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Abstract

In this paper it is introduced a new generalized pseudo-operation
with one parameter of the following form: = @. y = h™*(h(x) + ch(y)),
where h is an n vector-valued continuous function, defined on a subset
H of R™ and possessing an inverse function h™', ¢ is an arbitrary but
fixed positive real number. Five kinds of cones are introduced, which are
used to establish the constraint qualifications. The generalized Karush-
Kuhn-Tucker necessary optimality conditions are developed for a class
of generalized (h, ¢).-differentiable single-objective programming prob-
lems and then for multiobjective programming problems, by using this
generalized pseudo-operations, an extension of Avriel-Ben-Tal algebraic
operations.The results obtained in this paper generalize and extend pre-
vious results obtained in this field. At the same time, in the final chapter,
a crypto- graphic application using Ben-Tal type operators is presented.

INTRODUCTION

In mathematical programming involving differentiable functions, the Kuhn-
Tucker conditions provide necessary conditions for an optimum, given certain
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qualifications on the constraints. A problem that continues to evoke very
substantial interest is that of finding sufficient conditions for an optimum.

Many authors studied optimality conditions for vector optimization prob-
lems involving constraints are defined by single-valued mappings and ob-
tained optimality conditions in terms of Lagrange-Kuhn-Tucker multipliers
[3,4,8,11,12,18-23]. Some pseudo algebraic operations with applications can
be found in [11].

Optimality conditions for various optimization problems are ever more,
in particular, optimality sufficient conditions for a class (h, y)-differentiable
optimization problems [1,11, 26,27,28].

In [23-25], there have also been obtained significant contributions in the
field of optimization problems, particularly regarding necessary and sufficient
optimality conditions for various types of multiobjective programs involving
locally Lipschitz functions, generalized invex functions, and generalized convex
functions.

Preda has a important contribution in optimization problems, obtaining
numerous results regarding necessary optimality conditions, sufficient optimal-
ity conditions and duality relations in different types of multitiobjective pro-
grams. In [12-14], Preda introduced some classes of Vunivex type-I functions,
called ( p, p’ 7)-V-univex type-I, ( p, p’ )-quasi V-univex type-I, ( p, p’ )pseudo
V-univex type-I, ( p, p’ )-quasi pseudo V-univex type-I, and ( p, p’ )-pseudo
quasi V-univex type-I. In [15] Preda introduced the class of locally Lipschitz
(B, p, d ) -preinvex functions and extended many results of B-vexity type
stated in literature. Preda introduced ( F,p )-convex function as extension
of F-convex function and p-convex function[16,17]. The sufficient optimality
conditions and duality results are obtained for nonlinear programming, gen-
eralized fractional programming, multi-objective programming and minmax
programming problems, which involve these functions.

In [7], by using (h, ¢) - generalized directional derivative and (h, ¢) - gen-
eralized gradient, the authors directly derive the Karush-Kuhn-Tucker condi-
tions by applying a corollary of Farkas’s lemma under the MangasarianFro-
movitz constraint qualification and show the boundedness of Lagrange multi-
pliers.

The results obtained by E. Pap in the domain of pseudo-analysis, and espe-
cially in solving of nonlinear equations (ODE, PDE, difference equations, etc.)
using the pseudo linear principle[10], boosted us in the study of optimality nec-
essary conditions for optimization problems based on pseudo-Avriel-Ben-Tal
algebraic operations, case in which it is introduced a new generalized pseudo-
operation with one parameter of the following form: z.®y = h=1(eh(z)+h(y)),
where h is an n vector-valued continuous function, defined on a subset H of
R, and possessing an inverse function h~!,e is a arbitrary but fixed pos-
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itive real number and where there are obtained some Karush-Kuhn-Tucker
optimality necessary conditions for a class of generalized . (h, ¢)-differentiable
single-objective programming problems [6].

The main aim of this paper is to study some optimality necessary con-
ditions for optimization problems based on pseudo-Avriel-Ben-Tal algebraic
operations. It is introduced a new generalized pseudo-operation with one pa-
rameter of the following form: x @,y = h=(h(z) + eh(y)), where h is an n
vector-valued continuous function, defined on a subset H of R,, and possessing
an inverse function h~!, ¢ is an arbitrary but fixed positive real number. It is
given the notion of (h, ) -differentiability of a function and the relation be-
tween (h, ¢).-generalized gradient and classic gradient . In order to establish
the constraints qualifications, five kinds of cones are introduced. The general-
ized Karush-Kuhn-Tucker
optimality necessary conditions are derived for a class of generalized (h, p).-
differentiable single and multi-objective programming problems by using these
generalized pseudo-operations, an extension of Avriel-Ben-Tal algebraic oper-
ations. The results obtained in this paper generalize and extend the previously
known results in this area [2,5,28].

Using Ben-Tal type operators and the structure of RANROT-type algo-
rithms, it is developed a pseudo-random number generator with significant
cryptographic properties that passed many of the NIST tests.

The paper is organized as follows. Section 1 contains preliminaries and
related results that will be used to obtain the main results of the paper. In
Section 2 it is introduced a new pseudo-operator on R, and it is defined
the concept of differentiable function, relative to the introduced operators.
Constraint qualifications for single-objective problem are obtained in Section
3. KuhnTucker necessary conditions for (h, ¢).-differentiable single-objective
programming optimization problems are derived in Section 4. Section 5 is
dedicated to Kuhn-Tucker necessary conditions for (h, ¢).-differentiable multi-
objective programming optimization problems. Section 6 presents a pseudo-
random number generator that uses Ben-Tal’s operators, along with the results
of the tests performed on this generator.

1. PRELIMINARIES

Throughout the paper, R denotes the set of real numbers and Ry denotes the
collection of k-dimensional real vectors, and it is written
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R,j,:{(:vl,xg,...,xk)T|xi207 ’L':LQ,...,]{:};
Rz—o = {(xl,xz,...,xk)T |z >0, i= 1,2,...,]@}7 there exists a least an ;o >O};

RiT = {(a:l,xg,...,xk)T\xiEO, i:1,2,...,k};

Ben-Tal [5] introduced certain generalized operations of addition and mul-
tiplication:

1. Let h be an n vector-valued continuous function, defined on a subset H

of R,, and possessing an inverse function h™*. Define the h-vector addition

of t € Hand y € H as

x®y=h""(h(z)+h(y),

and the h-scalar multiplication of x € Hand A € R as

A®@y=h"t(\h(2)).

2. Let ¢ be a real-valued continuous functions, defined on ® C R and
possessing an inverse functions ¢~ 1'.Then the @-addition of two numbers,
a € ®and f € @, is given by af+]3 = ¢~ (¢(a) + ¢(8)),
and the @-scalar multiplication of & € ® and A € R by
Alla = o (Ap(@)).

3. The (h, p)-inner product of vectors z,y € H is defined as
(@Ty), , = ¢~ (h(@)"h(y)).
Denote

lz a; = aq[+Has[+] .. [Ham, o €®, i=1,2,...,m;
i=1
a[=]p = a[+]((=1[18).
By Ben-Tal generalized algebraic operation, it is easy to obtain the follow-
ing conclusions:

[Z] a; =g (Z o (ai)) (1.1)
i=1 i=1
p(Al]e) = Ap(a)
h(A® x) = Mh(x) (1.2)
Lemma 1.1 [28] Suppose ¢ : R — R is a continuous one-to-one strictly
monotone and onto function, and «, 8 € ®. Then
a < B if and only if a[—]8 < 0,, where 0, = ¢~ 1(0).
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2. A GENERALIZED PSEUDO-OPERATION. SOME
LEMAS

It is introduced a new pseudo-operation of addition.
Let € be arbitrary but fixed positive real number. Let i be an n vector-valued
continuous function, defined on a subset H of R, and possessing an inverse
function h=!. Define the left ¢ -h-vector addition of + € H and y € H as
v @y = h~'(h(z) +eh(y))

Denote @;lei =2'@. 22 @, ... B 2™, 2*eH, i=12,...,m.
It is easy to Zoétain the following conclusion:

@xi =ht (h(xl) + EZ h(xl)> (2.1)

Lemma 2.1 The following statements hold:
Hhmoste. 2er?e. ... 6. 22@a™=h" (30 Nk (2)),
e H e Rfori=1,2,....,m
(i) \ Qe p@r=AN+ep)®z, Ap€eR, z€H,
particularly, r . A®@ x = (1 + ) ® z,
(iii) z @ A ® d = h= Y (h(x) + eAh(d)),
(iv) o il les = 71 (07 i (), i € Ry € @, for i =1,2,...,m,
MA@ pezr)=M)@z,\\ueR, z€H,
(Vi) A® (2 ®:y) = (A® ) & (A®Y)
Proof. It is only proved (i). One can similarly obtain (ii) - (vii).
Proof of (i)
MRt e 2%, ... 0 ™=
=h7t Mk () @ A1 (220 (22)) @ ... @ AL (2R (2™)) =
— 1t (ah (1) £ Aok (22) 4 o E Amh (@) = hoT (S Ak (7).
The relation relation between (h,y).-generalized directional derivative and
Clarke directional derivative can be given by the following theorem.
Theorem 2.1 Let f be a real valued function, p(t) be strictly increasing and

continuous on R, and let f(t) = ¢ (f (h71(2))).
Then f(z:d) = ¢~ (ef%(h(x), h(d))).
Proof: Note that
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72 (ezd) = iy sup [ ( (g @2 o @ d) [ (5)
p\O ’

= lim supi[-]go_l (@h_l(h(y) +eph(d)) — ¢ f(y))

yﬁ[L’
nf0

= lim sup (whl(h(y) +eph(d) — of (y)>
0o I

lim su
= L sup
#\O

o ( F(h(y) + ch(d) — F(h(y)) )

<f<h<y> + euh(d)) — f<h<y>>>
7

Z}l_r}}c sup .
p\O ’

2 GRUGNITH)P

Therefore, it can be given a similar theorem as Theorem 2.1 about the
relation between the generalized gradients.

Theorem 2.2 Let f be a real valued function, ¢(t) be strictly increasing
and continuous on R, and let f(t) = ¢ (f (h=1(t))). Then

02 f(x) = h™ (e0f (h(x))) 2 {h™1(€)/€ € O () i=ne } -

Proof:It can be proved only that 87 f(z) C h~*(edf (h(z))) since 97 f(z) D
h=Y(edf (h(z))) can be proved in the similar way. Let £* € & f(x), then
fi(x;d) > (f*Td)(hW)E ,Vd € R™.

According to Theorem 2.1, it follows that

ot (ef0 (@), b)) = 7 (R (€T h(@)) Vd € R”
or
efO(h(@), n(d) = (h ()" h(d)) ,vd € R
Taking y = h(d) and noting that h is one to one mapping, it can be concluded
that £/ (h(2),y) > (h (6" y) ,vd € R".

The last inequality shows that h(£*) € €df(h(z)) or & € h=Y(edf(h(x)))
which complets the proof.

It is introduced the following concept, which plays an important role in
this article.

Definition 2.1 Let f be a real-valued function defined on R,,, denote
f(t) = ¢ (f (h™1(¢))). For simplicity, write f(t) = @fh~1(t). The function
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f is said to be (h, p).-differentiable at x, if f(t) is differentiable at t = h(z).
Denote Vi f(z) = h~! (5vf(t)t=h(w)>~

In addition, f is differentiable on R,,, if and only if it is (h, ¢).-differentiable
at x, where h(t) = t.
Lemma 2.2 The following assertions hold.
(i) Suppose f is (h, ¢).-differentiable at x°, k € R. Then

Vi(k[f (2°) =k @ Vif (2°)
(ii) Let f; for i = 1,2,...,p be (h, ¢).— differentiable at x°. Then

i=1

vz <li] fi (x0)> = §®(€ ®V:ifi (1,0) ©.Vifa (IO) De ... 0. v:fp (xo)) '

(iii) Assume f is (h, p).— differentiable at x°, ¢(z) = f(2)[-]f (2°).Then
Vere (a%) = Vif (29).

(i) VE (K[ (2°) = VE(e ! (k- of (2°))) =
! (EVsosfl(k ~pf)h™! (to)ltozh(IO)) =

A=t eVk- f(t =h~'( ekVf(t :

(eveF), ) = (4950, , )
(ii). Let g(z) = [X7_,] fi(2).
Then pg(z) = pp~" (37 ¢fi(z)) = X7_; ¢fi(@).

Writing x = h~1(t), it is obtained @gh™(t) = >0, o fih 1 (t).
By hypotheses, it is concluded that ¢ f;h~! for i = 1,2, ..., p are differentiable
atto=h (350)7 hence
Vipgh™ (to) = Y_7_, Ve fih ™" (to). Thus, V§ (to) = >_7_, Vfi (to). R
Multiplying the relation with e it is obtained: eVg(to) = Y7 eV f; (to)-
Therefore

B! (V3 (t0) = Yo hh™" (Vi (o)) = h(Ve"g (20) = D0 h (Ve fi (o).

Thus, Vg (zo) = h™t (4 R (VEfi (x0))), which, together with 3.1 leads to:

Verg (o) =L @ (e @ Vifi (2°) @ Vo f (2?) ®e ... ©: VIS (2P)).

By Lemma 2.2 (i) and (ii), it is easy to obtain the following theorem, which

characterizes the generalized linearity of (h, ¢).-differentiable operations.
Theorem 2.3 Suppose f; for i« = 1,2,...,p are (h, p)c-differentiable at

z,\ € R, and g(x) = [>F_,] \i[-]fi(x).Then
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Verg(@) =1 @ (eM @ Vo f1(2) Be A2 @ VEfo(@) Be ... D Ay @ VE fio(2)).
Proof:

Since g(z) = [>.7_,] Mi[]fi(x), applying Lema 2.2. (ii) it is obtained:

Ve'g(x) = é ® (e @ V" (M[]fi(®) ®e V™ (N2[]f2(2)) Be ... @ V" (Ml fo(2))) -
And from Lema 2.2 (i) it is obtained:

Veg(a) = é ® (e ® (M @ Vf1(2)) e (A2 ® VL f2(2)) Be ... e (Ap @ VEfp(2))) =

1

= - @ EMOVIfi(2) B X2 ® Vifa(z) Be .. @ Xp @ Vo fi(2)) -

In the rest of the paper, it is further assumed that h : R, — R,, there are
continuous one-to-one and onto function. Similarly, suppose ¢ : R — R is a
continuous one-to-one strictly monotone and onto function.

In the next section, we consider the constraint qualifications for single-
objective programming problems with both inequality and equality constraints.

3. CONSTRAINT QUALIFICATIONS

Consider the following program:
(HFP) min f(z)
s.t. gi(x) <0, fori =1,2,...,m,
hj(x) =0, for j =1,2,...,1,

where 0, = p~1(0).
Throughout the remainder of this article let

X={zreR,|gi(x) <0, fori=1,2,...,m hj(x)=0,for j=1,2,...,0}
denote the feasible region of problem (HFP), and let

I(z) = {i] g:(@) = 0,, i=12,...,m}

denote the set of generalized binding constraints, where T € X.
Definition 3.1 Let g; for i =1,2,...,m and h; for j =1,2,...,0 be (h, ¢).-
differentiable on R,,Z € X. The (h, ). - cone of local constraint directions
of X at 7 is defined by Z}_(X,7) = {d € Ry | (d7V2gi(7)), , <0 for
i € I(z) and (dTVE*hi(E))hw <0, for j=1,2,...,1}.

h.
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Each nonzero vector d € Z}W(X7 Z) is called an (h,p). - local constraint
direction.
Similarly to the definition of the cone of feasible direction of S at z° ([3]), is
introduced the following concept.
Definition 3.2 Let S be a nonempty set in R, and 2° € clS. The (h, ¢). -
cone of feasible directions of S ar 2°, denoted by Dp, o, (S7 mo), is given by

Dp (S,2°) ={d|2°@- A®@d € S for all X € (0,) for some § > 0} .

Every nonzero vector d € Dy, (S,2°) is said to be an ((h, ¢).-feasible
direction.
Remark 3.1 Each feasible direction of S at z¢ is an (h, ¢).-feasible direction
of S at xg, where h(z) = x,2 € R. However, the converse is not true, as is
shown in the following.

Example 3.1 Let S = {(xl,xg)T | 2o > —a3, 21,290 € R} ;2% = (0,0)T,

h ((.Il,xg)T> = (l‘l, \3/1‘72)T, d= (1, —l)T.
Then, h(S) = {(xl,xQ)T | 22 > —a1, 21,22 € R} b (2°) = (0,0)7, h(d) = d.

We can verify d = (1,—1)7 is an (h, ¢). - feasible direction of S as zg, but it
is not a feasible direction of S as z°.

The relationship between the two cones defined above is characterized in
the form of the following lemma:

Lemma 3.1 Let g; for i =1,2,...,m and h; for j =1,2,...,1 be (h, p).-
differentiable on R,, and T € X. Then
Dho(X,7) C Z (X, 7).
Proof: It is supposed that ¢ is strictly monotone decreasing on R. By this
assumption the generality is not lost.

Let d € Dy, . (X, Z). It is necessary to show d € Z(lhﬁwﬁ (X, ).

Assume to the contrary that d ¢ Z(lhme(X, z).
From the definition of Z(lh’ o) (X, z) one deduces that at least one of the two
cases holds: '
Case 1. There exists a k € I(Z) such that (d"Vigx(z)), o> 0p.
Case 2. There exists a j € (1,2,...,1) such that (dTVE*hj(a_s))h o #0,.
For Case 1, the inequality (dTvsggk(a‘v))h o> 0, gives
o 1 (h(d)Th (VEr(Z))) > ¢~ 1(0), which along with the strictly monotone de-
crease of ¢ leads to
h(d)"h(Vigr(z)) >0 (3.1)

Since g, is (h, ¢).-differentiable at Z, hence i (t) = @grh~1(t) is differentiable
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at ¢ = h(z), thus
G (t + e0h(d)) = () + eOh(d)T Vi (f) + cber(0) (3.2)

It follows from (3.2) that

)) + 0h(d)T eV i (F) + cber(6)
)+ O0h(d) TRt (eV (D)) + eher(0)

8l

@gih™ (h(Z) + e0h(d)) = ogrh ™" (h(
ogih ™! (h(Z) + ebh(d)) = pgrh " (h(

S]]
S—

pgih™ (h(z) +e0h(d)) = pguh™ (W(Z)) + 0h(d) " h (VZgr(z)) + b2 (6) (3.3)

On the other hand, by € X, it is obtained

egrh™ (M(E)) = @gi(Z) = ¢ (0,) = 0 (3.4)
Substituting (3.4) into (3.3), one deduces that

0gh™ (h(T) + e0h(d)) = Oh(d)" h (Vigr(Z)) + cber(0)

Hence

pgeh ™ (h(z) + £0h(d))
0

Since () — 0 as § — 0T, it follows from (3.1) and (3.5) that
0grh~1(h(Z) + bh(d)) < 0 for a sufficiently small positive scalar 6.
By Lemma 2.1 (iii), it is obtained
@9k (T e 0 ® d) < 0 for above 6.
Since ¢ is strictly monotone decreasing, one derives that
g (T B 0@ d) > ¢~ 1(0) = 0, for a sufficiently small positive scalar 6.
This contradicts d € Dy (X, Z).
Therefore, Case 1 does not hold.
For Case 2, without loss of generality, , it is assumed that (d7V.*h;(Z)) > 0.
Similarly to the foregoing discussion, it is concluded that Case 2 doesnt hold
either.
A summary of the above discussions leads to the validity of the lemma.
Analogously to the contingent cone defined in [2],a definition is given as follows:
Definition 3.3 Let K be a subset of R,, and z° belong to the closure of K.
The (h,¢).— contingent cone T}, , (K,2°) is defined by d € Tj , (K, 2°) if
and only if 3h,, — 0Tand 3d,, — d such that Vn,z° &, h, ® d,, € K.

Remark 3.2 Let h(z) = z,2 € R,,. Then T}, , (S7 xo) =T (S, xo). How-
ever, T}, (S7 xo) is not necessarily contained in T (S, xo). Continuing the

= h(d)"h (Vig(z)) + e -1 (6) (3-5)
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consideration of Example 3.1, it can be verified that d € T}, (S, xo), but
d¢T(S,2°)

Definition 3.4 [32] Let K be a nonempty subset of R,. The (h,¢).-
positive polar cone K,i@of
K is defined by K}, = {d € Ry | ("), , > 0,y € K}

Remark 3.3 The positive polar cone of K is the (h, ). - positive polar
cone K}T of K with respect to h(xz) = z. But the converse does not hold. In
order to show this point, let us continue to consider Example 2.1, it can be
verified that ST = &, but (1,1)" € 5 .

Definition 3.5 Suppose f is (h, ¢)c-differentiable on R,,,Z € X. We shall
say that

7 (X.0)={de R, | (d"Vif@), , <0}

is the (h, ). - cone of descent directions of f at Z.
We now present the Kuhn-Tucker constraint qualification of X at X that will
be used to validate the Kuhn-Tucker necessary condition in the next section.
Kuhn-Tucker constraint qualification: let g; for i« = 1,2,...,m and h; for
j=1,2,...,0be (h,p).— differentiable on R,
and [Z}L (X, :z)} Tl )]}, where 7 € X.
; hoo .

)

4. NECESSARY CONDITIONS FOR (h,¢).-SINGLE-
OBJECTIVE PROGRAMMING

The programming problem (HFP) described in Section 3 is taken into consid-
eration.
The (h, p).-Lagrangian function associated with (HFP) is given by

Lh,¢(z7uav) = f(l‘)[+}

m 1
Z] willgi(@)[+] | D | vsllhs(@) (41
i=1 j=1
where u € R,,,v € R;, whose components u; for ¢ = 1,2,...,m and v; for
j=1,2,... 1 are called the (h,p). - Lagrangian multipliers.
The following lemma is needed later.

Lemma 4.1 Let f,g; for i = 1,2,...,m and h; for j = 1,2,...,1 be
((h, ). - differentiable on R,, Z € X, namely, T is a feasible solution for
(HFP). Then Z; ,(X,%) N Zj ,(X,Z) = @ implies that there exist vectors

@ € R} and v € Ry such that:
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Ly, (Z,0,0) =
=V f(T)De %@(EU/]@VE 91(%) ©: U2 ® V"g2(T) Sc -+ - Bc U @ Veegm(T)) Be
Bezz ® (601 ® Ve hi () @ Vo @ Ve ho(T) @ ... @ 0 ® Ve y(T)) = 0p

u,;[-]g (z) =0, for i =1,2,...,m, where 05, = hil(O).

Before proving the lemma, a Motzkin’s alternative theorem is given:
Theorem 4.1[27] Let A be a nonzero m x n matrix, B be an r X n matrix
and C be an s x n matrix. Then exactly one of the following two systems has
a solution:

System 1: Az € R}, Bx € R+, Cx =0, for some x € R,,.

System 2: ATuy + BTuy + CTus = 0, for some u; € RE? uy € Rf.usz € R,.
Lemma 4.1. is going to be proved.

Proof of Lemma 4.1: Without loss of generality, it is assumed that ¢ is
strictly monotone decreasing on R. From Z, (X,7)NZ; (X,7) = @, it is
concluded that the following system:

(V21(2),,, < 0.

(dTVZgi(ic))hW < 0,, for i € I(z)

(dTV;hj(i;))w =0y, for j =1,2,...,1

has no solution.

This, by the strictly monotone decrease of ¢, is equivalent to the fact that the
following system:

h(d)"h (V2f(&)) > 0

h(d)Th (Vigi(x)) >0, for i € I(Z)

h(d)Th (V. hj(z)) =0, for j =1,2,...,1

is inconsistent.

Because h : R, — R, is a one-to-one and onto function, it does not exist a z
satisfying

zTh(V*hJ( ))70 for j=1,2,...,1

*

Denote A = h(V:f(z))" ,B = (h (V:gz(’)))lel(@, in other words, B is a
9i

matrix whose rows are h (V.*g;(z))" for i € I(z), and C is a matrix whose
rows are h (V*h;(z))" for j =1,2,...,1, namely,
C=(h(Vihi(2)),h (Ve ha(Z)),... . 0 (ve*hl(i’)))Ta

It follows from the above discussion that the system Az € R{",Bz €
R;r( ) Cz=0
is inconsistent, where |[I(Z)| denotes the number of elements in I(Z). By
Theorem 4.1, there exist a € RTO, u € R}' v € R so that

(),
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ah(Vif(@)+ Y uih (Vigi(@ +Zvj (V*hy(T)) = (4.2)

i€I(x)

According to the definition of R, one has o > 0. Division of (4.2) by a
leads to

l
h(VIF(E)+ Y wih(Vigi(z Z )=0  (43)
i€l(z) =1

where u; = &, v; = *.
Letting =1 act on (4.3), it is obtained

l
h! (h(v;f(x))+ > wh(Vigi(z Z ) =h7'(0)

i€l(z)

QS

Let @; = 0 for i ¢ I(Z). Then we arrive at

-1 (h(V:f(i))+iﬂih(V: T +zl: v;h (Vihi(Z)) ) =h"(0)
i=1
which, together with Lemma 2.1 (i) and (v) and h=1(0) = 04, leads to
- (h(V:f(:c>) + h( ® (€U1 ® Vig1(Z) Oe U2 ® VZg2(7)
Be ... De Tim ®v;gm(x))>
+h (i ® (wl ® Vi (Z) @ Ty ® Vha(T)

Be ... BTy ®v;hl@))>> = 0.
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Thus,

1 VIR B

~® | @ V(@) @ - © (1 © Vigi (@)
D Ty ® VEga(T) Bs ... Be Ui ® Vng(i)>

1
B - ® (201 ® Vil (@) &2 12 © Viha(a)
De... O ® V:hl(:f)) — 0,
So,

1
Vif(@) @ © (i1 © Vig(d) & 1 © Viga(a)
1
Be . Bl © Vign(1)) €2 5 © (e01 © Vila(2)
Be T2 ® Viha(T) ®e ... B T ® V:hl(:f)) — 0,

On the other hand,
m l
ViLn(Z,0,0) = VI (f(w) [+] Z uil]g:(%)[+] Z v;[1h; (96)>
2l

-l (w v(
B

™

—_

e Vif(z ® (et @ Vigi(T) ®e e @ Viga(T)

/~/

™
(‘f)M—l

D U, ® Vigm(T) ) ® (5@1 ® VIihi(Z) ®c U2 @ VIha(T)
De ... D7 ®V:hl(m)>>
= V:f(z) ®. E% ® (5111 ® Vigi(z)®: u2 ® Viga ()
Be oo De Uy, @ Vigm(T )) ®e i@ (€@1®Vzh1(f) e V2 @ V7ha(Z)
Be ... D Uy ®V:hl(:f)>

Combining the definition of I(Z) and @;, one observes that @; = 0 or
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9i(Z) = 0 for each ¢ € {1,2,...,m}, which means @;¢ (¢;(Z)) = 0. Therefore
u;[1]9:(Z) = ¢~ (w0 (9i(Z))) = 0,. Thus the proof is completed.
Lemma 4.2 Let f,g;fori =1,2,...,nand h; for j =1,2,...,l be (h,¢).-
differentiable on R,, and suppose T is an optimal solution for (HFP). Then
vs*f(f) € [Th,sﬂ(Xa *’E)];g;
Proof: It suffices to show that for an arbitrary vector d € [T}, ,(X, j>]:,sa’ one
has (dTVZf(a_c))hW >0, Let d € [T (X, a‘:)]:gp Then there exist sequences
d, — d and t,, — 0Tsuch that

ZG.t,®d, € X (4.5)

By the (h,¢).-differentiability of f at Z, it is concluded that f(t) =
@fh~1(t) is differentiable at t = h(Z), hence

f({+ etph (dn)) = JE@) +etnh (dn)T Vj?(f) + ety ||k (dn)l en

where ¢,, — 0 as n — oo.

In other words, .
I (A(E) + et (d)) = o fh (@) +tah (VEF@)T  (d)+eta b ()] 2,
Consequently, it follows from Lemma 2.1 (iii) that

of (2@ tn @ dy) = @f(T) + tnh (v:f(f))T h(dn) + et [|h(dn)||en  (4.6)

Hence

@f(i'@stn(@dn)_‘pf(j) - h

. (V2 @) h(dn) +elh@)llen (A7)

Since Z is optimal for (HFP), by (4.5) one obtains f (T ®. t, ® dy) > f(Z)
Without loss of generality, assume ¢ is strictly monotone decreasing on R,,,so
that

Pf (T @ctn @ dn) < 0f(Z) (4.8)
Taking the limit in (4.7), since t, > 0 and £, — 0 as n — oo, it fol-
lows from (4.8) that h (V*f(z))" h(d) < 0, which together with the strictly
monotone decrease of ¢ leads to ¢! (h (V:f(a_c))T h(d)) > ¢~ 1(0). Namely
(V:f(i)Td)h’w > 0,. Thus
V(@) € [T (X, D)) -
In the remainder of this section, it is presented the necessary condition for a
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feasible Z to be optimal for (HFP) in the form of the following theorem.
Theorem 4.2. Let the hypotheses of Lemma 4.2 be satisfied, and

23, (X,8)], = [Tho(X,2)]5 .

Then there exist vectors u € R}, and v € R; so that
1 * — — * _
Vilng(®.5.0) = V(@) ©: 5 ® (61 @ Vig1(®) ©: 12 © Vig2(7)
1
e .. e i © Vigm(7)) O 5 ® (c01 & Vim(@)
De T2 @ Viho(T) e ... B 1y ® v;hl(@)) — 0,

and
u;[-]gi(Z) = 0,, fori=1,2,...,m,
where 05, = h'(0).
Proof. It follows from Theorem 2.1 that
1 .
Vil (z,0,0) = Vif(Z) ®. = © (6111 ® VIgi(T) ®e e ® VIga(T)
1
e .. Be ln © Vign(7) ) B 5 ® (c01 & Viha (@)
De V2 @ VIiha(Z) e ... BT ® V;‘hl(gz)).

By Lemma 4.2 and the hypothesis

[Tho (X, )],

[Zflt,so(X’ j)]z, hyp?

Lp_

it is derived that .
Vi@ € [2} (X D))

Hence, for any d € Z; (X, ), it holds that

(dTv;f(;z))W >0,

Consequently,
Zy (X, Z)NZ} (X, %) = @.

Thus, the proof from Lemma 4.1 is concluded.
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5. NECESSARY CONDITIONS FOR
(h, ¢)--MULTI-OBJECTIVE PROGRAMMING

Consider that vectorial optimization problem is represented as follows:

( VHFP )min f(z) = (f1(2), fa(@), .., fp(x))"

s.t. gi(z) <0, fori=1,2,...,m (5.1)

hj(x) =0, for j =1,2,...,1

where 0, = ¢~ 1(0).
Obviously, the feasible region for (VHFP) is still X.
Define the (h, ¢).-Lagrangian function for (VHPF) as

VLng (@A) = SN @ [0 0@ [ vl )
where A € R,,u € Rpp,,v € Ry.

Let z € X, denote the single-objective program associated with (VHFP) at
by (SVHFP) ( z ), which is represented as follows:

(SVHFP)(Z) ming(z) = [Z] fi(z)
s.t. gj m)go;forjzl,l...,m (5.2)

hi(xz) =0, for k=1,2,...,1,
fi(z)[-1])fi(z) <0, fori=1,2,...,p

Where 0, = ¢~ 1(0).
Let SXV denote the feasible region for (SVHF P)(Z). Evidently, SXV C X
First recall the concept below, which is needed later.
A solution 7 is efficient for (VHFP) if and only if there is no other feasible
z for (VHFP) such that, for some iy € {i = 1,2,...,p}, fio(z) < fio(Z), Vi #
io, fi(z) < fi(%).

At this point, it is presented the following lemma, which will be invoked
to prove Theorem 5.1.
Lemma 5.1[28] Let Z € X. If Z is an efficient solution for (VHFP), then Z is
optimal for (SVHFP)( z ).

Theorem 5.1 Let f; for i = 1,2,...,p,g; for j = 1,2,...,m, hy for k =
1,2,...,1 be (h,p).— differentiable on R,,,Z € X, Z, be sufficient for (VHFP)

+ _
and [Z}W(SVX, z) L [Th,(SVX, f)]zw. Then there exist vectors A €
’ »p ’
Ri*, 4 € Rfand o € Ry such that
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1 _ _ _

- ® (M1 @ VES1(Z) Be A2 @ VEfo(T) Be ... Be Ap ® VEf(T)) Be
1

Be - ® (et @ VIg1(T) Be 2 @ VEGa(T) B ... Be Um @ Vigm(ZT)) @ (5.3)
1

B — © (601 © Vi (Z) e 02 ® V2ha(2) Be - .. Be 01 @ VIM(Z)) = Op

u;[-]gi(z) =0, for j =1,2,...,m.
Proof: Since 7 is efficient for (VHFP), from Lemma 5.1 it is deduced that it is

+
an optimal solution for (SVHFP) (Z). Hence by hypothesis [Z}W,(SVX, z) e

[Thﬂp(SVX,E)];{Soand Theorem 3.2, one concludes that there exist vectors
A€ RfT ue Rhandve R,

1
Viq(z) ®e = ® (A1 ® Vi1 (Z) B A2 @ Vo) Be ... B A\p @ Viey(T)) Be
1 * - * — * _
@56—2 ® (eu1 ® Vig1(T) ®e u2 @ VZga(T) e ... Be Um @ Vign(ZT)) ®e (5.4)

1 o o o
695? ® (ev1 @ ViR (Z) @ v2 @ Vi (T) B ... B v @ VIR(T)) = 0p
ANillei() =0, for i =1,2,...,p (5.5)
u;j[]gi(Z) = 0, for j =1,2,...,m

where q(z) = [3274] fi(2), ci(z) = fi(2)[-1fi(2),i = 1,2,...,p.
It follows from Lemma 2.2 (ii) that
1
Vea(w) = - @ (€@ V1(T) Be VEF2(T) Be ... 8 V" f(2)) (5.6)
By Lemma 2.2 (iii), it is obtained

Viei(z) = Vifi(z) (5.7)
Substituting (5.6) and (5.7) into (5.4), it is obtained
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% @ (@ VEifi(Z) ®e Vifo(T) D ... ©: Vi (T)) e

De Eig ® (M ®@ VEf(Z) B A @ VEfo(T) Be ... @ Xy @ VES,(2)) B: (5.8)
De giz ® (eur ® VZg1(Z) @e ug @ VZga(T) @e ... De up @ VIgy(T)) e

De 6% ® (ev1 @ ViR (Z) ®c v2 @ VI (T) Be ... B v @ VIR (Z)) = 0p,

On the other hand,

é ® (5 ® VIfi(Z) ®c VIfo(T) e ...

B V@) Be 5 © (M VIA(E) B 2o @ V()

e B \p ® Vpr(f))]

1
=-®
e

(c® Vir(@) 8. Vi) 6. ... 0. V(@) )6
_ A2 _ Ap g
(Al ®Vfi(Z) B — OV fo(T) e .. & @ Vefp(w))]

=20 (214 M) ® VEA@) @ (1+X) © V()

e . @ (14 X) ® V2 (2))
A substitution of (5.9) into (5.8) yields:

1 - _ )
- ® <5>\1 ® V2 f1(E) Be Ao @ V2 f2(Z) Be ... ©e Ap @ V:fp(fc))
1
De z ® (sul Q@ Vigi(Z) @ us @ Viga(T) De ... De iy @ V:gp(;i))

1
De - ® (5111 ® VIih(T) B v2 @ Vi (T) B ... Dy ® V:hl(i‘)) =0
But

Ni=1+N, fori=1,2,...,p,
Uj = Uy, for j=1,2,...,m,

Vg = Vg, for k=1,2,...,1
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Consequently, A € R, @ € R} and 7}, € R; and

1 - - _
- @ (eM ® VEf1(Z) De A2 @ VEf2(T) Be ... De Ay @ VIS, (T)) e

1
@6 g & (5'&1 ® v:gl(j) @6 ﬂ2 ® V:QQ("E) @5 oo @E am ® v:gm(ﬁf)) 6967
(5.10)
1
B = ® (501 @ V2 (Z) Be B2 @ Vha(7) Be - @ 01 @ V(@) = Op

Combining (5.5) and (5.6), the proof is completed.

6. Cryptographic application with Ben-Tal type operators

In 1997, Danish researcher Agner Fog proposed a new class of pseudorandom
number generators called RANROT, also based on the Fibonacci recurrence
[8]. The innovation introduced by Agner Fog consisted in perturbing the LFG
generator by employing circular bitwise rotation operations. Within this new
class, four types of generators are defined, as presented below:

Type A: z, = ((xn,j + Zp—k) mod 2”) rotrr
Type B:  ,, = ((x,_; rotrry) + (2,_j rotr r2)) mod 2°
Type By : x, = ((xy_irotrry) + (2, j r0trr) + (2,,_x rotrrs)) mod 2°
Type W: 2, = ((yn_j r0tr73) + (Yn_k rotrry)) mod 2%/2
Yn = ((2n—j T0tT 74) + (2 TOtT 72)) MO 2°/2

Ty :yn+zn~2b/2 (6.1)

where x,, is an unsigned integer represented on b bits (usually the length of
the memory word), y, and z, are unsigned integers represented on g bits ,
t,7 and k are also unsigned integers with the property 0 < i < 7 < k and

r1, T2, T3, T4 are circular rotation parameters.

6.1 Construction of the RANROT BEN-TAL A generator

Consider the Ranrot A type generator.Within this generator, instead of
the classical addition operation, it is used the Ben-Tal addition operation.The
basic formula of RANROT BEN-TAL A uses the following rule for updating
the internal state:

Ty = ((xn_j @ XTp_k) mod Qb) rotr r (6.2)

where:
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z, is the current state and is an unsigned integer represented on b bits.

k and j are indices in the internal state.

e 7 is the number of bits for the circular rotation.

rotr is the operation of rotation to the right.

e @ is the Ben-Tal addition operator.

Since the chosen operator uses an invertible function, it is imperative that
the selected function satisfies this condition.The choice of the invertible func-
tion is arbitrary. Initially, the functions are considered as simple as possible,
such as the linear function. The complexity level of these functions can be
increased subsequently.It is considered the addition operator of the following
form:

x@y=h""(h(z)+h(y)) (6.3)

where h:Z — Z, h (z) = mz +n, h~(z)=[2=%], [2] represents the floor of z.

m

6.2 Testing the RANROT BEN-TAL generator with linear function
The generator was subjected to a battery of NIST tests [22] under two con-
ditions: testing the classical RANROT A generator and testing the RANROT
BEN-TAL A generator with a linear function.
The classical RANROT A generator failed several tests, indicating possible
non-randomness. The poorest results occurred in the Frequency, BlockFre-
quency, Cumulative Sums, Runs, FFT, NonOverlappingTemplate, Approxi-
mateEntropy, and Serial tests, with very low p-values (< 0.01), indicating
significant deviations from randomness, possible repetitive structures in se-
quences, and the presence of specific patterns.

Although the generator passed some tests such as LongestRun, Rank, Ran-
dom Excursions, and Linear Complexity, the extremely low values obtained
in the basic tests of uniformity, dependence, correlation, and specific pattern
tests render this generator extremely weak.

Following the testing of the RANROT BEN-TAL A generator with a lin-
ear function, the generator passed the Frequency test (p=0.333754, 1979 out
of 2000 sequences passed). However, the failure of the BlockFrequency test
indicates an unbalanced distribution of ones within blocks.

Tests that passed include Longest Run of Ones (p=0.414525), Rank Test
(p=0.939005), Random Excursions and Random Excursions Variant (most p-
values acceptable), and Linear Complexity (p=0.389855).

Failures in Block Frequency, Runs, FFT, and Approximate Entropy sug-
gest detectable structures and the lack of a completely random distribution.
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The NonOverlapping Template test shows some critical values, although fewer
failures than Ranrot A.

Conclusion:

In the present paper, it is introduced a new generalized pseudo-operation and
with the generalized operators introduced by Ben-Tal it is obtained the rela-
tion between (h, ¢). - generalized directional derivative and Clarke directional
derivative and the relation between the generalized gradients. Five kinds of
cones are introduced, which are used to establish the constraints qualifications
and the generalized Karush-Kuhn-Tucker optimality necessary conditions are
developed for a class of generalized (h, ¢).-differentiable single-objective pro-
gramming problems and then for multiobjective programming problems,by
using this generalized pseudo-operations, an extension of Avriel-Ben-Tal alge-
braic operations.

By Theorem 3.1 and (6.10), there can be obtained V.*,V Ly, o, (%, A, @, 7) =
0p,.

If i =1,2,...,m are replaced by i = 1,2,..., in (HFP) and (VHFP), we ob-
tain (h, ¢).-semi-infinite programs which can also be dealt with by using our
methods in this paper.

In the final chapter of this article, it is also presented an application of
Ben-Tal’s operators in cryptography. By using Ben-Tal’s operators along with
techniques employed in RANROT algorithms, it is developed a pseudo-random
number generator that significantly improved the classic RANROT generator.
Ben-Tal’s operators can be integrated into cryptography either to create mix-
ing functions that are resistant to attacks or to generate non-linear outputs
by combining these operators, thus ensuring data integrity. They can assist
in key generation through transformations that ensure a uniform and ran-
dom distribution of values. By using these operators in a specific manner,
encryption algorithms can be developed with advanced security properties,
including resistance to linear analysis and increased non-linearity. Moreover,
these mathematical techniques can contribute to optimizing the efficiency of
cryptographic algorithms by reducing the computation time required for en-
cryption and decryption.
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