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On 2-nil Primary Ideals of Commutative Rings

Izzat Qaralleh, Saba Al-Kaseasbeh and Ece Yetkin Celikel

Abstract

The present article addresses the concept of 2-nil primary ideals
in commutative rings, expanding the comprehension of ideal categories
such as 2-nil, 2-absorbing ideals, and quasi-primary ideals. The study
explores the characteristics and connections of 2-nil primary ideals, of-
fering a comprehensive framework for understanding their significance
in ring theory. The paper presents examples and arguments that il-
lustrate the relationships between 2-nil primary ideals and other well-
known classes of ideals, such as prime, primary , and n-ideals, while
highlighting their differences. Furthermore, we investigate how the 2-nil
primary ideal behaves under homomorphisms, quotients, localization,
products, and idealizations.

Introduction

Throughout this paper, we consider all rings R to be commutative rings with
unity, 1 # 0. The radical of an ideal I in R is traditionally denoted by
VI ={a € R:a" € I for some n € N}. In particular, the set of nilpotent
elements of R is denoted by V0. The set of all zero divisors of the ring R is
denoted by Z(R).

The concepts of prime and primary ideals have been well-established in
ring theory, serving as fundamental tools for understanding the structure and
properties of commutative rings. These ideals have been extended to more
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complex notions such as 2-absorbing and 2-absorbing primary ideals in [1, 2].
A proper ideal [ is called 2-absorbing if, for any elements a,b,c € R,

abce ]l — abeloracelorbecel.

Similarly, a 2-absorbing primary ideal is defined by the condition

abc€ I = abe I or ac € VI or be € VI.

These generalizations have paved the way for further exploration into more
nuanced types of ideals. In continuing this line of research, the notion of n-
ideals was introduced in [3]. A proper ideal I of R is said to be an n-ideal if,
for any a,b € R,

abel = acv0orbel.

In [4], this concept has been further expanded to (2,n)-ideals, where a
proper ideal I is called a (2,n)-ideal if, for any a,b,c € R,

abc € I = ab e I or ac € V0 or be € V0.

Recently, in [5], a new class of ideals called 2-nil ideals has been introduced.
A proper ideal I of a ring R is said to be a 2-nil ideal if a,b,c € R and

abce I = abev0oracelorbcel. (1)

Despite these advancements, there remains a need to explore other po-
tential classes of ideals that can offer deeper insights into the structure of
commutative rings. In this paper, we introduce a new class of ideals known as
2-nil primary ideals. This new class seeks to bridge the gap between existing
concepts and provide a broader framework for understanding ideal theory in
commutative rings. In this study, a proper ideal I is defined as a 2-nil primary
ideal if, for any elements a,b,c € R,

abce I = abe V0 or ac € VI or be € VI.

This definition presents a distinct viewpoint by including the collection
of nilpotent elements of R, denoted as /0, in the criteria for an ideal to be
2-nil primary. This work seeks to clarify the relevance and importance of 2-
nil primary ideals within the broader field of ring theory by analysing their
characteristics and relationships.

The paper is organized as follows: In section 1, we introduce and study the
concept of 2-nil primary ideals as a generalization of 2-nil ideals, and we show
that this extension is proper (see Example 1). Diagram 1 summarises the rela-
tionships of 2-nil primary ideals with some well-known classes of ideals in the
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literature. Proposition 1 defines a 2-nil primary ideal as an ideal whose radical
is a 2-nil ideal. Proposition 2 demonstrates that in a Dedekind domain, which
is not a field, every 2-nil primary ideal is quasi-primary, though the converse
is not true (see Example 2). Theorem 3 describes the 2-nil primary ideals
of the ring of integers 7Z, while Proposition 3 provides a characterization of
fields in terms of 2-nil primary ideals. At the end of this section, we present
the relationships between different classes of ideals in which all elements are
nilpotent (see Diagram 2). Section 2 examines the image and inverse images
of 2-nil primary ideals under homomorphisms (refer to Theorem 4). Theo-
rem 5 explores transferring 2-nil primary ideals to the trivial ring extension.
Theorem 7 discusses the product of 2-nil primary ideals.

In summary, this paper seeks to advance the theoretical foundation of ideal
structures in commutative rings by introducing and investigating the concept
of 2-nil primary ideals. Through this exploration, we aim to contribute to a
deeper understanding of ring theory and its applications.

1 Properties of 2-nil Primary Ideals

In this section, we delve into the properties and characterizations of 2-nil
primary ideals. We aim to thoroughly understand their defining characteristics
by presenting various theorems and proofs. Examples are included to illustrate
the practical implications of these theoretical results.

Definition 1. Let R be a ring and I a proper ideal of R. We call I a 2-nil
primary ideal if whenever a,b,c € R with abc € I, then either ab € /0 or

ac € VI orbe e I.

From the definition 1, one can immediately infer that if I is a 2-nil ideal,
then I is a 2-nil primary ideal. The converse of this implication is not true in
general, as demonstrated by the following example. Certainly, if I is a radical
ideal, then I is a 2-nil primary ideal if and only if I is a 2-nil ideal.

Example 1. Consider R = Z and I = 47Z. Then I is not a 2-nil ideal, as
2.2-1€Tbut2-2¢ 0 and2-1¢ I. However, I is a 2-nil primary ideal. To
verify this claim, consider abc € 4Z. Then abc = 4k, where k € Z. It is clear
that at least one of a,b, and ¢ should be even. If ab ¢ V0, then ac € VI =27
orbec e VI =27L.

The following diagram illustrates the relationships of 2-nil primary ideals
with some well-known ideal classes in the literature.



ON 2-NIL PRIMARY IDEALS OF COMMUTATIVE RINGS 198

prime ———  2.nil

SN

primary ———— quasi primary ————— 2-nil primary

N,

n-ideal —— ( )-ideal

However, as the reader can see below, there is a strict relationship between
2-nil primary ideals and 2-nil ideals. By the following proposition, we can
define a 2-nil primary ideal as an ideal whose radical is 2-nil; that is, a proper
ideal I of a ring R is called a 2-nil primary ideal if v/T is a 2-nil ideal of R.
It was shown in [2] that the radical of a 2-absorbing primary ideal of R is
itself a 2-absorbing ideal. As an analogue of this result, we now establish the
following proposition concerning 2-nil primary ideals.

Proposition 1. Let I be a proper ideal of a ring R. Then I is a 2-nil primary
ideal if and only if /T is a 2-nil ideal.

Proof. Let a,b,c € R with abc € VI and ab ¢ /0. Then (abc)” = a™b"c" € I
for some n € N. Since I is 2-nil primary, we have either a"c¢* € /T or
b™c™ € v/I. This means that either ac € VT or be € v/I. Hence, v/I is a 2-nil
ideal of R. Conversely, suppose that v/T is a 2-nil ideal and a,b,c¢ € R such
that abc € I. Since I C \ﬁ, we have either ab € V0 or be € VT or ac € V1.
Thus I is a 2-nil primary ideal of R. O

Recall from [8] that an ideal I of R is called quasi-primary if its radical
is prime. Next, we discuss the connection between the concepts of 2-nil pri-
mary ideals and quasi-primary ideals. The next example indicates that a 2-nil
primary ideal need not be a quasi-primary ideal in general.

Example 2. Let R = Z15 and consider the ideal I = 6Z15. Then I is not a
quasi-primary ideal since 2 -3 € I but neither 2 € /I nor 3 € VI = 6Z1.
However, I is a 2-nil primary ideal of R. To show that, let abc € I for some
a,b,c € R. Then 2 | abc and 3 | abe, which implies that at least one of the
elements ab, ac or be is a multiple of 6. Hence, either ab € \/0 = 6Z15 or
ac € VI = 6Z15 or be € VI = 6Z5.

We now conclude some conditions for a 2-nil primary ideal to be quasi-
primary.
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Proposition 2. Let R be a ring whose nilradical is prime. Then every 2-nil
primary ideal is quasi-primary.

Proof. Let I be a 2-nil primary ideal of R. Assume for contradiction that
there are some a,b € R — /I such that ab € I. Then a-b-1 € I. Since
a,bgé\ﬁand\@isprime7 abgéxm. Hence,a =a-1€vITorb=b-1¢e I,
a contradiction. Thus, [ is a quasi-primary ideal of R. O

In the following, we determine 2-nil primary ideals of the ring of integers
Z.

Theorem 1. In Z, the following statements are equivalent:
(1) I is a 2-nil primary ideal of Z.
(2) I =0 orI=(p") for some prime integer p and n > 1.
(3) I is a primary ideal of Z.

Proof. (1) = (2) Let I be a nonzero 2-nil primary ideal of Z. Then I =
(p’flp’z€2 ...pkm) for some prime integers pi,pa, ..., P, and positive integers
ki,ko,... k. Assume that m > 2. Then p’fl(péC2 co.phmy o1 € T but
Py (p5? . phr) ¢ VO =0, i -1 ¢ VI, (p5*...plhr) - 1 ¢ VI, a contra-
diction. Thus m = 1 and we are done.

(2) = (3) is well-known.

(3) = (1) It is straightforward. O

By the proposition below, we give a characterization for fields in terms of
2-nil primary ideals.

Proposition 3. For any commutative ring R, the following are equivalent:
(1) R is a field.
(2) The zero ideal is the only 2-nil primary ideal of R.

Proof. (1) = (2) is straightforward.

(2) = (1) Let R be a commutative ring. Suppose that I is a proper ideal of
R. Then there exists a prime ideal P containing I. Hence P is 2-nil primary,
so I C P =0 by our assumption. Thus I =0 and R is a field. O

Motivated by similar results in [2], we present below a characterization of
2-nil primary ideals in terms of ideal-theoretic properties.

Theorem 2. Let R = Z,, where n = p]flpIQ€2 ...pkm for some prime integers
P1,- -, Pm and positive integers ki, ka, ..., ky. Every proper ideal of R is 2-nil
primary if and only if m < 2.
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Proof. Let n = p]flpSQ...pf,;". Then an ideal of R is of the form
I =phph.. pfgr where t; < k; forall ¢ = 1,...,m. Assume that m > 3.
Then pi'pi2(p% ...pkr) € I but neither pi'ph € \@ nor ph*(p% ...plr) €
VI = (pip2...pm) nor pi (pff ...plm) € VI, a contradiction. Thus m < 2.
Conversely, let m = 1. Then R = Z,x and every ideal of R is of the form
I = (p?) for some 1 <t < k. Since any primary ideal is 2-nil primary, we are
done. Now, let m =2. Then R=2Z_ ,,, &, and I = (p;'ip;'/) for some prime

ip*:
integers p;, p; and t; < Ky, t; < kj. From [2], Corollary 2.12, I is a 2-absorbing
primary ideal. Then [ is 2—nil primary as I C /0. O

We recall from [9] that a proper ideal I of a ring R is said to be 2-absorbing
quasi-primary ideal if its radical is a 2-absorbing ideal of R. Here, we have
the following observations.

Remark 1. Any 2-absorbing (quasi) primary ideal contained in \/0 is 2-nil
primary. To see that, let I C /0 be an ideal of a ring R and abc € I such
that ab ¢ /0. Then ab ¢ I and since I is 2-absorbing primary, we have either
ac € VI orbe € I. Hence, I is a 2-nil primary ideal of R.

Note that if /O = Z(R), then v/0 is a 2-nil primary ideal. Moreover, the
following statements are equivalent in general:

(1) V0 is a 2-absorbing ideal.

(2) V0 is a 2-absorbing primary ideal.

(3) V0 is a 2-absorbing quasi-primary ideal.
(4) V0 is a 2-nil ideal.

(5) V0 is a 2-nil primary ideal.

(6) V0 is a (2,n)-ideal.

We enclosed the above relations between different classes of ideals, in which
all elements are nilpotent, in the following diagram. Let R be a commutative
ring with unity, and let I be an ideal of R such that I C /0.
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primary «—— n-ideal

RN

prime —— 2-absorbing ——— 2-nil

2-nil primary (2,m)-ideal

N

2-absorbing primary

The following example shows that the condition I C /0 is essential for a
2-absorbing primary ideal to be a 2-nil primary ideal.

Example 3. Consider the ideal I = (pq) in Z where p and q are prime
numbers, then p-q-1 € I. However, neither pg € V0 norp-1 € V{pq) nor
q-1 € +\/(pq). Hence, it is not a 2-nil primary ideal. But I is a 2-absorbing
primary ideal. To show this, let abc € I. Then p | abc and q | abe, thus at
least one of ab, ac or bc is a multiple of pq, which implies that either ab € 1

or ac € /I or bc € VI.

From the above example, it is evident that the intersection of a family of
2-nil primary ideals is not necessarily a 2-nil primary ideal. However, through
the next definition, we can conclude a condition for this case.

Definition 2. Let R be a ring and I be a 2-nil primary ideal of R. By
Proposition 1, Q = VI is a 2-nil ideal. In this case, we call I a Q-2-nil ideal
of R.

Following this definition we have:

(1) Let R be a Noetherian ring. If I is a @-2-nil primary ideal of R, then
QkQIQQforsomekZL

(2) Let I be an ideal of a ring R providing Q¥ C I C Q. Then I is a 2-nil
primary ideal if and only if @) is a 2-nil primary ideal.
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(3) Let J and K be @Q-2-nil primary ideals of a ring R with the order
J CIC K. Then I is a Q-2-nil primary ideal.

(4) If J and K are Q-2-nil primary and @’-2-nil primary ideals of a ring R
with Q C @', then I = JK is a (Q-2-nil primary ideal of R.

(5) If I, I, ..., I, are P-2-nil primary ideal of a ring R where P is a prime
ideal, then ﬂ;-lzl I; is a P-2-nil primary ideal of R.

In terms of ideals of a ring, a characterization of the class of 2-nil primary
ideals is presented below.

Theorem 3. Let I be a proper ideal of R. Then the following statements are
equivalent:

(1) T is a 2-nil primary ideal of R.
(2) For any a,b € R and ab ¢ /0, then (I : ab) C (VI :a)U (VI :b).

(3) For any a,b € R and ab ¢ /0, then (I : ab) C (VT : a) or (I : ab) C
(VT : b).

(4) If abJ C I for some a,b € R and J is an ideal of R then either ab € v/0
or aJ C /T or bJ C /1.

(5) If JKL C I for some ideals J,K,L of R then either JK C /0 or
JLCVI or KLCVI.

Proof. (1) = (2) Let « € (I : ab) and ab ¢ +/0. Then we have either ax € /T
or bz € v/I. This implies that either x € (v/T : a) or € (v/T : b). Hence,
€ (VI:a)u(VI:b).
(2) = (3) Since (I : ab) is an ideal which is a subset of the union of two ideals
(VT : a), (VT :b). Then either (I :ab) C (VT :a) or (I:ab) C (VI:b).
(3) = (4) Assume that abJ C I but neither ab € v/0 nor aJ C /T nor
bJ C /1. Then there exist ¢, ¢y € J such that acy ¢ VT and bey ¢ VI. But
abey, abes € I and acy ¢ /T and bey ¢ /T this means that (I : ab) € (VI : a)
and (I : ab) ¢ (V/T : b) which contradicts (3).
(4) = (5) Suppose that JKL C I but neither JK C v/0 nor JL C /T nor
KL C /I. Then there exist c1,c2 € J and dy,dy € K such that ¢1d; ¢ Vo
and doL ¢ /T and oL € /1. Since cadoL C I and doL ¢ /T and oL € V1,
we have cads € V0. From ¢1di L C I and ¢1dy ¢ \@, we have either ¢;L C /T
or diL C V1. Hence, we have to consider three cases as follows:
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Case 1. Suppose that ¢; L C /I but d1L ¢ V1. Since cadi L C I and oL € V1
and di L ¢ /T, we have cad; € V0. But ¢;L C /T and oL ¢ /T imply
c1L+caL ¢ /I. Now, from (c;+c2)dy L C T and dy L ¢ /I, we conclude
(c1 + ¢2)dy € /0. Thus, ¢1d; € V0 which is a contradiction.

Case 2. If d;L C /T and ¢, L ,CZ \ﬁ7 then as in Case 1 we have a contradiction.

Case 3. Suppose that c; L C VT and dy L C V/I. Since diL C /T and dy L g VI
we have (dy +d2)L ¢ V1. Now, since ¢a(dy +dy)L C I and ¢ L ¢ VI,
then we have cy(d; +dz) € V0. Since cods € V0, we have cod; € +/0. On
the other hand, as ¢;L C /T and coL ¢ VI, we have (c1 + o)L € V1.
Since (c; + ¢2)do L C I, we conclude (c; + ¢2)ds € V0. Since cady € V0,
we get c1dy € /0. Finally, since (c; +¢2)(dy +do)L C I, (¢1 +c2)L ¢ VI
and (dl + dg)L g \/j7 we conclude (Cl + CQ)(dl + d2) = Cldl + Cldg +
cady + cads € V0. As cads € V0, c1ds € VO and cady € V0, we obtain
c1d; € V0, a contradiction.

(5) = (1) Let a,b,c € R such that abc € I. Put J = (a), K = (b) and
L = (c) in (5). O

2 Extensions of 2-nil Primary Ideals

In this section, we are going to study quotients, subrings, localization, Carte-
sian products and idealizations of 2-nil primary ideals.

Theorem 4. Let ¢ : Ry — Ry be a homomorphism of commutative rings.
Then the following statements hold:

(1) If ¢ is a monomorphism, then the inverse image p~'(I2) of a 2-nil pri-
mary ideal Is C Ro is a 2-nil primary ideal of R;.

(2) If ¢ is an epimorphism, then the image ©(I1) of a 2-nil primary ideal
I C Ry is 2-nil primary in Ry if ker(yp) C I; N /Og, .

Proof. (1) Let a,b,c € Ry and assume that abc € ¢~ 1(I3). Then p(abc) € I
which implies either p(a)p(b) € \/0r, or p(a)p(c) € Iz or ¢(b)p(c) € VIz.
Since ker(p) = {0}, we get ab € ¢ '(y/0r,) C /Og, or ac € p~ (VL) C
Ve 1(I2) or be € p~1(\/I3) C /¢~ 1(12), as needed.

(2) Let a = ¢(z), b= ¢(y), ¢ = p(z) € Ry such that abc = ¢(zyz) € p(I1).
Tt follows from ker(¢) C I that zyz € I;, which implies either xy € \/Og, or
rz € VI or yz € V/I;. 1t is easy to verify that since ker(p) C I N+/0g,, we
have p(y/0r;) € VO, and p(vEy) C /o(T). Hence, p(2)¢(y) € ¢(y0) C
VOg, or p(x)e(2) € p(VT) € o(l) or p(y)p(2) € o(VT) € Vep(Ih). D
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The following corollary is an immediate consequence of Theorem (4).
Corollary 1. Let J C I be ideals of ring R. Then

(1) If I is a 2-nil primary ideal of R, then I/J is a 2-nil primary ideal of
R/J.

(2) If A is a subring of R and I is a 2-nil primary ideal of R, then IN A is
a 2-nil primary ideal of A.

(3) If I)J is a 2-nil primary ideal of R/J and J C /0, then I is a 2-nil
primary ideal of R.

Let us define the set Z;(R)={re€ R: rs€l, 3s€ R—1I}.

Theorem 5. Let S be a multiplicatively closed subset of a ring R. Then the
following assertions hold

1. If I is a 2-nil primary ideal of R and INS = 0, then S™'I is a 2-nil
primary ideal of ST R.

2. If ST is a 2-nil primary ideal of ST'R and SNZ(R) = SNZ;(R) = 0,
then I is a 2-nil primary ideal of R.

Proof. (1) Suppose that <2 < ¢ §=1T Then uabc € I for some u € S. Hence,
81 S2 S3

ab € V0 or uac € VI or ubc € v/I. This implies that %é e S—1/0C V0g-1p
T T ane € STWIC VST o ot = i € STWIC VST
Therefore, S~ is a 2-nil primary ideal of ST'R. (2) Let abc € I for some
a,b,c € R. Then %%% € S~!I which yields 9% € \0g-1gor $§ € VS~ or
%% e VS-1I. If %% € /0g-1g, then there exist u € S and n € N such that
ua™d" = 0. But SN Z(R) = () then a™b" = 0 and ab € V0. If ¢ € VS—1T
then there exist v € S such that va™c™ € I but Z;(R) NS = @, which implies
that (ac)™ € I. Hence, ac € v/I. Similarly, one can show that if %% eVS-1I,

then be € V1. O

Let A be a ring and F an A-module. Then A x E, the trivial (ring)
extension of A by F, is the ring whose additive structure is that of the external
direct sum A ® F and whose multiplication is defined by

(a,e)(b, f) := (ab,af + be) foralla,be Aandalle,f € E.

The basic properties of trivial ring extensions are summarized in the celebrated
books [6] and [7]. Recall from [6], that

\/OAKEZ\/OA X B
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We note that
\/IAKE = \/T X K.

Now, we investigate the possible transfer of 2-nil primary ideals to the trivial
ring extension.

Theorem 6. Let A be a ring, E be an A-module and R := Ax E. Then I is
a 2-nil primary ideal of A if and only if I X E is a 2-nil primary ideal of R.

Proof. Let I be a 2-nil primary ideal of A and assume that (a,€)(b, f), (¢, g) €
I x E for some elements of R. Thus, abc € I with a,b and ¢ are elements of
A. Furthermore, the fact that I is 2-nil primary ideal of A implies that either
ab € \/04 or ac € VT or be € v/I. Hence, one has that either (ab,af + be) =
(a,)(b, ) € VOarp or (ac,ag +ce) = (a,€)(c,g) € VI x E or (be,bg +cf) =
(b, f)(c,9) € VI x E. Therefore, I x F is a 2-nil primary ideal of A x E.

Conversely, assume that I is an ideal of A such that I x E is a 2-nil primary
ideal of A x E. We are going to prove that I is a 2-nil primary ideal of A. Let
abe € T for some elements a,b,c in A. Then (a,0)(b,0)(c,0) € I x E which
yields (a,0)(b,0) € /0axz = 04 X E or (a,0)(c,0) € \/Taxe = VI x E or
(6,0)(¢,0) € \/Iaxg = VI x E. Then one has that ab € \/04 or ac € VI or
be € VI. Hence, T is a 2-nil primary ideal of A. O

It is natural to ask the following question: Suppose that [ is a 2-nil primary
ideal of R;. What can we say about the ideal I x Ry of Ry X Rs? Is this ideal
also a 2-nil primary ideal? The following example will address this issue.

Example 4. Let Ry and R be commutative rings and let I be 2-nil primary
ideal of R1. Then I X Ry is not necessarily 2-nil primary of Ry X Ry. To show
this, let Ry = Ry = Zi12 and I = 6Z12. Then I is a 2-nil primary ideal by
Theorem 2. However, (2,1)(3,1)(1,1) € 6Z12 X Z12 but neither (2,1)(3,1) €
m nor (2, 1)(1, 1) € /6719 X Z12 nor (3, 1)(1, 1) € V6Z19 X Zqo.

Proposition 4. Let Ry and Ry be commutative rings and I a proper ideal of
Ry. Then the following assertions are equivalent:

(1) I x Ry is a 2-nil primary ideal of R1 X Ra.
(2) I is a quasi-primary ideal of Ry.
(8) I X Ry is a quasi-primary ideal of Ry X Rs.

Proof. (1) = (2) Let a,b € Ry such that ab € I. Then (a,1)(b,1)(1,1) € IXRs.
Since (a,1)(b,1) ¢ \/Or, x r,, We conclude that either (a,1)(1,1) € /I x Ry C
VI x Ry or (b,1)(1,1) € /T X Ry C VT x Ry. This implies that either a € VT
orbe VI

(2) = (3) is clear by [?].

(3) = (1) It is clear. O
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Theorem 7. Let I and Is be proper ideals of Ry and Rs, respectively. Then
the following statements are equivalent:

(1) I x Iy is a 2-nil primary ideal of Ry X Rs.

(2) Iy € \/Ogr, and I C /0g, are quasi-primary ideals of R1 and Ra,
respectively.

(8) I x I is a 2-absorbing quasi-primary ideal of Ry X Ry and Iy X Iy C

VOR, xR, -
Proof. (1) = (2) Let I ¢ /Og,, then there exists a € Iy — \/Og,. Then

(a,1,1,..,1)(1,0,1,1,...,1)(1,1,...,1) € [ x I

and (a,1,1,..,1)(1,0,1,1,...,1) ¢ VOr, % /Og,. Hence,
(a,1,1,..,1)(1,1,....1) € VI x I € /I; x Ry or (1,0,1,1,...,1)(1,1,...,1) €
VI x I C v/I; X Ry which in both cases is a contradiction. Thus, I C 1/0r,
and similarly, I C /0Og,. Now, if I; is not quasi-primary, then there exist
a,b € Ry — I, such that ab € I, but neither a € v/I; nor b € v/I;. Hence,
(a,1)(b,1)(1,0) € I; x Iy and since (a,1)(b,1) ¢ +/Or,xr, and (a,1)(1,0) ¢
VI x Iy and (b,1)(1,0) ¢ /I1 x Iy, a contradiction. Thus, I; is quasi-
primary in R;. The same argument shows that I, is a quasi-primary ideal
of RQ.

(2) = (3) Suppose that I; € /O, C Ry and I, C /Or, C Ry are quasi-
primary ideals. Hence, by Proposition 4, one has that I; x Re and R; X Iy are
quasi-primary ideals of Ry X Ry. By Theorem 2.17(ii) in [9], the intersection of
two quasi primary ideals is 2-absorbing quasi primary ideal. So, we conclude
that Iy x I = (I1 X Ra) N (R x I) is a 2-absorbing quasi-primary ideal of
R1 X Rz.

(3) = (1) It follows from Remark 1. O

Theorem 8. Let Ry, Ra, ..., R, (n > 3) be commutative rings and R = Ry X
Ry X -+ X R,,. The following assertions are equivalent:

(1) I =1 x Iy x -+ X I, is a 2-nil primary ideal of R.

(2) Iy is a quasi-primary ideal of Ry, for some k € {1,2,...,n} and I; = R,
forallj € {1,2,....,n} — {k}.

(8) I =1 x Iy x -+ X I, is a quasi-primary ideal of R.
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Proof. (1) = (2) Suppose that I = I} X Iy x - - x I, (n > 3) is a 2-nil primary
ideal of R. Without loss of generality, assume on the contrary that I; and I, are
proper ideals of Ry and Rs, respectively. Since (0,1,1,...,1)(1,0,1,1,...,1) ¢
V0 and (0,1,1,...,1)(1,0,1,1,...,1)(1,1,...,1) € I, we have either
(0,1,1,...,1)(1,1,...,1) € VT or (1,0,1,1,...,1)(1,1,...,1) € v/T which means
that Iy = Ry or Is = Rs, a contradiction. Now, we may suppose that I is
proper and [ = I} x Ra X---X R,,. Let ab € I;. Since (a,1,1)(b,1,1)(1,1,1) € I
but (a,1,1)(b,1,1) ¢ +/0, we have either (a,1,1)(1,1,1) € T or
(b,1,1)(1,1,1) € /T which means that I; is a 2-nil quasi-primary
ideal of R;.

(2) = (3) It is clear by [9], Theorem 2.3.

(3) = (2) Straightforward. O
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