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On Tribonacci numbers written as a product of
three Fibonacci numbers

Zeynep Demirkol Ozkaya

Abstract

The present paper examines the following Diophantine equation:
Tn = Fk · Fl · Fm where Tn is the n-th Tribonacci number and like-
wise Fk is the k-th Fibonacci number and so on as variables. As an
application of the Baker’s method, we show that the equation has only
one solution apart from the trivial one, namely (n, k, l,m) = (12, 4, 6, 8).
This paper can be considered as a continuation work of the paper by
Luca et al, 2023.

1 Introduction

There are many recent papers in the literature addressing the Diophantine
equation obtained by imposing that a member of some specific linearly re-
current sequence (Fibonacci numbers, Tribonacci numbers, powers of 2, etc.)
equals a sum or product of two or three members of some other concrete lin-
early recurrent sequence [3], [9], [5]. The present paper does this for Tribonacci
numbers which are products of three Fibonacci numbers. The method is clas-
sical: use Baker’s method to iteratively bound indices as powers of logarithms
of the largest one, ending up with a large upper bound on all the unknowns
which afterwards needs to be lowered by using reduction methods such as the
Baker-Davenport method.

Key Words: Fibonacci numbers, Tribonacci numbers, linear forms in logarithms, Dio-
phantine equations, applications of the Baker’s method.
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The motivation for this paper stems from the work in [5], and focusing on
the equation:

Tn = FkFlFm,

where Tn represents the n-th Tribonacci number, and Fk, Fl, Fm are Fibonacci
numbers at indices k, l, and m, respectively. The problem seeks to determine
the values of k, l, and m such that the product of these Fibonacci numbers
equals a specific Tribonacci number.

We will show that this equation has only one positive solution.
Before stating the main results, let us start with some basic definitions

and properties of the Fibonacci and Tribonacci numbers. Let (Fn)n≥0 be the
Fibonacci sequence given by F0 = 0, F1 = 1 and Fn+2 = Fn+1 + Fn for n ≥ 0
and its characteristic polynomial is X2 −X − 1 = (X − ψ)(X − ω) where

ψ =
1 +
√

5

2
,

ω =
1−
√

5

2
.

Let (Tn)n≥0 be the Tribonacci sequence given by T0 = 0, T1 = T2 = 1 and
Tn+3 = Tn+2 + Tn+1 + Tn for n ≥ 0.

The characteristic polynomial is X3−X2−X−1 = (X−α)(X−β)(X−γ)
where

α =
1 +

3
√

19 + 3
√

33 +
3
√

19− 3
√

33

3
,

β =
1 + w

3
√

19 + 3
√

33 + w2 3
√

19− 3
√

33

3
,

γ =
1 + w2 3

√
19 + 3

√
33 + w3 3

√
19− 3

√
33

3
.

In this paper, we investigate Diophantine equation

Tn = FkFlFm (1)

in positive unknowns n, k, l and m.

Theorem 1. Apart from the trivial solutions, the unique positive integer solu-
tion quadruple (n, k, l,m) of Diophantine equation (1) is given by (12, 4, 6, 8).

In the next section, we recall a result due to Matveev concerning a lower
bound for linear forms in logarithms of algebraic numbers, as well a variant of
a reduction result due to Baker-Davenport reduction.
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2 Properties of Fibonacci and Tribonacci sequences

It is well-known that the Binet formulas for Tribonacci sequence is

Tn = aαn + bβn + cγn,

for n is nonnegative integers, where

a =
5α2 − 3α− 4

22
,

b =
5β2 − 3β − 4

22
,

c = b̄, γ = β̄

as in [5]. The minimal polynomial of a over integers is 44X3 − 2X − 1, with
zeros a, b, c with max{|a|, |b|, |c|} ≥ 1. One can estimate following numerical
values like in [5]:

1.83 ≤ α ≤ 1.84;

0.73 ≤ |β| = α−1/2;

0.25 ≤ |b| ≤ 0.27.

For n ≥ 1, denoting e(n) := Tn − aαn, one has

|e(n)| ≤ α
−n
2 (2)

as in [5]. Furthermore,
αn−2 ≤ Tn ≤ αn−1 (3)

for all n ≥ 1.

Binet formula for the Fibonacci sequence is Fk = ψk−ωk

√
5

for all k ≥ 0.

Here we know that ψ · ω = −1. Furthermore, for k ≥ 1, one has

ψk−2 6 Fk ≤ ψk−1 (4)

for all k ≥ 1.

3 Linear forms in logarithms

Let α be an algebraic number of degree d. Let f(x) =
∑∞
i=0 aix

d−1 ∈ Z[x]
be the minimal polynomial of α with a0 ≥ 1 and (a0, . . . , ad) = 1. Then,
H(α) := max{|ai| : i = 0, . . . , d} and call it the height of α. And one can
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write f(X) = a0
∏d
i=1(X −α(i)), where α = α(i). The logarithmic height of α

is

h(α) :=
1

d

(
log |a0|+

d∑
i=1

log max{|α(i)|, 1}
)

The height has the following basic properties. For algebraic numbers α, β and
s ∈ Z, we have

h(α± β) 6 h(α) + h(β) + log 2

h(αβ±1) 6 h(α) + h(β)

h(αs) = |s|h(α).

See reference [1] for more details.
Let L be a number field of degree D. Let α1, . . . , αn be non-zero elements

of L and b1, . . . , bn be integers. Then,

B = max{|b1|, . . . , |bn|}

and

Λ =

n∏
i=1

αbii − 1.

Let A1, . . . , An be positive real numbers such that

Aj > h(αj) := max{Dh(αj), | logαj |, 0.16}

for all j = 1, . . . , n.
With these notatitons, Matveev proved the following theorem [6].

Theorem 2. If Λ 6= 0, then

log |Λ| > −1.4 · 30n+3 · n4.5 · d2K · (1 + log dK)(1 + logB) ·A1 · · ·An.

Lemma 3. [8] If l > 1, H > (4l2)l and H > L
(logL)l

then

L < 2lH(logH)l.

Lemma 4. [7] For a positive real x, if |x− 1| < 0.5, then | log x| < 1.5|x− 1|.

The following result is a variation of a lemma by [2] and is attributed to
[4].



ON TRIBONACCI NUMBERS WRITTEN AS A PRODUCT OF THREE
FIBONACCI NUMBERS 121

Theorem 5. LetM be a positive integer, let pq be a convergent of the continued
fraction of the irrational number γ such that q ≥ 6M and let A,B, µ be some
real numbers with A ≥ 0 and B ≥ 1. Let ε := ||µq|| −M ||γq||. If ε ≥ 0, then
there is no solution to the inequality

0 ≤ |mγ − n+ µ| ≤ AB−m

in positive integers m and n with

log Aq
ε

logB
≤ m ≤M.

4 The Proof of The Main Theorem

Let (n, k, l,m) be a solution of Diophantine equation (1). Because of F1 =
F2 = T1 = T2 = 1, we suppose that 2 6 k 6 l 6 m and n > 2. We assume
that k > 3, because for k = 2, we get Tn = Fl.Fm and this equation’s proof is
in [5]. From (3) and (4), we get

αn−2 6 Tn = FkFlFm 6 ψk+l+m−3

and,
ψk+l+m−6 6 Tn = FkFlFm 6 αn−1.

Thus,

(k + l +m)
logψ

logα
− 3.8 6 n 6 (k + l +m)

logψ

logα
− 0.36. (5)

Moreover, from equation (1) for n > 4 and k 6 l 6 m, we have

Tn = (
ψk − ωk√

5
)(
ψl − ωl√

5
)(
ψm − ωm√

5
),

Tn =
1

5
√

5

(
ψk+l+m − ψk+lωm − ψk+mωl + ψkωl+m

− ψl+mωk + ψlωk+m + ψmωk+l − ωk+l+m
)
.

If e(n) + aαn is substituted in place of Tn, and both sides are divided by
ψk+l+m

5
√
5

and their absolute values are taken and from ψ · ω = −1, then the
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following inequality holds:∣∣∣∣∣5
√

5aαn

ψk+l+m
− 1

∣∣∣∣∣ ≤ 5
√

5|e(n)|ψ−(k+l+m) + |ψ|−2m + |ψ|−2l + |ψ|−2k

+ |ψ|−2(l+m) + |ψ|−2(k+m) + |ψ|−2(k+l)

+ |ψ|−2(k+l+m).

From (2) and the fact that k 6 l 6 m, we obtain that∣∣∣∣∣5
√

5 aαn

ψk+l+m
− 1

∣∣∣∣∣ ≤ 5
√

5α−
n
2 ψ−(k+l+m) + 3ψ−2k + 3ψ−4k + ψ−6k

≤ ψ−2k
(
5
√

5α−1 + 7
)
.

Thus, we obtain ∣∣∣∣∣5
√

5aαn

ψk+l+m
− 1

∣∣∣∣∣ ≤ 13.1ψ−2k. (6)

Now, let Λ1 := 5
√
5aαn

ψk+l+m − 1. One can say Λ1 6= 0. Assuming Λ1 = 0 gives

5
√

5a = ψk+l+mα−n ∈ K := Q(α,ψ). Taking norms yields

NK/Q(5
√

5)NK/Q(a) = ±1.

Since |NK/Q(5
√

5)| = 59 and |NK/Q(a)| = (1/44)2, we obtain 1 = 59/442, a
contradiction. Hence, Λ1 6= 0. So we have

|Λ1| ≤ 13.1ψ−2k. (7)

We will use (Theorem 2) to get a lower bound for |Λ1|. We set t := 3, η1 = α,
η2 = ψ, η3 = 5

√
5a, b1 = n, b2 = −(k + l +m) and b3 = 1. We get

h(η1) = h(α) ≤ 0.204,

h(η2) = h(ψ) ≤ 0.241,

h(η3) = h(5
√

5a) ≤ h(5
√

5) + h(a) ≤ 3.676.

We have dK = 6 and can take A1 = 1.23, A2 = 1.45 and A3 = 22.06. Finally
we get B = k + l +m. So, (Theorem 2) says that

log |Λ1| ≥ −1.132.1015 log(k + l +m).

Comparing this with (6), we obtain

k logψ ≤ 5.66.1014 log(k + l +m).
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In the second step, we fix k and rewrite equation of (1) as

Tn = Fk(
ψl − ωl√

5
)(
ψm − ωm√

5
),

aαn + e(n) = Fk(
ψl − ωl√

5
)(
ψm − ωm√

5
),

aαn

Fk
+
e(n)

Fk
=
ψl+m − ψlωm − ψmωl − ωl+m

5
.

Because from (2), k 6 l 6 m and ω = −1
ψ , we get

| 5aαn

Fkψl+m
− 1| ≤ 5|e(n)|

Fkψl+m
+ |ψ|−2m + |ψ|−2l + |ψ|−2(l+m),

| 5aαn

Fkψl+m
− 1| ≤ 5α−1

Fkψl+m
+ 3ψ−2l

and l 6 m and Fk > 2, we obtain

| 5aαn

Fkψl+m
− 1| ≤ 5α−1

2ψ2l
+ 3ψ−2l ≤ 4.36ψ−2l

Set

Λ2 :=
5aαn

Fkψl+m
− 1. (8)

Λ2 is nonzero. Indeed, if Λ2 = 0, then 5a/Fk would be a unit in Q(α). Taking
norms yields (53/44)/F 3

k = 1, so 44F 3
k = 53, which has no integer solutions k.

So, Λ2 must also be non-zero. Thus, we get

|Λ2| ≤ 4.36 · ψ−2l. (9)

Then η1 = α, η2 = ψ, η3 = Fk

5a , b1 = n, b2 = −(l+m) and b3 = −1. B = l+m.

h(η1) ≤ 0.204,

h(η2) ≤ 0.241,

h(η3) = h(
Fk
5a

) ≤ 2.871 + (k − 1). logψ < 2.5k logψ.

A1 = 1.23, A2 = 1.45, A3 > 15k logψ.

log |Λ2| > −7.7 · 1014k logψ log(l +m). (10)
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From inequality (9) and (10) we obtain

l logψ < 3.85 · 1014k logψ log (l +m) (11)

and we know that k logψ < 5.66 · 1014 log (k + l +m). Then we obtain that,

l logψ < 2.18 · 1029(log (k + l +m))2. (12)

In this final step, we fix k and l and write again to equation (1)

aαn + e(n) = FkFl(
ψm − ωm√

5
),

and so we obtain √
5aαn

FkFl
−
√

5ae(n)

FkFl
= ψm − ωm,

√
5aαn

FkFl
− ψm = −

√
5ae(n)

FkFl
− ωm.

Because from (2), k 6 l 6 m and ω = −1
ψ , we get

|
√

5aαn

FkFlψm
− 1| < 1.31 · 1

ψm
. (13)

In here we get

Λ3 :=

√
5aαn

FkFlψm
− 1.

Λ3 is nonzero. Because, if Λ3 = 0, then 5a2/(FkFl)
2 would be a unit in

Q(α), and taking norms we get 53/442 = (FkFl)
6, which again has no integer

solutions k, l. We get η1 = α, η2 = ψ, η3 = FkFl√
5a

, b1 = n, b2 = −m and

b3 = −1. So we have B = m. Since the polynomial 5a2X2 − FkFl has η3 as a
root. Thus,

h(η3) = h(
FkFl√

5a
) ≤ logFk + logFl + log

√
5 + h(a) < 2.5 · l logψ

Using (12), we get A3 = 15 · l logψ.

log |Λ3| > −8.393 · 1043(1 + logm) log2(k + l +m).

From (13) we know that |Λ3| < 1.31 · 1
ψm , and from (12) we obtain

m logψ < 1.6786 · 1044 logm log2(k + l +m). (14)
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Therefore we have

m < 3.492 · 1044 logm log2(k + l +m) < 3.492 · 1044 log3(3m) (15)

and so with help of Mathematica we obtain

m < 5.74 · 1050.

Then we can write

3m < 1.048 · 1045(log(3m))3 < 23 · 1.048 · 1045(log(1.048 · 1045))3.

Applying Lemma 3 with l = 3, L = 3m and H = 1.048 · 1045 finally with the
help of Mathematica, we see that

m < 2.895 · 1045.

Next, we reduce the above bound by applying Theorem 5. We rewrite
inequality (6) using Lemma 4 we have

0 <
∣∣∣ log

( 5
√

5aαn

ψ(k+l+m)

)∣∣∣ < 1.5 ·
∣∣∣ 5
√

5aαn

ψ(k+l+m)
− 1
∣∣∣ < 19.65 · ψ−2k,

0 < |n logα+ log(5
√

5a)− (k + l +m) logψ| < 19.65 · ψ−2k.

And then we obtain that

0 < |n logα

logψ
− (k + l +m) +

log(5
√

5a)

logψ
| < 40.84 · ψ−2k. (16)

Because of logα
logψ is irrational, from (8) and (15) we have m < 2.895 · 1045.

From (5) we get n 6 (k+l+m) logψ
logα−0.36. Therefore we obtain n 6 6.86·1045.

Applying Lemma 2 with w = 2k, τ = logα
logψ , µ = log(5

√
5a)

logψ , A = 40.84,

B = ψ, M = 6.86 · 1045. With the help of Mathematica, we find that the 93-st
covergent of τ is

p93
q93

=
68103707654293876575970223487859617453819481978

53779947418601993080261791426062259518964114253
.

Its denominator satisfies q93 > 6M and ε := 0.39994 > 0. Thus, inequality
(16) has no solution for k > 116.6 Then, we say that

k 6 116.
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We get (11) for k 6 116. Therefore l < 4.466 · 1016 log(2m). We apply
Lemma 3, l = 1, H = 8.932 · 1016, L = 2l and we get l < 4.71 · 1018. And for
l < m and m < 2.895 · 1045 we write again (5)

n ≤ (k + l +m)
logψ

logα
− 0.36

and we obtain
n < 2.287 · 1045.

We reduce the above bound by applying Theorem 5. We rewrite inequality
(9) using Lemma 4, we have

0 < |n logα− (l +m) logψ + log(
5a

Fk
)| < 6.54 · ψ−2l.

0 <
∣∣∣n logα

logψ
− (l +m) +

log( 5a
Fk

)

logψ

∣∣∣ < 13.6 · ψ−2l.

Applying Theorem 5 with w = 2l, τ = logα
logψ , µ = (log 5a

Fk
)/(logψ), A = 13.6,

B = ψ, M = 2.287 · 1045. With the help of Mathematica, we find that the
92-th covergent of τ is

p92
q92

=
20315058705469804724196191973044018196893122675

16042339347101536940676670301036990567557791783
.

Its denominator satisfies q92 > 6M and ε := 0.00215295 > 0. Thus, inequality
(16) has no solution for l > 119.64. And we say

l 6 119.

Finally, we get (15) and obtain m < 5.74 · 1050. From (13) and Lemma 4 we
have

0 < | log(

√
5aαn

FkFlψm
)| < 1.5 · |Λ3| < 1.5 · 1.31 · ψ−m.

Then we obtain

0 < |n logα−m logψ + log(

√
5a

FkFl
)| < 1.965 · ψ−m,

and

0 <
∣∣∣n logα

logψ
−m+

log(
√
5a

FkFl
)

logψ

∣∣∣ < 4.09 · ψ−m.
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In here we apply Theorem 5 with w = m, τ = logα
logψ , µ = (log

√
5a

FkFl
)/(logψ),

A = 4.09, B = ψ, M = 4.54 ·1050. And with the help of Mathematica, we find
that the 102-th covergent of τ is

p102
q102

=
35748032065244707712339173947687944392237989198455048

28229407047064710056732335346558211282107849474086397
.

Its denominator satisfies q102 > 6M and ε > 0.0000535443 > 0. Thus, inequal-
ity (16) has no solution for m > 274.34. And we say

m 6 274.

Hence k 6 116, l 6 119,m 6 274. Using Mathematica, we determined
bounds for k, l and m and found that the only solution is

(n, k, l,m) ∈ (12, 4, 6, 8).

And this finishes the proof.
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