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Gevrey Regularity and Local Well-Posedness
for the HirotaSatsuma System
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Abstract

In this paper, we examine the local well-posedness of the initial value
problem for the HirotaSatsuma system within Gevrey spaces. This sys-
tem, which consists of a coupled nonlinear dispersive partial differential
equation, models the interactions between long and short waves and is
known for its integrable structure. We demonstrate that the problem
is locally well-posed in the Gevrey spaces Gy s,k(R) X Gy s5,k+1(R) for
k> —%, 6 > 0, and n > 1. This finding improves upon existing well-
posedness results in Sobolev spaces H*(R) x H*T!(R). Our approach
involves a meticulous analysis of linear and bilinear estimates within
Gevrey classes. By utilizing Fourier analytical techniques and reformu-
lating the system into an integral equation through Duhamels principle,
we establish the necessary bounds for applying a fixed-point argument.
This process yields results regarding existence, uniqueness, and continu-
ous dependence on initial data. Furthermore, we show that the solution
demonstrates Gevrey—3n regularity in time, capturing the smoothing
properties of the system. These results deepen our understanding of
analytic-type regularity in nonlinear dispersive systems.

1 Introduction

The HirotaSatsuma system is a coupled, nonlinear, dispersive partial differ-
ential equation that arises in the study of shallow water waves and soliton
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interactions. Initially introduced by Hirota and Satsuma in 1976, this system
models the interactions between long and short waves and has attracted sig-
nificant mathematical interest due to its rich integrable structure and soliton
solutions. Analyzing this system contributes to a deeper understanding of
nonlinear wave phenomena and integrable systems.

A central question in the theory of nonlinear PDEs is the well-posedness of
the associated initial value problem (IVP). This encompasses establishing the
existence, uniqueness, and continuous dependence on initial data of solutions
within an appropriate functional framework. While well-posedness results for
the HirotaSatsuma system have been explored in Sobolev and analytic spaces,
much less is known in intermediate function spaces such as Gevrey classes.
Gevrey spaces serve as a bridge between real-analytic and Sobolev spaces,
offering a refined scale for investigating the regularity of solutions.

In this paper, we consider the initial value problem of Hirota-Satsuma
system

Ou — a(Ugge + 6uuy) = 2Bww,,
O W + Wapy + 3uw, = 0, (1)
u(z,0) = up(z) , wx,0)=wy(x),

where u = u(x,t) and w = w(x,t) are the unknown function, € R and ¢t € R,
while ug and wg are a given functions. Moreover, o and ( are real constants.

In [1] the author proved that (1) is locally well posed in the spaces H*(R) x
H*T(R) with k > —%. This works establishs the local well-posedness of the
HirotaSatsuma initial value problem (IVP) in Gevrey spaces. Our analysis
employs techniques from Fourier analysis, energy estimates, and the abstract
theory of evolution equations in Banach spaces. The results provide insights
into the regularizing effects of the nonlinearities and the persistence of Gevrey
regularity over a short time period.

The work is structured as follows: In Section 2, we introduce the fundamen-
tal functional spaces and preliminary lemmas that form the foundation of our
analysis. In Section 3, we derive the necessary linear and bilinear estimates.
By applying Duhamel’s principletaking the Fourier transform in the spatial
variable x for system (1), solving the resulting ODE in ¢, and then applying
the inverse Fourier transform we reduce the initial value problem to an equiv-
alent integral formulation. In Section 4, we address the local well-posedness
of the system. We present key lemmas and establish the main result concern-
ing the existence, uniqueness, and continuity of solutions in Gevrey spaces.
In Section 5, we further analyze the regularity properties of the solution and
show that it retains Gevrey regularity with respect to the time variable t.
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2 Notation and function spaces

In this section, we will present the elementary spaces and lemmas used in this
paper.

It is now necessary to recall a definition of the needed spaces, where the
analytic Gevrey spaces are given by G"9F(R) = G"%* for k € R, § > 0 and
n > 1, defined by.

GMOF(R) = {f € L*(R); || f|

Gk = /626|€|1/n<£>2'“|f(£)\2 < oo}

£eR

For 1 = 1, the space G™%F(R) reduce to the space G>*(R), defined by

GOM(R) = {f & LX) % = [ #le) | Fle) P < oo,
£eR

In the particular case where § = 0, the space G%*(R) is reduced to the Sobolev
space H*(R), defined by

H*R) = {1 € PR = [ ©MF©Pd < oo).

£ER

With (.) = (1 +|.|). At a time, for k,a € R, § > 0 and > 1 the analytic
Gevrey-Bourgain space Xnﬁ(;,kya(RQ) = X, 5k, associated with 0, £ ad? is
defined to be the closure of the Schwartz space .#(R?) under the norm:

1/n N /
s, = ([ [ €% 5 g fate,r)Parde)
R R

The definition of the analytic Bourgain space Xy, , is given in [1], where u(, 7)
denote as Fourier transformation of v with respect to x and t.

For any interval I C R, we define the localized spaces thdk,a = X 6,k,0(RX
I) with the norms

lullx; . =nf{U]

Lemma 2.1. [2] Let a > %, keR, 0 >0 andn>1 then we have X, 51 0 —
C([-T,T),G"%*(R)) where T is any posite constant, i.e. for allu € X, 5.
and some canstant cy > 0 we have

Xnsmas Ul@®xn= U}

sup |u(., t)[|gnorry < collullx, s pa-
te[—T,T)
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3 Linear and bilinear estimates

By using Duhamels formula (Taking Fourier transform with respect to z in
(1), solving the resulting differential equation in ¢ and using inverse Fourier
transform reduces the initial value problem of Hirota-Satsuma system (1) to
the following integral system, thus, we may write the solution as

1) = S(0uo(e) = [ St — )P (w0, 0, )at
¢ (2)
w(z,t) = S(t)wo(z) — /0 St —t")G(u, w, uy, wy)dt,

where S(t) is the unitary group on G™%F(R) associated on the linear part of
(1) given by

+oo 5
Sty = [ T
and

Fu,w, uz, w,) = 6auu, — 2Bww,, 3)
Gty W, Uy, Wy ) = UW,.

To prove the local well-posedness, let us consider the equivalent system of

integral equations. Using a cut-off function satisfying 6 € C§°(R), with 6 = 1

in [—3, 1], suppf C [—1,1]. Denote 0, (t) = 6(%) for 0 <A< 1.

Let us now define (01 (u,w), ©2(u, w)) where the maps ©; and G4 are given
by

O1(u, w)(t) = 01(t)S(t)uo(x) — 61 /Ot S(t—t")o\(t)F(t)dt,
¢ (4)
O (u, w)(t) = 01(t)S(t)wo(z) — 61 /0 St —to\()G()dt'.

Next, we estimate the first part of (01 (u,w), ©2(u,w)) in the right-hand side
of (4) and the integral part.

Lemma 3.1. Let k € R, if% < a < a <1, there is a constant ¢ > 0, such
that for any A € (0,1] we have the estimates (see [1])

1621(0)S (B)uo (@) x.0 < clluollmxs

and

01()S(t)wo ()| x4, .0 < cllwoll gr
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for (uo,wo) € H* x H*L. Purthermore, for (F,G) € Xga—1 X Xgt1.a/—1
there exists ¢ > 0 such that (see [1])

||91/ St =)\ Ft)dt | x,.. < clOA)Fllxy, s
X Fllxpa s < A1 Flx, 0,
and
t
||91/ St =t)NOGH )t || X110 < OG0
0
||0>\(t)G||Xk+1,a—1 < eA” _a||G||Xk+1,a’—1'

Lemma 3.2. LetkeR,6>0,n>1 zf% <a<d <1, there is a constant
¢ >0, such that for any A € (0,1] we have the estimates

162(0)S(B)uo (@)X, 54,0 < clluollgnsr,

and

[01(1)S(t)wo ()X, 5 5410 < cllwollgn.srts

for (ug,wp) € GMOF x Gmok+L,
Furthermore, for (F,G) € Xy ska—1 X Xnskt1,a'—1 there exists ¢ > 0
such that

00 [ (6= OO x, 10 < elOOF L,

10X Fllx, 5001 < A IIF | x

7, 8,k,a’ —17

and

o0 [ (0= OGN, 0 < OO

16 ()Gl x

Proof. Asin [4, 3, 2], the desired result is achieved by using Lemma (3.1) and
employing the operator A%". which is defined by

“|G
X5, k+1,a—1 cA G X6, k41,0’ 1"

() = 4" ae)
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satisfies
d, _
1A% ullx, . = llullx, k.05
and
A% g = [l n.oor
O

Now, we studing the nonlinear part of the system (1). More specifically,
we obtain the following result.

Proposition 1. [1] If k > fé and 3 < d < 1%, then Va > % we have

[(Ozur)uzllx, oy < Nuallxe sl lluzllx, .

and
[(Ozuru2)lx, .o, < [luillx.[luzllx,..

Proposition 2. If k > —%, % <ad < %, n>1and 6 > 0, then Va > % we
have

1@rur)ualix, ;i < Mwallx, s nenalluzllx, s

and

[(Ozvwru2)llx, 500y < Nl opalluallx, 5p.

Proof. In a similar manner to [3, 2], we apply proposition 1 and the operator
A% to demonstrate proposition 2.
O

We are now ready to present the theorem regarding the well-posedness of
System (1).

Theorem 3.3. Let k > —% ,0 >0 and n > 1. Then for any initial data
(ug,wp) € GMUF(R)x GTOFF1(R), there exists T = T(||(uo, wo) [l gmos.k (R) x G5 K41 (R) )5
and a unique solution (u,w) of (1) on the time interval, as follows:

(u,w) € C([0,T], G"**(R)) x C([0, T], G *+1(R)).
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4 Local Well-Posedness and Proof

The following lemmas will be used to prove our main Theorem. In the subse-
quent lemma, we will define the ball B, and show that the map ©; x ©5 is a
contraction from B, to B,

Lemma 4.1. Let k > —%, §>0,n>14<a<d < 1%' Then, for
all (ug,wp) € G™OF x GMO*+L and ||(ug, wo)|lgnorxgnorir = |[uollgner +
llwollgn.s.k41 = w , the map ©1 X Oy : B, — By, is a contraction, where B,, is
given by

B, = {(U,w) S Xn,é,k,a X Xﬁ,&,k-&-lﬂ : H(ua w)||Xn,5,k,a><Xn,5,k+1,a < 2cw}.
We note that B,, is Banach space, whose norm is

H(u7w)HXn,a,k,a,XXn,a,k+1,a = ||uHXn,6,k,a, + ||w||Xn,6‘k+l,a'

Proof. By using linear estimates in Lemma 3.2 and bilinear estimates in Propo-
sition 2 we obtain

101, w01, 510 < 103 (SO0 (@], 500
t
Hlon [ (= )00 b, — 280w, )1t |x, ..
0

< clluollgn.or + cllor@uuzllx, s 01 + ellOr(Bwwellx, 5 xa

! ’
< clwollgn.sk + A T uug|| x + A" T Jwws || x

n,8,k,a’ —1 n,8,k,a’ —1
!’ _ r_
< clluollgn.sx +eA® " flulk, 5, + A" T wlk,
’_ 2 I 2
< clluollgnsr +eA” " lullx, 5,0 + A T wliX, 50 (5)

and
102w, w)[1x, 5110 < 161 (D)S w0 (@)X, 51410
1000 [ 51— 05O Bl O x50
< clwollgnsrn + cla(B)uwellx, 5 psas
< c|lwollgn.s.m+1 + c/\a/ia||Uwz||X,,,5,k+1,aul
< cllwollgnsrss + AT ullx, 5 a0 10X, 50000

a' —a

,_
ull3, 5 10 + A" w0l 500

(6)

< cllwollgm.s.x+1 + €A
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Thus, by the estimates (5) and (6), we have
[[©1(u, w), 92(“7w)}||Xn,(s,k_,a><X,7,5,k+1y,,, < clluollgn.s.kx + cllwollgn.s.k+1
+ oAl
+ X Wl g prra
< cf[(u, )| gn.o.k x ookt
+ A w01 g% X110

J

Thus, when taking A < [(2¢)?w]==<" , ©1 x O mapping B, into B,.
We assume that (u,w), (u*, w*) € B,,. Similar to (5) and (6), for A deter-
mined above, we have
||(61(u7 w) — 61(U*:w*), O2(u, w) - 62('”*7 IU*))|‘Xn,5,k,a><xn,6,k+1,a
1 * *
< 5”(“ —u,w—-w ‘|Xn,§,k,a><xn,5,k+l,a'

Thus, ©1 X O4 is contract mapping. Using the Banach fixed point theorem,
there is exactly one fixed point because of ©1 x O5 € B,,,. O

5 Gevrey’s Regularity

In this section, we will demonstrate in the following theorem that the solution
to the initial value problem of Hirota-Satsuma system (1) exhibits Gevrey reg-
ularity with respect to the time variable ¢. Specifically, we aim to establish
the estimates given in Equations (7) and (8), as outlined in Proposition 3. To
prove these estimates, we will employ mathematical induction on /. Addition-
ally, when estimating nonlinear terms, we will utilize Leibniz’s formula.

Theorem 5.1. Let k > —%, 6 > 0, n > 1 and (u,w) € C([0,T], G">*(R) x
C([0,T], GMOk+L(R)) be the solution of (1). Then, (u,w) € G3"([0,T]) x
G3([0,T)) in the time variable t.

For the proof of the Theorem 5.1, it is enough to prove the following results:
Proposition 3. Letl,m € {0,1,2,---}, for some L > 0. Thus, we have
oL u(x, t)| < LT ((m + 31)1)" M, (7)
and
(0,07 w(x, t)| < L™ ((m + 30D M, (8)

where
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Proof. To prove Proposition 3, we will use induction on [. For the case when
I =0, Inequalities (7) and (8) follow from the result below (see, [2, 5, 6, 7]).

|0 u(x, t)] < L™ (m!)", 9)
and
|07 w(x, t)| < L™ (m!)7, (10)

Thus, (u,w) is a G" x G" in « for for all k > —%. For proof of this result, see
[2].
For [ =1and m € {0,1,2,---}, we have

3,58;7%’ < |a|’8;”+3u‘ +3

ag”lu?] + |B|‘8;"+1w2‘. (11)
The terms of (11) can be estimated as

|a\‘8;"+3u’ < Ja|Lm 3+ ((m+3)!)"
N 3.1)!)"|a|L2. (12)

For the second term in (11), we have

e m+1
slop e <3y ( ) oy =rul o
p=0 p
T (m+1)!
B iy G L=
= D (p!
NS () "
RPN e A R R G
p:
m—+1
<3((m+ YIL™ Y (p 4 1),
p=0
The fact
! (m +2)(m + 3)
> p+1) = 5
p=0
gives

(m +2)"(m + 3)"

on
3L
< LI ((m + 3.1)!) = (13)

3

a;n“u?( < 3((m + 1)) L+
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A similar calculation for the last term in (11)
n|B|L

m—+1, 2 m—+1+1 |
|6|’6m w ‘ <L ((m+3.1).) T

From (12), (13) and (14) we obtain

n
3t8;"u) < Lt ((m + 3.1)!) M!
where
3L |BIL
o " om
We assume that (7) is correct for [ and then we prove for (I + 1) we obtain

M = |a|L* +

o o] < o

(’)ﬁ@ﬁf*%’ +3

oho 12| + 18]

aga;"“w?‘. (15)
These terms are estimated as follows:
ol 04027+ u] < ol L4251 (m + 3 4 30170
< L™ ((m o+ 3(14 1)) Mo L2 (16)
For the second term of (15), we have

I m+1
l m+1 1—4 _
3\alam+1u2\ <3 <)< )‘a i gm+i=py
tYx j;)p;) j t T

p

l m+1
<3ZZ (l—i—m—i—l)

imopo \ JHP

]ag’ag;u

LTt (1 = p 3.1 j))!)"JwH’LJH’*1 (o+ 3.j)!)"Mj
"ai3L

. (17)

L LD+ ((m +3.(1+ 1))!)
Using the same calculus for the third term of equation (15), we find that

18] otorw? < LD ((m 3.0+ 1))!)"1\41%. (18)

Finally, by combining (16), (17) and (18), we deduce that

OF o] < L (n 4+ 3.0+ 1))!)"Ml+1.
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Now, we prove (8), for I =1 and m € {0,1,2,--- }, we have
‘ata;nw(x,t)] < 8;”(u81w)‘ (19)
For the first term in (19) we have
w| < L7434 (m +3)1)"
< Lm+1+1((m+3.1)!>nL2. (20)

for the second term we have

8;”_]’11‘ ‘85“11)‘

< 3§j Lﬂmfﬁl«m = p))"LP 2 ((p + 11"

T S LT (m = p))T LA ((p + 1))

< 3((my)nLm s i(p +1)7.
p=0

Now, we use the fact that
- m+1)(m+2
SR
p=0

we obtain

m+ 1) (m + 2)"

;n(uﬁxw)‘ < 3Lm+3((m[)n(

on
3L
L Lttt N
((m+3 )) 277(m—|—3)”
L
< Lm+1+1(( +3. 1) ) :Zn

Then from (20) and (21) we obtain

8™ w(z, t)‘ < L™ ((m 4 3.1)1)7NY,

(21)
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where al
N=L*+>—
6"

We assume that 8 is correct for [ and then we prove it for (I + 1) we have
‘aﬁ“a;“w(gc, t)‘ < ‘aga;””w‘ + 3‘8§8;” (udyw)|. (22)

These terms are estimated as follows:

‘aga;ﬂ”w‘ < L™ (4 3 4 3.0)1)7N

< Lm+(l+1)+1((m+3.(1 + 1))!)’7NZL2. (23)
and
I m
3 aga;"(uamw)] <33 % <l> <m> ‘aﬁ*ja;“—zju \ag'ag“w\
—0p=0 J/ \P
J p
I m+1
< 32 (l.+ m)
i \itp

, U o n o
L (= p 4 3.0 — ) NTIL (p 4+ 35)1) N
3L
67'
Finally, by combining (23) and (24), we deduce that

< LD (n 43,00+ 1))!)”1\/1 (24)

O o w(| < LD (n 4 3.+ 1)) N

In the end, we choose
max(M,N) =M

then we obtain
L am m-+l+1 1 l
‘8,5895 u‘ <L ((m+ 3.1)!) M*,
and
n
jaga;nw‘ <L (n 30)1) M

Consequently,
(u,w) € G*([0,T]) x G*([0,T))
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6 Conclusion

In this work, we investigate the initial value problem for the HirotaSatsuma
system within the framework of Gevrey spaces. Specifically, we proved local
well-posedness in Gy, 5.x(R) X Gy 5,k+1(R) with & > —é, 0 >0 and n > 1, thus
refining and extending previous results obtained in the Sobolev setting. This
establishes the persistence of Gevrey’s regularity for solutions over short time
intervals, highlighting the system’s smoothing behavior.

The methodology involved applying Duhamels principle to convert the orig-
inal PDE system into an equivalent integral formulation, followed by precise
linear and bilinear estimates in the Gevrey class. These estimates were cru-
cial for establishing a contraction mapping in an appropriate function space,
which in turn led to the existence, uniqueness, and continuous dependence of
solutions. Additionally, we demonstrated Gevrey—3n regularity in the time
variable, which provides further insight into the regularizing nature of the
system. This study suggests several interesting directions for future research.
One natural extension is to investigate the global well-posedness in Gevrey
spaces and determine whether the solutions retain Gevrey regularity for all
time. Another promising direction is the study of the analytic continuation
and decay properties of solutions in the complex domain. Moreover, exploring
ill-posedness thresholds and sharp regularity results within the Gevrey scale
could provide a complete picture of the systems behavior across different func-
tional settings. It is important to further investigate the g-integro multipoint
boundary value problems involving fractional ¢-difference equations with dual
hybrid terms, as presented in [8]. Additionally, the study of integro-differential
equations with non-instantaneous impulses, introduced in [9], offers valuable
insight into complex dynamical behaviors. Continued exploration in these di-
rections could significantly advance the theory and applications of fractional
calculus and impulsive differential systems. Furthermore, we will investigate
the Gevrey regularity of the problems presented in [10, 11, 12].
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