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On The (De)Homogenization of Sagbi-Gröbner
Bases for Modules

Nazish Kanwal and Junaid Alam Khan

Abstract

This article explores the behavior of Sagbi-Gröbner bases for modules
over polynomial subalgebras under the process of homogenization and
dehomogenization. We prove that the Sagbi-Gröbner basis for submod-
ules over subalgebras behaves well in these processes, as the property
of being a Sagbi-Gröbner basis is preserved under homogenization and
dehomogenization.

1 Introduction

The concept of Gröbner bases, introduced by Bruno Buchberger in 1965, is
a powerful tool for working with ideals in polynomial rings. Buchberger’s
algorithm provides an efficient method for computing these bases, significantly
aiding in the resolution of systems of polynomial equations and enriching our
understanding of polynomial ideal theory and elimination problems [1, 2].

The exploration of Gröbner bases has expanded to include submodules of
free modules over polynomial rings, as discussed in various works [4, 11, 19].
For polynomial subalgebras, the concept of Sagbi bases serves as an analogous
foundation, with applications in invariant theory and representation theory
[10]. Further developments have led to the introduction of Sagbi-Gröbner
bases for the ideals of polynomial subalgebras [8, 9]. The extension of these
concepts to modules over polynomial subalgebras has been explored in [14],
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enabling the solution of polynomial equations that exhibit symmetries [7] and
addressing problems in invariant theory [17].

Additionally, the transformative process of homogenization plays a crucial
role in enhancing the study of ideals and modules within commutative algebra
and algebraic geometry. By extending polynomial rings with an extra variable,
this process introduces a valuable perspective of homogeneity and symmetry
to algebraic structures [3].

Inspires our interest in the subject of this paper [4, 5, 12], where they
study the problem of the behavior of Gröbner bases under homogenization
and dehomogenization and presented a general principle to compute Gröbner
basis for ideal and its homogenized ideal just by passing onto homogenized
generators. In [6], they analyzed the behavior of Sagbi bases under the pro-
cess of (de)homogenization. In this article, we employ the homogenization and
dehomogenization process to study the relation between homogenized and de-
homogenized Sagbi-Gröbner bases for modules over polynomial subalgebras.

The structure of this article is as follows. This Section 2 gives some basic
notions and defines the theory related to Sagbi-Gröbner bases for modules.
Section 3 describes the theory of homogenization and dehomogenization for
polynomial subalgebras and modules over them. In Section 4, we give the
main results (see Theorem 4.2 and Theorem 4.4) related to homogenized and
dehomogenized Sagbi-Gröbner bases for modules and illustrate the results with
the help of some examples. We will also observe the behavior of the reduced
SG-basis for modules under homogenization (see Theorem 4.8 and Example
4.9).

2 Notation & Preliminaries

Here we consider polynomial ring K[x1, ..., xn] in n variables x1, ..., xn with
coefficients from a field K. For short, we write R = K[x1, ..., xn] and a free
module Rm = (K[x1, ..., xn])

m
over polynomial ring R equipped with the stan-

dard basis {ei | 1 ≤ i ≤ m}.

Define xα = xα1
1 · · ·xαn

n , with the multi-index α = (α1, . . . , αn) ∈ Nn0 rep-
resenting a monomial R and Mon(R) denote the set of monomials of R. A
monomial in Rm is a vector X = xαei, where xα is a monomial of R and
i ∈ {1, 2, ...,m}, the set of all monomials of Rm is denoted by Mon(Rm). For
any arbitrary vector g ∈ Rm, defined as g =

∑m
i=1 giei, where gi ∈ R, the

top-degree of vector g be defined as: top-deg(g) = maxmı=1{deg(gi)}.
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Let > be a monomial ordering on Mon(R) (i.e. > a monomial order-
ing on R). In this paper, we always assume that monomial ordering is a

well-ordering (see [4]). For f =
∑k
i=1 ciui ∈ R (where ui ∈ Mon(R) and

ai ∈ K), the Support(f) = {ui|ci 6= 0}, LM>(f) = max>{u u ∈ Support(f)}
is called the leading monomial of f , the coefficient of LM>(f) is called the
leading coefficient of f denoted by LC>(f), the leading term of f is the prod-
uct of LM>(f) and LC>(f) denote by LT>(f) = LC>(f)LM>(f), and the
Tail(f) = f − LT>(f). For F ⊂ R, LM>(F ) = {LM>(f) | f ∈ F}.

Given a monomial ordering > on Mon(R), the following are two natural
ways of obtaining a module ordering >M on Mon(Rm). Let X1 = xαei and
X2 = xβej be monomials of Rm.

• The TOP(term over position) ordering is defined by

X1 >M X2 ⇐⇒

 xα > xβ

or
xα = xβ and i > j

• The POT(position over term) ordering is defined by

X1 >M X2 ⇐⇒

 i > j
or
i = j and xα > xβ

From now and on wards, we assume that >M be a module ordering on
Mon(Rm) (induced by a monomial ordering > on R). Let g =

∑r
i=1 aiXi

be any vector in Rm (where Xi ∈ Mon(Rm), ai ∈ K), the Support(g) =
{Xi | ai 6= 0}, its leading monomial denoted by LM>M

(g) = max{X | X ∈
Support(g)}, the coefficient of LM>M

(g) is called the leading coefficient of g
and denoted by LC>M

(g), and product of leading coefficient and leading mono-
mial is called the leading term of g, denoted by LT>M

(g) = LC>M
(g) LM>M

(g)
and the Tail(g) = g − LT>M

(g). For any subset H ⊂ Rm, LM>M
(H) =

{LM>M
(h)|h ∈ H}.

2.1 Sagbi-Gröbner Bases for Modules

The theory of Sagbi-Gröbner bases for modules over polynomial subalgebras,
referred to as SG-bases, has been developed in [9, 8, 14]. In this section, we
will define the SG-basis for modules with respect to the module ordering >M
and discuss some of its elementary properties.
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For a finite subset F ⊂ R, let A = K[F] be a finitely generated subalgebra
of K[x1, ..., xn] (generated by F) and Am is a free module over A. Let N ⊂ Am

be a submodule of Am over subalgebra A.

Definition 2.1. Let > be a monomial ordering on R, induces a module or-
dering >M .

1. The initial algebra is a subalgebra generated by the leading monomials of A
is defined as in>(A) = K[LM>(A)]. A subset S of A is called a Sagbi basis
of subalgebra A w.r.t the monomial ordering > if in>(A) = K[LM>(S)].

2. A subset G ⊆ N is called a Sagbi-Gröbner basis (in short SG-basis) for N,
if LM>M

(G) generates monomial module 〈LM>M
(N)〉 over in>(A), i.e.

〈LM>M
(N)〉in>(A) = 〈LM>M

(G)〉in>(A) .
∗

Remark 2.2. If A admits a finite Sagbi basis w.r.t a monomial ordering >,
then any submodule G of Am has a finite SG-basis w.r.t >M (For further
details see [8, 14]).

The following is an example that illustrates the concept of SG-bases for
modules.

Example 2.3. Let > be the lexicographical ordering x > z > y on Q[x, y, z]
induced the module ordering >M , which is POT ordering with e2 > e1 on
Rm. Let A = Q[S] ⊆ Q[x, y, z], where S = {x2y + x, z2, xy2} and N =〈
(x2y + x+ z2, x2y + x+ 1), (xy2 − 2, xy2 + z4)

〉
⊂ A2. Then, S is a Sagbi

basis of A w.r.t > and G = {(x2y + x + z2, x2y + x + 1), (xy2 − 2, xy2 +
z4), (x2yz4 +xy2z2 + 2x2y−xy2 +xz4 + 2x+ z6 + 2, 0)} is an SG-basis w.r.t
>M for N over A †

The following theorem illustrates the properties of SG-bases.

Proposition 2.4. ([8, 14]) For a subset G ⊆ N of a submodule of Am over
subalgebra A, the following conditions are equivalent:

(i) G is an SG-basis for N w.r.t >M .

(ii) For every h ∈ N, every final si-reductum‡ of h via G is 0.

∗For each f ∈ N, there exist g ∈ G, h ∈ A we have LM>M (f) = LM>(h) LM>M (g).
†For computing SG-bases, refer to the libraries ”sagbigrob.lib” [15] and

”stdmodule.lib”, [16] in the computer algebra system SINGULAR[18].
‡A vector h ∈ N is said to si-reduce in one step via G to h1 if there exists a ∈ A and

g ∈ G such that LM>M (ag) = LM>M (h) and h1 = h − ag. If there is a chain of one-step
reductions from h to hk via G, and hk cannot be si-reduced any further, we call hk a final
si-reductum via G.
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(iii) Every h ∈ N has a unique SG-representation with respect to G, that is,

h =

t∑
i=1

ai gi, ai ∈ A, gi ∈ G, with LM>M
(h) ≥ (LM>M

(ai gi)) .

3 (De)Homogenization of Modules

In this section, we introduce the concepts related to homogenization and de-
homogenization. To define a homogenized module over a homogenized subal-
gebra, we first establish the notion of natural grading on R and Rm.

Definition 3.1. Let f and g be the polynomial and vector in R and Rm

respectively.

1. A polynomial f =
∑
cαx

α ∈ R is homogeneous of degree γ if deg(xα) = γ,
for all xα ∈ Support(f).

2. A vector g = (g1, ..., gm) ∈ Rm is called homogeneous vector of top-degree
γ, if either gi is homogeneous polynomial of degree γ or gi = 0, where
1 ≤ i ≤ m.

The polynomial ring R is naturally graded, and it can be decomposed into
the direct sum as:

R =
⊕
γ∈N

Rγ

such that

Rγ = {homogeneous polynomial of degree γ} ∪ {0}.

where for all α, β ∈ N, f ∈ Rα, g ∈ Rβ =⇒ f · g ∈ Rα+β and R0 = K. Each
Rγ is said to be a graded component of R of degree γ.

A free module Rm can also be seen as a naturally graded module, and it
can be decomposed into the direct sum as

Rm :=
⊕
γ∈N

(Rm)γ

such that

(Rm)γ = (Rγ)m = {g ∈ Rm| every component of g is either a homogeneous

polynomial of degree γ or zero}.
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where for all α, β ∈ N, f ∈ Rα, g ∈ (Rm)β =⇒ f · g ∈ (Rm)α+β . Each
(Rm)γ is called a graded component of Rm and contains homogeneous vector
of top-deg γ.

Let R[t] = K[x1, . . . , xn, t] represent a polynomial ring that includes an
additional variable t. To define the process of homogenization for an arbitrary
polynomial in R with respect to the additional variable t, we need to consider
the natural grading on R[t]. This grading is defined in relation to the graded
components of R as follows:

R[t] =
⊕
γ∈N

R[t]γ , where R[t]γ =

{ ∑
p+q=γ

Fpt
q : Fp ∈ Rp, γ ≥ 0

}
.

Let h be the polynomial in R of degree γ, then h can be decomposed in
the natural graded component as h = hγ + hγ−1 + ... + hγ−s with hγ−q ∈
Rγ−q, 0 ≤ q ≤ s and hγ 6= 0. We define h∗ as the homogenization of h with
respect to the variable t as:

h∗ = hγ + t hγ−1 + ...+ tsfγ−s

Note that h∗ ∈ R[t] is a homogeneous polynomial of degree γ therefore,
h∗ ∈ R[t]γ . Moreover, we denote the leading homogeneous polynomial of
h by LH(h) = hγ .

Consider an onto ring homomorphism Λ : R[t] −→ R defined by Λ(t) = 1.
For a homogeneous polynomial F ∈ R[t], we denote the dehomogenization of
F with respect to the variable t as F∗ = Λ(F) = Ft=1.

To define the process of homogenization for an arbitrary vector of free
module Rm, we need to consider a natural grading on free module (R[t])m in
relation to the graded component of Rm which could be defined as:

R[t]m =
⊕
γ∈N

R[t]mγ , where R[t]mγ =

{ ∑
p+q=γ

Gpt
q : Gp ∈ Rmp , γ ≥ 0

}
.

Let g be a vector in Rm of top degree γ. The decomposition of g into its
natural graded components is given by: g = gγ + gγ−1 + ...+ gγ−s ∈ Rm with
gγ−q ∈ (Rm)γ−q, 0 ≤ q ≤ s and gγ 6= 0. We define g∗, the homogenization of
g with respect to the variable t, as follows:

g∗ = gγ + tgγ−1 + ...+ tsgγ−s
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Note that g∗ ∈ R[t]m is a homogeneous vector of top-degree γ therefore,
g∗ ∈ (R[t]m)γ . Moreover, the leading homogeneous vector of g is the ho-
mogeneous vector of top-degree γ and we denote it by LH(g) = gγ .

Consider an onto module homomorphism Υ : R[t]m −→ Rm defined as:

Υ(G) = ((G1)t=1, ..., (Gm)t=1)

where G = (G1, ...,Gm) ∈ R[t]m. For a homogeneous vector G of R[t]m, the
vector G∗ = Υ(G) denote the dehomogenization of G with respect to t.

A monomial ordering > is said to be a degree ordering if for u, v ∈Mon(R),
deg(u) > deg(v), implies u > v. We can extend the degree monomial ordering
> on Mon(R) to Mon(R[t]) = {u tα | u ∈ Mon(R), α ≥ 0}, which we denote
by >t, as follows:

u ta >t vt
b if and only if u > v or u = v and a > b.

The module ordering on (R[t])m induced by >t is denoted by >M,t.

The following lemma demonstrates the relationship between the leading
monomials of homogenized and dehomogenized polynomial vectors.

Lemma 3.2. Let > be a degree ordering on R. The following statements hold.

(i) If g ∈ Rm, then LM>M
(g) = LM>M

(LH(g)).

(ii) If g ∈ Rm, then LM>M,t
(g∗) = LM>M

(g).

(iii) If H is a non-zero homogeneous vector of (R[t])m, then LM>M
(H∗) =

LM>M,t
(H)∗.

Proof. (i) and (ii) are obvious from the notations and definitions.
(iii): Let H ∈ (R[t])m be non-zero homogeneous vector of top-degree γ, then
H ∈ (R[t])m)γ and

H = H1 +H2 + ...+Hk (3.1)

where each Hi is a monomial of (R[t])m such that Hi = tαixαieαi ∈ (R[t])m)γ ,
1 ≤ i ≤ k, H1 >M,t H2 >M,t ... >M,t Hk and LM>M,t

(H) = H1 = tα1xα1eα1
.

After dehomogenization of of H given in (3.1) we get

H∗ = (H1)∗ + (H2)∗ + ...+ (Hk)∗ = xα1eα1
+ xα2eα2

+ ...+ xαkeαk
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If xα1eα1 <M xαpeαp for some p 6= 1, then tα1xα1eα1 <M,t t
αpxαpeαp therefore

H1 <M,t Hp, which is not possible since H1 >M,t Hi, 2 ≤ i ≤ k. It implies
that

LM>M
(H∗) = xα1eα1 = LM>M,t

(H)∗.

Now, we define the process of homogenization and dehomogenization for
a polynomial subalgebra. Let A be the finitely generated subalgebra of the
polynomial ring R. The subalgebra A∗ = K[{f∗ | f ∈ A}] is a natural graded
subalgebra of R[t] and its gradation is given as

A∗ :=
⊕
γ∈N

A∗γ where each A∗γ = A∗ ∩ R[t]γ .

For a given subalgebra A of R, its homogenization is defined as: A∗[t] =
K[A∗, t], with the natural grading:

A∗[t] =
⊕
α∈N

A∗[t]α

where each A∗[t]α is a homogeneous component of degree α given as

A∗[t]α =

{ ∑
p+q=α

Fp t
q : Fp ∈ A∗p, q ≥ 0

}
.

Note that for a polynomial f ∈ A, its homogenization f∗ ∈ A∗[t]§. Also, for
F ∈ A∗[t], its dehomogenization F∗ ∈ A.

Remark 3.3. For a homogeneous subalgebra B of R[t],¶ B∗ = {F∗| F ∈ B} is
a dehomogenized subalgebra of R.

The homogenization of a free module Am over a subalgebra A is (A∗[t])m

(a free module over A∗[t]), which is naturally graded in the following way:

(A∗[t])m :=
⊕
α∈N

((A∗[t])m)α where ((A∗[t])m)α = ((A∗[t])α)
m
.

Note that, for a polynomial vector h ∈ Am, its homogenization h∗ ∈ (A∗[t])m.
Also, for H ∈ (A∗[t])m, its dehomogenization H∗ ∈ Am.

§In general, f∗ /∈ A∗, therefore it is appropriate to define the homogenization of A as
A∗[t]
¶A subalgebra of R[t] is homogeneous if it is generated by homogeneous polynomials.
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Example 3.4. Let A = Q[F ] where F = {x2 + yz, xz + z2, y2 − z2}. Let
g = (x4 +2x2yz+y2z2 +3, x3z3 +3x2z4 +3xz5 +y6 +3y2z4−3y4z2, xz+y2)
be a vector of A3, then its homogenization,

g∗ = (t2x4 + 2t2x2yz + t2y2z2 + 3t6,

x3z3 + 3x2z4 + 3xz5 + y6 + 3y2z4 − 3y4z2,

t4xz + t4y2)

contained in A∗[t]3.

Now, we define the homogenization (resp, dehomogenization) of a submod-
ule of a free module Am over a subalgebra A.

Definition 3.5. Let M be a submodule of a free module Am over subalge-
bra A, and N be a homogeneous submodule‖ of (A∗[t])m over homogenized
subalgebra A∗[t].

1. For M∗ = {g∗ : g ∈M} ⊆ (A∗[t])m, the homogeneous submodule 〈M∗〉A∗[t]

is called the homogenization of M.

2. The set N∗ = {`∗ : ` ∈ N} ⊆ Am is an A-module, called the dehomoge-
nization of N.

Remark 3.6. For any arbitrary submodule M = 〈G〉A, in general 〈G∗〉A∗[t] 6=
〈M∗〉A∗[t].

The following example illustrates this fact.

Example 3.7. Let A = Q[F] where F = {x2 − y, y2} and G = {g1, g2} ⊂ A2

with g1 = (x2 − y, y4 + y2) and g2 = (x2 + y2 − y, y4). Let M = 〈G〉A be a
submodule of A2 and 〈G∗〉A∗[t] = 〈g∗1 , g∗2〉A∗[t] where g∗1 = (x2t2−yt3, y4+y2t2)

and g∗2 = (x2t2 + y2t2 − yt3, y4). Note that 〈g∗1 , g∗2〉 ( M∗, since (g1 − g2)∗ =
(−y2, y2) ∈ 〈M∗〉A∗[t] is an element of top-degree 2, but this element does not

belong to 〈g∗1 , g∗2〉A∗[t] since top-deg(g∗1) = 4 =top-deg(g∗2).

4 De(homogenized) SG-Basis for Modules

In this section, we discuss the behavior SG-basis for modules under the
(de)homogenization process. Firstly, we give the properties of vectors and
modules under homogenization and dehomogenization.

Lemma 4.1. (i) For G,H ∈ (A∗[t])m, (G + H)∗ = G∗ + H∗ and (GH)∗ =
G∗H∗.

‖A submodule N of (A∗[t])m is homogeneous if it is generated by homogeneous vectors.
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(ii) For any vector g ∈ Am, (g∗)∗ = g.

(iii) For an A-module M ⊆ Am,
(
〈M∗〉A∗[t]

)
∗

= M.

(iv) If G ∈ (A∗[t])mγ and (G∗)
∗ ∈ (A∗[t])m)η, then γ ≥ η and tδ(G∗)

∗ = G with
δ = γ − η.

(v) If M is a submodule of Am over A, then each homogeneous element
G ∈ 〈M∗〉A∗[t] is of the form tδH∗ for some δ ∈ N and H ∈M.

(vi) If N is a homogeneous submodule of (A∗[t])m, then for each L ∈ N∗ there
is some homogeneous element H ∈ N such that H∗ = L.

Proof. The proof of Parts (i) and (ii) is obvious from the definitions of homog-
enization and dehomogenization.

Part (iii): Let f ∈M, then f∗ ∈ 〈M∗〉A∗[t] and f = (f∗)∗ ∈
(
〈M∗〉A∗[t]

)
∗
,

therefore M ⊂
(
〈M∗〉A∗[t]

)
∗
. On the other hand, let g ∈

(
〈M∗〉A∗[t]

)
∗
, then

there exist h ∈ 〈M∗〉A∗[t] with h∗ = g. Since h ∈ M∗, then h can be decom-

posed as h = a1h
∗
1 + ... + ash

∗
s where ai ∈ A∗[t], h∗i ∈ M∗, for hi ∈ M. Then

the dehomogenization of h could be given as:

g = h∗ = (a1h
∗
1)∗ + ...+ (ash

∗
s)∗ = a1∗h1 + ...+ as∗hs ∈M

where ai∗ ∈ A, which implies g ∈M.

Part (iv): Let G ∈ (A∗[t]m)γ , and H = G∗ ∈ Am. Suppose that top-
deg(H) = η, then we can assume that

G = tδHη + tδ+1 Hη−1 + ...+ tδ+s Hη−s

where Hη−i ∈ (Am)η−i, 0 ≤ i ≤ s such that δ + η = γ, and

G∗ = H = Hη +Hη−1 + ...+Hη−s ∈ Am

after the homogenization of H, we have

(G∗)
∗ = H∗ = Hη + t Hη−1 + ...+ ts Hη−s ∈ (A∗[t])m)η,

which is a homogeneous vector of top-degree η. Multiplying both side by tδ,
we get

tδ(G∗)
∗ = tδH∗ = tδHη + tδ+1 Hη−1 + ...+ tδ+s Hη−s ∈ (A∗[t])m
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which implies G = tδ(G∗)
∗ where δ = γ − η.

Part (v): It follows from (ii) of this Lemma that for G ∈ 〈M∗〉A∗[t],

H = G∗ ∈
(
〈M∗〉A∗[t]

)
∗

= M. From (iv) of this Lemma we obtain G = tδH∗

for δ ∈ N.

Part (vi): Let L ∈ N∗, where N∗ is the homomorphic image of N, therefore
there exist a vector H ∈ N such that H∗ = L. Further multiplying it with the
homogeneous components by monomials in ”t”. We can consider H to be a
homogeneous vector in N satisfying H∗ = L for L ∈ N∗.

The following theorem illustrates the behavior of SG-bases for modules
(w.r.t module ordering induced by a degree ordering) under homogenization.

Theorem 4.2. Let M = 〈G〉A be a submodule of Am over subalgebra A gener-
ated by a subset G ⊂ Am, and 〈M∗〉A∗[t] be a homogenization of M in (A∗[t])m

w.r.t the variable t. The following two statements are equivalent.

(A) G is an SG-basis for M in Am w.r.t module ordering >M (induced by a
degree ordering > on R).

(B) G∗ = {g∗ | g ∈ G} is an SG-basis for 〈M∗〉A∗[t] in (A∗[t])m w.r.t extended
module ordering >M,t.

Proof. (A)⇒ (B)

Given that LM>M,t
(G∗) ⊂ LM>M,t

(
〈M∗〉A∗[t]

)
, we need to prove G∗ is an

SG-basis for 〈M∗〉A∗[t], i.e.

〈
LM>M,t

(G∗)
〉
in>t (A∗[t])

=
〈
LM>M,t

(
〈M∗〉A∗[t]

)〉
in>t (A∗[t])

,

where the initial subalgebra in>t
(A∗[t]) = K[LM>t

(A∗[t])]. LetH ∈ 〈M∗〉A∗[t],

by Lemma 3.2(ii) LM>M,t
(H) = LM>M,t

(LH>M,t
(H)). So, without loss of

generality, we can assume that H is a homogeneous vector. From Lemma
4.1(v), H = tδ(H̃)∗ for some δ ≥ 0 and H̃ ∈M. By using Lemma 3.2

LM>M,t
(H) = LM>M,t

(tδ(H̃)∗) = tδLM>M,t
((H̃)∗) = tδLM>M

(H̃). (4.1)

Since G is an SG-basis for M, therefore for H̃ ∈ M, there exists some g ∈ G

and h ∈ A such that

LM>M
(H̃) = LM>(h)LM>M

(g) = LM>t
(h∗)LM>M,t

(g∗). (4.2)
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From (4.1) and (4.2),

LM>M,t
(H) = tδLM>t

(h∗)LM>M,t
(g∗) = LM>t

(tδh∗)LM>M,t
(g∗)

Note that, tδh∗ ∈ A∗[t], therefore, LM>t
(tδh∗) ∈ in>t

(A∗[t)]. Also, g∗ ∈ G∗,
this implies LM>M,t

(H) ∈
〈
LM>M,t

(G∗)
〉
in>t (A∗[t])

.

(B)⇒ (A)
Let f ∈M, which implies f∗ ∈ 〈M∗〉A∗[t]. Also G∗ is an SG-basis of 〈M∗〉A∗[t],

therefore, there exists g∗ ∈ G∗ and L ∈ A∗[t] such that

LM>M,t
(f∗) = LM>t(L)LM>M,t

(g∗)

After dehomogenization and using Lemma 3.2, we get(
LM>M,t

(f∗)
)
∗ = (LM>t

(L))∗
(
LM>M,t

(g∗)
)
∗

LM>M
((f∗)∗) = LM>(L∗)LM>M

((g∗)∗)

LM>M
(f) = LM>(L∗)LM>M

(g) where L∗ ∈ A and g ∈ G.

This shows that G is an SG-basis of M over subalgebra A.

Example 4.3. Let A = Q[x2, xy] ⊂ Q[x, y] equipped with the degree lexico-
graphical ordering x > y and M =

〈
(x2 + xy, 1), (x2y2 − 2, xy)

〉
A

be the sub-

module of A2. The set G = {(x2 +xy, 1), (x2y2−2, xy), (2x2 + 2xy, −x3y)}
is an SG-basis for M w.r.t TOP module ordering >M (induced by >) with
e1 > e2 . By theorem 4.2, G∗ = {(x2 + xy, t2), (x2y2 − 2t4, xyt2), (2x2t2 +
2xyt2, −x3y)} is an SG-basis for 〈M∗〉A∗[t] w.r.t >M,t.

Next, we have a result that gives a general approach to obtaining SG-basis
for a submodule by dehomogenizing a homogeneous SG-basis of a homoge-
neous submodule.

Theorem 4.4. Let N be a homogeneous submodule of (A∗[t])m. If G is a
homogeneous SG-basis for N w.r.t >M,t, then G∗ = {g∗ | g ∈ G} is an SG-
basis for submodule N∗ in Am w.r.t >M over subalgebra A.

Proof. Assume G is a homogeneous SG-basis for N which implies 〈G〉A∗[t] =

N, therefore G∗ = Υ(G) generates N∗ = Υ(N). Let L ∈ N∗ by Lemma
4.1 (vi) there exist homogeneous vector H ∈ N such that H∗ = L. Also,
LM>M

(L) = LM>M,t
(L∗) = LM>M,t

((H∗)
∗). By Lemma 4.1 (v), we can

write H = tδ(H∗)
∗, therefore

LM>M,t
(H) = LM>M,t

(tδ(H∗)
∗) = tδLM>M,t

(H∗)
∗) = tδ(LM>M,t

(L)∗).
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Since G is an SG-basis for N, so LM>M,t
(H) = LM>t(a)LM>M,t

(g) for some
a ∈ A∗[t] and g ∈ G. Hence tδLM>M,t

(L∗) = tδLM>t
(a)LM>M,t

(g), by
dehomogenization,(

tδLM>M,t
(L∗)

)
∗ =

(
tδLM>t

(a)LM>M,t
(g)
)
∗ .

Hence by Lemma 3.2 (iii) and Lemma 4.1 (i) we obtain

LM>M
(L) = LM>(a∗)LM>M

(g∗) (4.3)

Therefore, G∗ is an SG-basis for N∗ w.r.t >M over subalgebra A.

We call G∗ obtained in 4.4 the dehomogenized SG-basis w.r.t >M .

Below is the example that illustrates the procedure to compute the ho-
mogenized SG-basis for a submodule of Am by passing through homogenized
generators.

Example 4.5. Let A = Q[x2− y, y2] be a subalgebra of Q[x, y], equipped with
the degree lexicographical ordering x > y and M = 〈G〉A be a submodule of A2

where G = {(x2 +xy, 1), (x2y2−2, xy)}. Note that A∗[t] = Q[x2−yt, y2, t] ⊂
R[t] = Q[x, y, t] and H = {(x2y2−y3t, y4), (x4−2x2yt+y2t2, 2y2t2), (0, x2y4−
y5t−2y4t2)} is an SG-basis for 〈G∗〉A∗[t] w.r.t extended TOP module ordering

>M,t (induced by extended degree lexicographical ordering >t on R[t]), with
e1 > e2. On dehomogenizing H we get

H∗ = {(x2y2 − y3, y4), (x4 − 2x2y + y2, 2y2), (0, y5 − x2y4 + 2y4)}

By Theorem 4.4, H∗ is an SG-basis for M = 〈G∗〉∗ over subalgebra A w.r.t
TOP module ordering >M (with e1 > e2).

4.1 Reduced SG-basis & Homogenization

In this section, we examine the behavior of a reduced SG-basis of the module
during the processes of homogenization and dehomogenization. For this pur-
pose, we first define the reduced SG-basis for the submodule of Am. We then
present the result for the homogenized reduced SG-basis.

Definition 4.6. (Reduced SG-Basis)
An SG-basis G = {g1, g2, ..., gt} ⊂ Am over subalgebra A is said to be reduced
SG-basis if the following conditions hold:

(i) LC>M
(gj) = 1 for all j where j = {1, ..., t}.

(ii) LM>M
(gi) 6= ` LM>M

(gj), for i 6= j, for all ` ∈ in>(A).
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FOR MODULES 164

(iii) For all j, Support(Tail(gj)) ∩ 〈LM(G)〉in(A) = φ. ‡

Following is an example of a reduced SG-basis.

Example 4.7. Let A = Q[L] ⊆ Q[x, y, z], where L = {x2− z, y2 + z, yz} and
G = 〈g1, g2, g3〉A be the submodule of A3, where g1 = (x2 + y2, 0, yz + 1) g2 =
(y2z2, x2yz − yz2, 2), g3 = (y2z, 2yz, yz2 + y3z) is the SG-basis w.r.t TOP
module ordering >M (induced by the degree reverse lexicographical ordering
x > z > y). Observe that LC>(gi) = 1 for 1 ≤ i ≤ 3, we have LM>(g1) =
x2e1, LM>(g2) = x2yze2, LM>(g3) = y3ze3, and LM>(gi) 6= aLM>(gj) for
all a ∈ in>(A) and i 6= j. Also, no monomial of Support(Tail(gi)) written as
product of LM(gj) and LM(h) for all gi ∈ G and h ∈ A. Hence G is reduced
SG-basis over subalgebra A.

Now, we define the result for a reduced SG-basis under homogenization.

Theorem 4.8. Let M = 〈G〉 be the submodule of Am and G be a reduced
SG-basis for M w.r.t >M , then G∗ = {h∗ | h ∈M} is the reduced SG-basis of
〈M∗〉A∗[t] w.r.t >M,t.

Proof. We assume that G is an SG-basis for M, then by Theorem 4.2 (b), G∗ is
an SG-basis of 〈M∗〉A∗[t]. We need to show that G∗ is reduced. For all g ∈ G,

we have LC>M
(g) = 1 therefore LC>M,t

(g∗) = 1.

If there exist g∗i , g
∗
j ∈ G∗ such that LM>M,t

(g∗i ) = ` LM>M,t
(g∗j ) with i 6= j

for some ` ∈ in>t
(A∗[t]). Then by dehomogenization we get LM>M

(gi) =
`∗ LM>M

(gj), where `∗ ∈ in>(A). This is a contradiction since G is the re-
duced SG-basis.

If for some g∗j ∈ G∗, Support
(
Tail(g∗j )

)
∩
〈
LM>M,t

(G∗)
〉
in(A∗[t])

6= φ. It

implies that there exist µ ∈ Support(Tail(g∗j )) such that µ = q LM>M,t
(g∗i )

for some q ∈ in>t
(A∗[t]) and g∗i ∈ G∗. The monomial µ ∈ Support(Tail(g∗j ))

if, and only if µ = tδν for ν ∈ Support(Tail(g)) and δ ∈ N. Therefore, tδν =
q LM>M,t

(g∗i )). By dehomogenization, we will obtain ν = q∗ LM>M
(gi),

where q∗ ∈ in>(A). This is a contradiction since G is the reduced SG-basis.

Example 4.9. In Example 4.7, G is the reduced SG-basis over A. By theorem
4.8.

G∗ = {
(
x2 + y2, 0, yz + t2

)
,(

y2z2, x2yz − yz2y, 2t4
)
,(

y2t2 + zt3, 2yzt2, y3z + yz2t+ y
)
}

‡No monomial in the support of Tail(gj) can be written as a product of any LM>M (gi)
and LM>(h), for all gi ∈ G and h ∈ A.
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is the reduced SG-basis of 〈G∗〉A∗[t] over subalgebra A∗[t] = Q[x2 − zt, y2 +

zt, yz, t].

The next example shows that for a homogeneous submodule N ⊂ (A∗[t])m,
the dehomogenization of the reduced SG-basis of N is not necessarily the
reduced SG-basis of N∗.

Example 4.10. Let A∗[t] = Q[xy − yt, y2, t] ⊂ Q[x, y, t] be the homogenized
subalgebra of A = Q[xy − y, y2] equipped with extended ordeing >t (induced
by degree lexicographical ordering with x > y) on Q[x, y]. Let G = {(xy3 −
y3t, y4), (xyt− yt2, y2t)} ⊂ (A∗[t])2. Observe that G is the reduced SG-basis
for the submodule N = 〈G〉A∗[t] w.r.t the extended TOP module ordering >M,t

(induced by >t). Then G∗ = {(xy3 − y3, y4), (xy − y, y2)} is a SG-basis
for N∗ = 〈G∗〉A w.r.t the >M over subalgebra A. But G∗ is not reduced since
LM>M

(g1) = a LM>M
(g2) for a = y2 ∈ in>(A), i.e. (xy3, 0) = y2(xy, 0).
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