - as +ord4(25) -
by + ordg(25) - di,g + ordg(25) - da g + ordg(25) - ds g + ordg(25) - dag, which
simplifies to dim(Hull(C)) = a1 + a2 +bs +d1 s+ do s+ ds s+ das and we get
dim(Hull(C)) = 0,1,2,3, ...,49.
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5 The Euclidean Hulls of Gray Images of Some Consta-
cyclic Codes over the Ring R

Theorem 3. For any positive integer n, let N = 2n. Let p be a prime, w a
non-negative integer such that (p,N) =1 and N = Np“. Let q be a power
of p, and let the set Ny = {¢{ > 1|3k >0 st 0| (" +1)} be defined. Let

® be the Fuler totient function, ¥(l,q) = for (I| N andl € N,), and

Ordz(q
B(l,q) = 5 Oq;((ill(q) for (| N andl ¢ N,). In this case, the hull dimension of
cyclic codes over Fy is given by iw ordi(q) A + > ordi(q) Bi, where
lEN, I¢N,

0< A <7(,q) |[p*/2] and 0 < B; < B(l,q) p* [2].

Example 3. Consider a (—2v3 + 1)-constacyclic code C of length n = 24
over R = F7 + vF7 + v?F7 + v3F7 with m = 4, ¢ = 7 and v* = v. Since
N = 2n = 48 and (48,7) = 1, we have p* = 7° = 1 and thus N = 48. The
divisors of 48 are 1,2,3,4,6,8,12,16,24,48. It is seen that 1 2,4,8 € N7 and

3,6,12,16,24,48 ¢ N;. We compute: 5(1,7) = Of;(ll&) =1, 527 =
d(2 — d(4 d(8

ord(g()'T) = % =1 7(4 7) = ord(4()7) = % =1 7(8’ 7) - ordgg()’Y) = % =2

BB3,T) = g = 2 =1, B6,7) = g = 2 =1, B12,7) =
d(12 _ _ ) _ (16 _ _ ) _ P(24) _

20r1(112)(7) - % =1 ﬂ(1677) - 20rd16)( 7 i =2, 5(24’ 7) - 20r((124(7) -

3 (4 —

35 =2, B8,7) = s = 38 = 4. From 0 < Ay < 5(1,7)[7/2],

0 < B3 <B(3,7)-7,0< Bs < B(6,7) -7, 0 < Bz < B(12,7)-7, 0 <

Big < B(16,7) -7, 0 < Boy < B(24,7) -7, 0 < Bys §B(487) 7, we get

0<A AQ,A4<3 0<A8<6 0<Bg,B6,Blg<7 0<316,BQ4<14

0 < Byg < 28. Since dim(Hull(n(C))) = ord; (7) A1 +orda(7) A +ordy(7)As +
OI‘dg( )A8+Ord3( )Bg-i—OI‘dg( )BG—|—ord12(7)B12+0rd16(7)Bl6+0rd24(7)324+
ordyg(7)Bys = Ay + Ao+ 2A4 + 2Ag + B3 + Bg + 2B12 + 2B16 + 2B24 + 2Bus,
we obtain dim(Hull(n(C))) € {0,1,2,...,163,164}.

Example 4. Form =2, ¢ =9, and n = 4, the hull dimensions of the cyclic
codes 1n(C) (which are the images of the (—2v + 1)-constacyclic codes over
the ring R = Fg + vFg with v? = v) under the n Gray map are obtained as
follows: since N = 2-4 = 8 and (8,3) = 1, we have p* = 3° = 1. For the
divisors of 8, namely 1,2,4,8, we find that 1,2 € Ng and 4,8 ¢ No. The

values are calculated as ¥(1,9) = Of;(ll()g) =1=1, 7(2 9) = 03(22()9) =1=1,
_ o4 i

Ogmgi@%WﬂJ0<&<7@%t/JOS&SB&%ﬁﬂmd
0< Bs <fB(8,9)-3% weget Ay = Ay =0,0< B; <1, and 0 < Bg < 2.
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Hence, since dim(Hull(n(C))) = ord4(9) By +ordg(9) Bs = By + Bs, we obtain
dim(Hull(n(C))) € {0,1,2,3}.

Proposition 8. Let the map n: R — IFLQ] be defined such that n(ag + vay +
viag + -+ 0" tag, 1) = (—am_1, 200 + am_1). 7 is well-defined and an
Fy-linear map. Furthermore, the map n : R" — IF(QI" is generalized for all
r = (ao,0 + vag1 + U2a0,2 4+ + v ag o, aio +vai + U2a1,2 4+
V™ 1y Q1,0 F VA1 F V%A1 2+ 0™ Ay 1 1) € R as
n(r) = (—@o,m—1, =A1m—1, -+ =Gn—1,m—1, 20,0 + G0,m—1,201,0 + G1,m—1,
ooy 2ap-10+ an-1,m—1). Moreover, the map n: (R",dg) — (Fg", dy) defined
above is an isometry, where dg is the Gray distance and dy is the Hamming
distance.

Proof. It can be easily shown that the map 7 defined in the theorem is
well-defined and an Fg-linear map. Considering that n is an Fg-linear map
and the definition of the Gray weight defined on R", we see that for all
a.b € R, dg (a,b) = wg(a—b) = wy (n(a—b)) = wy (5(a) —n (b)) =
dp (1 (a),n(b)). This means that the map 7 : (R",dg) — (F,*",dp) is an
isometry. O

The Gray map 7 defined in Proposition 8. is a generalization of the Gray
map ® defined by Raka et al. [1] over the ring F,, +uF, +u*F, +u’F, (u* = u,
p is a prime, and p = 1(mod3)) to the ring R. Furthermore, the Gray map 7
in the work of Tian et al. [2] is obtained when m = 2.

Theorem 4. Let v be the (—2v™~! + 1)-constacyclic shift map on R™, and
let o be the cyclic shift map on Fﬁ". Then con=mnow.

Proof. Forallr = (a0,0+va0,1—|—02a072+~ . ~+vm_1a07m_1, a1,0+va1,1+v2a172+

™ a1, e Gpe1,0 VA1 1 FV a1 2 V™ a1 1) € R™,
we compute the left-hand side: (o on)(r) = o(n(r)) = o(—ao.m-1, —G1,m—1,
ey = p—1m—1, 20,0 T Q0,m—1, 2041,0 + A1m—1,- -, 20n_1,0 + Ap_1,m—1), and
applying o yields (2an—1,0 + @n—1,m—1,
—Q0,m—1> —A1m—1,--+> —0n—1,m—1, 2040,01t00,m—1, 201,001 m—1, - -, 20n—2,0+
an—2,m—1)-
On the other hand, (nov)(r) = n(v(r)) =n((=2v™ "t +1)(an—1,0+van-11+
V2ap_10+ V" an_1m_1), a00tvag 1+, arotvar it ., Gno 0t
Vap_2,1+---). Using —2um ly = —20™ = =20, —20™" " 1? = 20y = —202,
oo, =20k =0k for k =1,2,...,m—1, the expression becomes N(an—1,0—
Uan—1,1—v2an—1,2+- : '+Um_1(_an—1,m—1_20/71—1,0)’ ag,0tvag1+---, a1 o0+
Va1, eee, Ape2,0 + Van—2.m—1 + -+ ). Applying n gives (an—1,m-1 +
200-1,0, =00,m—15 —Q1m—1,- -+, —On—2,m—1, —On—1,m—1, 200,0 + @0,m—1, 201,0 +

1m—1y- - 20n-20 + Gn_2,m—1). Therefore con=mnouwv. O
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Corollary 5. Let C be a (—2v™ ! + 1)-constacyclic code of length n over R.
Then n(C') is a cyclic code of length 2n over F,.

Proof. Let C C R"™ be a (—2v™~! + 1)-constacyclic code of length n over R.
From the previous theorem, (o o n)(C) = (now)(C), which implies o(n(C)) =
n(v(C)). Since C is a (—2v™~! + 1)-constacyclic code, it is closed under v, so
v(C) = C. Therefore o(n(C)) = n(C), hence n(C) is a cyclic code. O

The polynomial representation of the 1 Gray map defined in Proposition
10. is the map np : Rlz]/(z™ — (=2v™"! 4+ 1)) — Ffz]/(z*" — 1), where
i =20,1,...,m—1 and a;(z) € Fylz]. It is defined by r(z) = epao(z) +
era1(z)+- - +em_1am—1(z) being mapped to np(r(z)) = (ag(x) —am—1(x))+
x™(ag(z) 4+ am—1(x)). The map np is well-defined since {eg, e1,...,em-1} C R
is a basis of R as an Fy-vector space. Moreover, np(r(x)) is the polynomial
representation of n(r) € F2" for r € R™.

When m = 2, the results in Section 3.2 of Tian et al. [2] are obtained. Is it
possible, for m > 2, to determine the generator polynomial of the cyclic code
n(C) of length 2n over F, (the image of the (—2v™~! +1)-constacyclic code C
of length n over R under ) from the generator polynomial of C' ? As stated in
Section 2.3 of [2]., under what conditions is np(g(z)) a divisor of 2*"—1 € F,[x]
for a (—2v™~! + 1)-constacyclic code C' with generator polynomial g(z) =
eogo(z)+eigi(x)+---+em_19m—1(x)? There exist ho(z) and hp—1(z) € Fylz]
such that ™ —1 = go(x)ho(z) and 2" +1 = gym—1(2)hym—1(x) for the generator
polynomials go(z) and g,,—1(x) of the cyclic code Cj and the negacyclic code
Cin—1, respectively. On the other hand, the generator polynomial of a A-
constacyclic code of length n over Fy is a divisor of 2™ — A € F,[z], and its
polynomial representation is an ideal of Fy[z]/(z™ — A). An ideal may have
multiple generators. Choosing generators such that ho(z) + hy—1(z) € F}, for
the check polynomials hg(z) and hy,—1(x) of Cy and Cy,,—1, respectively, yields
the desired correspondence.

Proposition 9. Let C = egCo @ e101 @ -+ D epm_1Cp_1 be a (—20m 1 4+ 1)-
constacyclic code of length n over R. Let go(z) be the generator polynomial
of the cyclic code Cy, and let g1(x),g2(x), ..., gm—1(x) be the generator poly-
nomials of the negacyclic codes C1,Cs, ..., Cph_1, Tespectively. Let the unique
generator polynomial of C be g(x) = epgo(z) + e1g1(x) + -+ + €m—19m—1(z).
If ho(x) + hin—1(z) € Fy for the parity-check polynomials ho(x) and hy,—1()
of the codes Cy and Cy,—1, then np(g(z)) | (z*" —1).

Proof. Since Cy C Fy is cyclic and Cy,—1 C Fy' is negacyclic, we have 2" —1 =
go(x)ho(x) and 2" + 1 = gm—1()hm—1(z) in Fylz]. Assume that ho(x) +
hm—1(z) € Fy, ie., ho(z) + hm-1(x) is a nonzero constant polynomial in
F,[z], hence invertible. Consider (ho(z) + hm,l(x))_lho(x)hm,ﬂx) e F,[x].
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Then (ho + hm—1) " hohm_1np(g(x)). Using np(g(x)) = go(z)(z™ + 1) +
gm—1(x)(z™ — 1), we get

(ho+ hm—l)ilhohm—lgo(f)(ﬂ +1)+ (ho + hm—l)ilhohm—lgm—l('x)(gjn —-1).
Since 2" — 1 = go(x)ho(x) and 2™ + 1 = gy—1(2)hm—1(x), this becomes
(ho+hm—1) " a1 () (@" = 1) (@ + 1)+ (ho+hm_1) " ho(z) (@™ +1)(z"—1).
Hence ((ho+hm—1) _1hm,1 + (ho+hm-1) _1h0) (22" —1), where the coefficient
is in F,[x]. Therefore, np(g(z)) | (z** —1). O

5.1 Parameters of Quantum Error-Correcting Codes

Definition 3. Let g be a power of a prime and C be the complez field. A q-ary
quantum code of length n is a vector subspace of the Hilbert space ((Cq)®n &

ca" [16].

Theorem 5. (X Quantum Construction Method) Let C C F be an
[n, k] code, and let e = n—k — dimp, (CNCH) under the Buclidean inner prod-
uct. In this case, there exists a quantum error-correcting code with parameters
[n+e 2k —n+e, d],, where d > min{d(C), d(C + CH) + 1} (as cited [2]
from [4] and [7]).

5.1.1 Parameters of Quantum Codes over F, from Generator Poly-
nomials of (—2v™~! + 1)-Constacyclic Codes over the Ring R

There exists an element p € F such that for a (—2v™~1 4+ 1)-constacyclic code
C=eCo®derCi® P epm_1Cn_1 of length n over the ring R =F, +vF, +
<o+ 0™ IF, (g =p*, m—1|p—1, pis an odd prime, and v™ = v), let ho(x)
be the control polynomial for a monic generator polynomial go(x) of the cyclic
code Cy, and let h,,—1(x) be the control polynomial for a monic generator
polynomial g,,—1(x) of the negacyclic code C,—1. In this case, z™ + 1 =
gm—1(%) hm—1(x) holds. If there exists { € IF; such that ho(z) +& 1 (x) =
p € F,[z], then from the equality 2" + 1 = (£gm—1(2))(  hpm—1(z)) and
Proposition 9., it is easy to see that np(g(z)) is the generator polynomial
of the cyclic code n(C) C Fg” for the code C with generator polynomial
g(x) = eogo(x)+e1g1(z)+- - -+em—1(§gm—1(x)). Subsequently, the parameters
of the quantum code corresponding to this constacyclic code are obtained using
Theorem 5..

Example 5. Let C' = egCo®e1C1 DeaCo®esCsdesCy C R? be a (—2vt+1)-
constacyclic code of lengthn = 2 over the ring R = F54+vF5+v2F5+v3F5+v*F5
(v5 = v) for ¢ = p = 5. In the continuation of the example, considering

written as a for ease of notation, and arithmetic operations will be performed
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modulo 5. The orthogonal idempotent elements of the ring R = F5 4+ vFs +
v2F5 4+ v3F5 + v1F5 (V5 = v) are eg = 1+ 4vt, e; = 4v + 402 + 403 + 4o,
es = v4+4v2 + 03 +4v?, e3 = 20+ 02+ 303 + 4, and es = 3v+v% + 203 + 4.
It is also known that the code Cy is a cyclic code, and the codes Cy,Cs,Cl
and Cy are negacyclic codes over Fy. In this case, the monic factors chosen
from the factorizations v —1 = (z —1)(z + 1) and 2> + 1 = (x — 2)(z +2) in
the polynomial ring Fs[x] will be the generator polynomials of the cyclic and
negacyclic codes, respectively. Let the generator polynomial of the cyclic code
Co be chosen as go(x) = x — 1 € F5[z]. On the other hand, there are different
generators that generate an ideal. Let F be any field. It is clear that for every
k €F* and P € Flz], k | P (P = k- ((k~1)P)) holds. Considering the writing
2 +1=(2+2)(2-2) = 1-(2+2)(2—2) = 4-4-(2+2)(z—2) = (4(x+2))(4(x—
2)) = (4 + 3)(4x + 2), let the generator polynomial of the negacyclic code Cy
be chosen as g4(x) = 4w + 2. It is easy to see that the ideals generated by the
elements x — 2 and 4(z — 2) € F5[x]/(z? — 1) are the same. In this case, let
the generator polynomial of the (—2v*+1)-constacyclic code over the ring R be
g(z) = eo(z—1) +e191(z) +e2g2() +e393(x) +ea(dx+2), where g1(x), g2(x),
and gs(x) are the generator polynomials of the negacyclic codes Cy, Ca, and
Cs, respectively. It is clear that all combinations of the polynomials g;(x) for
i =1,2,3 give a class of generator polynomials of (—2v*+1)-constacyclic codes
over R whose images under the np map are the same. We calculate np(g(x)) =
go(@)(@?+1)+ga(z)(2®—1) = (z—1)(2® + 1)+ 4z +2)(2* - 1) = 22 + 22+ 2.
The factorization of the polynomial x*—1 in Fs[x] is 2*—1 = (x—1)(z+1)(z—
2)(z+2)=((z—1)(z-2)(x+1)(z+2)) = (2 + 22 +2)(2® + 32 +2). Since
np(g(x)) | (x* — 1), the polynomial np(g(x)) = x? + 22 + 2 is the generator
polynomial of the cyclic code n(C) of length 4 over Fys. Let the generator
polynomial be denoted by g(x) and the check polynomial by iL(l’) It is clear
that the n Gray map given in Proposition 8. is not an injective map for values
n > 2. In fact, g(z) is the generator polynomial of the cyclic code n(C) for
the code C' that represents a class of (—2v* + 1)-constacyclic codes of length 2
over the ring R = Fs5 +vF5 +v2F5 4+ v3F5 +v*F5 (v° = v) corresponding to the
polynomials go(x) and g4(z). For the polynomial h(x) = 22 + 3z + 2 € Fs[z],
the polynomial h*(z) = 2~ 22h(1/z) = 322(1/2> + 3/ + 2) = 2 + 4x + 3 is
the generator polynomial of the cyclic code n(C)t C Fi. Furthermore, by the
factorizations 22 +2x+2 = (v+3)(v+4) and 2?+4x+3 = (z+3)(x+1) in F5la],
it is easily seen that the generator polynomial of the cyclic code n(C) Nn(C)*+
is lem[g(z),h*(z)] = [z + 22 + 2,22 + 42+ 3] = (x + 3)(z + 4)(z + 1) =
23+ 322 + 20 +2 € Fs [m], and the genemtor polynomial of the cyclic code
n(C)+n(C)* is ged(§(x), h*(x)) = (22 + 22+ 2, 22 +4x+3) = 2+ 3 € Fsz].

In this case, dimg, (n(C) N 7(C)*) = dimp, (Hull(n(C))) = 1. Furthermore,
dg(n(C)) = 3 and dg(n(C) +n(C)*) = 2 (calculated using Magma [17]). In
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light of the data obtained from these works, when Theorem 5. is considered
for the [4,2] code n(C) C 3, the existence of a quantum code with parameters
[[5,1,> 3]]5 is observed. Similar works can yield new quantum code parameters
by selecting different generator polynomials g1 (x) and gs(x).

5.1.2 Parameters of Quantum Codes via the Number of Cyclic
Codes over F, and (—2v™"! + 1)-Constacyclic Codes over the
Ring R

Assume that (n,q) = 1 (to avoid multiple roots in the factorization), ¢ is a
power of an odd prime, and the polynomials ™ — 1 and ™ + 1 have ¢ and d
monic irreducible factors, respectively, in the polynomial ring F,[x]. Since the
equality 22" — 1 = (2" — 1)(2" + 1) and (2n,¢) = 1 always hold in F,[z], the
polynomial 22" — 1 has ¢ 4+ d monic irreducible factors in the factorization in
the polynomial ring F,[z]. Therefore, there are 2¢*¥ cyclic codes of length 2n
over [Fy.

On the other hand, for a (—2v™~! + 1)-constacyclic code C' = eqCy ®
e1C1 @D epm—1Cm—1 of length n over the ring R =F, +vF,+ - -- —|—vm_1IFq
(g =p° (m—1)| (p—1), pis an odd prime and v™ = v), ¢-d™ ! distinct
generator polynomials g(z) = epgo(x) + e1g1(z) + -+ + €m—19m—1(x) can be
written. Therefore, there are c¢-d™ ! distinct (—2v™ ! +1)-constacyclic codes
of length n over the ring R.

Since the images of the (—2v™~1) + 1)-constacyclic codes over the ring R
under the  Gray map are cyclic codes over F, for codes satisfying the equality
2¢td = ¢.d™~1 all cyclic codes of length 2n over F, become images of the
(—2v™~1 4+ 1)-constacyclic codes over R under the n Gray map. Consequently,
the parameters of the quantum codes obtainable from the cyclic codes of length
2n over F,, using Theorem 5. are obtained from the images of the (—2v™~141)-
constacyclic codes over R under the n Gray map.

From Section 2.3 of [2], when (n,q) = 1 is chosen, it is easily seen that
the total number of irreducible factors in the factorization of the polynomial
z" —1in Fylz] is Eiln )

ord;(q) "
Example 6. For ¢q =7, n =5, 2“5 Oiii()n = 03(11()7) + 012(55()7) =2, and for
_ _ e@) 21 2(2) 2(5) ®(10) _
q= 7; 2n = 10, Zi\lo ord;(7) _ ordi(7) + ords (7) + ords (7) + ordio(7) 4. Thus,

m = 4 must be chosen (since under the above notation ¢ = 2, d = 2, we have
2.2m=1 = 92242) " In this case, the number of (—2v3 + 1)-constacyclic codes
of length 5 over the ring R = Fr + vF7 + v?F7 + v3F7 (v* = v) is equal to the
number of cyclic codes of length 10 over F;. This means the n Gray map is a
one-to-one correspondence between the cyclic codes of length 10 over Fr and
the (—2v3 + 1)-constacyclic codes over R.
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In the continuation of the example, the isomorphism Fr; = Z, will be con-
sidered, and for ease of notation, the element @ € Zr = {0,1,2,3,4,5,6} will
be denoted as a, and arithmetic operations will be performed modulo 7.

The factorization of the polynomial z'° — 1 in the polynomial ring Fr[z] is
in the form z1°—1 = (z—1)(z+1)(2* + 2+ 22 + 2+ 1) (2* + 623 + 2%+ 62+ 1).
Let these factors be written as P, = x—1, Py = x+1, Py = 2* + a3 + 22 +2+1,
and Py = x* 4+ 623 + 22 4+ 62 + 1. Considering this data, it is noted that in
Theorem 3, 1,2,5,10 € Ny (i.e., for 1] 10,1 ¢ N7) and w = 0, it is observed
that the hull dimensions of all cyclic codes of length 10 over F; are O (meaning
these codes are LCD codes).

The quantum code parameters corresponding to the gemerator polynomial
of the cyclic code n(C) (the Gray image of a C (—2v® + 1)-constacyclic code
over the ring R = F7 + vF7 + v?F; + v3F; (v? = v)) obtained through the
calculations and Theorem 5. are as in the table below:

Table 1: Quantum code parameters from cyclic Gray images of (—2v® 4 1)-
constacyclic codes over R = F; + vF7 + v?F7 + v3F.

Generator Polynomial of n(C)Quantum Code
T 10,10, > 17
P 11,9,> 2]|7
P, 11,9, > 2]]7
Ps 14,6, > 2)|7
Py 14,6, > 2||»
PP, 12,8, > 2|]»
P P; 15,5, > 2||7
P\, Py 15,5, > 2]]7
PoPs 15,5, > 2]]7
P, Py 15,5, > 2]~
Ps P, 18,2, > 2]]7
P1 P> Ps 16,4, > 2]]~
PP, P, 16,4, > 2]]»
P1 P3Py 19,1, > 2|7
P2 P3Py 19,1, > 2]]7
PL Py P3Py 20,0, > 2[]7
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