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Interpolative contractions on perturbed metric
spaces
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Abstract

In the present paper, we propose a new notion, namely, the inter-
polative contractions in the context of the perturbed metric spaces. For
these mappings, we give a fixed-point result and provide an example to
support the advances brought by the new results. Moreover, we give
extend our results and provide a Meir-Keeler type fixed-point result in
perturbed metric spaces.

1 Introduction and preliminaries

The nature of science, particularly mathematics, forces researchers to improve,
extend, and generalize existing results to the best of their knowledge. Our ob-
jective is to consider problems within a broad framework to propose solutions
that can address a variety of cases and possibilities. Given the finite nature of
human existence, this approach is quite prudent. With this motivation, this
article aims to explore fixed-point theory in an abstract structure as compre-
hensively as possible. Following Banach’s [2] inventive fixed-point theory, an
enormous amount of work has been done and published to develop and gen-
eralize this result; see, e.g. [1], [3], [4], [5], [6], [8], [9], [13], [14], [15], [16], [17],
[19] and the references cited herein.

In this note, we focus on a recently defined concept, specifically inter-
polative contraction [10], within the framework of newly established abstract
spaces known as perturbed metric spaces [7].
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Before stating the definition of this new abstract structure, we fix some
notations. Throughout the paper, each mentioned set is assumed non-empty.
For a set U, all functions in the form of U x U — [0, 00) will be denoted by
Us and called distance functions.

Definition 1.1. A function M € Uy is called perturbed metric (PM) over
U € Us with respect to R € Uy if

d=M—-ReUs suchthat d(z,u)— M(z,u)— R(z,u)

forms a usual metric over U. More precisely, for any ¢, u, z € U, the upcoming
statements are provided:

(i) (M — R)(q,u) =0,
(ii) (M — R)(q,u) = 0 if and only if ¢ = u,
(iii) (M — R)(q,u) = (M — R)(u,q),
(iv) (M — R)(q,u) < (M — R)(¢,2) + (M — R)(z,u).

In addition, R € Us shall be named perturbed mapping, where d = M — R is
a standard metric (SP). The triple (U, M, R) is reserved for perturbed metric
space (PMS).

(
(
(
(

The topological basics of PMS are given in the next definition:

Definition 1.2. (See e.g. [7]) Let {z,,} be a sequence in PMS (U, M, R) and
T be a self-mapping on PMS (U, M, R).

(i) A sequence {x, }is perturbed convergent or p-convergent in PMS (U, M, R)
if {z,} converges in the corresponding standard metric space (SMS)
(U,d), with d = M — R.

(ii) A sequence {x,} in (U, M, R) is called perturbed Cauchy or p-Cauchy if
{zn} forms a Cauchy sequence with respect to SMS (U, d).

(iii) A triple (U, M, R) is called a complete perturbed metric space (in short,
CPMS) if the corresponding MS (U, d) is complete.

(iv) A map T is called perturbed continuous or p-continuous with respect to
PMS (U, M, R) if the same mapping T is continuous within the SMS
(U, d).
Definition 1.3. A self-mapping T over a complete metric space (U, d) is called
an interpolative Kannan-type contraction, if for any x,y € U \ Fix(T)

-«

d(Tx,Ty) < wld(z, T2)]" [d(y, Ty)] ",
for some x € [0,1) and « € (0,1) where Fix(T) = {z € U | Tz = x}.
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The main goal of this study is to introduce the concept of interpolative
contractions in PMSs. For these mappings, we give a fixed-point result and
provide an example to support the advances brought about by the new results.
Moreover, we extend our results and provide a Meir-Keeler-type fixed-point
result in PMS.

2 Interpolative Kannan perturbed mappings

Definition 2.1. A self-mapping T over a PMS, (U, M, R) is called an inter-
polative Kannan perturbed type mapping, if for each x,y € U with x # Tz we
have

M(Tx, Ty) < £ [M (e, Tw)) " [M(y. Ty)] ", (1)
where £ € [0,1) and « € (0,1).
Theorem 2.1. Let a self-mapping T over a CMS (U, M, R) form an inter-

polative Kannan perturbed type contraction. Subsequently, then T admits a
fixed-point.
Proof. The proof is constructive by starting with an arbitrary zqg € U. Em-
ploying the Picard operator, we construct a sequence {z,,} C U (called, Picard
sequence) where z,, 1 = Tx, for n > 0.

We presume z,, # .41 for each n > 0. In fact, if there is an ng > 0 such
that z,, = xp,+1 = T2y, then z,, forms the requested fixed-point for 7'

Employing y = x,—1 and « = x,, in (1) infer that

11—«

M($n+1a xn) = M(T{Env Txnfl) S E[M(xn; Txn)]a [M(xnfla Txnfl)} )

SO
11—

[M(xn7 anrl)} e S K [M(xnflv xn)]
It yields

M(xg,x1)=M n
M (2, Tn41) < B[ M(2n—1,2,)] < "M (20, 21) (@o.z)=Mo My.  (2)

Clearly, d = M — R be SM and d(xy,, Tn+1) < d(Tn, Tnt1) + B(Tn, Tni1)-
Due to the inequality above, we find

d(xna xn-&-l) S d(.%‘n,l'n+1) + R(xnaxn-‘rl) S HnMOy vn Z 0.

Consequently, we deduce

d(zy, Tniyp) < K"Mo + K Mo + - 4 kP,

K./’ﬂ/

< M.

1—k
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As aresult the sequence {z,, } forms Cauchy in SMS (U, d), whence {z,} is a
perturbed Cauchy in (U, M, R). Owing to the completeness of PMS (U, M, R),
we conclude the existence of x* € U so that

lim d(x,,z") =0.

n— oo

We assert that it is the wanted fixed-point. To demonstrate our assertion,
we employ (1):
l-«a

M(Tzy, Tx) < k[M(zy, Txn)]a [M(z,Tz)]

By letting n — oo in (2) we reach the inequality M (z*,Tz*) < 0. More
precisely, M (x*, Tx*) = 0 and d(z*, Tx*) < 0 subsequently x = Tx.
O

Example 2.1. Using the assumption that U = R, define the perturbed metric
M :UxU — [0,00) by M(z,y) = |z — y| + 2%y?, with the perturbation
R(z,y) = 2%y?. Construct a mapping T : U — U by

0, 1 2
Ty = ife<2,
1, ifx>2.

We note that x = 0 is the only fixed-point in T.
Next, we examine whether T is an interpolative Kannan perturbed mapping.
We aim to find k € [0,1) and o € (0,1) such that for all z,y € U,
el 11—«
M(Tz,Ty) < K [M (2, T)]" [M(y, Ty)] "

Suppose Kk = % and o = % Let us consider the following cases:

(i) If z,y < 2, then T(z) = T(y) = 0, so M(Tz,Ty) = 0. Thus, the
inequality holds trivially.

(i3) If x,y > 2, then T(x) =T(y) =1, so M(Txz,Ty) = 1. Consider,

sV To) M, Ty) = 5y/Mw DMy, 1)

N (T ] (RS Er
- %\/(Ix =1 +22)(ly = 1| +¢?)

1
5.5 =25> M(Tz,Ty)

Thus, the inequality holds in this case.
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(t3i) If y > 2 and x < 2 (or contrariwise), then T(xz) =0 and T(y) =1, so
M(Tz,Ty) = M(0,1) = [0 — 1| + (0)%(1)* = 1.
Also,
M(z,Tz) = M(,0) = |z — 0] + (2)*(0)* = |z,
and
My, Ty) = M(y,1) = ly = 1| +y*(1)* = [y — 1| + v*.

Using k = + and a = %, the right-hand side becomes

2
1
3 (2D (jy =1+ 47)

Since y > 2, we have |y — 1| +y?> > 1+4 =5, and |z| < 2 for z < 2.
Hence,

1/2

(&) (ly = 1|+ *)""* > (0)/2(5)/* = 0,

and in general positive. Therefore, the right-hand side is always at least

1 1
5\/E\/S = 5 V10~ 1381,

which is greater than 1. Thus, the inequality holds.

Therefore, T is an interpolative Kannan perturbed mapping under M with
parameters K = %, o= %

Now, presume that d(x,y) = |x — y|. Then, for x < 2 and y > 2, we have
d(Tz,Ty) = d(0,1) = 1, d(z,Tz) = |t — 0| = |z|, d(y,Ty) = |y — 1|. The
interpolative Kannan inequality becomes

d(Tz,Ty) <k (d(x, Tz))™ (d(y, Ty))' ™",
i.e.,
1< m(l2)® (Jy = 1)
Take x =1 (sox <2) andy =2 (soy > 2). Thus, the right-hand side of the
inequality becomes
o 1 1

w(d(, Ta))" (dly, Ty) = = S22 = 2.

Therefore, the inequality becomes

1<t

— 27
which is clearly false. Hence, the interpolative Kannan inequality is not sat-
isfied for x =1 and y = 2.
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3 Interpolative Kannan-Meir-Keeler perturbed mappings

Definition 3.1 (see [12]). Let (U, d) be a complete metric space. A mapping
T :U — U is said to be a Meir-Keeler contraction on U, if for every € > 0,
there exists § > 0 such that:

e<d(z,y)<e+d = d(Tz,Ty) <e,
for every z,y € U.

Definition 3.2. Let (U, M, R) be a complete perturbed metric space. A map-
ping T : U — U is said to be an interpolative Kannan-Meir-Keeler perturbed
mapping on U, if there is a v € (0,1) so that

(KMK;) For arbitrary € > 0, there is a 6 > 0 so that:
e < M, T0)] [M(y,Ty)]" " <e+5 = M(Ta,Ty) <e,
(KMK.)
M(Tz,Ty) < [M(z,T2)]" [M(y, Ty)]" ",
for every z,y € U \ Fix(T).

Theorem 3.1. Let (U, M,R) be a complete perturbed metric space and T :
U — U be an interpolative Kannan-Meir-Keeler perturbed mapping. Then T
has a fixed-point in U.

Proof. Let xy € U be fixed and consider the Picard iteration:
Tp =Tx,_1=T"x9, foralln>0.
By assumption (KMK2). taking = = x,,—1 and y = x,, we have:
vy 1=y
M (2, Tni1) = M(Txn—1,Txy) < [M(zn-1,Tzy-1)]" [M(2n, Tzn)] 7,

subsequently
[M(zn,2p11)]" < [M(zp-1,20)]".

Thus, we obtain that the sequence {M (2,2, 1)} is strictly decreasing.
Since M (2, Tn11) > 0 for all n > 0, it follows that the sequence converges to
some L > 0.

We proclaim that L = 0. Suppose, contrariwise, that L > 0. Then, there
exists V € N such that:

L < M(zp,2n41) <L+6(L), forallm> N.
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Then, by (KMKj), it follows that:
M(zp,2ni1) < L, forallm >N,

a contradiction. Ergo, L = 0.
Subsequently, lim,, o0 d(y,, Tpt1) = 0, since d(xy, Tpi1) < M(2p, Tyy1)-
In order to proclaim the sequence {z,} is Cauchy we let ¢ > 0 and choose
d(e) such that d(¢) < e. Recalling that both d(z,,x,+1) and M (2, Tni1)
tends to zero, as n — 0o, there is a k € N so that:
for all n > k,

b

| ™

d(Tp, Tpt1) <

M(zp, Tni1) < for all n > k.

7

N ™

We prove that:
d(zy, Tnyp) <e, forallpeN.

If p = 1, the inequality holds by assumption. Now, suppose it holds for some
p > 1. Due to d < M and the condition (KMKj,), the triangle inequality infer
that

A(Tny Tnypt1) < d(@n, Tos1) + d(@pt1, Togpr1)
< d(xp, Tpyr) + M(Tpy1, $n+p+1)
< d(xp, Tpyr) + [M (xnvxn+1)] []\4(xn-&-pvT/n+p-&-1)]177
e €
SMONC
= 5 + 5 = E&.

By induction,
d(zy, Tnyp) <e, forallpeN.

Subsequently, the sequence {x,} is Cauchy in SMS (U, d), so, from Defini-
tion 1.2. (iii), {z,} is a p-Cauchy sequence in (U, M, R). Consequently, since
PMS (U, M, R) is complete there is z* € U so that

lim d(x,,z") =0.

n— oo

Finally, to show that z* = Tz*, we suppose that M (z*,Tz*) # 0. By
condition (KMKj3), we have:

0 < M(Tzn, Ta*) < [M(zp, Ta,)]" [d(a*, T2*)] " =
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= [M (2, 2031)] [d(a*, Ta)] 7.

Letting n — oo, we find that M (x*, Ta*) = 0, which is a contradiction.
Hence, d(z*,Tz*) = 0 so z* = Tx*, and z* is a fixed-point of T.
O

Example 3.1. Assume Z = R? and F = {R,Q,0,S}, where R = (1,0),
Q=1(0,1), 0= (1,1), S=(2,0). Define the metric M : Z x Z — [0,00) as:

M(Z1,Z2) = /(p1 — 1)? + (2 — 2)2 + p1g2 + p2qu

forany Z1,7> € Z, Z1 = (p1,q1), Z2 = (P2, q2) with p1,p2,q1,q2 € R. Define
the mapping T : Z — Z as follows:

TR=Q,TQ=0,TO=S5,TS=P, and Te =z forz € Z \ R.

Take v = % We wverify the conditions:

1. For pair (O, S):

M(O,TO)=V2+2

M(S,TS)=1
VM(O, TOYM(S,TS) =\/V2+2>15
M(TO,TS) =1

Choose € = 1.5, 6 = 1. Then:

15<\V2+2<25 and M(TO,TS)=1<15
2. For pair (R,Q):

M(R,TR) =+v2+1

M(Q,TQ) =2
VAR TRIMQTQ) = \/2v2 +2 > 2
M(TR,TQ) =2

Choose e = 2.1, § = 1. Then:

2.1 <\/2vV2+2<31 and M(TR,TQ)=2<21
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3. For pair (Q,0):
M(Q,TQ) =2
M(R,TO) =2 +2

VATQ, TQNM(0,T0) = \/1+ 2v2 > 25

M(TQ,TO)=v2+2

Choose € = 3.5, 6 = 1. Then:

35<\44+2V/2<45 and M(TQ,TO)=vV2+2<3.5

Thus, T satisfies Theorem 2.2 with simple § = 1 in all cases, and has fized-
points U \ P.

For pairs (0, 5) and (R, Q):

VAR, TR)d(S,TS) =1/V2-1~1.189 > d(TO,TS) = 1.

VA(P,TR)A(Q, TQ) = \/V2-1~1.189 > d(TO, TQ) = 1.

But for pair (Q,0): \/d(Q,TQ)d(O,TO) = V/1-v2~1.189 < d(TQ,TO) =
V2~ 1.414.

The mapping T satisfies all conditions under metric M (with 6 = 1 through-
out), but fails for the pair (Q,O) under standard metric d. This demonstrates
the necessity of the perturbed metric M. The fized point Z\ R exists under M
by Theorem 3.1.

4 Application

One of the significant applications of the main results can be solving nonlinear
matrix equations. First, we set up the terminology and indicate the impact of
the main result.

The notion |||+ is reserved for trace norm. In particular, tr(A) = || Al
is the sum of singular values of A such that singular values are the roots of
eigenvalues of AxA. Further, ||A||r is the square root of the sum of the squares
of the singular values of A, where the singular values are the square roots of
the eigenvalues of A x A. Formally,

Al F = Vitr(Ax A)
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The letters M, H,, P,, H,” denote the set of n x n matrices, hermitian
matrices, positive definite matrices, and positive definite hermitian matrices,
respectively.

Lemma 4.1. If S,T € H,, then 0 < tr(ST) < ||S||tr(T).
Consider the following nonlinear matrix equation
A=B+)Y UHAU; (3)
i=1

where each U; € M, for each i = 1,2,...,m. Respectively, B € H, is a positive
definite hermitian matrix. JH is a continuous map from H,, into P, such that
H(0) = 0. Moreover, H, endowed with the trace norm is a Banach space.
Thus, it is necessarily a complete metric space.

Let T: H, — H, be a continuous mapping such that

T(A) = B + i U H(A)U; (4)

for all A € H,,. As it is expected, a fixed-point of T forms a solution of (4).

Theorem 4.1. Regarding (3), there are v € (0,1) and k € [0,1) forU,Y € H,
having the next estimations:

(i) T U7 U < S
(it) tr((H(Y) = H(U)) < U = TO)EIY = Tl
Then, (3) has a solution.
Proof. Let M : H, x H, — [0,00) as
M(A, B) = [|A = Bl + [[A = Bl[F-

Thus, (H,, M, P) is a PMS with d(4, B) = ||A — B||;» and the perturbation
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function P(A, B) = ||A — B||r. Let A, B € H,,. Consider

m

MIT(Y),T(V)) = IIiU;fH( ZUTH Willer
ST SO

[ iU;‘:H Y)U; — ZU H(U)Us]|er

i=1

+ ||iU; Y)U; — ZU* Ui |

= 2 (tr (ZU H(Y)U; — U:H(U)m))

)
o)

= 2 tr(; (U7 (H(Y)
(¥)
(U7 (H(Y) = H(U))Us ))
(U U (H(Y

)—%(U))»

IN

—

3

=1

= 2.t

<

NE

?

Il
—

= 2

Ms

= 2 (Z(tr(U;(ﬂ{ Y)
dl
| <t<

m

7

< Q.H(Z(UZ‘Ui)HHﬂ{(Y)—%(U))Htr (By Lemma 4.1)
< Z.gHJ'C(Y)—fH(U))Htr (By (i)
< RJHY) = HO)) |ler

Now, because of (ii) and Theorem 2.1, we find that T has a fixed-point. Hence,
the nonlinear matrix equation (3) has a solution. O

5 Conclusion

The idea of usage of perturbation in the construction of metric space is new,
and it seems an interesting candidate to solve several unsolved problems that
have a non-smooth nature. A metric space is an ideal structure, and it is
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based on perfection. On the other hand, in the real world, we confront several
problems that can not be stated in our perfect construction. This is where
the idea of ”perturbation” comes into play. We can separate the problems
we encounter in daily life that cannot be expressed within the perfect metric
structure into the perfect part and the perturbed part. We can transfer the
knowledge, experience, and techniques we have gained in the metric space to
this new structure, the perturbed metric space, and increase the potential to
propose solutions to problems. In this article, roughly speaking, we aim to
emphasize that the idea of ”perturbed metric space” has great potential in
applied fields based on the fact that daily life problems can be expressed and
solved in this new abstract construction, easily.
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