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Hamiltonicity of doubly semi-equivelar maps
on the torus

Yogendra Singh, Anand Kumar Tiwari and Seema Kushwaha

Abstract

There are 22 types of doubly semi-equivelar maps, with curvature 0,
on the plane which provide infinitely many doubly semi-equivelar maps
of respective types on the torus. In this article, we show that every such
doubly semi-equivelar map on the torus contains a Hamiltonian cycle.
As a consequence, we establish the Nash-Williams conjecture for the
graphs associated with these doubly semi-equivelar maps by showing
that these graphs are either 3-connected or 4-connected.

1 Introduction

A cycle C in a graph G is called Hamiltonian cycle if it passes through every
vertex of G. A graph G is called Hamiltonian if it contains such a cycle. The
existence of a Hamiltonian cycle is one of the important properties of a graph
and the problem to find a Hamiltonian cycle is NP-complete.

An embedding of a connected, simple graph G into a (closed) surface F is
called a map M on F' if the closure of each component of F'\ G is a p-gonal
2-disk D,, (p > 3), also called face, such that the non-empty intersection of
any two faces is either a vertex or an edge. A map M having only triangular
faces is also called a triangulation. The face-sequence of a vertex v in a map M
is a finite sequence (pi*,...,py*) such that n; numbers of D,, incident at v in
the given cyclic order, for 1 < i < k. The combinatorial curvature of a vertex
v with the face sequence (pi*,...,pp"), denoted by ¢(v), is defined as ¢(v) =
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1-— (Zle n;)/2+ (Zle n;/pi). A map M has the combinatorial curvature k
if ¢(v) = k for each vertex v in M. A map M is called a semi-equivelar of
type [p7*..... p,.*] if the face-sequence of each vertex is (pi*,...,pp"), see [19].
Thus, every semi-equivelar map has a constant combinatorial curvature.

Let K, denote the set of all the faces incident at a vertex v in a map
M. The geometric career |K,| (the union of all faces in K,,) is a 2-disk with
the boundary cycle C. The cycle C is called the link of v and is denoted
as C = lk(v). Let lk(v) = Cg(v1,v2,...,v), that is, a cycle of length k.
We say that the face-sequence of lk(v) is (f{"..... fi), if the consecutive n;
numbers vertices in lk(v) have the face-sequence f; in the given cyclic order
forl1 <i<lI.

A map M having k distinct face-sequences is called a k-semi-equivelar
map, see [20]. In particular, a map having 2 distinct face-sequences is a 2-
semi-equivelar map. Let M be a 2-semi-equivelar map with two distinct face-
sequences f1 and fo. We say that M is a doubly semi-equivelar map (DSEM),

if vertices with similar type face-sequence have links with same face-sequence.

We denote the map M of type | 1(f11,.~.,f17-1) : ]‘2(1021""’102”)]7 where fi; or fa;

is fi or fo, for 1 <i <7y and 1 < j < 1o, if vertices with the face-sequence
f1 have links of face-sequence (f11, ..., f1r,) and vertices with fs have links of
face-sequence (fa1,..., for,). Observe that f;; is either fi or f, for each ¢, j.
See the examples of DSEMs on the plane in Example 3.

A graph G is called k-connected if the removal of any k— 1 vertices leaves a
non-trivial connected graph. The connectivity x(G) of G is the maximum non-
negative integer k for which G is k-connected. A map is called k-connected
(resp. Hamiltonian) if the underlying graph is k-connected (resp. Hamilto-
nian).

The connectivity of a graph plays an important role to discuss Hamil-
tonicity. In the case of maps, significant progress has been made using the
connectivity of the underlying graphs. It goes back to 1931 when Whitney
[22] initiated the theory of Hamiltonian cycle in maps and he used the con-
nectivity of the underlying graphs. He proved that every triangulation of the
sphere is Hamiltonian if it is 4-connected. Tutte [21] generalized this result
for an arbitrary 4-connected map on the sphere. Griinbaum [6] conjectured
that every 4-connected map on the Projective plane is Hamiltonian, which
was proved by Thomas and Yu [16]. Brunet et al. [5] showed that every
5-connected triangulation on the Klein bottle is Hamiltonian. For the torus,
Griinbaum [6] and Nash-Williams [12] posed the following conjecture.

Conjecture 1. Every 4-connected map on the torus is Hamiltonian.

The above conjecture is yet to prove, however, several interesting results
have been established so far. Altshuler [1] established the conjecture for every
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6-connected map on the torus. Brunet and Richter [4] established the con-
jecture for every 5-connected triangulation on the torus, which was further
improved by Thomas and Yu [17] for any 5-connected map. Kawarabyashi
and Ozeki [7] proved the conjecture for any 4-connected triangulation on the
torus. The current progress on connectivity and Hamiltonicity of the under-
lying graphs on the torus can be found in [8, 11, 13, 18].

There are exactly 11 types of semi-equivelar maps on the torus, namely
[39], [4], [63], [3.122], [4.8?], [4.6.12], [3.6], [3°.4?], [3%.4.3.4],[3.6.3.6] and [3%.6].
Altshuler [1] showed that all the semi-equivelar maps on the torus of types
[44] and [3°] are Hamiltonian. Bouwer and Chernoff [3] proved that every
semi-equivelar map on the torus of type [63] is Hamiltonian. Recently, Maity
and Upadhyay [10] showed that all the semi-equivelar map on the torus of the
remaining eight types are also Hamiltonian. In [14], authors have shown that:

Proposition 1. [14] There are exactly 22 types of DSEMs on the plane R?
with combinatorial curvature 0.

The above types T;’s, 1 < i < 22, are given in Example 3. Further, the
authors have shown that for each type T;, 1 < i < 22, there is a doubly
semi-equivelar map on the torus. Recently, the authors [15] have shown that:

Proposition 2. Let M be a DSEM of type T with combinatorial curvature 0
on the Klein bottle. Then T € {Tl, T, ... 7T22} \ {Tlh T3, TQQ}.

Since the plane is the universal cover of the torus and Klein bottle, it is
natural to explore the Hamiltonicity of these types of DSEMs on the torus
and Klein bottle also. In the present work, we determine the Hamiltonicity of
these maps on the torus and show:

Theorem 1. Every DSEM on the torus of the type T;, 1 <1 < 22, is Hamil-
tonian.

Theorem 2. Let M be a DSEM of type T on the torus.
1. If T € {T;} \ {T16, T17}, then M is 4-connected.
2. If T is Tyg or Tyi7, then M is 3-connected.

Corollary 1. All the 4-connected DSEMs on the torus of type T; are Hamil-
tonian.

2 Definitions and notations

Let G be the underlying graph of a map M with the vertex set V(G) and the
edge set E(G). Let u-v denote the edge joining u,v € V(G). The notation
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P = P(uy,...,u,) denotes a path uj-us- -+ -u,. A path with a single vertex
u is referred to as a path of length zero, and is denoted as P = P(u). In P, the
vertices u; and uy are called the boundary vertices, and w;, for 2 <i<mn—1,
are called the inner vertices. A path P; is an extension of another path P, if
P, is a proper sub graph of P;. A path P = P(uq,...,u,) is called a cycle, if it
is closed, that is, u; = u,,. We denote a cycle by C = C,(uq,...,u,). A cycle
C is contractible if it bounds a 2-disk D,, otherwise called non-contractible.
The notations G71 U G2 and G1 N G2 denote the usual union and intersection
of two graphs Gy and Gs. For U C V(G), G — U is the graph obtained from
G by deleting the vertices of U. For the graph theory related terms, we refer
to Bondy and Murty [2].

3 Examples: DSEMs on the plane R?
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Figure 3.1: Doubly semi-equivelar maps on the plane R?

4 Proof of Theorem 2

The Nash-Williams conjecture states about the Hamiltonicity of a map with
respect to the k-connectivity of the underlying graph. To establish the con-
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jecture in our context, here, we determine the k-connectivity of the graphs
associated with certain DSEMs.

Lemma 1. Let M be a DSEM on the torus of type T;, 1 < i < 22. Then
removal of any two distinct vertices leaves the map connected.

Proof. Let V(G) denote the vertex set of the underlying graph G of M. Note
that G is connected. Suppose, if possible, there is a vertex z; € V(G) such that
G’ = G — 7 is disconnected. Then, there exist distinct vertices u,v € V(G)
such that every path between u and v passes through z;. Choose such a
path P = u-aq-ag- -+ -Gp—1-21-Apt1- -+ -v. Let Ik(z1) = Ci(wy,wa, ..., w;),
P, = u-aj-as- -+ -ap—1 and Po = apy1-apyo- -+ -v. Note that a,—1,a,41 €
lk(21), there is a path P3 between a,_1 and a,41 in lk(z1). Now, observe that
P = P, UP,U P; is a connected sub graph of G’ such that u,v € V(P) and
z1 ¢ V(P). Therefore G' is connected.

Suppose, if possible, there is a vertex zo € V(@) such that G = G’ — z5 is
disconnected. Then, there exist distinct vertices v/, v’ € G” such that 25 is a
vertex of any path connecting v’ and v’, say P’ = u/-by-ba- -+ -by_1-bp-bpy1-

- -v'. Then, either z5 € 1k(21) or 23 ¢ 1k(z1).

First, suppose zo ¢ lk(z1), then G” is connected by a similar argument
used for G’. Now suppose, 23 € lk(z1). Then 2z = wy and zo-wg_1, 22-Wk11
are edges for some 1 < k < i. Since G’ is connected, we get paths P; from
to wg41 and Pj from wy_1 to v' which are not passing through z,. Also, we
get a path Pj from wy_1 to w41 in lk(z2). Note that Pj is a path in G not
passing through z;. Thus we get a connected sub graph P’ = P/ U P} U P}
such that «/,v’ € V(P') and 2, ¢ V(P’). Hence G” is connected. O

The proof of the next theorem follows from Lemma 1.

Theorem 3. Let M be doubly semi-equivelar map of types Tig and Ti7 on the
torus. Then M is 3-connected.

Theorem 4. Let M be a doubly semi-equivelar map of type T on the torus,
where T € {T;} \ {Tws,Th7}. Then M is 4-connected.

Proof. Let V(G) denote the vertex set of the underlying graph G of M, which
is connected. Note that the degree of every vertex of M is grater or equal to 4.
Let 21,22 € V(G). Then by Lemma 1, ' = G — {z1} and G’ = G — {z1, 22}
are connected. Suppose, if possible, there is a vertex z3 € V(G) such that
G" = G — {21, 22, 23} is disconnected. Then we get u,v € V(G) such that
there is no path between u and v in G"”'. Let lk(z1) = C;(wy,wa, - ,w;),
k(z2) = Cj(x1, 22, - ,x;) and lk(z3) = Ck(y1,y2,--- ,yx). Now, as per the
positions of z1, 22, 23, we have the following cases:

1. zq ¢ 1k(zp), where a # b and a,b € {1, 2, 3}.
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2. zq € 1k(zp) such that z. ¢ lk(z,) and z. ¢ lk(z), where a # b # ¢ # a
and a,b,c € {1,2,3}.

3. 29,23 € Ik(z1) and 29 € lk(z3).

4. z4, 2zp € 1k(2.) such that z, ¢ lk(z;), where a # b # ¢ # a and a,b,c €
{1,2,3}.

In Case 1 and 2, G"” remains connected by Lemma 1. So we discuss the

remaining cases.
Case 3: Since 29,235 € lk(z1), 20 = wp, 23 = w; for some 1 < hl < i.
Note that, wp_1,wp+1 are adjacent to zo and w;_1,w;4+1 are adjacent to zs.
Hence, wp—1,wp+1 € k(22), wi—1, w41 € Ik(z3) and wp—1 = T, Wh1 = T,
Wi—1 = Yr, W41 = Ys for some 1 < m,n < 5,1 < r;s < k. Let R = -
Tynt1- *** ~Tp—1-T, be the path in lk(z9) from z,, to x, such that z; ¢ V(R)
and S = yp-Yr41- -+ -Ys—1-Ys be the path in lk(z3) from y, to ys such that
z1 ¢ V(9).

Subcase 3.1: If 25, z3 are not adjacent such that w;_1, w11 ¢ {wWhr—1, Wh41}-
Then A; = wiy1-wiq2- -+ -Wh—2-wp—1 and Ay = Wp41-Whio- <+ -Wj—2-Wi_1
are paths in 1k(z;) such that za,23 ¢ V(A1) UV (Az). Since z2 € lk(z3) and
zg € lk(z2), we have zo = yp,23 = 4 for some 1 < p < k, 1 < ¢ < j and
29-Yp+1, 22-Yp—1, 23-Tgq—1, 23-Tgq41 are edges. Consider the path R = x,,-

Tn1- + 0 “Tgo1-Tq(= 23)-Tgt1- -+ ~Tp—1-Ty in lk(22), then we get sub paths
As = zgp1-Tgqo- - ~Tp(= wht1) and Ay = T4_1-Tg—2- - Ty (= wp—1) of R.
Similarly, the path S = yr-yr1+1- - -+ ~Yp—1-Yp(= 22)-Yp+1- - -+ ~Ys—1-Ys in lk(z3)
gives sub paths A5 = yp11-Ypra- -+ -ys(= wig1) and Ag = yp_1-Yp-2- -+ -

yr(= wj—1). In this manner, we get connected sub graphs W7 = AsU Ay U Ag
and Wy = A5 U A; U Ay of G, If V(Wl) N V(Wg) # ¢, then W1 U W, is
connected, so G is connected. If V(1) NV (W2) = ¢, then the links of all
the vertices of G"”" remain complete except for the vertices of Wi and W5 as
they belong to the links of z1, 2o or z3. Note that there exists either a vertex
or an edge in W contained in a face Fy, where F} is a face in M that does not
contain the vertices z1, zo or z3. Similarly, for a vertex or an edge in Wy, we
get a face H;. Corresponding to the faces Fy, Hy, we get faces Fy, Ho such that
FyNFy # ¢, H N Hy # ¢, otherwise links of some vertices of these faces are
not complete. In this manner, we get finite sequences of faces Fy, Fy,--- , F
and Hy, Hy, -+, Hy corresponding to Wi and Wa, respectively. Since M is a
map on the finite number of vertices, after some stage, we get F,, N H, # ¢,
for some 1 <u <e, 1 <wv < f. Therefore, every vertex of W7 is connected to
every vertex of Ws. Hence, G is connected.

If 2o, z3 are not adjacent such that either w;_; = wp41 or w41 = wp_1,
then proceeding similarly, we get connected sub graphs W{ and W3 of G"".
By using the similar argument as above, G"’ is connected.

Subcase 3.2: Let 2o, 25 are adjacent. As 29,23 € 1k(21), 20 = wp, 23 =
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wp41 for some 1 < h < ¢ and zo-wp_1, 29-23(= Wpt1), 23-Whio are edges.
Clearly, there is a path By = wpyo9-wh13- + -+ -Wh_2-wp—1 between w42 and
wp—1 such that z1, 20,25 ¢ V(B1). Since z3 € lk(z1) and z3-wp 42 is an edge,
$0 wpyo € lk(z3). Now zo(= wp)-2z3(= wpy1) is an edge, so zo € lk(z3). If
29 = yp for some 1 < p < kin lk(z3), then By = ypy1-Ypt2- - -+ -Wh2 i & path
between yp41-wp42 such that z1, 29, 23 ¢ V(Ba). As wp_1-22 and y,41-22 are
edges, this gives w1, yp+1 € Ik(22). Hence, we have a path B3 between wy,_1
and ypy1. Thus, from above, we get a connected sub graph W = B; U B3 U By
of G"'. Since G” is connected, every vertices of G’ is connected with some
vertices of W, therefore G’ is connected.

Case 4: Without loss of generality, suppose that zo, 23 € lk(z1) and 29 ¢
lk(z3). As discussed in Case 3, 22, z5 € lk(21) gives 2o = wy, 23 = w; for some
1< h,l <, wp_1,wp1 € Ik(22), wi—1, w41 € Ik(z3) and wp—1 = Ty, Wpt1 =
Tp, Wi—1 = Yr,Wir1 = Ys for some 1 < myn < j, 1 < r;s < k. Also, we
get a path R = pp-Tpmy1- -+ ~Tp—1-Zn in 1k(29) from x,, to z, such that
z1 ¢ V(R) and a path S = y,-y,41- -+ -Ys—1-Ys in lk(z3) from y, to ys such
that z; ¢ V(9).

If 29, z5 are such that w;_q1,w;41 € {wp—1,wpt1}. Then A1 = wip1-wiyo-

- ~wp_o-wp—1 and As = Wp11-Whao- -+ -wi_g-w;_1 are paths in lk(z1) such
that za, 23 ¢ V(A1) UV (Ag). Clearly, Z = RU A3 US U As is a connected sub
graph of G’”. Therefore G’ is connected.

If 25, z3 are such that either w;_1 = wpy1 or w41 = wp_1, then proceed-
ing similarly, we get a connected sub graph Z’ of G"’. By using the similar
argument as above, G'" is connected.

Hence, by the Cases 1-4, M is 4-connected. O

Proof of Theorem 2: The proof follows from Theorem 3 and Theorem 4. [J

5 Proof of Theorem 1 and Corollary 1

To explore a Hamiltonian cycle in a DSEM M, we construct its planar rep-
resentation (called M (i, j, k) representation) by cutting M along two non-
homologous cycles at a vertex. Evidently, finding a Hamiltonian cycle in M
is equivalent to find a Hamiltonian cycle in its M (i, j, k). We give a detailed
description of M (i, j, k) representations for DSEMs of types 77 and T5 and
avoid a similar discussion for the remaining types. Throughout this section
by a DSEM, we mean a doubly semi-equivelar map on the torus. Let M be a
DSEM of type [fi : f2] with the vertex set V((M). For j = 1,2, let V}, denote
the set of vertices with face-sequence f;. The notations |V (M)|, [V},| denote
the cardinality of the vertex set V/(M), Vy, respectively.
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5.1 DSEMs of types T} = [fffé'fl'fg'fl) : féff'fg)] and Ty = [fl(ff'fg) :
2 r5
1), where fi = (3, f2 = (3.42)

Let M" be a DSEM of type 7T, with the vertex set V(M"), where r €
{1,2}. For M, we see easily that the number of triangular faces is 4|V{ze)|
or 2|V(zs 42)|. Thus, if M?' exists, then 2|V(ss)| = |V(g3.42)|. Similarly, for
the existence of M?, we get |Vige)| = |Vigz.42y|. Let u be a vertex with
face-sequence (3%) or (32.42). We denote their respective links by lk(u) =
Cﬁ(ul,UQ,Ug,U4,U5,u6) or lk(u) = C7(U1,U27’U/3,U4,U5,u6,U7) (labehng of
vertices in the links is considered anti-clockwise). The bold appearance of
some u; means u is not adjacent with w; by an edge. Now, we define certain
types of paths in M" as follows.

Definition 1. A path P, = P(...,¥i—1,¥i,Yi+1,-..) in M" is of type A;
if, either (i) every vertex of P; has the face-sequence (3%), that is, the face-
sequence of y;’s is (3%) or (ii) each vertex of P; has the face-sequence (33.42)
such that all the triangles (square) which incident on its inner vertices lie on
the one side of the path P;. See thick black paths in Figures 5.1.1 and 5.1.2.

; EREEE
R
;KHH\

Aq /Al
e |\ﬁ||l‘”

Definition 2. A path P, = P(...,2;_1, 2, 2zis1,...) in M, such that z;_1, 2;,
z;+1 are inner vertices of P; or an extended path of Py, is of type Ay (shown by
green colored paths in Figure 5.1.1), if either of the following three conditions
follows for each vertex of the path.

1. Iflk(z;) = C7r(m, z;—1,m,0,p, 2i41,q) and 1k(z;—1) = C7(q, m,r, z;—2,n, 0,
Zi)v then lk(22+1) = 06(87 q,%i, D, tv Z’i+2)'

2. Iflk(zz) = 07(m7 Z2i+1, M, 0,P; 251, (]) and lk(zzfl) = CG(Tu 2i—2,5,4, Ziﬂp)v
then 1k(z;41) = Cr(0, i, q, m, t, zi12,n).

3. If Ik(z;) = Cs(zi—1,m, n, 2i41,0,p) and 1k(z;_1) = Cr(r, zi_2, 8,t,m, 23, p),
then 1k(z;41) = Cr7(u, zi42,v,w, 0, z;,n).
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Definition 3. A path Py = P(...,2;_1,2i,2i11,...) in M? such that z;_1, 2,
z;+1 are inner vertices of P3 or an extended path of P, is of type A (shown by
green colored paths in Figure 5.1.2), if either of the following four conditions
follows for each vertex of the path.

1. Iflk(zz) = 07(m7 Z2i—1,T, 0, P, Zi41, q) and 1k(zi—1) = 07(7‘, 2i—2,M,0, 2, q,
m), then Ik(zi41) = Co(zi, p, 5, zit2,t,q), 1k(ziy2) = Co(2it1, 8, U, 2iy3,0,1).

2. Iflk(z;) = C7(m, zi11,m,0,p,2i-1,q) and 1k(2;_1) = Ce(2i—2, 5,4, 2i,p,7),
then Ik(z; 1) = C7(0, 2, q, M, t, 2y 2,1), 1k(2i12) = Ce(2iy1,t,u, 2i13,v,1).

3. Iflk(z;) = Cs(zi—1,m,n, zi11,0,p) and Ik(z;—1) = C7(q, zi—2, T, 5,M, 2, D),
then 1k(z;11) = Cs(z4,n, t, 2ig2,u,0), 1k(2i12) = Cr(v, zi43, W, T, U, 2i41,t).

(
4. If lk(zz) = 06(21'717 m,n, zjy+1, Oap) and lk(zifl) = 06 (zi72; r,m,zi,p, Q)7
then 1k(zi41) = Cr(8, zit2,t,u,0,2;,n),1k(2z;42) = Cr(u,zi41,n, 8,0,
Zi+3, t).

Remark 1. Recall that M" is a map with a finite vertex set. Hence, for a
given mazimal path P = (v1-va- -+ - vp_1-0;) of type Ay, a € {1,2}, there is
an edge e = v1-v, in M" such that PUe is a cycle Q. Depending on A,, the
corresponding cycle is called a cycle of type An. Then we see that such cycles
are non-contractible.

Lemma 2. The cycle Q of type A, for a € {1,2}, is non-contractible.

Proof. On the contrary, suppose @ is a contractible cycle of type A;. Then
@ is the boundary of a 2-disk, say D. Let v, e, and f denote the number
of vertices, edges, and faces of D respectively. Let m and n represent the
inner and boundary vertices of D, respectively. Here, m = my 4+ ms, in which
my and my represent the number of vertices with face-sequences of (3¢) and
(33.42), respectively. Then we have two cases depending on Q. In the first
case, if the incident faces on @) are quadrangles, then v = n 4+ my + ma,
e=13n/246m1/245my/2, and f = 2n/4+ 6m1/3 4+ 3ms/3 + 2ms/4. In the
second case, if the incident faces on () are triangles, then v = n + my + mo,
e =4n/2 + 6my/2 + 5my/2, and f = 3n/3 4+ 6m4/3 + 2my/4 + 3my/3. For
both cases, we obtain the Euler characteristic x(D) =v —e+ f = 0. We get
a contradiction, as the Euler characteristic of a 2-disk is 1. Hence, @ is not
contractible. Similarly, if @ is of type As, then @ is non-contractible. O

Let @ be a cycle of type A; with the vertex set V(Q). Let Sg denote the
set of all the faces incident at v for all v € V(Q). Then the geometric carrier
|Sgl is a cylinder, as @ is non-contractible. Let 0|Sg| denote the boundary of
1Sql-
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Let @1 and Q2 be cycles of the same type in M". We say that cycles Q1
and @2 are homologous if there is a cylinder whose boundary is {Q1, Q2}.

Lemma 3. Let Q be a cycle of type A1 such that 0|Sq| = {Q1,Q2}. Then Q,
Q1, and Q2 are of the same type with equal length.

Proof. Let Q,, € {Q1,Q2}. Consider the faces that are incident with both @
and @,. Without loss of generality, let @, = @1. Now, depending on @, we
see that if the faces incident with both @ and @, are quadrangles (respectively
triangles), then the faces on the other side of ()1 must be triangles (respectively
triangles or quadrangles). This shows that @) is of type A;. Similarly, Q2 is
also of type A;.

Let Q = Cy(v1,...,v), Q1 = Cr(u, ..., up), and Qy = Cp(wy, ..., wy).
Now we show [ = m = n by contradiction. For this, it is enough to deal
with the case, when [ < m < n. Following the definition of type A;, the
face-sequences of vy, vs,...,v;_1,v; are same throughout the cycle Q). Since
I < m, lk(v;) contains the vertices uy, u;4;, and w; for some ¢ > 0. Then, the
face-sequences of v; and v;_1 are not same. This is not possible. Therefore,
l=m=n. O

M (i, j, k)-representation of M": Let u € V(M") and @, be cycles of type
A, through u, where a € {1,2}. Let Q1 = C;(ug,uz,...,u;), where ux, = u for
one k (1 <k <i). We cut M" first along the cycle 1. This gives a cylinder,
say Rj, bounded by identical cycle Q1. We say, a cycle is horizontal (resp.
vertical) if it is @1 or homologous to @1 (resp. Q2 or homologous to @3). In
Ry, starting from the vertex u, make another cut along the path P C @2, until
it reaches 1 again for the first time. As a result, we get the unfold torus (a
planer representation), say Ro. The idea of M (3, j, k)-representation is taken
from [9] and a detailed description of such representation for the given type is
available in [14].

In M, without loss of generality, suppose that the quadrangular faces
are incident on @1 = Cj(a11,a12,...,a;1). In Ry, let there are j cycles (as
shown in Figures 5.1.3 and 5.1.4) which are homologous to ¢ along P. Since
length(Q1) = ¢ and the number of horizontal cycles along P is j. So, we de-
note Ry by (i,j) representation. To reconstruct the map M" from its (i, )
representation, one gets a natural way of identification of the vertical cycle of
Ry, but identification of the horizontal cycle generally needs some shifting so
that the lower horizontal cycle is identified with the upper horizontal cycle.
Suppose k is such shifting, i.e., k + 1 is the starting vertex of the upper hori-
zontal cycle. This gives another representation say M7 (i, j, k) representation
of the (i, j) representation of M". The admissible relations among i, j, k of the
M7 (i, j, k) is given in Lemma 4.
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Qlal(k+1) (k42 (k=121 Y1(k+1)
a1 (k+1) *1(k+2) e 9(k—1) 121 (k4+1)
Q1 Qj aj1 i1
Qj aj1 a1 Qji—1
Qj—1
Qq 941 aq1
Q3 a31 @31
Q3 a31 @31
Q2 a21 a21
Qz a21 @21
Q1“1 “Tayy a1z ... %1(i—1) @17 @11 Q1 a a
1 %11 Tayyarg L. %1(i—1) @14 11
Figure 5.1.8: M (i, j, k) of DSEM of type T; Figure 5.1.4: M(i,j, k) of DSEM of type Ty

Lemma 4. Let M" be a DSEM of type T,.. Then M" admits an M"(i,j,k)
representation if and only if the following holds: (i) i > 3 and j = (r 4+ 2)m,
where m € N, (i3) ij > 3(r+2), (i#) 0 < k <i-—1.

Proof. Note that an M"(i,j,k) of M" contains j number of A; type disjoint
horizontal cycles of length i. Since these cycles cover all the vertices of M7,
the number of vertices in M" is n = ¢j. Clearly if ¢« < 2, M" is not a map. So
i>3. If j =1 then M" is not a map and if j = 2 then M" has no vertices of
face-sequence (3°). If j = (r+2)m+1 or (r+2)m+2, then 2|Vize)| # |V(33.42)|
for M" and |Vigey| # |V(33.42)| for M?. So j = (r+2)m. Thus n = ij > 3(r+2).
Since the length of the horizontal cycle is i, we get k € {0,1,...,5— 1}. The
converse part follows directly by constructing M (4, j, k) representation for the
given values of i, j, and k as in Figures 5.1.3 and 5.1.4. O

From the above lemma, it is clear that every map M" with the vertex set
V(MT) of type T, can be obtained from its M7 (i, j, k) representation (shown in
Figure 5.1.3 or 5.1.4) for suitable values of 4, j, k. In the upcoming subsections,
we proceed in a similar way for the remaining types DSEMs. We determine
the conditions among i, j, k to construct its M (i, j, k) representation. For this,
we consider fixed types of paths on maps, as in Subsection 5.1. Since these
DSEMs are on the finite vertex set, given every maximal path P of such types
there is an edge e such that P U {e} is a non-contractible, as in Lemma 2.

5.2 DSEMs of types T; = [f\/*/) « f/1 550 and 1y = (1772
3 £5
FIID] where fi = (33.42), fo = (4%)

Let M" be a DSEM of type T, where r € {3,4}. Then for the existence of M!
and M? we have |V(zs 42)| = 2|V{44)| and V(32 42)| = [V{44)| respectively. Now,
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consider the following paths P;, P>, and P3 through a vertex in M". One can
define such a path using the definition of link as in Subsection 5.1.

e A path P, = P(...,¥i—1,Yi, Yi+1,---) in M" say of type By, indicated by
thick black paths in Figures 5.2.1 and 5.2.2. Here the face-sequence of y;’s is
either (4%) or (32.4%).

e A path Py = P(...,yi 2,2 _2,%1,Yi %, Zit1,Yir1 - - ) in MY say of type
B>, indicated by green paths in Figure 5.2.1. Here the face-sequences of y;’s
and z;’s are (4) and (33.42) respectively.

o Apath Py = P(...,Yi—1,2i-2, 2i—1,Yis Yi+ 1, Zis Zi41, Yit2 - - -) 0 M?, say of
type Bs, indicated by green paths in Figure 5.2.2. Here the face-sequences of
yi’s and z;’s are (4%) and (3%.42) respectively.

A
Ba
I T |
B1 B1
Figure 5.2.1: M! of type T3 Figure 5.2.2: M2 of Type Ty
T (h+1) M1(k42) ... “1(k—1) 91k “1(k+1)
1
Qj aj aj
a1(k+1) “1(k+2) ... %1(k—1)31k ®1(k+1) 7% 7
Q1 Qj—1
Qj @j1 @51
Qj—1
Q3 @31 a3l
Q2 @21 @21 Q2 a21 az1
Q1 @11 -
! a1z a1z ... %1(i-1) a1i 911 Q1M Tapars .- G1G-1) a1 o1
Figure 5.2.3: M (i, j, k) of DSEMs of type T3 Figure 5.2.4: M (i, j, k) of DSEMs of type Ty

Now, first cutting M" along a cycle of type B; and then along a cycle of
type Ba, we get M" (4, j, k)-representation of M", shown in Figures 5.2.3 and
5.2.4. To get the relation among i, j, k, we proceed similarly as in Lemma 4.
This gives the following result.

Lemma 5. The DSEM M" of type T, admits an M" (i, j, k)-representation
if and only if the following holds: (i) ¢ > 3 and j = rm, where m € N, (1)
ij > 3r, (id) 0< k <i—1.
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5.3 DSEMs of type T5 = [ffff'fg'fl'fg) : féfg'f?)], where f; = (3%.4%),
fo = (3.4.6.4)

Let M be a DSEM of type T5. In M, we consider the following path
e A path Py = P(...,yi, 2i, Zit1, Zit2, Yit1, ---), say of type Sp, indicated by
thick black or green paths (shown in Figure 5.3.1). Here either the vertices
y;’s and z;’s have the face-sequences (3%.4%) and (3.4.6.4) respectively or the
face-sequence of y;’s and z;’s is (3%.42).

An M(i, 4, k) representation of M follows by cutting M one by one along
a black and green colored cycles of type S; through a vertex v with face-
sequence (3.4.6.4). Without loss of generality, let the beginning adjacent face
to the base horizontal cycle ()1 is a 4-gon.

21 (k+2) a1k

T
RS
n@@uu@um

21(k+1)

aji

> .
.’;‘« S
4 = . S1 - 261 A v A v A v agl
PR R

o4l A‘VAV.A‘VAV.A‘VAV. i
o RPN RSN =
2 ag] ..‘..‘.-‘ ag1

Q1
ajral2
Figure 5.3.1: M of type T5 Figure 5.8.2: M(i,j = 6m + 3, k)
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Q1
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Figure 5.3.3: M(i,j = 6m + 6, k)

asg1

a1l
@14

Lemma 6. The DSEM M of type Ts admits an M (i, j, k)-representation if
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and only if the following holds: (i) j = 3m, where m € N, (i) i > 4 and
i = 4m, m € N, (iti) number of vertices of M(i,j, k) = ij > 12, (iv) k €
{4r +3:0 <r <i/4}.

Proof. Let M be a DSEM of type T5 having n vertices. Clearly, its representa-
tion M (4, j, k) has j disjoint horizontal cycles of S1 type, say Qo, Q1, ..., Qj—1,
of length i. Let Qo = C(woo,wo,1,---,wo,i-1),Q1 = C(wio,win,
e ,wlﬂ-,l), ey Qj*l = C’(wj,l’o, Wji—-1,15--- ,'wjfl’ifl) be the list of hori-
zontal cycles. Since the vertices of M are in these cycles, the vertices in M
isn =4dj. If j = 1,2 then M is not a map. So j > 3. If j > 3 and
j # 3m,m € N, then no vertex in the base horizontal cycle follow the face-
sequences (3%.4%) and (3.4.6.4) after identifying the boundaries of M (i, j, k).
So j = 3m, where m € N. Clearly if ¢ < 3, M is not a map. So i > 4. If
j = 3m and i # 4m, where m € N, then the lk(wg ) is not of type (3.4.6.4).
Which is not possible. So, i = 4m, where m € N. Thus, n =ij > 12.
Fke{r:0<r<i—1}\({4r+3:0 <r < i/4}), then link of some
vertices in M (4, j, k) can not be completed. So, k € {4r+3:0 <r < i/4}. The
converse follows from Figures 5.3.2 and 5.3.3. This completes the proof. [

5.4 DSEMs of types Tg = [fl(fl'fg):féff'fg'fl'h)], where f; = (33.42),
f2 = (32.4.3.4)

Let M be a DSEM of type Ts. Then, for the existence of M, we have
2|Vigs.42)| = [V(32.4.3.4)|- Now consider the following path P through a vertex
in M.

e A path P, = P(...,w;, 2j, Zj+1,%j+2, Zj+3, Wit1,-..) in M, say of type C1,
indicated by thick black paths in Figure 5.4.1. Here the face-sequences of w;’s
and z;’s are (3%.4%) and (32.4.3.4) respectively.

Ql al(k+ )a]<k+2) .« e e e alkal(k+1)
Q; a1 ‘ aj1
Q3 asz1 ‘ ‘ asi
Q2 a21 az1
@1 a11a12a13a14 R .. e ai; a1l

Figure 5.4.1: DSEM of type T Figure 5.4.2: M (i,j = 4m + 4, k) of DSEMs of type Tg
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A1 (k41) 21(k+2) e e e a1k 21(k41)
- | |
Qj aj1 @51
Q3 @31 ‘ ‘ a3zl
Q2 @21 a21
Q1

aj] ajgais ce. agy alq

Figure 5.4.3: M (i,j = 4m + 2, k) of DSEMs of type Tg

Note that, through a vertex v with the face-sequence (32.4.3.4), we see two
paths of type C;. Now as in the previous section, cutting M along these paths
one by one, we get its M (i, j, k) representation. The relations among i, j, k
are given by Lemma 7.

Lemma 7. A DSEM M of type Ts admits an M(i,j, k) representation if and
only if the following holds: (i) i = 5m, m € N and j is even, (ii) number of
vertices of M (i, j, k) = 6ij/5 > 12, (iti) if 7 = 4m + 2, m € NU {0}, then
ke{or+3:0<r<i/5}, andifj=4m, meN, then k € {br:0<r <i/5}.

Proof. A representation M (i, j, k) of a DSEM M of type Ts has j disjoint
horizontal cycles of C type having length ¢. Let (Qo,Q1,...,Q;—1 be the
horizontal cycles of type C;. The number of vertices with face-sequence (33.42)
lying between horizontal cycles Q(2511)(mod j) and Q(2542)(mod ), for 0 < s <
j—1,18 2i/5- /2. Thus, the total number of vertices in M is n =ij +1ij/5 =
6i5/5. If j = 1, then M(i,1,k) has no vertex with face-sequence (32.42) or
(32.4.3.4). So j > 2. If j > 2 and j is not an even integer then we get some
vertices in the base horizontal cycle which does not have the face-sequence
(33.42) or (32.4.3.4). So, j is even.

If j is even and 7 < 5 then again the representation M (4,7, k) has some
vertices which do not have the face-sequence (32.4%) or (32.4.3.4). So, i > 5.
If i > 5 and not a multiple of 5, then 2|V (32.4%)| # |V (3%.4.3.4)|. This is not
possible. So i = 5m, where m € N and n = 6ij/5 > 12.

Ifj=4m+2,m e NU{0} and k € {r: 0 <r <i—1}\{6r+3:0 <r < i/5}
then we get some vertices which do not have the face-sequence (33.4%) or
(32.4.34). So, k€ {br +3:0 < r < i/5} for j = 4m + 2, m € NU {0}.
Similarly if j = 4m, m € N, then k € {57 : 0 < r < i/5}. The converse follows
by substituting the values of 4, j, k in Figures 5.4.2 and 5.4.3. O
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5.5 DSEMs of types Ty = [fl(fl'fg'fl'fg) : fg(ff'h'ff'ﬁ)], where f; =
(33.4%), fo = (3%.4.3.4)

Let M be a DSEM of type T7. It is easy to see that, if M exists then [V(3s 42| =
|V(32.4.3.4)|. We consider following types of paths in M as follows.

a1(k+1) @1(k+2) s s a1k @1 (k+1)
Q1
Q441 aj1
Qj-1
Y

Q4041 a41
Q3931 asy
Y; Q2021 az1

N @1 ail @12 @13 @14 c v ce e Q1(i-1) a1i a11

Figure 5.5.1: M of type T%7 Figure 5.5.2: M (i, j, k) of DSEMs of type T%

e A path P, = P(...,u;,vj, Uit1, Vjs1,...) in M, say of type Y7 (indicated by
thick black paths in Figure 5.5.1). Here the face-sequences of u;’s and v;’s are
(32.4.3.4) and (33.4?) respectively.

e A path P, = P(...,u;—1,u;,Uit1,...) in M, say of type Ys (indicated by
green paths in Figure 5.5.1). Here the face-sequence of u;’s is either (33.42) or
(32.4.3.4).

To construct M (i, j, k), we first cut M along a cycle of type Y7 and then
along a cycle of type Y5. Without loss of generality assume Y, whose all the
vertices have the face-sequence (32.4.3.4) (as in Figure 5.5.2). Following, a
similar argument given in Lemma 4, we obtain Lemma 8.

Lemma 8. A DSEM M of type Ty admits an M (i, 4, k) representation if and
only if the following holds: (i) j > 2 and j even, (ii) if j = 2 then i > 8, and
if 7 > 4 then i > 4, also i = 4m, where m € N, (iii) ij > 16, (iv) if j = 2
then k € {dr: 0 <r <i/4}, and if j > 4 then k € {4r : 0 <r < i/4}.

5.6 DSEMs of type Ty = [fl(fg) : féfl'fg)], where f; = (3°): fo = (3%.6%)

Let M be a DSEM of type Tg. In M, we consider a path as follows.

e A path Py = P(...,yi, 2i, Zit1, Yit1, - - -) iIn M, say of type H; (indicated by
thick black or green paths in Figure 5.6.1). Here, the face-sequences of y;’s
and z;’s are (3%) and (3%.62) respectively.
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Now, construct M (4, j, k) representation of M by first cutting M along a
black colored cycle of type H; through a vertex v with face-sequence (3%) and
then cutting along a green colored cycle of type Hi. Note that both these

cycles are non-homologous. Then we have the following lemma.
A1 (k+1) A1(k+2) e 11 (k+1)
Q1

SOOL &
AN o LA

11012013

al; a1l
Figure 5.6.1: M of type Ts Figure 5.6.2: M(3,j, k)

Lemma 9. A DSEM M of type Ts admits an M (i, j, k)-representation if and
only if the following holds: (i) 1 > 9 and i =3m, m €N forj =1, (ii) i > 6
and i =3m, m € N for j > 1, (iii) number of vertices of M(i,j, k) = Tij/3,
() ifj=1thenke{3r:1<r<i/3}, andifj>1thenke{3r:0<r<
i/3}.

Proof. Let M be a DSEM of type Ty with n vertices. Clearly M(i,j, k) of M
has j disjoint horizontal cycles of H; type, say Qo,Q1,...,Q;—1, of length .
Note that the number of vertices with face-sequence (3%.62) which are above
the horizontal cycles Qs and not belonging to any horizontal cycles Qs for
0<s<j—1is4i/3-5. In M, therefore n = ij + 4ij/3 = Tij/3.

If j =1 and i < 9, then the link of some vertices in M(i,1, k) can not be
completed. This is not possible. So, for j = 1, we get ¢ > 9. Also, if i > 9
and 7 is not a multiple of 3, then after identifying the boundaries of M (i, j, k),
there is no vertex in the horizontal base cycle having face-sequences (3°) and
(32.6%). Which is not possible. So, i > 9 and i = 3m, m € N for j = 1.
Similarly, as above, for j > 1 we get that ¢ > 6 and i = 3m, where m € N.
Thus n = 7ij/3 > 21.

Ifj=landke{r:0<r<i—1}\{3r:1<r <i/3}, then we get some
vertices whose link can not be completed or does not follow the face-sequences
(3%) and (32,62). So, for j =1, we get k € {3r : 1 < r < i/3}. Similarly, as
above, we see that if j > 1, then k € {3r: 0 <r < i/3}. The converse follows
from Figure 5.6.2. Thus the proof. O
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5.7 DSEMs of type Ty = [f; : fo |, where f; = (3%),fy =
(3%2.4.12)

Let M be a DSEM of type Ty. We consider the following paths as follows.
e A path Py = P(...,4i, i, Zit1, Zit2, Zi+3, Yit1, .- -) 0 M, say of type L,
indicated by thick black or green paths (shown in Figure 5.7.1). The face-
sequences of y;’s and z;’s are (3°) and (32.4.12) respectively.

An M (i, j, k) representation of M obtained by first cutting M along a black
colored cycle of type L; through a vertex with face-sequence (3°) and then
along a green colored cycle of type L.

A1 (k1)1 (k+2) - - - @121 (k+1)
Q1

/\
Youv. 8 Y. &Y Y
\/\/ \VAV,

Figure 5.7.1: M of type Ty Figure 5.7.2: M(i, j, k)

Lemma 10. A DSEM M of type Ty admits an M (i, j, k)-representation if and
only if the following holds: (i) j even andi = 5m, m € N, (ii) i > 15 for j = 2,
(#) i > 10 for j > 4, (iii) number of vertices of M(i,j, k) = 7ij/5 > 42, (iv)
ifj=2thenke{br:1<r<i/5}, andif j >4 then k € {6r:0<r <i/5}.

Proof. Let M be a DSEM of type Ty having n vertices. An M (i, j, k) has j
disjoint horizontal cycles of Ly type, say Qo,Q1,...,Q -1, of length ¢. Let
Qo = Clwo,0,wo,15---,Wo0,i-1),Q1 = Clwio, w11, Wii-1),...,Qj—1 =
C(wj—1,0,Wj—1.1,...,Wwj—1,—1) be the list of horizontal cycles. Note that
the vertices with face-sequence (32.4.12) lying between cycles Q25(mod j) and
Q(2541)(mod j) for 0 < s < j—11s 4i/5-j/2. Therefore, n = ij+2ij/5 = Tij/5.

If j = 1, then no vertex in the base horizontal cycle follows the face-
sequence (32.4.12) after identifying the boundaries of M(i,1,k). Therefore,
j>2.If > 2and j is not an even integer, then similarly as above no vertex
in the base horizontal cycle follows the face-sequence (32.4.12). So j is an even
integer. If j is even and ¢ # 5bm, where m € N, then the lk(wq ) is not of type
(3%). Which is not possible. So, i = 5m, where m € N.

If j = 2 and i < 15, then we get some vertex in M (3,2, k) whose link
can not be constructed. This is not possible. So, for j = 2, we get i > 15.
Similarly, ¢ > 10 for j > 4. Thus n = 7ij/5 > 42.

Ifj=2andke{r:0<r<i—1}\({5r:1<r < i/5}), then we
get some vertex in M (i,2, k) whose link can not be constructed. So, if j = 2,
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then k € {6r : 1 < r < 4/5}. Similarly, as above, we see that if j > 4, then
k € {5r:0 <r <i/5}. The converse follows from 5.7.2. This completes the
proof. [

_ () L e fD) _ (26 _
5.8 DSEMs of type Ty = [f; : fo |, where f; = (3%),fy =
(32.4.3.4)

Let M be a DSEM of type T19. We consider the following types of paths in
M as follows.

e A path P, = P(...u;—1,ui,uit1,...) in M, say of type F; (indicated by
thick black paths in Figure 5.8.1). The face-sequence of u;’s is (32.4.3.4).

o A path P2 = P( sy Uiy Vi, Vi1, Vj42, Vig3, Uitd, - - ) in M, say of type E2
(indicated by green paths in Figure 5.8.1). The vertices u;’s and v;’s have the
face-sequences (3°) and (32.4.3.4) respectively.

Ea

al(k+l)a1(k+2) . aig A1(k+1)

=S K M DJQ o
- EERCER SEE |
N == DSH .

Q1
ap; ai2 a3 . ce. Q13 Q11

Figure 5.8.1: M of type Tjq Figure 5.8.2: M(i,j =4m + 2, k) of DSEMs of type Tho
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Figure 5.8.3: M(i,j = 4m + 4, k) of DSEMs of type Tho

An M(i, j, k) representation of M is obtained by first cutting M along an
FE; type cycle and then along an E5 type cycle. Proceeding similarly, as in
Lemma 7, we get the Lemma 11.
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Lemma 11. A DSEM M of type T1o admits an M(i,7,k) representation if
and only if the following holds: (i) j > 2 even, (i7) if j = 2 then i > 9 and if
j >4 theni>6, also i =3m, m € N, (iii) number of vertices of M(i,5,k) =
7ij/6 > 21, (iv) if j = 2 then k € {3r +2:0 <1 < (i — 3)/3}, if j = 4m + 2
then k € {3r+2:0<r <i/3}, and if j = 4m then k € {3r : 0 < r < i/3},
m € N.

5.9 DSEMs of type 111 = [fl(flz'fzz'fl'h) : féfg'ff)], where f; = (3°%), fo =
(3%.6)

Let M be a DSEM of type T11. Then for the existence of the map M, we see
that [V(gey| = [V(34.6)|. Now, consider a fixed type path in M as follows.
e Apath Py = P(...,2i,Yi, Yit+1, Yi+2, Zi+1, - - -) in M, say of type K7, indicated
by thick black or green paths (shown in Figure 5.9.1). Here either the face-
sequences of y;’s and z;’s are (31.6) and (3°) respectively or the face-sequences
of y;’s and z;’s is (3°).

The relations among ¢, j, k in an M (4, j, k) representation of M are given
by the following lemma.

Lemma 12. A DSEM M of type T11 admits an M (i, j, k)-representation if
and only if the following holds: (i) j = 3m and i = 4m, where m € N, (i7)
number of vertices of M(i,j,k) =1ij > 12, (iii) k € {4r+1:0 <r <i/4}.

Proof. Let M be a DSEM of type T11 having n vertices. Its M(i,j, k) has j
disjoint horizontal cycles of K; type, say Qo, @1,...,Qj—1, of length i. Since
the vertices of M are in these cycles, the vertices in M isn =dj. If j = 1,2
then M is not a map. So j > 3. If j > 3 and j # 3m, m € N, then no vertex
in the base horizontal cycle follows the face-sequence (3°) after identifying the
boundaries of M(i,j,k). So j = 3m, where m € N. Clearly if i« < 3, M is
not a map. So i > 4. If j = 3m and i # 4m, where m € N, then either
[Vizey| # [Visa.6)| or M is not a map. So, i = 4m, where m € N. Thus
n=14j > 12.

Ifhe{r:0<r<i—1}\({4r+1:0<r <i/4}), then the link of some
vertex in M (i, j, k) can not be completed. So, k € {4r+1:0 <r < i/4}. The
converse follows from Figures 5.9.2 and 5.9.3. This completes the proof. [
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Figure 5.9.1: M of type Ti11 Figure 5.9.2: M(i,j = 6m+ 3,k)
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Figure 5.9.3: M(i,j = 6m + 6, k)

5.10 DSEMs of type T2 = | 1('f26) : f2(f§.f1.f2.f1)]’ where f; = (39), fo =
(3%.6)
Let M be a DSEM of type T15. We consider a fixed type path as follows.
e A path P, = P(...,4i, 2, Zi+1, Yit1,-..) in M, say of type K7, indicated
by thick black or green paths (shown in Figure 5.10.1). The face-sequences of
y;’s and 2;’s are (3%) and (32.6) respectively.
Construct M (i, j, k) representation of M by first cutting M along a black
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colored cycle of type K through a vertex with face-sequence (3°) and then
along the green colored cycle of type KJ.
The relations among 4,5,k in M (i, j, k) is given by the following lemma
(proof is similar as in Lemma 8).
A1(k+1) ce @1k

1

Qj aj1 a1

K

A ey
L L

Q1 M M

a11@12a13 a1ia@11

Figure 5.10.1: M of type Ti2 Figure 5.10.2: M (3, j, k)

Lemma 13. A DSEM M of type Ti2 admits an M (i, j, k)-representation if
and only if the following holds: (i) j even and i = 3m, m € N, (i1) i > 9 for
j=2andi>6 forj >4, (iti) number of vertices of M(i,j, k) = 4ij/3 > 24,
() ifj=2thend<k<i—1,andif j >4 then 0 <k <i-—1.

5.11 DSEMs of type 113 = [fl(fzﬁ) : fg(f;'fl)], where f; = (3%), fo =
(3%.6)

Let M be a DSEM of type T13. We consider a path in M as follows.

e Apath P = P(...,zi_1, %, Zi+1,. - .) in M, say of type V; indicated by thick
black colored lines, shown in Figure 5.11.1. Note that, the vertices z;’s have
the face-sequence (3%, 6).

NN
JAVAY,

Figure 5.11.1: M of Type T3 Figure 5.11.2: M(i,j, k)
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e Apath Py = P(...,%i—1,¥i,Yit1,...) in M, say of type V5 indicated by thick
green colored lines, shown in Figure 5.11.1. Note that, the vertices y;’s have
the face-sequence (3%, 6).

We counstruct M (i, j, k) representation of M by first cutting M along a
black coloured cycle of type V; through a vertex v having face-sequence (3*,6)
and then cutting it along a green coloured cycle of type V; where the beginning
adjacent face to black coloured cycle are 3-gons.

We define admissible relations among i, j, k of M (i, j, k) in the next lemma,
and its proof follows from the similar arguments as in Lemma 8.

Lemma 14. A DSEM M of type T13 admits an M (4, j, k)-representation if
and only if the following holds: (i) j even, (i7) ¢ > 6 and i = 6m, m € N, (i)
number of vertices of M (i, j, k) = 7ij/6 > 14, (iv) if j = 2 then k € {3r +2:
0<r<(i—3)/3},andif j >4thenk € {3r+2:0<r < (i —3)/3}.

WD L (£ (242 —
5.12 DSEMs of type T14 = [f; 2 fa |, where f; = (3.4°.6), fo =
(3.4.6.4)

Let M be a DSEM of type T14. In M, consider a fixed type path P, =
P(.. o Yis Yit1s Yit2, Zis Zit1, Yit3, - - -), say of type Ry, indicated by thick black
or green paths (shown in Figure 5.12.1). The vertices y;’s and z;’s have the
face-sequences (3.4.6.4) and (3.42.6) respectively.

An M (i, j, k) representation is obtained by first cutting M along a black
colored cycle of type R; through a vertex v with the face-sequence (3.4.6.4)
and then along a green colored cycle of type R;. Assume that the beginning
adjacent face to base horizontal cycle ) is triangular. The relations among
i,7,k are given in below lemma (its proof follows from similar arguments as
in Lemma 8).

as
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Figure 5.12.1: M of type Tha Figure 5.12.2: M(3,j, k)
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Lemma 15. A DSEM M of type T14 admits an M (%, j, k)-representation if
and only if the following holds: (i) j even, (ii) i > 5 and i = 5m, m € N, (4i7)
number of vertices of M(i,j,k) = 9ij/5 > 18, (iv) k € {5r: 0 <r < i/5}.

5.13 DSEMs of type Tis = [f\/2 /1520 (U0 Ghere f, = (32.4.3.4),
fr= (3.4.6.4)

Let M be a DSEM of type T15. We consider a path in M as follows.

e aig O1(k+1)

. <] >
T e
oazata i ey s

Figure 5.13.1: M of type Tis Figure 5.13.2: M (7,5, k)

e A path P, = P(...,yi, Yi+1, Zis Zit1,---) in M, say of type Ji (indicated by
thick black or green paths in Figure 5.13.1). The face-sequences of y;’s and
z;’s are (3.4.6.4) and (32.4.3.4) respectively.

Now, construct M (4, j, k) representation of M by first cutting M along a
black colored cycle of type J; and then cutting it along the green colored cycle
of type Jy, where without loss of generality, let the beginning adjacent face to
the base horizontal cycle )7 is a quadrangle.

Lemma 16. A DSEM M of type T15 admits an M (i, j, k)-representation if
and only if the following holds: (i) j even and i = 4m, m € N, (i1) number of
vertices of M (i,4,k) = 3ij/2 > 12, (ii1) k € {4r : 0 <r < i/4}.

Proof. Let M be a DSEM of type 115 having n vertices. Then its M (4, j, k) has
Jj disjoint horizontal cycles of J; type, say Qo,Q1,...,Q;—1, of length . Let
Qo = Clwo,0,wo,1,---,wo0,i-1),Q1 = Clwio, w11, Wii-1),...,Qj-1 =
C(wj—1,0,Wj—1,1,...,Ww;j—1,—1) be the list of horizontal cycles. Observe that
the vertices having face-sequence (32,4,3,4) lying between horizontal cycles
Q2s(modj) and Q(2s41)(moay) for 0 < s < j — 1 1is 4i/4 - j/2. Therefore,
n=1ij+1ij/2=3ij/2.

If 7 = 1, then no vertex in the base horizontal cycle follow the face-sequence
(32.4.3.4) after identifying the boundaries of M(i,1,k). Therefore, j > 2. If
j > 2 and j is not an even integer, then as above no vertex in the base
horizontal cycle follows the face-sequence (32.4.3.4). So j is an even integer. If
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j is even and ¢ # 4m, where m € N, then the lk(wq o) is not of type (3.4.6.4).
Which is not possible. So, j is an even integer and i = 4m, where m € N.
Thus, 3ij/ > 12.

If j is an even integer and k € {r : 0 <r <i—1}\ (ke {4r: 0<r <
i/4}), then some vertices in M (i, j, k) have face-sequences neither (32.4.3.4)
nor (3.4.6.4). So, k € {4r : 0 < r < i/4}. The converse follows from Figure
5.13.2. This completes the proof. O

5.14 DSEMs of type Tig = [fl(fg'flz'fg'fl) : f2(f2“.f1.f§.ff)]’ where f; =
(3.4.6.4), fo = (4.6.12)

Let M be a DSEM of type Tig. In M, consider a fixed type path P, =
P(o. o Yis Yit1s Yit2, Yits, Ziy Zit1, - - -) in M, say of type Oy, indicated by thick
black or green paths (shown in Figure 5.14.1). The vertices y;’s and z;’s have
the face-sequences (4.6.12) and (3.4.6.4) respectively.

a1 (k+ a) R
g ‘;‘-“;,

T o e
b .
Heieiee:

0‘ O‘

Figure 5.14.1: M of type Tig Figure 5.14.2: M(i, 7, k)

We construct M (4, j, k) representation of M by first cutting M along a
black coloured cycle of type O; through a vertex v having face-sequence
(4.6.12) and then cutting it along a green coloured cycle of type O; where
the beginning adjacent face to black colored cycle is a 4-gon. The relations
among i, J, k are given in below lemma (proof follows from a similar arguments
as in Lemma 10).

Lemma 17. A DSEM M of type Tie admits an M (i, j, k)-representation if
and only if the following holds: (i) j even, (ii) i > 12 and i = 6m, m € N,
(#it1) number of vertices of M(i,j,k) = 3ij/2 > 36, (iv) if j = 2 then k €
{8r+2:1<r<(i—3)/3}, andif j >4 then k€ {3r+2:0<r <i/3}.
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5.15 DSEMs of type Ti7 = [fi"* : f}?], where f; = (3.4.3.12), fo =
(312%), Fi = (f3.f1.15. 103 1. 15 17)s Fo = (fr-f3-F1-05 - f1. 03 f1-fa
Ji 05 fr f3 - f1 03 1)

Let M be a DSEM of type T17. In M, consider a fixed type path P, =
P(...,¥i,2i, Zi+1, Yit+1,---), say of type Ni, indicated by thick black or green
paths (shown in Figure 5.15.1). The vertices y;’s and z;’s have the face-
sequences (3.4.3.12) and (3.122) respectively.

Now construct an M (i, j, k) representation of M, as in previous subsec-
tions, by cutting M through a vertex v with the face-sequence (3, 12%) one by
one along the cycles of type N;. Assume that the beginning adjacent face to
the base horizontal cycle @) is 3-gon.

Figure 5.15.1: M of type T'7

al(k+1)al(/€+2)

Figure 5.15.2: M (i, 1, k)
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Figure 5.15.4: M(¢,j = 2m + 1, k)

Lemma 18. A DSEM M of type Tz admits an M (i, j, k)-representation if
and only if the following holds: (i) j > 1 and i = 6m, m € N, (i) i > 24 for
j=1, and i > 18 for j = 2, (4ii) i > 12 for j > 2, (iv) number of vertices of
M(i,j, k) = 8ij/6 > 32, (v) if j =1 then k € {6r +3:1<r < (i —6)/6}, if
j=2thenk e {6r+5:1<r<(i—12)/6}, if j =2m+1 then k € {6r + 3 :
0<r<(i—6)/6}, andif j=2m +2 then k € {6r +5:0<r < (i —6)/6}.

Proof. Let M be a DSEM of type T17 having n vertices. An M (i, j, k) of M has
Jj disjoint horizontal cycles of Ny type, say Qo,Q1,...,Q; -1, of length i. Let
Qo = C(wo,o, wo,15 - - - »wo,z'—l), Ql = C(wl,o, Wi,y -- 7w1,i71)7 sy Qj—1 =
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C(wj—1,0,Wj—1,1,.-.,W;j—1,,—1) be the list of horizontal cycles. Observe that
the vertices having face-sequence (3.4.3.12) which are lie above the cycles Q;
and not belonging to any of these cycles Q4 for 0 < s < j—11is 2i/6-j. So,
the total number of vertices in M is n = ij + 2ij/6 = 8ij /6.

If j =1 and ¢ # 6m, where m € N, then the face-sequence of wy is not
of the type (3.122). This is not possible. So, if j = 1, then i = 6m, where
m € N. Similarly, if j > 1, then i = 6m.

If j =1 and ¢ < 24, then link of some vertices can not be completed. So,
for 7 = 1, we get ¢ > 24. Similarly, as above, we get that ¢ > 18 if j = 2 and
i > 12 for j > 2. Thus, n = 8ij/6 > 32.

Ifj=landke{r:0<r<i—-1}\(ke{6r+3:1<r < (i—6)/6}) then
some vertices do not have the given face-sequences. So, k € {6r+3:1<r <
(i — 6)/6} for j = 1. Proceeding similarly, we see if j = 2 then k € {6r + 5 :
1<r<(i—12)/6},if j=2m+1thenk € {6r+3:0<r < (i—6)/6}, and if
j=2m+2then k € {6r+5:0<r < (i—6)/6}. The converse follows from
Figures 5.15.2,5.15.3 and 5.15.4. O

5.16 DSEMS of type T1s = | 1F1 . 1], where f; = (31.6), fa = (32.62),
= (- fifo i f20)s Fo= (f2. 0713 Frfo-fr)

Let M be a DSEM of type Tis. Consider the following types of paths as
follows.

e A path P, = P(...,¥:, 2i, Yit+1, Zi+1,- - -) in M, say of type I (indicated by
thick black paths in Figure 5.16.1). Here, the face-sequences of y;’s and z;’s
are (32.6%) and (3.6) respectively.

o A path Pg = P( s Yis Yit1y Ziy Zid1y Yi+25 Yi+3s - - ) in M, say of type IQ
(indicated by green paths in Figure 5.16.1). Here, the face-sequences of y;’s
and z;’s are (3%2.6%) and (34 6) respectively.

<2
>—
I
>l< 01 (k+2)
A1(k+1) E E E E E“l(kﬂ

Figure 5.16.1: M of type Tig Figure 5.16.2: M(i,2,k)
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a1(k42)
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Figure 5.16.3: M(i,4, k) Figure 5.16.4: M(i,j = 4m + 2,k)

al(k+2) algk

Figure 5.16.5: M(i,j = 4m + 4, k)

An M(i, 4, k) representation of M is obtained here by first cutting M along
a cycle of type I; and then along a cycle of type I,. Without loss of generality,
assume that the beginning adjacent face to the cycle I; is a hexagon (as shown
in Figures 5.16.2, 5.16.3, 5.16.4, and 5.16.5). Then we have:

Lemma 19. A DSEM M of type Tis admits an M (i, j, k)-representation if
and only if the following holds: (i) i > 6 and i,j even, (ii) number of vertices
in M(i,j, k) = ij > 12, (iii) if j = 2 then k € {2r +3: 0 < r < (i — 6)/2},
and if j >4 thenk e {2r+1:0<r < (i—2)/2}.

Proof. Let M be a DSEM of type T1g with n vertices. Then its M (i, j, k) has
j disjoint horizontal cycles of I; type having length i. Thus the number of
vertices in M is n = ij.

If j = 1, then M(4,1,k) has no vertex with face-sequence (3*.6). It is not
possible. Therefore, j > 2. If j > 2 and j is not an even integer, then no vertex
in the base horizontal cycle follows the face-sequence (3%.6) after identifying
the boundaries of M(i, j, k). Therefore, j is even.

If j is an even integer and i < 6, then we get some vertex in M(i,1,k)
whose link can not be constructed. So, ¢ > 6. Also, if ¢ > 6 and ¢ is not
an even integer, then similarly as above, there is no vertex in the horizontal
base cycle having face-sequences (34.6) and (32.6%). Which is not possible. So,
1 > 6 and ¢, j are even integers. Thus, n =145 > 12.
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Fj=2andke{r:0<r<i—1}\({2r+3:0<7r < (i—6)/2}, then
some vertices in the lower horizontal cycle do not follow the face-sequences
(3%.6) and (32.6%). Which is a contradiction. So, for j = 2, we get k €
{2r +3:0 < r < (i — 6)/2}. Similarly, as above, we see that if j > 4, then
kEe{2r+1:0<r < (i—2)/2}. The converse follows from Figures 5.16.2,
5.16.3, 5.16.4, and 5.16.5. This completes the proof. O

4 2 4 4
5.17 DSEMs of type Tig = [fl(fl‘f2'fl'f2) : fz(fl'fz‘fl'h)], where f; =
(34.6), f» = (3.6.3.6)

Let M be a DSEM of type Tig on the torus. We consider a path in M as
follows.

e Apath P = P(...,2i_1, %, Zi+1,. - .) in M, say of type T; indicated by thick
colored lines, shown in Figure 5.17.1. The vertices z;’s of the path have the
face-sequence (3%,6).

o A path P, = P(...,y;, &i, Tig1,Yit1,,--.) in M, say of type Ty indicated by
thick colored lines, shown in Figure 5.17.2. The vertices y;’s and z;’s of the
path have the face-sequences (3*,6) and (3,6, 3,6) respectively.

XX

Figure 5.17.1: M of Type Tio Figure 5.17.2: M(i, j, k)
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Here, we construct M (4, j, k) representation of M by first cutting M along
a black coloured cycle of type 77 through a vertex v having face-sequence
(3*,6) and then cutting it along a green coloured cycle of type Th where the
beginning adjacent face to black coloured cycle is a 3-gon.

We define admissible relations among i, j, k of M (i, j, k) in the next lemma,
and its proof follows from the similar arguments as in Lemma 8.

Lemma 20. A DSEM M of type Ti9 admits an M (i, j, k)-representation if
and only if the following holds: (i) j even, (i4) ¢ > 6 and ¢ even, (44i) number
of vertices of M (i,j,k) = 5ij/2 > 15, (iv) if j =2 then 4 < k <i—1, and if
j>4then0<k<i-—1.
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5.18 DSEMs of type Ty = [f; [t '], where fi1 = (3%.6), fa =
(3.6.3.6)

Let M be a DSEM of type T5y. Consider a path in M as follows.

e A path P, = P(...,2;-1,2,2i+1,...) iIn M, say of type Uy indicated by
thick black colored lines, shown in Figure 5.18.1. Observe that, the vertices
2;’s have the face-sequence (3%,6).

e A path P, = P(...,%i-1,Yi, Yit1,...) in M, say of type Us indicated by
thick green colored lines, shown in Figure 5.18.2. Note that, the vertices y;’s
have the face-sequence (3%,6).

Figure 5.18.1: M of Type Ty Figure 5.18.2: M (i, j, k)

We construct M (4, j, k) representation of M by first cutting M along a
black coloured cycle of type U through a vertex v having face-sequence (3%, 6)
and then cutting it along a green coloured cycle of type U; where the beginning
adjacent face to black coloured cycle is a 6-gon.

We define admissible relations among 4, j, k of M (i, j, k) in the next lemma,
and its proof follows from the similar arguments as in Lemma 16.

Lemma 21. A DSEM M of type Ty admits an M (4, j, k)-representation if
and only if the following holds: (i) j even, (i7) ¢ = 5m, m € N, (4i7) number of
vertices of M (i,7,k) = 11i5/10 > 22, (iv) if j = 2 then k € {6r : 1 <r < i/5},
and if j > 4 then k € {5r: 0 <r <i/5}.

5.19 DSEMs of type To; = [f' : f£2], where fi = (32.62), fo =
(3.6.3.6), G1 = (fE.fo-f1.fo-f2 - fof1-f2)s Go = (fi fa-f1.f2)

Let M be a DSEM of type T51. We consider the following types of paths in
M as follows.

e A path P, = P(...,¥i—1,Yi,Yi+1,-..) in M, say of type F; (indicated by
thick black paths in Figure 5.19.1). The vertices y;’s have the face-sequence
(3%,6%).

e A path P, = P(...,¥i, 2i, Yit+1, Zit1, - --) in M, say of type Fy (indicated by
green paths in Figure 5.19.1). The vertices y;’s and z;’s have the face-sequences
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(32.62) and (3.6.3.6) respectively.

Fy Ay(ks1)  Q1(k42) ce e A G(ke)
11 f ﬁ ﬁ ﬁ Y11
apl @iz a3 ayi a1l
Figure 5.19.1: M of type T Figure 5.19.2: M (i,1,k)
A1(k+1) A1(k+2) a1k @1(k+1)
Q1
Zj1 A1(k+1) Q1(k+2) cee . air O1(k+1)
Q; aj1
asi
Q3
T21
Q2 a21
T11
@ Qs
ai1a12a13 aiiall air a2 13 ay; ay
Figure 5.19.3: M(4,j = 2m, k) Figure 5.19.4: M(i,j = 2m + 1,k)

A construction of an M (i, j, k) representation for M follows by first cutting
M along a cycle of type F} and then along a cycle of type F5. This gives the
following result.

Lemma 22. A DSEM M of type To1 admits an M (i, j, k)-representation if
and only if the following holds: (i) j > 1 and i even, (ii) number of vertices of
M(i,j,k) = 3ij/2 > 15, (i) i > 10 if j =1, and i > 6 if j > 2, () if j = 1
then k€ {2r+5:0<r < (i—8)/2}\{(i —8)/2+ 5}, if j =2 then k € {2r:
0<r<if2},ifj=2m+1, wherem e N thenk e {2r+1:0<r <i/2},
and if j = 2m + 2, where m € N then k € {2r: 0 <r < i/2}.

Proof. Let M be a DSEM of type T5; with n vertices. Then M (4, j, k) of M has
Jj disjoint horizontal cycles of type Fi, say Qo,Q1,...,Q -1, of length 7. Note
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that the number of adjacent vertices with face-sequence (3.6.3.6) which are
lying on one side of horizontal cycles Qs and not belonging to any horizontal
cycles Qs for 0 < s <j—1isi/2-j. So,n=1ij+1ij/2 = 3ij/2.

If 5 = 1 and 7 is not an even integer, then some vertex in the base horizontal
cycle do not have face-sequence (32.62), which is not possible. So, if j = 1,
then 7 is an even integer. Similarly, if j > 1, then ¢ is an even integer.

If j =1 and i < 10, then we get some vertex in M (i, 1, k) whose link can
not be constructed. So, for j = 1, we get 4 > 10. Similarly, as above, we get
that ¢ > 6 if j > 2. Thus n = 3ij/2 > 15.

Ifj=landke{r:0<r<i—1}\({2r+5:0<7r < (i—38)/2}\
{(i —8)/245}), then we get some vertices whose link can not be constructed.
So, for j =1, weget k € {2r +5:0 <r < (i —8)/2}\ {(i — 8)/2 + 5}.
Ifj=2and ke {r:0<r<i-—1}\{2r:0 < r < i/2}, then some
vertices in the lower horizontal cycle do not follow the face-sequence (32.62)
after identifying the boundaries of M (4, j,k). Which is a contradiction. So,
for j = 2, we get k € {2r : 0 < r < i/2} . Similarly as above, we see
that if j = 2m + 1, where m € N, then k € {2r +1: 0 < r < i/2}, and if
Jj=2m+2, where m € N, then k € {2r : 0 < r < i/2}. The converse follows
from the Figures 5.19.2, 5.19.3, and 5.19.4. This completes the proof. O

5.20 DSEMs of type Ts = [fl(f?'fz'flz'fz) . fQ(ff-fwf{‘-fz)], where f; =
(3.42.6), f» = (3.6.3.6)

Let M be a DSEM of type T52. In M, we consider following types of paths as
follows.

e A path P, = P(...,yi—1,Yi,Yit1,.-.) in M, say of type D; (indicated by
thick black paths in Figures 5.20.1 - 5.20.4). The face-sequence of y;’s is
(3.42.6).

o A path PQ = P( s Yis Yit 15 Ziy Yit+-2, Yi+ 35 Zit1y - - ) in M, say of type D2
(indicated by green paths in Figures 5.20.1 - 5.20.4). The face-sequences of
y:’s and z;’s are (3.42.6) and (3.6.3.6) respectively.

D>
| | |- | . | . I

{ X

[l N

Dy >< > Dy

L L L L

Figure 5.20.1 Figure 5.20.2 Figure 5.20.3
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A1(k+1) Q1 (k+2) A1k @1 (k+1)

Q. LT T 1T La,

Qj

Q041 41

< xr31 31

><]|

I I | Qs as as1
Qo 21 121
Qlau o @13 .. ... ay;a11
Figure 5.20.4 Figure 5.20.5: M(i,j, k)
0 A1 (k41) A1 (k+2) ark A1(k41)
1
Q; a1 a1
al(k+1)a1(k+2)' . a1k A1(k+1)
aj1
Q3 a3
Qo @21
11
a11312a13 @111 @ aj1a12a13
Figure 5.20.6: M (i, j, k) Figure 5.20.7: M(i, j, k)

1 (k+191(k+2) a1f1(k+1)

Q1

a

o a1 (k4101 (k+2) ajp 1(k+1) L an a1
v ml

11012013

Figure 5.20.8: M (i, j, k) Figure 5.20.9: M (3, j, k)
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@1 (k41) 21 (k+2) a1 @1 (k41)

Qj aj1 agl

Figure 5.20.10: M (i, j, k)

Note that, there are infinitely many DSEMs of this type. In each of the
type, we consider paths of type Dy and there movement is either as in Figure
5.20.1 or either as in Figure 5.20.2 or they follow both movement as in Figures
5.20.1 and 5.20.2 (for example see Figures 5.20.3 and 5.20.4).

An M(i, j, k) representation of M is obtained here by cutting M first along
a cycle of type Dy and then along a cycle of type Dy. Without loss of generality,
let the starting adjacent face to the base horizontal cycle Q1 (of type Dy) is a
3-gon (as shown in Figures 5.20.5-5.20.10).

Lemma 23. A DSEM M of type Too admits an M (i, j, k)-representation if
and only if the following holds: (i) i > 6 and i,j even, (ii) number of vertices
of M(i,j, k) = 5ij/4 > 15, (ii) if j =2 then 4 <k <i— 2, and if j > 4 then
0<k<i—1.

Proof. Let M be a DSEM of type [3.42.6 : 3.6.3.6] with n vertices. Its M (i, j, k)
representation has j disjoint horizontal cycles of D, type, say Qo, @1, ..., @j—1,
of length i. Note that the number of vertices between the horizontal cycles
Q25(modj) and Q(254+1)(mod ) for 0 < s < j—1 with the face-sequence (3.6.3.6)
is i/2 - j/2. Therefore, the number of vertices in M is n = ij +ij/4 = 5ij/4.

If j = 1, then M (i, 1, k) has no vertex with face-sequence (3, 42,6). This is
not possible. Thus, 7 > 2. If j > 2 and j is not an even integer, then we see
that there is no vertex in the base horizontal cycle which has face-sequence
(3.42.6) after identifying the boundaries of M (i, j, k). Thus j is even.

For i <4, M is not a map. So i > 4. If i > 4 and not an even integer, M
is not a map. So i > 6, and i, j are even. Thus n = 5ij/4 > 15.

Ifj=2andke{r:0<r<i—1}\{0,1,2,3,i — 1}, then we get some
vertices whose link can not be constructed. So, for j =2, we get 4 < k <i—2.
Similarly, if j > 4, then 0 < k < ¢ — 1. The converse follows from Figures
5.20.5-5.20.10. Thus the proof. O
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Proof of Theorem 1 Let M be a DSEM of type 11,715,753, T4, and T7.
Then every M has its M(i,j, k) representation (shown in Figures 5.2.1.1,
5.2.1.2, 5.2.1.3, 5.2.1.4 and 5.2.4.2). Now, if we remove the diagonal edges
(indicated by thick black edges), we get a map, say M’, on the torus of type
[44]. Clearly, V(M) = V(M') and E(M) C E(M'). By [Theorem 4, [1]] the
map M’ contains a Hamiltonian cycle, say H. The cycle H is also a Hamil-
tonian cycle in M as E(M') C E(M). Hence, M is Hamiltonian. If M is a
DSEM on the torus of remaining type T; then it has its M (i, j, k) representa-
tion of type T;, shown in respective subsections. The Hamiltonian cycle (thick
black colored cycle) in M (i, j, k) is also a Hamiltonian cycle in M. Thus M is
Hamiltonian. ]

Thus, we have shown that there are twenty two types of DSEMs, 17,75,
..., Tho with curvature 0 which provide infinitely many DSEMs of respective
types on the torus and every such DSEMs contains Hamiltonian cycle. Also,
apart from DSEMs of types Tis,717 all the DSEMs are 4-connected. This
establish the Nash-Williams conjecture for 4-connected DSEMs on the torus.
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