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Abstract

In this paper, we introduce and study the notion of bipolar fuzzy
n-fold positive implicative filters within the framework of hoop algebras,
and examine their fundamental properties. We also define and investi-
gate bipolar fuzzy n-fold fantastic filters, thereby extending bipolar fuzzy
set theory into a multi-valued logical setting. In addition, we explore
the relationships between bipolar fuzzy n-fold positive implicative fil-
ters and other related classes of bipolar fuzzy filters, including fuzzy
n-fold implicative filters and bipolar fuzzy n-fold fantastic filters. This
work offers a detailed analysis of the structural characteristics and inter-
relations among these filters, contributing to the broader development
of non-classical algebraic logic and fuzzy systems. Several illustrative
examples are provided to support and clarify the theoretical results.
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1 Introduction

Hoop algebras, a class of commutative residuated structures, have emerged as a
significant algebraic framework for modeling substructural logics, particularly
those lacking structural rules such as contraction and weakening. Originally in-
troduced by Bosbach in [1, 2] as naturally ordered, integral, commutative, and
residuated monoids, hoop algebras provide a fertile ground for the algebraic
study of many-valued and intuitionistic logics. Their structural resemblance
to MV-algebras, BL-algebras, and other generalizations of Lukasiewicz logic
has drawn substantial interest from researchers in both logic and algebra.

A fundamental aspect of hoop algebras is the study of filters, which cor-
respond to deductively closed sets in logical systems and play a crucial role
in analyzing inference rules such as modus ponens. Over time, various fuzzy
extensions of filters have been developed to accommodate the vagueness and
uncertainty present in real-world applications. Notably, the incorporation of
fuzzy set theory has led to the introduction of several types of fuzzy filters,
including implicative, positive implicative, and fantastic filters [3, 4, 5]. These
concepts were later extended to their n-fold counterparts to capture iterative
logical behavior, as explored by Luo, Xin, and He. Subsequent research, such
as [6, 7], further broadened this framework to include fuzzy fantastic and fuzzy
Boolean filters, offering deeper insights into their mutual relationships.

Among the more recent contributions, Borumand Saeid and Namdar in-
troduced and analyzed fuzzy obstinate filters, fuzzy n-fold obstinate filters,
and fuzzy n-fold implicative filters, establishing important connections with
other filter types such as fuzzy prime and fuzzy positive implicative filters
[8]. Their work also demonstrated that certain quotient structures induced by
these filters form Boolean algebras, enriching the structural understanding of
hoop algebras.

In recent years, the theory of fuzzy logic has increasingly emphasized bipo-
lar fuzzy sets, which allow for the simultaneous representation of degrees of
acceptance and rejection. This dual nature makes them particularly effective
in modeling situations involving ambivalence or conflicting information. Moti-
vated by this perspective, we introduce and study bipolar fuzzy n-fold fantastic
filters on hoop algebras, extending the classical notion of fantastic filters into
a more expressive bipolar and iterative framework.

This paper is organized as follows. In the first part, we define the concept
of bipolar fuzzy n-fold positive implicative filters in hoop algebras and examine
their fundamental properties. Building on this foundation, we introduce bipo-
lar fuzzy n-fold fantastic filters, a new class designed to capture uncertainty by
incorporating both positive and negative membership values. We then explore
the structural properties of these filters and investigate their connections with
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other bipolar fuzzy filters, including bipolar fuzzy n-fold implicative filters and
bipolar fuzzy positive implicative filters.

Our results show that bipolar fuzzy n-fold fantastic filters generalize their
classical analogs and contribute to the ongoing effort to model logical reason-
ing under uncertainty. The proposed theoretical framework holds potential
applications in areas such as logical inference, decision-making systems, and
knowledge representation in bipolar fuzzy environments.

2 Preliminaries

Zhang [16] introduced bipolar fuzzy sets as an extension of traditional fuzzy
sets, wherein each element can simultaneously possess degrees of positive and
negative membership, enabling a more nuanced representation of information
involving dual perspectives.

Definition 1. [16] Let W be a non-empty set. A bipolar fuzzy set (abbreviated
as BFS) Brs on W is defined as

Brs = {(l‘o,QD_(m)a(PJr(m)) | LS W}’

where the mappings T : W — [0,1] and ¢~ : W — [—1,0] denote the positive
and negative membership functions, respectively.

The value o™ (1) quantifies the extent to which the element v satisfies a
given property associated with the BFS Brs, whereas ¢~ (o) represents the
degree to which v satisfies a contrary or counter-property. In particular, if
@t () # 0 and p~(w) = 0, then w is considered to fully support the positive
aspect of the property in question. On the other hand, if ¢ () = 0 and
©~ () #£ 0, then w does not support the primary property but exhibits partial
membership in the associated counter-property.

It may also happen that both functions vanish at a point, i.e., @7 () =
p~ () = 0, indicating that vw does not contribute meaningfully to either the
property or its opposite, suggesting neutrality or lack of information at that
point.

For notational simplicity, we denote the bipolar fuzzy set Brs by the pair
p=(p*,07).

Definition 2. [9] A hoop (or hoop algebra) is an algebraic structure denoted
as (Ha,®,—,1), where (Ha,®,1) forms a commutative monoid, and the fol-
lowing properties hold:

(H1) ha, — ha, =1,
(H2) o, © (ha, — Ba,) = Ba, © (Ba, = ha,),
(H3) o, — (ha, = ha.) = (ha, © ha,) — 2 for all ha,,ha,,ha. € Ha.
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Next, we define a relation <4, on a hoop H 4 as follows:
(Vha, s ha, € Ha) (haz <ty ha, & Na, = ha, = 1) . (1)
It is straightforward to verify that (H_4, <4 ,) forms a partially ordered set.

Proposition 1. [11] Let (H 4, ®, —,1) be a hoop algebra. For any hq, ha,, ha,, ha, €
Ha, the following conditions hold:

1. (Ha,<#,) is a meet-semilattice with ha, A ha, = ha, © (ha, = ha,),

2. ham S?—LA (ham — hay) - hay; ham SHA huy — hamy ham SHA (hay —
Ra,) — Raq,,

3.1 = ha, = ha,, Bay, © hay <34 Nayshays By = ha, = 1,

4. if ha, < hq,, then o, — ha, <31, ha, = ha,, Ba, = ha, <3, o, —
ha, and hq, — hq, =1,

5. ha, = ha, <314 (Ba, = ha,) = (Rq, — hay), ha, = ha, <214 (huy —
haz) — (ham — haz)}

6. ha, = (ha, = ha.) = ha, = (Ra, = ha.)

7. ha, © ha, < ha, if and only if ha, <31, ha, = Na,,

Ay =

8. (ha, = ha,) A (ha, = ha.) <304 (Pa, = ha,).

Definition 3. [10, 15] Let F be a non-empty subset of H.4 such that 1 € F.
Then for any ha,, ha,, ha, € Ha:

1. F is called an n-fold positive implicative filter of Ha, if ha," — (ha, —
ha,) € F and he," — ha, € F, then ha," — hq, € F.

2. F s called an n-fold fantastic filter of Ha, if ha, — ha, € F, then
((ha," = ha,) = ha,) = ha, € F.

If H 4 is a bounded hoop, then a filter is proper if and only if it does not contain
0.

Definition 4. [14] A bipolar fuzzy set ¢ = (Ha, 0T, 07) in a hoop H is
said to be a bipolar fuzzy filter of H 4 if the following conditions are hold for
any e € {©®, —}:

+(hux b huy) > min{ +(ham)7 +(hay)}
(VP ha, € Ha) ( o (e« ') < mil () o (e )} ) IS

(V ha,, ha, € Ha) < ha, < ha, = { Z‘;EZ;; § ZJ‘FEZZ; ) .3



BIPOLAR FUZZY N-FOLD POSITIVE IMPLICATIVE AND FANTASTIC FILTERS
IN HOOP ALGEBRAS WITH APPLICATIONS TO FUZZY LOGICS 81

Theorem 1. [1/] A bipolar fuzzy set o = (p+, ™) is a bipolar fuzzy filter of
Ha if and only if
) (@)

)
)
min{¢* (A, ), o* (ha, — ha,)}
max{p~ (g, ), o~ (g, — o)} ) - 6

Definition 5. [14] A bipolar fuzzy set ¢ = (H, ", 07 ) in a hoop H4 is said
to be a bipolar fuzzy n-fold implicative filter of H 4 if it satisfies (4) and

“((ha," = ha,) = ha,) < ¢ (ha,)
(Vhe. ha, € Ha) ( :Z*((h%“ — ha,) = ha,) > i*(h%) ) ' (6)

+(1) > ha

(e, <) (2141} 2 50
>

<

(Vhia, ey € H.a) ( ifgziy;

3 Bipolar Fuzzy n-fold positive implicative filters

In this section, we introduce the concept of bipolar fuzzy n-fold positive im-
plicative filters within hoop algebras. This notion generalizes classical fuzzy
filter structures by incorporating the bipolar framework and extending them
to the n-fold setting, allowing for a more refined analysis of logical properties
in a fuzzy environment.

Definition 6. A bipolar fuzzy set o = (o7, ¢~) of Ha is called a bipolar fuzzy
n-fold positive implicative filter if

+ +
0" (ha,) < T (1)
(Vha € Ha) ( o (hey) > 9~ (1) @
4 n + n + n
0" (ha," = (hay = Pa)) A @™ (Ra," = Pay) < 0" (Ra," — Fa.)

(Vo oy, o € H*‘)(so‘(ham" = (hay = ha )V o~ (has™ = hia) > @ (hay™ = ha)

(8)

Example 1. Let H4 = {0,1,2,3,4,5,6} be a set equipped with two binary
operations, - and —, whose values are provided in the following tables [1 - 2].

Table 1: Cayley table of the binary operation —

-0 1 2 3 4 5 6
ol1 1 1 1 1 1 1
110 1 2 3 4 5 6
211 1 1 1 1 1 1
3 /0 1 2 1 4 1 1
410 1 2 1 1 1 1
510 1 2 3 4 1 6
6 /0 1 2 6 4 1 1
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Table 2: Cayley table of the binary operation ®

©|l0 1 2 3 4 5 6
0|0 0 0 o0 0 0 O
1]1]0 1 2 3 4 5 6
210 2 0 2 2 2 2
310 3 2 3 4 3 3
410 4 2 4 4 4 4
510 5 2 3 4 5 6
60 6 2 3 4 6 3

Then (Ha,®,—,1) is a hoop algebra. Let ¢ = (Ha,0, ") be a bipolar
fuzzy set in H 4 given by the Table 3:

Table 3: Tabular representation of of ¢ = (H.4,0 ™, ¢™")
Ha 0 1 2 3 4 5 6
¢ (ha) | =0.72 —-0.83 —-0.72 —-0.83 -0.72 —-0.83 —0.83
ot (ha) 0.6 0.8 0.6 0.7 0.65 0.8 0.7

It is straightforward to verify that the bipolar fuzzy set ¢ = (Ha, o™, ¢™")
within the hoop H.4 qualifies as a bipolar fuzzy n-fold positive implicative filter
on Hy.

Proposition 2. Each bipolar fuzzy n-fold positive implicative filter on H 4 is,
in particular, a bipolar fuzzy filter.

Proof. Assume that ¢ = (¢, ™) is a bipolar fuzzy n-fold positive implica-
tive filter on the hoop algebra H 4. By definition, it satisfies the conditions
0T (ha,) < T (1) and ¢~ (hq,) > ¢~ (1) for all h,, € H4. Moreover, we have

e (1" = (ha, = ha,)) AT (1" = ha,) < @7 (1" = hg,)

and
0 (1" = (ha, = ha,)) Vo (1" = hq,) > @~ (1" = ha,).

According to Proposition 1 (3), it follows that
<P+(ham - huy)/\‘P+(haz) < ‘PJr(huy) and @7(haz — hay)\/@i(hum) > @7(hay)-

These inequalities confirm that ¢ = (o1, ™) satisfies the conditions required
for a bipolar fuzzy filter on H 4. O

The converse of Proposition 2 does not necessarily hold, as demonstrated
by the following example.
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Example 2. Let Hy4 = {0,1,2,3,4,5,6} be a set equipped with two binary
operations, - and —, whose values are provided in the following tables [4 - 5].

Table 4: Cayley table of the binary operation —
-0 1 2 3 4 5 6

SO W N~ O
=== R
N = == e
=N NN NN
— = W R =W
e e e
— = U1 O = O
_ o OO = O

Table 5: Cayley table of the binary operation ®
10 1 2 3 4 5 6

DU W= O
OO OO NOO
DU W= O
N NDNDNNDNDND
DU W WD WO
SO W N RO
S UL Ut Ot Ut O
OO DO

Then (Ha,®,—,1) is a hoop algebra. Let ¢ = (Ha,0, 1) be a bipolar
fuzzy set in H 4 given by the Table 6:

Table 6: Tabular representation of of ¢ = (H.4,0 ™, ¢™")
Ha 0 1 2 3 4 5 6
¢ (ha) | =06 —-08 -0.6 —-08 —-08 —-0.7 —0.6
0T (ha) 0.7 0.8 0.7 0.7 0.85 0.7 0.7

It is straightforward to verify that the bipolar fuzzy set ¢ = (Ha, 0™, ¢™")
within the hoop H.a qualifies as a bipolar fuzzy filter of Ha. But it is not an
n-fold positive implicative filter of H 4 since
e (6% = (6 = 2))Apt (6% = 6) = T (0 = 1)ApT(0 = 6) = pT (1)ApT (1) = 0.8
and

et(6° =2) =T (0—=2)=p"(2)=0.7.
Therefore (63 — (6 — 2)) A pT (6% = 6) £ T (6% — 2).
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Definition 7. Let ¢ = (p+,p7) be a bipolar fuzzy set on H.a, where (s,t) €
[—1,0] x [0,1]. The sets U(pT,t) = {ha € Ha: pT(ha) >t} and L(p™,8) =
{ha € Ha: ¢~ (ha) < s} are called the level subsets of .

Theorem 2. A bipolar fuzzy set ¢ = (pT,¢7) is a bipolar fuzzy n-fold pos-
itive implicative filter of H 4 if and only if, for all (t,s) € [-1,0] x [0,1], the
nonempty level subsets U(p™,t) and L(¢~,s) are n-fold positive implicative
filters of H 4.

Proof. Assume that ¢ = (¢ ™, ™) is a bipolar fuzzy n-fold positive implicative
filter of H 4 and that U(p™,t) # 0 and L(p~,s) # 0 for all (t,s) € [-1,0] x
[0,1]. Tt is evident that 1 € U(p™,t) N L(¢ ™, 5).

Let Na,, Ra,, fa.; a,, e, N, € H 4 such that

(ha," = (ha, = ha.), ha," = (ha, = ha,)) € L(¢™,5) X U™, 1),

and
(fa," = ha,, ha," = ha,) € L(p7,85) X U(pT,1).

Then we have
¢ (ha," — (huy — ha.)) <5, ¢ (ha," — hay) <5,

o (ha," = (Ra, = ha,)) =t @ (ha,™ = ha,) > t.

It follows that
0" (ha," = ha,) < max{e™ (ha," = (ha, = Na,)), ¢ (ha," = ha,)} <5,

g0+(hapn — hg,) > min{<p+(hup" = (ha, = ha,)), <p+(hap“ — ha,)} > t.

Hence,
(Ra,™ = Ra_,ha," = ha,) € L(¢™,5) x U(p™, 1),

which proves that £(¢~,s) and U(p™, t) are n-fold positive implicative filters.

Conversely, assume that for every (t,s) € [—1,0] x [0,1], the nonempty
level sets U(p™,t) and L(p~,s) are n-fold positive implicative filters of H 4.
For any ha, € Ha, define ty, = ¢*(ha,) and s, = ¢~ (fiq,). Then clearly
fia, €U(PT,th,, ) N L(p~,8n,, ), and since 1 € H 4, we get

et (1) > th,, =¢ T (ha,), ¢ (1) <sp,. =¢ (ha,)-

Suppose that, for some elements hq,, ha,, Ra.; ha,; Ra,s B, € Ha, the fol-
lowing inequality fails:

0" (ha," = la,) > ¢~ (ha," = (Ba, = ha,)) V¢~ (ha," = ha,),
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or
0 (ha," = ha,) < @T (ha," = (Ra, = ha,)) AT (ha," — ha,)-

z

Let 6 = ¢ (ha," = (i, = ha,)) V¢~ (ha,” — hq,) and t = @t (ha," —

(ha, = fia.)) N oF(ha,” = ha,). Then hq," = (ha, — fa,),fia,” = ha, €

L(¢™,s), and hq," = (ha, — ha,), haz — hq, € U( ,t). But this implies

either fig," — ha, & L(¢™,5) or hq," — ha_ ¢ L{( ,t), a contradiction.
Therefore, for all hq,, hq,, ha, 6 Hoa,

0 (ha," = ha,) < @ (ha," = (ha, = 2)) V¢ (ha,” = ha,),
and
g0+(h(1mn — h(lz) Z <)0+(h’ﬂxn - (hlly - huz)) A g0+(hamn - y)

Hence, ¢ = (¢, ¢ ™) satisfies the conditions for a bipolar fuzzy n-fold positive
implicative filter of H 4. O

Proposition 3. Let ¢ = (o1, p7) be a bipolar fuzzy filter of Ha. The fol-
lowing statements are equivalent for any hq,, ha,, ha, € Ha:

1. ¢ is a bipolar fuzzy n-fold positive implicative filter of H 4.

ot (he, "t = g L)) <9t (he,™ = hq,) and
(‘" (haz "> h y)ZSpi(han%hay)-
3. <P+(h (huy — huz)) < ‘F’Jr((hamn - huy) - (huzn — haz)) and
¢ (ha," = (ha, = ha.)) = ¢~ ((ha," = ha,) = (ha,” = ha.))-

Proof. (1) = (2): Let hq,,ha, € Ha. Since ¢ = (¢T,¢7) is a bipolar fuzzy
n-fold positive implicative filter of H_4, we have

¢t (ha,” = (ha, — fia,)) A ¢t (ha," = ha,) < 9" (ha," — ha, ),

¢ (ha," = (ha, = Ta,)) V@~ (ha," = ha,) > ¢ (ha," = ha,).

Since fig," = (hia, — ha,) = ha,""" — y and he," — ha, = 1, the inequalities
simplify to

e (ha," T = ha,) < 0T (ha," = ha,), @ (ha,"T = hay) > 07 (ha," = ha,).

(2) = (3): From Proposition 1(5), we have hq, = ha, < (ha," — ha,) —
(ha," — hq.), sO

ha," = (ha, = ha,) < ha,™ = ((ha," = Ta,) = (ha,” = ha,)).
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Using associativity and substitution, we have
fia," = (e, = hia,) = (ha," = ha.)) = ha, ™ = ((ha,” = ha,) = ha,).
By the assumption in (2), we iteratively apply
Pt (e, ) <@t (" = Q) @ (e, ) 2 07 (e, = ),
to conclude
¢t (ha,® = ((ha,” = ha,) = a.)) < @7 (" = ((Ra," = Fia,) = Fa.)),

807(5%2“ - ((ﬁumn - hay) = ha.)) > @7(humn - ((humn - huy) = ha.))-
Combining the above, we obtain
©" (ha," — (Pa, = ha.)) < ¢t (ha," = ((ha," — ha,) = ha.)),

907(ﬁamu — (huy - huz)) > 907(humu — ((huzn - huy) - hﬂz))'

Since hq," — ((hq," — Pa,) = Pa,) = (ha," — fa,) — (ha," = ha,), we
obtain (3).
(3) = (1): Assume (3) holds. As ¢ is a bipolar fuzzy filter, we have

o ((ha,™ — ha,) — (ha,™ = ha.)) AT (ha," — ha,) < " (ha," = ha.),
¢ ((ha," = ha,) = (ha," = ha.)) V@ (ha," = ha,) > ¢ (ha," = ha,).
Combining these with the assumption, we get
" (ha," — (ha, = ha.)) A o" (he," — ha,) < " (ha," = ha,),

0" (ha," = (ha, = Da.)) V@~ (ha," = ha,) > ¢ (ha," = ha,),

thus showing that ¢ satisfies the condition for being a bipolar fuzzy n-fold
positive implicative filter of H 4. O

Corollary 1. Let H 4 be a bounded hoop, and let p = (pT, ™) be a bipolar
fuzzy n-fold positive implicative filter of Ha. Then for any hy € H .4,

(")) = et (")) and @ (")) = ™ ((Ra")).

Proposition 4. A bipolar fuzzy set ¢ = (o™, ¢7) is a bipolar fuzzy n-fold
positive implicative filter of H 4 if and only if

+ + n+1
@ (hay) N @™ (ha, — (fia —he,)) <
th 7h0 7huz EH — ” — ’ yn i — n
(Ve e, A)( o () V & (e = (hay™ = Fa.)) > ¢~ (ha,” > ha.)
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Proof. Let ¢ = (¢™, ™) be a bipolar fuzzy n-fold positive implicative filter.
Then ¢ is a bipolar fuzzy filter and satisfies

0 (ha,) A ot (ha, — (ha,™ ™ = ha.)) < @t (ha, "™ = ha.),
and
¢ (ha,) V@~ (ha, = (ha,"" = ha.)) = o7 (ha," " = 2).
By Proposition 3 (2), we have
P o, o ) < 97, = o) (e, 5 Ba) 2 6 (e, > B ).
Hence, we have

‘PJr(haz) A ‘P+ (hax - (hayn+1 — haz)) < ‘P+(h b= huz)’

Ay

and
¢ (o) Vo~ (hum - (huyn+1 - huz)) > ‘Pi(hayn — Rq.).

Conversely, assume that the conditions in (12) hold. Let hq, = hq, = 1.
Then
0T (ha,) AT (ha, = (1" = b)) < (1" = ha,),

and
w (haz) Vo (huz — (1n+1 — hay)) > ‘P_(ln — hay)-

But since 1" — hq, = hq, and e, — (1"*' = ha,) = ha, — Hq,, it follows
that

SDJr(hum) A ‘PJF(ham - huy) < SDJr(hay): ¢ (Ra,) V@~ (ha, — hﬂy) > ‘Pi(huy)v

which shows that ¢ is a bipolar fuzzy filter.
To show that ¢ is a bipolar fuzzy n-fold positive implicative filter, we must
prove

e (ha," ™ = ha,) < 0T (ha," = Ba,), @ (ha," T = hay) > 07 (ha," = Ra,).
By hypothesis, taking ha, =1, ha, = fig," "t and hy. = hq,, we get
et () AT (1= (B, "™ = ha,)) < @7 (ha," = ha,),

and
e (Ve (1= (ha,"™ = ha,)) > ¢ (ha,™ = ha,)

Since 1 — hq, = hq, in a bounded hoop, this yields
¢ (he,"™ = he,) < 9T (ha,” = ha,)s ¢ (e, = he,) > ¢ (ha," = ha,).

Therefore, by Proposition 3, ¢ is a bipolar fuzzy n-fold positive implicative
filter. O
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Proposition 5. 1. If o = (¢T,07) is a bipolar fuzzy n-fold positive im-
plicative filter, then it is also a bipolar fuzzy (n+ 1)-fold positive implica-
tive filter.

2. Moreover, such a filter is necessarily a bipolar fuzzy (n+ €)-fold positive
implicative filter for any integer € > 0.

Proof. (1) Assume that ¢ = (p+, ™) is a bipolar fuzzy n-fold positive im-
plicative filter. According to Proposition 3 (2), the following inequalities hold:

0" (ha,"™ = (hay, = ha,)) < 0T (Ba,” = (ha, = ha,)),
¢ (ha," ™ = (ha, = hay)) = ¢ (ha,” = (ha, = ha,)).
Utilizing the identities

hawn — (hﬂw — hay) = ﬁ%““'l N hay

and

ha, "t = (Ra, = ha,) = ha," " = ha,,
we derive

0" (ha," " = ha,) < T (ha," ™ = ha,),
and

¢ (ha," " = ha,) > ¢ (ha," ™" = ha,).

Consequently, ¢ satisfies the condition for being a bipolar fuzzy (n + 1)-fold
positive implicative filter.

(2) The result directly follows by induction from part (1), as the property
holds for each increment in €. O

Proposition 6. 1. If H 4 is locally finite for some n € N, then each bipolar
fuzzy filter on H 4 qualifies as a bipolar fuzzy n-fold positive implicative
filter.

2. If every element hq in H satisfies ha® = ha, then any bipolar fuzzy
filter ¢ = (p*, ™) on H. is inherently a bipolar fuzzy n-fold positive
implicative filter.

Proof. (1). Suppose m denotes the maximum of ord(z) for elements fiy, in
H 4. For every n > m, we observe that ¢ (ha, "™ = ha,) < 07 (hia,” = ha,)
and o~ (he, "t — ha,) > ¢ (ha," = ha,). Consequently, ¢ = (¢T,¢7)
meets the conditions of a bipolar fuzzy n-fold positive implicative filter.

(2). Given the idempotency condition fig2 = hg for all hig € Hoy, it directly
follows that ¢ (ha, """ = ha,) < ¥ (ha," — ha,) and ¢~ (he, """ = ha,) >
¢ (ha," — ha,). From Proposition 1 (2), we conclude that ¢ is a bipolar
fuzzy n-fold positive implicative filter. O
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Theorem 3. 1. Ewery bipolar fuzzy n-fold implicative filter in H is also a
bipolar fuzzy n-fold positive implicative filter.

2. Let ¢ = (o7, 07) be a bipolar fuzzy n-fold positive implicative filter of
H satisfying

o ((ha," = ha,))" = ha,) < @1 ((ha," = 2)" = ),
and

‘Pi((huzu =y = huy) > @7((huyn = x)" = hq,),
and assume hq, < (hq," — ha,y) — Ry, for all ha,,ha, € Ha. Then, ¢
qualifies as a bipolar fuzzy n-fold implicative filter.

Proof. (1). From Proposition 1 (5), (6), and using algebraic properties of the
implication operator —, one can derive

(ha, "' = ha,)" = (ha,™ = ha,) = (ha," = ha,)" = ha,

Hence, through repeated derivations and inequalities involving fuzzy member-
ship evaluations ¢, ¢ ™, and leveraging the n-fold structure, we infer that

e (ha," " = ha,) < 0T (ha," = Ra,), @ (ha," T = hay) = 07 (ha," = Ra,).

Thus, based on Proposition 3 (2), ¢ must be a bipolar fuzzy n-fold positive
implicative filter.

(2). Assuming @ is a bipolar fuzzy n-fold positive implicative filter and
the additional ordering hqa, < (fiq," = ha,) — ha,, We apply Proposition 1 to
deduce:

(ha," = y)" = ha, < (ha,” — fig, )" — ((he," — fia,) = ha,)-

Then, evaluating via ¢* and ¢, and applying monotonicity and level-set
arguments, we construct the nested inclusions:

¢ ((ha," = ha,)" = ha,) < 0" (@), ¢ ((ha,” = ha,)" = ha,) > ¢ (ha,)-

Hence, the conditions are satisfied for ¢ to be a bipolar fuzzy n-fold implicative
filter. O

4 Bipolar fuzzy n-fold fantastic filters

In this section, we introduce the concept of bipolar fuzzy n-fold fantastic filters
in the context of hoop algebras. We examine essential properties of these
filters and explore their connections with other types of fuzzy n-fold filters,
particularly bipolar fuzzy n-fold positive implicative filters and bipolar fuzzy
n-fold implicative filters. These relationships provide deeper insight into the
structure and hierarchy of fuzzy filters defined on hoop algebras.
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Definition 8. Let ¢ = (o™, ™) be a bipolar fuzzy set on a hoop algebra H 4.
Then ¢ is said to be a bipolar fuzzy n-fold fantastic filter of H 4 if it satisfies
(7) and the following condition:

" (ha.— (hay= ha,))AP™ (R )

Vhay , hay s ha, €Ha) (¥ ~(he
( Y 4) (cp (ha,— (i, = Ta, )V (fia,)

IV IA

(10)

Example 3. Let (H4,®,—,1) be a hoop algebra given in Example 1. Let
w0 = (Ha, o ,0") be a bipolar fuzzy set in H 4 given by the Table 8:

Table 7: Tabular representation of of ¢ = (H.4,0 ™, ™)
Ha 0 1 2 3 4 5 6
¢ (ha) | =0.72 —-0.83 —0.72 —-0.83 —-0.83 —0.83 —0.83
g0+(ﬁu) 0.6 0.8 0.6 0.8 0.8 0.8 0.8

It is straightforward to verify that the bipolar fuzzy set ¢ = (Ha, o ,¢™")
within the hoop H.a qualifies as a bipolar fuzzy n-fold fantastic filter of H 4.

Proposition 7. Every bipolar fuzzy n-fold fantastic filter ¢ = (¢™,¢7) of a
hoop algebra H 4 is a bipolar fuzzy filter.

Proof. Let ¢ = (pT, ™) be a bipolar fuzzy n-fold fantastic filter of H 4. Then,
by definition, we have

ot (he) <@t(1) and ¢ (he) > (1), for all hy € Ha.
By Proposition 1 (3), we know that for all hq,, ha, € Ha,
ha, = Pa, = ha, — (1 = RAq,).

Therefore,

It follows that
ot (ha,) N ot (ha, — ha,) = ot (ha, ) Nt (ha, — (1 — ha,)),

¢ (ha,) Ve~ (o, — hay) =¢ (ha,) Ve~ (ha, = (1 = huy))‘

Since ¢ is a bipolar fuzzy n-fold fantastic filter, it satisfies

0" (hay) AT (ha, = (1= ha,)) < @ ((ha,™ = 1) = 1) = ha, ),

ot (((Ra,™ = Py, )—Na, )—ha,)
0 ((ha," — hay)ﬁhay)%ham)

)
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¢ (ha,) Vo (Ao, = (1 = ha,)) = ¢ (((ha," = 1) = 1) = ha,) -
By Proposition 1 (3) again, we have

(((hayn - 1) - ]‘) - hay) = hu

Hence,
(P+(haz) A ¢+(hax — hay) < <P+(hay)7
and
¢ (ha,) Ve~ (ha, = ha,) = ¢ (ha,).
Therefore, ¢ = (p*, ™) satisfies the condition of a bipolar fuzzy filter. O

The converse of Proposition 7 may not be true as shown in the following
example.

Example 4. Let (Ha4,®,—,1) be a hoop algebra given in Example 1. Let
= (Ha, 0, 0") be a bipolar fuzzy set in H 4 given by the Table 8:

Table 8: Tabular representation of of ¢ = (H.4,0 ™, ™)
Ha 0 1 2 3 4 5 6
¢ (ha) | =072 —-0.83 —-0.72 —-0.83 —-0.72 —-0.83 —0.83
ot (ha) | 0.1 0.2 0.1 0.1 0.1 0.1 0.1

It is straightforward to verify that the bipolar fuzzy set o = (Ha,0 ,¢™")
within the hoop H.4 qualifies as a bipolar fuzzy filter of H 4. But it is not an
n-fold fantastic filter of H4 since

P (1= (4= 6)ApT (1) =0T (1 = DApT (1) = T (AT (1) = ¢ (1) = 0.2

wnd e ((6° = 4) = 4) = 6) =T (3—4) = 4) = 6)
=" ((4—4) —6)
=" (1—6)
=" (6)
=0.1.

Therefore o (1 — (4 — 6)) 1) £ T (((6% — 4) — 4) — 6).

Theorem 4. A bipolar fuzzy set o = (¢, 97) is a bipolar fuzzy n-fold fan-
tastic filter if and only if it satisfies the following condition:

Ft(ha, = ha,)) < @ (((ha," = ha,) = ha,) = ha,)
(vhamahay € HA) < i_(hay N hax» Z :i_(((hawn N ha,y) N hay> N hul) > .
(11)
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Proof. 1If ¢ = (¢, ™) is a bipolar fuzzy n-fold fantastic filter and h,, = 1,
then

ot (((ha," — ha,) = Ra,) = Ra,) 1= (Ba, = Ra,)) A et(1)

e (
" (1 = (ha, = ha,)),

v
+

and

0 (((ha," = ha,) = ha,) = ha,)

I IA
\

Hence, we obtain

" (ha, = ha,) < " (((Ra," = ha,) = ha,) = Ra,),

Ay
¢~ (hay = ha,) > ¢~ (((ha,"” = Pa,) = Pa,) = Ba, ).
Conversely, if ¢ = (¢1, ™) is a bipolar fuzzy filter, then ¢t (hy,) < o™ (1),

x

¢ (ha,) = ¢~ (1), @+(haz) A ‘P+(haz - (hay = hq,)) < ‘P+(huy — hq,) and
o (Ag,) Vo (he, — (hay — Ha,)) > ga’(huy — Hg,). By assumption, we
obtain

" (la,) A o™ (ha, = (ha, = Na,)) < @7 (((ha," = y) = y) = ha,),

ay

¢ (ha.) V¢~ (ha, = (ha, = ha,)) > 0 (((ha," — ha,) = ha,) = ha,)-
Therefore, ¢ = (p*, ™) is a bipolar fuzzy n-fold fantastic filter. O

Proposition 8. Let ¢ = (p+,07) be a bipolar fuzzy filter of Ha. Then
w0 = (pT,¢7) is a bipolar fuzzy n-fold fantastic filter if and only if

" (ha, = ha,) = 0+ ((ha,” = ha,) = ha,) — ha,) >

Vha,, ha, € H _ Y @ _ . y y @ )
(Vha, , fia, A)<<p (hay = fia,) = ¢~ ((ha,™ = ha,) = ha,) = lia,)

(12)

as = Na,) = ha, and by Proposition 1
ﬁuy — Rq,. Then

Yy

Proof. By Proposition 1 (2), he, < (h
4), (((ha," = ha,) = ha,) = ha,) <

0" (((ha,™ = ha,) = ha,) = ha,) < @" (ha, = ha,)

and
© (R, — hay) — hay) — R, ) > go_(hay — Rq,)-

Therefore, by Theorem 4, ¢ (hq, — ha,) = ¢ (((ha," = ha,) = ha,) = )
and ¢~ (ha, = ha,) = ¢~ (((ha,” = ha,) = la,) = ha,). O
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Theorem 5. Let ¢ = (¢, ¢7) be a bipolar fuzzy prefilter of Ha. Then
v = (¢T,¢7) is a bipolar fuzzy n-fold positive implicative prefilter if and only
if its nonempty level sets U(p+,t) and L(p™,s) are n-fold positive implicative
prefilter of Ha for all (t,5) € [-1,0] x [0,1].

Proof. Similar to the proof of Theorem 2. O

Proposition 9. Every fuzzy n-fold fantastic filter ¢ = (p%,¢07) of Ha is a
bipolar fuzzy (n+ 1)-fold fantastic filter.

Proof. By Proposition 1 (3),(4), (( 0 = ha,) = ha,) = ha, < ((ha," b
ha,) = ha,) = . So @1 (((ha a)—>hy)—>h) (((h% —
ha,) = ha,) — ha,) and w‘(((ﬁa — ha,) = ha,) = Ba,) > 07 (((he,"*! —
Ra, (

) = fa,) = fia,). Therefore, p = (pT,¢7) is a blpolar fuzzy n + 1)-fold
fantastic filter. O

Proposition 10. 1. If H 4 is a chain, then every bipolar fuzzy filter of H 4
s a bipolar fuzzy n-fold fantastic filter.

2. If o = (o™, p7) is a bipolar fuzzy n-fold fantastic filter of bounded hoop
H, then o+ (((ha,")") = ha,) = ¢7 (1) and ¢~ (((ha,")") = @) = ¢~ (1).

3. If every element of bounded hoop H 4 is dense, then any bipolar fuzzy
n-fold fantastic filter of H 4 is constant.

||¢

Proof. (1). Let huw < hq,. Then by Proposition 1 (3), ot (((ha," = ha,)
ha,) = ha,) = ¢ (ha, 5 ha,) and o~ (((ha,” = ha,) — huy) — Hhq,)

0~ (ha, = ha,)- Therefore by Theorem 5, ¢ = (¢T,¢~) is a bipolar fuzzy
n—fold Fantastic filter.

(2). Let hq, = 0. Then ¢ (((ha," = ha,) = ha,) = ha,) = ¢T (ha, —
ha,) and ¢~ (((ha," = ha,) = ha,) = ha,) = ¢~ (ha, = ha,).

(3). Let 0 # 2 € H be dense. Then by (2),
(er((((h%n)/) —0) = hq,) = <P+(1 = Na,) = 4p+(ham) = 90+(0 — ha,) = <,0+(1),

¢ ((((ha,™)") = 0) = ha,) = ¢~ (1L = ha,) = ¢ (ha,) = ¢~ (0= hig,) = ¢ (1).
Therefore, o (hq,) = ¢ (1) and ¢~ (hq,) = ¢~ (1). O
Proposition 11. Let ¢ = (p*,07) be a bipolar fuzzy n-fold fantastic filter

of Ha. Then G = {hqa € Ha | o7 (ha) = o+ (1),07 (ha) = @ (1)} is an n-fold
fantastic filter.
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Proof. Since 1 € H_4, <p+ 1) = ¢t(1
ha, — hq, € G. Then ¢ (ha, — hg,)
By Theorem 4, ¢*(1) = ¢T(hq, —

) ¥

[
~(

)and ¢ (1) = ¢ (1), s0 1 € G. Let
= ¢*(1) and ¢” (ha, = ha,) = ¢ (1).

a )S +(((ﬁ — ha,) = ha,) = ha,)
and ¢~ (1) = ¢~ (ha, — h ((ha,™ = ha, ) — hq ) — hg,). Hence,
e (((ha," — h a,) = fa,) = ha,) = ¢ (1) aﬂd ¢ (((ha," = fa,) = Ta,) —
ha,) = ¢~ (1). Thus, ((ha — ha,) = ha,) = ha, € G. Therefore, G is an
n-fold fantastic filter. O

Lemma 1. Let ¢ = (o™, 07) be a bipolar fuzzy filter of a bounded hoop H 4.

Then for any ha,, ha,, ha, € Ha, the following conditions are equivalent:
1. o= (pT,97) is a bipolar fuzzy n-fold implicative filter of H 4,

e (((ha.") © ha,) = ha,) N ¢*(ha, = ha.) < ¢7(ha, — ha,) and
“(((ha.") @ ha,) = o)V @~ (Ba, — Ba) = @ (Ba, — ha),
(((h
)

)
ayn) ha,) = ha )7 ot (ha, — hay) and (P_(((hayny@haz) -
ay) = @ (ha, = hq,).
(3

Proof. (1) = (3): By Proposition 1 (2), ha, < ha, — haq,, then g, " < (ha, —
fia,)". By Proposition 1 (4), (fa, — ha,)" = 0 < hg," = 0 = (a,")". So,
(ha,") = ha, < (ha, = hq,") = ha,. Thus, ha, = ((ha,") = ha,) < ha, =
(((ha, = )") = y). So, (¥") © ha, = ha, < (((ha, = Y)") © ha,) = ha,-
Hence, ¢ ((ha,")" © ha, = ha,) < ¢ (((ha, = ha,)") © 2 = hq,).

Let 11 = " (ia,") © oy = fa,), 12 = ¢ ((hay") ® o, > hi ). pi

0" ({1, ) S o, =T, ), p2 = (o, — i, )1 . T, ).
Then (ha,")’ ® fa, — h € UleT,m) N L(g~,n2) and ((ha, — y)“)/
ha. — hq GZ/{(go pl)ﬂﬁ(go ,p2). Since m1 < p1 and 12 > pa, U(p™, p1)
M(gp 171) and L(p~,m2) 2 L(¢p~, p2). Hence, ((h% — ha,)") © R, —> hay
U(gp+7n1) N L(p~,n2) and ((he, — hay) ) = (ha, — hay) € Ulpt,m) N
L(¢™,m2). Since ¢ = (pT, ¢ ) is a bipolar fuzzy n-fold implicative filter,
then U(¢™,m1) and L(¢~,72) are n-fold implicative filters, thus hq, — ha, €
U™, m) N L(p™,m2) and o™ ((y")' © ha, = ha,) =M < ¢ (ha, = ha,) and
0 ((ha,") © ha, = ha,) =12 2 ¢~ (ha, — ha,

(
(
(

‘6‘6

3. ot ((

:1‘

Yy

mlﬁ@VII

(3) = (2): By Proposition 1 (8), (((hs,")’ ® hul) —> ha,) A (Ba, = hq,) <
(™)) © Bo) = Fo.. S0, 0" (B} © Bar) = hay)'A (y = ) <
o (((he.™)) B ) = o) i o= ((he. ™) @ B, ) — BV (g — o)) >
P (U(Ra.™)) © F) = ho). By hypothesis, o ((((h. ) © ) > o) A
(ha, — h ) < ¢ (ha, = ha,) and @ ((((ha,") © ha,) = ha,) V (ha, —
ha.)) = ¢ (ham - haz)

(2) = (3): Let huz = hq, in part (2). Then ¢t (((ha,")’ ® ha,) = fa,) A
¢t (ha, = ha,) < ¢" (ha, = hau) and ¢~ (((ha,")" © ha ) — uy) Ve~ (ha, =
Ra,) > ¢~ (hq, — h ,)- By Proposition 1 (3 ), T (((hq ) ha,) = ha,) <
o (ha, — hay) and 90 (((hayn)/ ® ha,) = y) = ¢~ (ha, _> )
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(3) = (1): By Pr0p081t10n 1 (3), (ha,™) ® ((ha,™) = ha,)) = ha, = 1.
Then ¢*(((ha,")" ® ((ha,")" = ha,)) = ha,) = ¢*(1) and ¢~ (((ha,")" ©
((ha,")" — ﬁuz)) — ha,) = ¢~ (1). By part (

e (1) =" (((ha,") O ((ha,")" = ha,)) = ha,) < " ((ha,")" = ha,) = ha,),

e~ (1) =9 ((ha,") © ((ha,") = ha,)) = ha,) = ¢ ((ha,")" = ha,) — ).

Hence, ¢*(((ha,")" = ha,) = ha.) = ¢"(1) and ¢~ (((ha,")" = ha,) —
ha,) = @ (1). Therefore, p = (o™, ) is a bipolar fuzzy n-fold implicative
filter of HA O

Theorem 6. If ¢ = (p+, ™) is a bipolar fuzzy n-fold implicative filter of a
bounded hoop H., then @ = (T, 07) is a bipolar fuzzy n-fold fantastic filter.

Proof. By Proposition 1 (4), (hq,")" < ha," — ha,. Hence, (ha," = ha,) —
fia, < (ha,") = ha, and ((ha," ~> ha,) — h%) ((ha ") = ha,) = 1. Then
(") © ((Pa," = ha,) = ha,)) = ha, = 1. So ¢ (((haz")’ © ((ha," —
ha,) = ha,)) = ha,) = ¢7(1) and ¢~ (((ha,")" © ((hu — ha,) = ha,)) —
ha,) = ¢~ (1).

Since ¢ = (™, ™) is a bipolar fuzzy n-fold implicative filter, by Lemma
1(2),

o (e, (e, 0, ) 3110, )iy NP ™ Ty =Py ) < 97 (i, "y ), )31, ),

© (((hay,") O((hay n_muy )= hay ) =hay, )V (hay,—ia,) > 0~ (((ha, “_>hay )—hay )—lia,, )

Then ¢t (ha, — ha,) < 7 ((ha,” = ha,) = ha,) — ) and ¢~ (hq, —
ha,) > ¢~ (((ha," = ha,) = ha,) = ha,).
By Theorem 4, ¢ = (o™, ™) is a bipolar fuzzy n-fold fantastic filter. [

Theorem 7. Let o = (¢T,¢7) be a bipolar fuzzy n-fold fantastic filter of H.a
such that h? = hy for all ha € Ha. Then ¢ = (o7, p7) is a bipolar fuzzy
n-fold implicative filter.

Proof. Let ¢ = (o, ™) be a bipolar fuzzy n-fold fantastic filter. Then

¢ ((ha, = ha,) = ha,) < @ (((ha," = (ha, = Tia,)) = (ha, = fia,)) = hia,)

and

¢ ((ha, = ha,) = Do) 2 ¢~ (((ha,” = (ha, = ha,)) = (ha, = fa,)) = Ra,).
Also,

((hap™ = (hay = hay)) = (hay = hay)) = ha, = ((h%n+1 — ha,) = (& = ha,)) = P,
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Since hy = hq,, by Proposition 1 (3),

((R2, = ha,) = (ha, = ha,)) = ha, =1 — Rq, = Rq

Hence,
¢ ((ha," = ha,) = ha,) = ¢" ((ha, = ha,) = ha,) < ¢* (ha,)
and
¢ ((ha," = ha,) = ha,) = ¢ ((ha, = ha,) = ha,) 2 ¢ (ha,)-
Therefore, » = (p*, ™) is a bipolar fuzzy n-fold implicative filter. O

Proposition 12. If ¢ = (o™, ™) is a bipolar fuzzy n-fold fantastic filter and
YO (ha,""" = ha,) < ha, and ha," © (((ha,™ = ha,) = ha,) = ha,) < ha,
for all ha,,ha, € Ha, then ¢ = (pT,97) is a bipolar fuzzy n-fold positive
implicative filter.

Proof. By hypothesis and Proposition 1 (7), hq, "™ — ha, < hq, — Rq,, then
0" (he,""™ = ha,) < 9T (ha, = Pa,) < 0F (((ha,” = Pia,) = ha,) = ha,),

o (ha, "t — ha,) = ¢~ (ha, = ha,) > ¢~ (((ha," = ha,) = ha,) = ha,).
By Proposition 1 (7), ((ha," = ha,) = ha,) = ha, < ha," — ha,. Hence,

ot (((ha," = ha,) = Ra,) = ha,) < " (ha," = y)

and
0" (((ha,™ = ha,) = ha,) = ha,) > ¢ (ha," = ha,).

Therefore, by Proposition 3 (2), ¢ = (¢™, ¢ ™) is a bipolar fuzzy n-fold positive
implicative filter. O

5 Conclusion and Future Work

In this study, we introduced the notion of bipolar fuzzy n-fold fantastic fil-
ters in hoop algebras, extending classical filter theory into a more expressive
bipolar-valued setting. We provided formal definitions, established several
characterizations, and examined the relationships between bipolar fuzzy n-fold
fantastic filters and other known filter types. The results obtained underscore
the robustness and generality of the proposed framework, demonstrating that
classical fantastic filters emerge as special cases.
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By incorporating bipolar fuzzy logic into the algebraic treatment of un-
certainty, this work contributes to both the theoretical advancement of hoop
algebras and their applicability in systems that accommodate both positive
and negative information. The developed theory presents a more flexible al-
gebraic tool for addressing dual-valued logical frameworks and complex fuzzy
environments.

Several directions for future research are worth pursuing. First, extending
the concept of bipolar fuzzy n-fold fantastic filters to other algebraic struc-
turessuch as BL-algebras, residuated lattices, and pseudo-hoop algebrasmay
yield fruitful generalizations. Second, exploring potential applications in ap-
proximate reasoning, bipolar decision-making models, and
knowledge-based systems could further demonstrate the practical relevance
of these filters. Lastly, the computational aspects, including the algorithmic
detection and implementation of such filters in fuzzy control systems or logic
programming environments, remain promising areas for further investigation.
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