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Bi- Starlike function of complex order involving
Rabotnov function subordinated to Lucas
Balancing polynomial
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Abstract

Considering the interesting results obtained recently by studying
Rabotnov function, in this paper using the normalized Rabotnov func-
tion and the concept of subordination related with the Lucas Balancing
polynomial, we defined two new subclasses of the bi-starlike and bi-
convex function of complex order in the open unit disc and obtained
bounds of the initial Taylor-Maclaurin coefficients for functions in these
classes. Furthermore, we have determined the Fekete-Szego inequalities
for function in the above mentioned classes. Several related corollaries
are also presented.

1 Introduction, Preliminaries and Definitions

Let 2A represent the class of functions of the form
f(z) :z—l—Zanz” (1.1)
n=2

which are analytic in the open unit disc A = {z: |z| < 1} and normalized by
the conditions f(0) = 0 and f/(0) = 1. Further, let 8 denote the class of all
functions in 2 which are univalent in A.
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An analytic function f is subordinate to an analytic function g, written
f(z) < g(z), provided there is an analytic function w defined on A with
w(0) = 0 and |w(z)| < 1 sustaining f(z) = g(w(z)).

The convolution or Hadamard product of two functions f,h € 2 is denoted
by f * h and is defined as

(fxh)(2) =2+ anhnz", (1.2)

where f(z) is given by (1.1) and h(z) =z + > h,2".

Some of the significant and well—investigatedns;bclasses of the univalent func-
tion class 8 comprise (for example) the class 8*(«) of starlike functions of order
a in A and the class C(a) of convex functions of order a (0 < @ < 1) in A.

Based on the Koebe’s one-quarter theorem [11], every f € 8 has the com-
positional inverse f~! satisfying

f_l(f(z)) =% (Z € A) and f(f_l(w)) =w, (we AP)’

where p > I is the radius of the image f(A). It is well known that f~!(w)
has the normalized Taylor-Maclaurin’s series

FHw) =w+ ) baw", (weA,), (1.3)
n=2

where 1) "
—1)n
b = — 144,

and |A;;| is the (n — 1) order determinant whose entries are denoted by

|A|: [(Z—]+1)n+]—1]al_7+27 if Z—|—12j7
gl 0, if i4+1<j.

FHw) = gw) = w—aw?+ (262 — as)w> — (5a3 —5azas +ay)w* +--- . (1.4)

A function f(z) € 2 is said to be bi-univalent in A if both f(z) and f~!(z2)
are univalent in A. Let X signify the class of bi-univalent functions in A given
by (1.1). We notice that the class ¥ is not empty. For instance, the functions

z 1

fi(z) = T fa(z) = 5 log - —

and f3(z) = —log(1l — 2)
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with their corresponding inverses

2w ev —1

e —1 1
€2w+ and f3 (’U)) = ew ’

w

fit(w) = T’ fot(w) =

are elements of X. However, the Koebe function is not a member of . For-
merly, Brannan and Taha [5] presented certain subclasses of bi-univalent func-
tion class ¥, namely bi-starlike functions of order a(0 < « < 1) denoted
by 8%(«) and bi-convex function of order o denoted by Cx(«). For each of
the function classes 8%(«) and Cx (), non-sharp estimates on the first two
Taylor-Maclaurin coeflicients |ag| and |as| were established in [5, 42], but the
coefficient problem for each of the succeeding Taylor-Maclaurin coefficients:

|aﬂ‘ (TLGN\{]_,Q}, N:{172a3a})

is still an open problem (see [4, 5, 22, 27, 42]). Lately, Srivastava et al. [35]
have essentially revived the study of analytic and bi-univalent functions, which
was followed by such works as those of [5, 13, 23, 41, 33]. Several authors have
introduced and examined subclasses of bi-univalent functions and obtained
bounds for the initial coefficients [36, 37, 38] and bi-prestarlike functions by
Jahangiri and Hamidi [18](see [26]) have familiarized and inspected several
interesting subclasses of the bi-univalent function class ¥ and they have found
non-sharp estimates on the first two Taylor-Maclaurin coefficients |as| and |as|.

1.1 Rabotnov function

In 1948, Yu. N. Rabotnov, who worked in solid mechanics included plastic-
ity, creep theory, hereditary mechanics, failure mechanics, nonelastic stability,
composites and shell theory, introduced a special function applied in visco-
elasticity . This function, known today as the Rabotnov fractional exponential
function or briefly Rabotnov function, is defined as follows [32]

© .- i
Doe?) = X ST DT )

Zn(1+e) (p, 0,2 €C). (1.5)

Rabotnov function is the particular case of the familiar Mittag-LefHler function
widely employed to solving fractional order differential equations or integral
equations.The relation between the Rabotnov function and Mittag-Leffer func-
tion [25]can be written as follows

Veo(2) = 2°Myp 140021 FF)
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where 901 is Mittag-Leffler function and p, ¢, z € C.Several characteristics of
Mittag-Leffler and generalized Mittag-Lefflerer can be found in [1, 2, 6]and
references cited therein.It is clear that the Rabotnov function ) (g, £) (2) does
not belong to A. Thus, it is natural to consider the normalization of the
Rabotnov function for p > 0 and ¢ > 0 defined by

i 1)
T(pliz) = zl+pF(1+p)2]pg zl+p z+Z n f_; 2" (p>—-1,L€C).

Geometric properties, including convexity, close-to-convexity and starlike-
ness, for the normalized Rabotnov function were recently investigated by Eker
and Ece in [12]. The convergence of this series at any values of the argument is
evident. Noting that for p = 0 it reduces to the standard exponential exp(£z).
Using the following normalized, form of Rabotnov function

— (n71T 1
T(pls) = 24y o L@FD .

— I(n(1+p)) (p>-1,£€C), (1.6)

= z+ ) Vn(0)z", (1.7)
n=2
where . .
Vn(l) = P(n(l(i;))) (1.8)

we define now a new linear operator €} : A — A given by

EVf(z) =T (p,b;2) * f(2), z € A,

where the symbol “x” stands for the Hadamard product. Thus, if f € A has
the form (1.1), then

¢y f(z) —z+Zan p,0anz", z € A. (1.9)
n=2

Numerous intriguing and productive applications of a broad range of spe-
cial functions, g-calculus, and special polynomials, such as the Fibonacci,
Faber, Lucas, Pell, Pell-Lucas, and second-kind Chebyshev polynomials, have
been found in Geometric Function Theory. Numerous fields in the mathemati-
cal, physical, statistical, and engineering sciences may find use for the Horadam
polynomials. Behera and Panda were the first to propose the idea of balanc-
ing numbers (By),n > 0 [3]. With initial values set at By = 0 and By = 1,
these numbers are defined by the recurrence relation B,,—; = 6B,, — B,,_; for



RABOTNOV TYPE BI- UNIVALENT FUNCTIONS LINKED WITH LUCAS
BALANCING POLYNOMIAL 253

n > 1,.An associated series known as the Lucas-Balancing numbers, which are

represented as
B, =+/8B2+1,

has received a lot of attention. They contain starting terms By = 1 and
B = 3, and they also fulfill the recurrence relation 98,; = 68,, — B,,_; for
n > 1, like B,,.

Since then, these numbers have been the subject of numerous generaliza-
tions and investigations using a variety of methodologies, such as generating
functions, investigations into sum and ratio formulas for balancing numbers,
hybrid convolutions, the representation of sums using binomial coefficients,
various methods for summing balancing numbers, reciprocals of sequences re-
lated to these numbers, incomplete balancing and Lucas-Balancing numbers,
and matrix-based methods for studying series. A variety of perspectives and
methods are presented in these references, which expand the idea to gener-
alized balancing sequences(see[14, 15, 16, 29, 31]) As was first shown in [30],
the study of sequences of Lucas-Balancing polynomials is a logical next step
in this area of investigation. These polynomials can be recursively defined as
follows

Bo(x) = 1

Bi(z) = 3 (1.10)
Bo(z) = 182% —1,and (1.11)
B,(r) = 6xB,_1(x) — Bp_2(zx),n > 2.

In [12], the generating function of the Lucas-Balancing polynomials is denoted
as and given by

> n 1—-3zz

Az, z) = ;%n(x)z =1 6as _ 2

where z € [-1,1]and z € A

Inspired by the work of Silverman and Silvia [39] (also see [40]) and recent
study by Srivastava et al. [35], and by the earlier work in [8, 9, 10, 17, 20,
21, 34, 41] in the present paper first time we introduce two new subclasses of
the function class ¥ of complex order o € C\{0}, involving the linear operator
€Y subordinating with balancing Lucas polynomials .We find estimates on the
coefficients |as| and |as| for functions in the new subclasses of the function
class 3. Several related classes are also considered and their connection to
earlier known results are explained.
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Definition 1.1. A function f € X given by (1.1) is said to be in the class
Sgp (0, @) if the following conditions are satisfied:

=

(AR | (1™ 2ETE) N g
1+9( €/ f(2) +( 2 ) e f(2) 1)<Q( z) (112)

and

L (w(€fgw)) (147 w(€fg(w))” T
H@( €/ g(w) +< 2 ) 0 g(w) 1)<Q(,) (1.13)

where ¢ € C\{0} w € (—m,7],z,w € A and the function g is given by (1.4).

Definition 1.2. A function f € ¥ given by (1.1) is said to be in the class
Gg%(g, w) if the following conditions are satisfied:

|

| ([Z(G?f(Z))’ + (L) ey

(€7 f(2)) - 1) <Qz,2)  (1.14)

- 1) < Qz,w), (1.15)

where p € C\{0},w € (—m, 7], z,w € A and the function g is given by (1.4).

Remark 1.1. A function f € X given by (1.1) and for w = w, we note
that S%%(g, ) = 8%%(9) and Gé%(g, ) = Gé%(g) satisfies the following
conditions respectively:

[1+ ; (M _1)} < Q(z,2) and {1—1—1 (M _1)} < O, w)

e f(2) o\ €Jg(w)
and

where o € C\{0} z,w € A and the function g is given by (1.4).

A function f € ¥ given by (1.1) and for w = 0, we note that Sg%(g, 0) =
Sﬁ%%(g) and Gé%(g, 0)= Qﬂg%(g) as in the following remarks:
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Remark 1.2. A function f € ¥ given by (1.1) is said to be in the class
Sﬁé%(g) if the following conditions are satisfied:

1 /2(€7f(2) | 22(EFf(2)" %
H @( &) i) 1) <z, 2) (1.16)
and
1 (w(Efgw))  w(€Efg(w)" 2w
o 4 ( ¢/ g(w) €7 g(w) 1) <z, w) (1.17)

where ¢ € C\{0}, z,w € A and the function g is given by (1.4).

Remark 1.3. A function f € ¥ given by (1.1) is said to be in the class
Qﬁé%(g) if the following conditions are satisfied:

U () + 2@ o s
1+ o ( (€ F(2) 1) < Q(z, 2) (1.18)
and
1 ([w(€fg(w)) +w?(€Fg(w))") w
1+ p ( ((’f?g(w))’ 1> < Q(z,w), (1.19)

where o € C\{0}, z,w € A and the function g is given by (1.4).
Remark 1.4. A function f € ¥ given by (1.1) and for o = 1, we note that

S%;@E(g, w) = Sg%(w) and satisfies the following conditions respectively:

J@F) | (146 2(E0f(2))"
(@fﬂz) *( 2 ) & 1(2)

) < Q(z, z)

and

w(€gw)) | (14 w(Eg(w))"
( & g(w) *( 2 ) &7 g(uw)

Also Gé%(g, w) = (‘fg’%(w) and satisfies the following conditions

H(ef /() + (B57) 220 1))
( GHION ) o)

) < Qz,w).

and

[w(€Fg(w)) + (L5 ) w?(€fg(w))")
( (&Fgfu)) ) <)

where w € (—m,7),z,w € A and the function g is given by (1.4).
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2 Results on Initial Coefficient estimates

For notational simplicity, in the sequel we let,

Da(p, ) = FE(I;ETIL;;)’ (2.1)
2
a(6.) = pn ) )
B(r,2) = B2 = % (2.3)
n=0

We also let
0€ C\{0} w e (—m, 7], z,w e A,z € [-1,1]

and the function g is given by (1.4) unless otherwise stated.
For deriving our main results, we need the following lemma.

Lemma 2.1. [28] If h € B, then |cx| < 2 for each k, where P is the family
of all functions h analytic in A for which R(h(z)) > 0 and

h(z) =14 crz+cez? +--- forz € A.

Define the functions p(z) and ¢(z) by

1+ u(z) 9
=L =1 .
p(z) T—u(z) + P12z +p2z” +
and ) ()
+v(z 9
=—" =14+ + e
q(2) 1= o(2) Oz + 22" +

It follows that

u(z) izzj(z);l:% [plz+(p2—]§>z2+-~l

v(2) :=§23=;[q1z+<q2—qj)z2+m}.

Then p(z) and ¢(z) are analytic in A with p(0) =1 = ¢(0).
Since u,v : A — A, the functions p(z) and ¢(z) have a positive real part
in A, and |p;| <2 and |g;| < 2 for each i.

and
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Theorem 2.1. Let f(z) given by (1.1) be in the class Sg%(g,w), o € C\{0}
and w € (—m,w|. Then

laz|< 3v6z |z
~V19220[(5 + 3e77)D3(p, £) — (2 + =) [D2(p, O)]?] — (1822 — 1)(2 + 6i“)2[@2((2@i)€)]2|
and ) .

las| <
(

+ .
5+ 4cosw) [D2(p,0)]> /34 + 30cosw Ys3(p, £)
Proof. Tt follows from (1.12) and (1.13) that

L(ASLIE) | (L 2T N o
v Cere (55 ) et Y e e
and
1 (w(€fgw)) (147 w(&Elg(w))"” =
e () T ) e e
where
() = 1+ Bz + (Bi()pe + Baw)p) 2
+ (531(39)293 + 2B (z)p1p2 + %S(Z)p:f) S (28)
(2.9)
And similarly we get
E)) = 1+Bi@)qw+ (Bi(@)g: + Ba(w)g} )u?
+ (’31(33)(13 +2B2(2)q1q2 + %3($)Q§’)w3 +- (210)
(2.11)
Now, equating the coefficients in (2.6) and (2.7), we get
(24 =) Da(p D)o = Ba@p, (212)

(54 3¢™)Y3(p, O)as — (2 + ") [Da(p, )]*a3] = B1(z)p2 + Ba(x)p?,
(2.13)
—gmmmmm@m@:%mwh (2.14)

SN
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and

% (1205 + 3¢"=)Ds(p, ) — (2 + =) [D2(p, O)*]a3 — (5 + 3¢")Vs(p, £)as)

(2.15)
= B (x)q2 + Ba(z)qi.
From (2.12) and (2.14), we get
P1=—q (2.16)
and 4
22 + )2, O)]2a3 = [0B1 ()22 + ¢2). (2.17)
Thus we have 22 + =2y (o 0) a2
e 2($, a 2 2
(B (2)0)? =p]+4qi- (2.18)

202+ €7)?[Da(p, O]
Now from (2.13), (2.15) and (2.17), we obtain

{20[B1(2)]*[(5 + 3¢'™)Vs(p, £) — 2(2+ €'7) [V2(p, )] — 2B2(z)(2 + €'7)*[V2(p, )]} a3
= [B1(2)]*0*(p2 + q2)
ol [B1(2)] 0 (p2 + ¢2)
7201 (@)]P[(5 4 3¢)Vs(p, £) — 2(2 + €=) [V (p, O] — 2B2(2)(2 + =)?[Y2(p, )]}
(2.20)

Applying Lemma (2.1) to the coefficients ps and ¢z, from(2.18) and (2.20)we
have

< 3v6 |zl
T V19220[(5 + 3¢)Ys(p, £) — (2 + ™) [D2(p, H)]?] — (1822 — 1)(2 + €7=)2[2(p, £)]?]

Next, in order to find the bound on |as|, by subtracting (2.13) from (2.15)
and using (2.16), we get

%(5 + 3¢, €) (a5 — a2) = B1 () (p2 — 42).

Upon substituting the value of a3 from (2.19), we get

PlBi(@)(p] +af) | 0Bi(x)(p2 — a2) (2.21)

B 2@+ ) 2ol OF | 206+ 36) D30, )
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Applying Lemma (2.1) once again to the coefficients p1, ps, g1 and go, we get

soiwol bl
5+ 4cosw) [Da2(p,£)]> /34 + 30cosw Ys(p, £)

las| <
(

O

Theorem 2.2. Let f(z) given by (1.1) be in the class Gé%(g, w), o € C\{0}
and w € (—m,w|. Then

las|< 6|x0v/3z|
~V19220{3(5+3¢7)Ds (o, 0)—-4(2 + ™) [2(p, 5)]2}—4(18972—1)(2+€iw)2[@2((2@27§§]2\
and ) .
las| < 9zl 2|z (2.23)

(5 + 4cosw) [D2(p, £)]? + V34 ¥ 30cosw Vi(p, L)

Proof. We can write the argument inequalities in (1.14) and (1.15) equivalently
as follows:

| (1) + (H57) (€0 £(2)T
1+~

0 (€72) e

[1]

(u(z)) (2.24)

and

| [ Tw(€g(w)) + (57 ) wi(efgw)")
1+ -

. (€g(w)) A

(1]

(v(w)). (2.25)

Now proceeding as in the proof of Theorem 2.1, from (2.24) and (2.25), we
obtain the following relations

§<2 e Da(p, Oz = By (@)1, (2.26)

2[3(5 +3¢'7)Ys(p, O)as — 42 + ) [Da(p, £)]*a3] = B (2)p2 + Ba(a)pi,

(2.27)
and

—%(2 +e7)[Da(p, H)az = B1(x)q1, (2.28)

%[3<5+3eW><2a3—a3mg<@ 0)—~4(2+¢)Da(p, 0)2a2] = By (2)g2+ B ()2
(2.29)
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From (2.26) and (2.28), we get

P=—aq (2.30)
and
8(2+¢ ") a(p, O]%a3 = *[Bi(@))* (0T + i), (2.31)
4 e 2
Now from (2.27), (2.29) and (2.32), we obtain
2 | 2*[B1(2)]* (2 + ¢2) _
2{[o[B1(2)]*{3(5+3e")Vs(p, £)—4(2+e'=) [D2(p, £)]* }—4B2(2) (247 )2 [D2(p0, £)

(2.33)

Applying Lemma (2.1) to the coefficients py , g2 and (1.10) we have the
desired inequality given in (2.22).

Next, in order to find the bound on |ag|, by subtracting (2.27) from (2.29),
and using (2.30), we get

6

5(5 +3¢") (a3 — a3)Ya(p, £) = Bi(w)(p2 — g2)- (2.34)
Upon substituting the value of a3 given by (2.31), the above equation leads
to
_0(p2 — q2)B (2) 1B ()]
az = - - 2 5" (235)
6(5 4 3¢'=)Y3(p,€) 42+ e7)?[Da(p, )]
Applying the Lemma (2.1) once again to the coefficients p1, p2,¢1 and go,
and (1.10)we get the desired coefficient given in (2.23). O

3 Bi-univalent function class G%(p, i, Z)

In this section we define another new subclass of bi univalent functions based
on Rabotnov fractional exponential function subordinating with Lucas Balanc-
ing polynomial and obtain the initial Taylor estimates |as|; |a3| and making
use of it we derive the Fekete-Szegd inequality for f € % (o, 1, Z).

Definition 3.1. A function f € ¥ given by (1.1)is said to be in the class
S (0, 1, ) if the following conditions are satisfied:

1 (€0 1(2)) B
1t ((1 ZIEf () + pa(€F ()Y 1)

< Qx, 2) (3.1)
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and 1 (€9 g(w))
w(&; g(w
1+( ——~ 1><Qx,w 3.2
 \ Ty + ne(@gy (@w) 32

where o € C\{0}; 0 S u<1; z,w € A and g is given by (1.4).

Example 3.1. For p =0 and o € C\{0}, a function f € X, given by (1.1)is
said to be in the class 8% (o, Z) if the following conditions are satisfied:

1 (2(€7f(2)
1+ p (% - 1) < Q(x, 2), (3.3)
and
1 (w(€fg(w)) -
1+ . ( & g(w) 1) < Q(z,w), (3.4)

where z,w € A and the function g is given by (1.4).
Note that 8% (o, =) = Sg%(g,w) = Sg%(g) as given in Remark 1.1.

Theorem 3.1. Let the function f(z) given by (1.1) be in the class G% (o, i1, Z).
Then

laz|< 62+/3z|g|
“VI8a20(p? — 1) — 21822 — 1)(1 — p)2][V2(g0, £)]? + 36220(1 — M)?J?:(&O,(e)\ )
3.5
and
3622 |o|? 3z|g|

az| < + . 3.6
S o 08 T = 0 0s(5,0) 30

For h € R, we have

o] o]
a5 — a2 |< {2<1u>ma<p,e>= 0 <| 6(h) |< ST (37)
2|ollo(R)], 9| > s
where
o(h) = oL 1)

2 (fo(p? = 1) + (1 = p)?1D2(p, O] + 4o(1 — 1)Vs(p, £)
Proof. Tt follows from (3.1) and (3.2) that

L (€] f(2)) ) s
H 0 ((1 — W)€V f(2) + pz(€V f(z)) 1) E(u(2)) (3.8)

and

1 w(€¢7g(w))’ D) - 2w
H 0 ((1 — 1)€Y g(w) + pz(€g(w))’ 1) E(v(w)). (3.9)
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Now, equating the coefficients in (3.8) and (3.9), we get

a ) 1) 9, (0, )]z = B (2)p1, (3.10)
2 _
(o - Y (0,020 + 2“—9“)%@, Das = By (e)ps + Bo(@)p?s  (3.11)
4 - 1) (9,0 £)]az = B1 (x)as (3.12)
and
2 _ _
G ) Y 950,003 + 2“9“)@3(@, 0)(203 — a3) = By (2)g2 + B ().
(3.13)
From (3.10) and (3.12), we find that
_ 0Bi(x)p; 0B (2)q
2= T ) Dalo 0] (0= el D)) (8.14)
which implies
P1=—q (3.15)
and
2(1 — p)*[D2(p, O))*a3 = 0*[B1(x)]* (p] + qi)- (3.16)
2 02 [%1(37)]217%
2= T w2, DP (3.17)
thus we have,
6]x0|
92l S T (o0 (3.18)

Adding (3.11) and (3.13), by using (3.14) and (3.15), we obtain

{[20(4* —1)[B1(2)] —2B2(z) (1—1)*][D2 (o, 5)]2+4@(1—u)[‘31(56)]2%(@,(?}165%
= [B1(2)]** (2 + a2)-

Thus,

[B1(2)]* 0% (p2 + ¢2)

- [20(p? = D[B1(2)]2 — 2B2(2) (1 — p)2][D2(p, £)]2 + 40(1 — p)[B1(2)]1*Vs(p, )
(3.20)
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Applying Lemma 2.1 for the coefficients ps, g2 and using (1.10), we immedi-
ately have

542°| |

[9220(p? — 1) — (1822 — 1)(1 — p)?][D2(p, )]* + 18220(1 — 1)Vs(p, )]
(3.21)

jas|* < |

The last inequality gives the desired estimate on |az| given in (3.5).
Next, in order to find the bound on |ag|, by subtracting (3.13) from (3.11),
we get

‘Hl—maag(p,e>a3—wg)3<p,f)a% = Bi@)z —a2) + Balw) (0 — 1)
o = a2 B@em )

It follows from (3.14), (3.15) and (3.22) that

v CB@PRE L eBi@) @~ a) (3.23)

(1= p)?Da2(p, OF 41— w)Ys(p. )

Applying Lemma 2.1 once again for the coefficients ps and g2, we readily get

36x2|0|? 3
las| < i le| - zlo|
(1= p)?D2(p, O (1= 1)Ys(p, )
This completes the proof of Theorem 3.1. O

4 Fekete-Szego inequality Results

In this section, we prove Fekete-Szegd inequalities for functions in the class
Sg%(g,w). We shall use the following lemmas, which were introduced by
Zaprawa in [43, 44] and by the technique given in[21].

Lemma 4.1. Let k € R and 21,29 € C. If |z1] < R and |22] < R, then

2|k|R, |k| =1,

Lemma 4.2. Let k,l € R and 21,22 € C. If |z1] < R and |z2| < R, then

2[k| R, |k = 1],

|(k+l)z1+(/€—l)22<{ 20| R, [k <1
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Lemma 4.3. [2/]. If p € P, then there exist some 3, ¢ with |»| <1, |(] <1,
such that

2py = pi + (4 — p3),
dps = pt + 2p1se(4 — pi) — (4 — p)p1s® +2(4 — p)(1 — | )¢

Theorem 4.1. Let f given by (1.1) be in the class 8%%(9, w) and h € R.
Then

2|ol |1—hleo 16(5+4cosw) [Pa2(p.0)]° )

| a —ha2 ‘< 3y/34430cosw Y3(p,0)’ ? 3|o|v/344+30cosw Y3 (p,L)
3 2 1= |1 - 2 1_ h‘ c [ 16(5+4cosw) [D2(p,6)]? OO)
3|e|v/34+30cosw Ys(p,l)’ '

|
M it Ficors) maear |
Proof. From (2.19) and (2.21) it follows that

(1= h)o*[B:(2)]*p? 0B1(x)(p2 — ¢2)
(2+e@)2[Da(p, 02 2(5+ 3¢=)V3(p, £)

From Lemma 4.3, we have 2ps = p? + (4 — p?) and 2¢2 = ¢7 + y(4 — ¢),
hence we get

az — ha3 =

pr—as = (2P ey,

2
and using triangle inequality, taking |»| = 6, |y| = k, we can easily obtain
that
B (x)]|*? 1B1 ()0l 2
—ha3|<|1—h o[ 4—1%)(0 + k).
a3 = haz| <=M G cosw) (0, OF T 431+ 50cosw D) 0T
For continence let 9M(t) = |1 — A (5+4COZ|£)Q|[2§2(Q oz = 0 and

— 3|zel 2
N(t) = 13T 50coss Ba(ogy (4 — 1) 2 0. Thus,

laz — ha3| < M(t) +NE)(O + k) = £(0, k)

It is clear that the maximum of the function £(6, ) occurs at (6, x) = (1,1).
Therefore,

max £(0,k) : 0,k € [0,1] = £(1,1) = M(¢) + 20N(¢).
Let us define the function H : [0,2] — R as follows

H(t) = M(t) + 290(¢) (4.1)
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for fixed p € C—{0}. Substituting the value 9(t),91(¢) in (4.3), we obtain
9lzol*t? 3|zl

- ) _ 42
H@) = L-=A (5 + 4cosw) [Ya(p, £)]? * 2v/34 + 30cosw Ys(p, ) e
_ s 9|z B 3|z o] } 12
(5 + dcosw) D20, OF  21/31+ 3005w Ds(p, )
6|zl
T /BT 30c0sm Vsl 0)
(5 + 4cosw) [Da(p, £)]? 6lzolv/34 + 30cosw Ys(p, ()
6|z
T BT T 30cosm Vs (p.0)

Now, we must investigate the maximum of the function H (¢) in the interval
[0,2]. By simple computation, we have

H/(t) _ 18|.’13Q|2 |:| _ h| _ (5 + 4008@) [QQ(Waﬂ)]Q :|
(5 + 4cosw) [Da(p,£)]? 6|zo|v/34 + 30cosw Y3(gp, f)
: ; 18|z ol (5+4cosw) [Va2(p,0]?
Tt is clear that H'(£)<0 if grgepasctl [\1 — | — o) [0 %W)} <

s cosw 5,0)]? . .
0; that is if |1 — | € (0, 6\1(2\4_\/434-%301([;?;(%3)(]@@) . Thus, the function H(t) is

(5+4cosm) [V2(p.0]
? 6|zo|\/344+30cosw Y3(p,f) ) °

a strictly decreasing function if|1 — k| € (0

Therefore,
6|z o]
H(t):te€l0,2]} = H(0) = ‘
max{H(1) : t € 0.2]} = H(0) = e o 0)

Also, H'(t) > 0; that is, the function H(t) is an increasing function for
1= | > (Hicos) Da(o.0)
= 6|zo|v/34+30cosw Y3 (p,f) "

Therefore,

36|z0|?
(5 + 4cosw) [Ya(p, O]

max{H () : t €[0,2]} = H(2) = |1 —

Thus we get
6|zl _ (5t4cosm) [Va2(p,0)]?
| ag—hal |< { VATFI0e0se Da(o)’ (1= 1€ 0 g vairsteose Pater))
= ]

36|z 0|> (5+4cosw) [Y2(p,0)
h| (54+4cosw) [Y2(p,£)]?° ‘1 o h| € [18|xg| 34+3OCOS127) VD3(p.L)’ )

11—

In particular by taking h = 1, we get
6lzol

V34 + 30cosw Y3 (p, L)

| as — a3 |<
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O
By taking o € R and @w = nm, (n € Z) in the following theorem we prove the
following Fekete-Szegd inequalities .

Theorem 4.2. Let f given by (1.1) be in the class Sg}%(g, w) and h € R.
Then

6|xo| |zo|
| as — ha2 |< {\/34+30005w D3 (9,0)° 0 <[ ¥(h,m) |< 2\/34|+f>0008w V3 (9.0)
— o
4|\Il(hﬂ w)|7 |\I/(h7 w)| 2 3 34+3OCOS‘W 2.33(6074)’
4.2)
where
W(h, o) (1=1)[B1(2)]°0”

~ {20[%B1(2)]2[(5+3€7=) s (0, O)-2(2+€) (D2 (p, O)]2]-2B2(2) (2+e'=)2[Da(p, H)?}
Proof. From (2.20) and (2.21) it follows that
(1= )[B1(2)]** (P2 + q2)
{20[B1(2)][(5+3e™)Ya(p, £)—2(2+e"=) [V2 (0, £)]?]-2B2(2) (24772 [D2(p, )]}
0B1(z)(p2 — q2)
2(5 +3¢=)Ys(p, £)

=30 ¥ oM g |+ Y0 - e )

2
as—has=

+

where

¥ = | (L W[ ) | |
’ {20[B1(2)2[(5+3e7)3 (9, £)—2(2+e7) [D2 (0, )12 -2B2 () (2477 )2 [ V2, £)]? }
Thus by applying Lemmas 2.1 4.2 and using (1.10) we get the desired result

as given below

6|xo| |zo|
‘ as — ﬁa% |S V34+30cosww Y3 (p,f)’ 0 S| \Ij(h’ w) |S 2 34|+|30003w V3 (p,0)
A (h, )|, W(h, @) > 3\/34+30cogsw D3 (p.0) "
In particular by taking h =1, we get
6
| az — a3 |< [zl )
V34 + 30cosw Ys(p, L)

O

Theorem 4.3. Let f given by (1.1) be in the class Gg%(@ w) and h € R.
Then

2|0l |1—Rl|e[0 16(5+4cosw) [Q2(p,0)]* )
| a 771&2 ‘< 3v/34+30cosw Y3(p,0)’ ? 3lo|v/34430cosw 2)32(5076)
3 2 1= 11— Al lol® I1—hle] 16(5+4cosm) [Da2(p,0)] o)
4(5+4cosw) [D2(p,0)]?? 3lo|v/34+30cosw Ys3(p,f)’
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Proof. From (2.32) and (2.35) it follows that
0*[B1 (@)t
(2+ € 7)2[Da(p, O)]?

From Lemma 4.3, we have 2ps = p? + (4 — p?) and 2q2 = ¢7 + y(4 — ¢}),
hence we get

o(p2 — q2)B1(x)
6(5 + 3e")Y3(p, £)

az — ha3 +(1-h)

4 — p2
p2— g2 = ( 5 1)(%—9),
and using triangle inequality, taking |»| = 6, |y| = k, we can easily obtain
that
B (x)]|*? 1B1(x)ol 2
— ha3|<|1—h o[ B 4= )0+ k).
0 =P SN G o) @206, 07 12V T 30005 D0
. 9|z 2,2
For continence let 9M(t) = |1 — A (5+4co‘g;)‘)|[§)2(p7@]2 > 0 and

— lzol 2
Nt) = /5000 s e (4~ 1) 2 0. Thus

las — hal] < OM(t) +N(E)(0 + k) = £(6, k)

It is clear that the maximum of the function £(6, ) occurs at (0, ) = (1,1).
Therefore,

max £(0,r) : 0,k € [0,1] = £(1,1) = M(¢) + 2N(¥).
Let us define the function H : [0,2] — R as follows
H(t) = M(t) + 20(¢) (4.3)

for fixed p € C—{0}. Substituting the value M(¢), 91(¢) in (4.3), we obtain

H) = o et ze] (14—
(5 +4cosw) [D2(p, )] 2¢/34 + 30cosw Y3(p, )
— ‘1—FL| 9|1‘Q‘2 _ |IQ| :l 2
(54 4cosw) [Da2(p,0)]?  24/34 + 30cosw YV3(p, )
2|zol
N V34 + 30cosw Ys(p, l)
) ool - ) B
(5 4 4cosw) (D2 (p, £)]? 18|z 0]v/34 + 30cosw™ Y3(p, £)
2|zol

+
V34 + 30cosww Ys(p, ¢)
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Now, we must investigate the maximum of the function H (¢) in the interval
[0,2]. By simple computation, we have

H(t) = 18|z 0|? D - (5 + dcosw) [a(p, £)]? ] ;
(54 4cosw) [Y2(p, 0)]? 18]x0|v/34 + 30cosw V3(p,0)]

It is clear that H'(t) <0 if

18zol* {|
(54 4cosw) [D2(p, £)]?

< 0;

f— )

gy (5t deosm) (.0 }

~ 18|z0|v/34 + 30cos@ Vs (g, £)

iad 5+4cosw 5,0)]? . .
that is if |1 — h| € (O, 18|£QT\/34+32JC?9;(%3](@’@) . Thus, the function H(t) is a

(5+4cosm) [D2(p,0)]>
? 18|z 0|v/34+30cosw Ya(p,f) )

strictly decreasing function if|1 — h| € (O

Therefore,
2|z o
H(t):te€l0,2]} =H(0) = ’
max{H(1) : 1 € 0.2]} = H(0) = e o 0)

Also, H'(t) > 0; that is, the function H(¢) is an increasing function for

(5+4cosw) [@2(@75)]2
|1 —hl= 18|z o|v/34+30cosw Y3 (p,L)

Therefore,

9|zo|*t?

(5 + 4cosw) [Ya(p, )]

max{H(t): t € [0,2]} = H(2) = |1 —

Thus we get
2|zol _ (5t+dcosm) [Da(p.0)]*
| as—hal |< { VETFRIcs= D3 (1= RI€ 0 gt Doen)
3 2 1= |1 _ FL| 9|zl ‘1 B h| c [ (5+4coswm) [D2(p,0)] o)
(5+4cosw) [Y2(p,0)]?° 18|z p|v/34+30cosw Ys(p,L)’ :

In particular by taking A = 1, we get
2|zo|

V34 + 30cosw Vs(p, 0)

| as — a3 |<

O

By taking o € R and w = n, (n € Z) in the following theorem we prove the
following Fekete-Szegd inequalities .

Theorem 4.4. Let f given by (1.1) be in the class Gg%(g, w) and h € R.
Then

2|zo] |zel
| ag — hal |< {\/34+30005w g 0S¥ @) < 2V/AT o= D300
- Q
4|\Ij(h’ ’ZD)|, |\Il(h7 w)| =z 34/344-30cosw Y3(p,L) "’
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where

(= W[Br ()]’ |
(20l P BE3)Ds (0. )42t =)D (0. D }-4B2 (@) 2= D 0. O]

Proof. From (2.33) and (2.34) it follows that

as—ha2 = (1 = n)[B1(2)]*0° (P2 + g2)
’ {2[0[B1(2)]2{3(54+3e"®)Y3(p, £)—4(2+e*=) [D2(p, £)]2 }—4B2(x) (2+e'7)2[D2(p, £)]?]}
o(p2 — q2)B1(x)

T 65+ 307)Da(p, D)
_ 0% (2) S 1)
v ) [0 ) - )
where
W(h, )= Ui e

{2[o[B1(2)]2{3(5+3e"=)s(p, £)—4(2+e"=) [D2(pp, )]} 4B (2) (2+€"= )2 (D2, )]?]}
Now by using (1.10) we get

3xo
6(5 + 3¢")Y3(p, £)

Thus by applying Lemmas 2.1 4.2 and using (1.10) we get the desired result
as given below

3xo
6(5 + 3¢=)Ds(p, ) |

az — haj = {\I/(h, @) + ]pz + {\I/(h, w) —

2|zo| |zo]
| a5 — ha2 |< {Ly3(p,e)\/34+30cosw’ 0<[¥(hw)[< 3 34|+?Ocosw D3 (9.0)
— o
4| (h, @), W (h, )| > 3v/34130c0s% D3(pif)

In particular by taking A = 1, we get

2|z
(5 +3e™)D3(p, £)

| az — a3 |<

O

Theorem 4.5. Let the function f(z) given by (1.1) be in the class §% (o, i1, Z).
Then

R ] _ 1=p)’[D2(p.01>
| a5 — ha? |< {2(1—u>m3<go,e>lv . [1-hle [(017 2T (119, 0.0
- Q —H 2(P,
1= tlarmeor: 11— € aga=mnmste.n: )

where h € R
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Proof. From (3.20) and (3.22) it follows that

0*[%B1(2)]*p? N By (z)o(p2 — ¢2)
(1= )2 Da(p, 02 401 — )Ds(p, 1)

From Lemma 4.3, we have 2p; = p? + (4 — p?) and 2¢2 = ¢& +y(4 — ¢}),
hence we get

az —hai = (1-h)

S -y,

and using triangle inequality, taking |z| = 6, |y| = k, we can easily obtain that

[Br(@)el’*  |Bi(@)el
(1= p)?Da2(p, 0 8(1 — 1)Ys(p,€)

Using (1.10) and for convenience let

p2_q2:(

las —ha3| < [1—h| (4= 1%)(0 + k).

9l0l242
ml(t) = |1 - h' (1 o N)|2[Q2|jz(p, 5)}2 - 0
and 3|z o]
_ Sl ey
M= S (e p TR 20
Thus ,

laz — ha3| < M(t) + M ()0 + k) = £1(0, k)

It is clear that the maximum of the function £(6, k) occurs at (0,x) =
(1,1). Therefore,

max £1(0,k) : 0,k € [0,1] = £4(1,1) = My (¢) + 290 (¢).
Let us define the function H; : [0,2] — R as follows
Hi(t) =My (L) + 20 (¢) (4.5)
for fixed ¢ € C— {0}. Substituting the value My (¢), M (¢) in (4.5), we obtain

9|xo|*t? 3|zo|

) = =M e or T i s )
_ 3 9|zol® B 3|zl 2 3|z
= Tt o 4(1—u>z)3<p,e>}t*(1—@%@6)

B oleal? = mDe(.0F] 3Jeol
= Tl o T el (6.0 }t U a0,
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Now, we must investigate the maximum of the function Hj (¢) in the interval
[0,2]. By simple computation, we have

18 2 1— Vi 2
(1= 1)?[D2(p, 0)] 12[z0[Ys3(p, 1)
i ; 18zo|? (=) [Va2(p.0] .
It is clear that H{(t) < 0 lfm |:|1 — h‘ — W} < O,

that is if |1 — k| € (O, %) . Thus, the function H(t) is a strictly

; ion i (A=) [Y2(e.0)
decreasing function if|1 — k| € (0, WM) .

Therefore,
3|zol
(1 - /’4)@3(p7 6)

Also, H'(t) > 0; that is, the function H(t) is an increasing function for

I IO ACTIR

max{H, (t) : t € [0,2]} = H;(0) =

Therefore,

36| 0|

max{H(t) : £ € 0.2} = Fi(2) = [1 = bl g— 00 -

Thus we get

3|ze] _ (=) [V2(p.0)]*
| as — ha? |< {(1u)‘~l)3(@’€?3(’3 2 [1-nle [(01’ 1)?5@%@25]@4) )
= zo —1)[D2(p,
L= Alapaear: 11— M€ Pafemsien %)
In particular by taking A = 1, we get

3|zl
(1 —@)Ds(p, £)

| as — a3 |<

O

By taking ¢ € R and @ = n, (n € Z) in the following theorem we prove the
following Fekete-Szegd inequalities .

Theorem 4.6. Let the function f(z) given by (1.1) be in the class §% (o, 1, Z)and
h e R. Then

3|xo| 3z
s — ha |< | Tommay O/ PR @) < T=957.0 (4.6)
where

(1= h)[B:(2)]°0®
20(p* = 1)[B1(2)]> — 2B2(2) (1 — 1)?]|[D2(p, O + 4o(1 — 1)[B1(2)*Vs(, £)°
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Proof. From (3.20) and (3.22) it follows that

(1= 1)[B1(2)]°0* (p2 + g2)

o R (1) [ (@) P2 () (110D (0 D10 [B1 (2) D (0,0
L B —e)
4(1 — 1)Ys(p, 0)
_ %1 (2) 0B (x)
= |¥(h,w)+ m} p2 + {\P(h, w) — m 42
where
U(h, @)= (1 — 1)[%B1 ()]0

 [20(p?-1)[B1(2)]2-2B2(2) (1-1)2][D2(p, O)]*+4o(1~n) [B1(2)]2Ds (p, )
Using (1.10)

as —hay = |¥(h,w)+ m} p2 + |:\I’(h’ @)~ m @
and
U(h,w) = 27’ (L)

- [18220(p2 — 1) — 2(1822 — 1)(1 — p)?][Va(p, )] + 362%0(1 — 1)Vs(p, )

Thus by applying Lemmas 2.1 4.2 and we get the desired result as given below

3|zo| 3zo
| as — ha? |< {(1—;1)2)3(@7@)7 0<|¥(h@) < 9.0

AV (h,w), ()| > D
In particular by taking h = 1, we get

3|zol
(1 - :U')QJB(pv 6) -

| a3 — a3 |<

5 Concluding remarks

We defined three new subclasses of bi-starlike and bi-convex function of com-
plex order concerning Rabotnov function in the open unit disc and found
initial coefficients of functions in these classes related with Lucas-Balancing
Polynomials. Moreover, we determined the Fekete-Szego inequalities for func-
tion in these classes. Some significance of the results which are new one can
derive by fixing w = 7 in Theorems (2.1) and (2.2) , to get the coefficient
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estimates for f € Sg%(g) and f € @g%(g) defined in Remark 1.1. Also by
taking o = 1 in Theorems (2.1) and (2.2) , we can stae the coefficient esti-
mates for f € 85%(w) and f € €52 (w) defined in Remark 1.4 we left this as
exercise to interested readers. Also we footnoted that lately various subclasses
of starlike functions were familiarized see [7, 19, 34] by fixing some particular
functions such as functions linked with Bell numbers, shell-like curve linked
with Fibonacci numbers and nephroid domains. Moreover, functions allied
with conic domains and rational functions instead of = in (2.3) one can de-
termine new results for the subclasses presented in this paper. The results of
the research could be expanded to develop g-fractional calculus, extending the
results for bi-univalent functions. Furthermore, we can use the g—differential
and integral operator and the g—fractional differential and integral operator
to construct a subclass of univalent and bi-univalent functions. Fekete-Szego
inequalities and approximated coefficient constraints can then be obtained for
these functions.
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