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Abstract
Many countries are currently adopting the single-step model for national genetic evaluations of dairy cattle. The two most widely ap-
plied statistical formulations of the single-step model are Genomic Best Linear Unbiased Prediction (ssG-BLUP) and Single Nucleotide 
Polymorphism BLUP (ssSNP-BLUP), with the main difference being the handling of additive genetic covariance between individuals 
with genotypes. Using solvers available in MiXBLUP software, our study aimed to compare both models in terms of Genomic Enhanced 
Breeding Value (GEBV) prediction, bull rankings, and computational efficiency (memory consumption and computational time). The 
results did not show marked differences in the quality of GEBV prediction expressed by the metrics underlying the Interbull validation, 
except for ssG-BLUP, APY-based solvers with 3,000 core bulls. However, the ranking of the top 50 bulls differed between models, which 
has implications for the breeding industry and selection, since the top-ranking bulls are typically the most widely used. 39 and 31 of the 
top 50 bulls were common to all models for stature and foot angle, respectively. Regarding computational time, ssSNP-BLUP and ssG-
BLUP with APY solver using 3,000 bulls were the fastest, and ssG-BLUP with GT solver was the slowest. The selection of core individuals 
for the APY solver was a crucial element that affected the prediction accuracy. GT or SNP-BLUP solvers can circumvent this issue, since 
no selection of core individuals is required.
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Today, many countries are implementing the single-
step model for their national genetic evaluations of dairy 
cattle. The main difference between the currently used 
multi-step and single-step models is the incorporation of 
genomic information available for calculating additive 
genetic covariances between individuals using pheno-
type, genotype, and pedigree information simultaneous-
ly. The single-step model incorporates the identical-by-
descent or at least identical-by-state similarity between 
the genotyped fraction of the evaluated individuals, ex-
pressed by the similarity of their genotypes. Genotypic 

information is typically expressed by single nucleotide 
polymorphisms (SNPs). Two equivalent statistical formu-
lations of such a single-step model comprise the genomic 
best linear unbiased prediction (ssG-BLUP) (Aguilar et 
al., 2010; Christensen and Lund, 2010; Fragomeni et al., 
2015) and ssSNP-BLUP (Liu et al., 2016; Strandén and 
Garrick, 2009). The only difference between these mod-
els lies in the formulation of the additive genetic covari-
ance between individuals, in particular, between individ-
uals with genotypes. In ssG-BLUP, the covariance matrix 
of breeding values of all evaluated individuals comprises 
the components related to non-genotyped individuals 
constructed using the pedigree information, and to geno-
typed animals constructed as a weighted sum of pedigree 
and SNP genotype information. In the ssSNP-BLUP, the 
genomic relationship between the additive genetic effects 
of SNPs is incorporated as a separate component in ad-
dition to a pedigree-based relationship. However, despite 
different parameterizations both models are equivalent 
mathematically (Gao et al., 2018; Koivula et al., 2012).

However, practical applications for the evaluation of 
large national populations of dairy cattle are computation-
ally very challenging. Three solvers have been developed 
and are used for national genetic evaluations. The ssG-
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BLUP model can be implemented either by the APY solver 
(Legarra et al., 2014) or the GT solver (Legarra et al., 2014). 
The APY (algorithm for proven and young) procedure does 
not use the entire genomic relationship matrix but only a 
part of it based on a predefined set of genotyped individuals 
(so-called core individuals) while the remainder, i.e. non-
core genotyped individuals is fitted as genomically uncorre-
lated using a diagonal genomic relationship matrix. There-
fore, the system for solving model equations only requires 
a computationally intensive inverse of the dense genomic 
submatrix for the core individuals and the submatrices cor-
responding to the covariance between core and noncore 
individuals. The GT procedure implements an inverse of 
the genomic relationship matrix as a function of the inverse 
of the pedigree-based numerator relationship matrix corre-
sponding to genotyped individuals and the SNP genotype 
design matrix, calculated based on the Woodbury formula. 
In the ssSNP-BLUP (Gao et al., 2018), due to an alternative 
formulation of the covariance structure, solving the system 
of equations does not require inverting of the partial (APY) 
or full (GT) relationship matrices but only a computation-
ally simple inverse of the SNP covariance matrix.

The purpose of this study was to compare G-BLUP, 
GT, and SNP-BLUP solvers in terms of model validation 
performance to predict breeding values, differences in pre-
dicted breeding values between solvers, as well as their 
computational efficiency and computational resources re-
quirements, in the context of routine genetic evaluation.

Material and methods

Material
The analyzed set (Table 1) represented data from the 

Polish national genetic evaluation of Holstein cattle from 
December 2021 for stature, which represents a highly 
heritable trait (h2=0.54), and foot angle, representing  
a low heritability trait (h2=0.09). It comprised 1,098,611 
cows with stature phenotypes and 1,098,766 cows with 
foot angle phenotypes born between 1992 and 2019 as 
well as 141,397 bulls (stature) and 117,482 bulls (foot an-
gle) born between 1986 and 2017 with pseudo-phenotypes 
expressed by their deregressed proofs (DRP) from the 
multiple across country evaluation (MACE) carried out 
by Interbull (interbull.org). Genomic data in the form of 

46,118 SNP markers were available for 134,960 individu-
als, including 70,134 cows with phenotypes born between 
2009 and 2021, as well as 64,826 bulls born between 1985 
and 2021, of which 26,471 represented young individuals 
without pseudo-phenotypes and 38,355 were bulls with 
MACE-DRP. In our study, the pedigree of animals with 
phenotype data was truncated after the fifth generation, 
resulting in 1,555,995 individuals and 33 genetic groups.

GEBV prediction models
The following single-step single-trait models were 

considered for the prediction of GEBV.
The ssG-BLUP (Christensen and Lund, 2010):

                          y = Xb + WG a + e,                        (1)
 
where: y is the vector of dependent variables rep-

resented by cows’ measured phenotypes and bulls’ 
pseudo-phenotypes expressed by their MACE DRPs,  
b represents a vector of fixed effects scored at cows’ 
first parity including age at calving, lactation phase, and 
herd, while for bulls the corresponding fixed effects were 
represented by assigning common classes, a represents  
a vector of breeding values, and e is the vector of resid-
uals. The underlying covariance structure of the random 
effects is given by a~N(0,HG σa

2) and e~N(0,Rσe
2). HG

is given by (Liu et al., 2016): 

                                                                            ,

where: A11, A12/A21, and A22 are the components of the 
numerator relationship matrix constructed based on 
the pedigree corresponding to non-genotyped animals, 
the covariance between non-genotyped and genotyped 
animals, as well as between genotyped animals, respec-
tively, while G represents the genomic relationship ma-
trix between genotyped animals. R is a diagonal matrix 
containing 1.00 for cows with phenotypes or ni for bulls 
with MACE DRPs, with ni representing a difference in 
effective daughter contributions of i-th bull between the 
MACE and the national evaluation.  X and WG denote the 
corresponding design matrices.

Table 1. Number of animals in the analyzed data sets

Category Sex Number of animals

Phenotype data (Stature) Females with phenotypes 1,098,611

Males with MACE DRP 141,397

Phenotype data (Foot angle) Females with phenotypes 1,098,766

Males with MACE DRP 117,482

Genotype data Females 70,134

Males (bulls and candidates) 64,826

Pedigree data Females 1,368,487

Males 187,508

 𝐀𝐀 𝐀𝐀
𝐀𝐀 𝐀𝐀   𝐀𝐀 𝐀𝐀−  𝐆𝐆 − 𝐀𝐀  𝐀𝐀− 𝐀𝐀 𝐀𝐀 𝐀𝐀−  𝐆𝐆 − 𝐀𝐀  

 𝐆𝐆 − 𝐀𝐀  𝐀𝐀− 𝐀𝐀 𝐆𝐆 − 𝐀𝐀   

  𝐀𝐀 𝐀𝐀
𝐀𝐀 𝐀𝐀   𝐀𝐀 𝐀𝐀−  𝐆𝐆 − 𝐀𝐀  𝐀𝐀− 𝐀𝐀 𝐀𝐀 𝐀𝐀−  𝐆𝐆 − 𝐀𝐀  

 𝐆𝐆 − 𝐀𝐀  𝐀𝐀− 𝐀𝐀 𝐆𝐆 − 𝐀𝐀   
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The ssSNP-BLUP (Gao et al., 2018):

y = Xb+WSa + e,                               (2)

where y, b, a, and e are the same as defined above, but 
a is parameterized as Zg + u with g being the vector of 
random SNP effects and  being a vector of random addi-
tive residual polygenic effects. The covariance structure 
imposed on the residual effect (e) is the same as defined 
above, while for the additive genetic effect a the distribu-
tion is defined as a~N(0,HS σa

2)  where the structure of Hs is 

expressed by                                         with D = (A11)–1,  

T = A12A22
–1 and B representing a diagonal matrix of the 

form                                with pi denoting the allele frequen- 

cyof the i-th SNP, N is the number of SNPs, and A11 is the up- 

per left block corresponding to                        . X and 

Ws denote the corresponding design matrices (Gao et al., 
2018). Note that the variance components and the proportion 
of residual additive polygenic variance were not estimated, 
instead their values corresponding to the parameters used in 
the Polish national genetic and genomic evaluation (Table 2).

Table 2. Variance components underlying the analyzed phenotypes

Trait σa
2 σe

2 σu
2

Stature 5.50 4.63 20% 

Foot angle 0.11 1.06 20% 

Solving the GEBV prediction equations
Solutions for the effects fitted in the above models were 

obtained using the MiXBLUP 3.0 software (Liu et al., 2014; 
Vandenplass, 2022) that solves the following equation: D–1 

M–1 Cx = D–1 M–1 p where C represents the coefficient ma-
trix corresponding to the Mixed Model Equations (MME) 
for solving (1) or (2), x is the vector of model parameters, 
and p is the RHS of MME, while M and D respectively 
represent the first-level and the second-level precondition-
ing matrices. The computations were performed on a dedi-
cated computing server running the Linux Red Hat oper-
ating system with 260GB of RAM, 16 Intel Xeon CPUs 
with 2.20GHz, and 600GB of hard disk space. For a large 
national dairy population, such as the one used in our study, 
the numerically severe challenge is to obtain the inverse of 
the HG and HS matrix, in particular of its component related 
to genotyped individuals – the dense sub-matrix G. In our 
study, the following approaches were considered.

The GT approach (Lourenco et al., 2020; Mänty-
saari et al., 2020), in which the G–1 matrix is represented 

by                        ,  with T = L–1 Z' A22
–1  where w  

denotes the proportion of a residual polygenic variance 
and L is defined by Z' A22

–1 Z + wI = LL'.

The APY approach (Legarra et al., 2014) that  
divides the genotyped individuals into a core and non-
core sub-groups for which the inverse is handled differ-
ently in such a way that the exact inverse is computed 
only for the core animal sub-group (Gc) and the covari-
ance between core and non-core individuals, while the 
part of the matrix corresponding to the non-core geno-
typed animals (Gn) is handled as a diagonal matrix: 

                                                                                                             

where the subscripts n and c represent non-core and core 
individuals respectively, and Mn is a diagonal matrix. In 
our study, four approaches to the selection of core animals 
were considered: APY3000top – where 3,000 genotyped 
bulls with the highest effective daughter contributions 
(EDC) were selected as core individuals, APY3000ran-
dom – where the 3,000 core individuals were selected ran-
domly from the genotyped population and the correspond-
ing versions termed APY15000top, APY10000random, 
and APY15000random implementing 10,000 and 15,000 
core individuals respectively. APY10000random proposed 
by Misztal et al. (2014) formed a basis to assess differenc-
es between scenarios implementing a smaller (APY3000) 
as well as a larger (APY15000) selection of core animals.

The ssSNP-BLUP approach (Gao et al., 2018) does 
not meet the numerical burden of the models based on 
G, since in terms of the modelling of genomic informa-
tion only the inverse of the diagonal matrix B is required: 

where                                               represent the blocks corresponding to  

                            .

Validation of GEBV
For the validation of GEBV prediction, bulls born 

after 2013 (7,296 bulls for stature; 6,200 bulls for foot 
angle) and cows born after 2016 (96,772 cows for stat-
ure; 96,771 cows for foot angle) were removed from the 
phenotype vector (y) of equations (1) and (2). Based on 
such truncated data sets, the GEBVs of bulls with EDC 
greater than 20 were predicted by models (1) and (2). 
Prediction accuracy was assessed by a weighted lin-
ear regression (Mäntysaari et al., 2010): GEBVf = b0 
+ b1GEBVt + e, with GEBVf representing the vector 
of GEBVs predicted based on the full data set with all 
available individuals while GEBVt contains the GEBVs 
predicted based on the truncated data set. For i-th bull, 

weights were defined as                  with                     .  

The unbiased evaluation is then represented by b1 equal 
to 1.00.

𝐸𝐸𝐷𝐷𝐶𝐶𝑖𝑖
𝐸𝐸𝐷𝐷𝐶𝐶𝑖𝑖 𝑘𝑘 𝑘𝑘 − ℎ

ℎ  
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The above linear regression equation was fitted using 
the lm function and Pearson correlation coefficients, used 
to assess differences between GEBVs across scenarios 
were calculated using R software (www.rstudio.com). 

Results

Model validation
The validation data set for stature and foot angle com-

prised 1,727 and 1,725 bulls with EDC > 20, respectively. 
For stature, generally, no marked differences in the esti-
mated slope of the linear regression were observed between 
the models, varying between 0.94 (APY3000top) and 1.02 
(APY10000random). Furthermore, except for APY3000, 
the differences between R2 corresponding to each model 
were small. For stature, the GT approach achieved the high-
est R2 of 0.83, while the lowest R2 corresponded to 3,000 
core animal scenarios with 0.57 for APY3000top and 0.60 
for APY3000random. Similar results were observed for 

foot angle, albeit with overall lower R2. GT and SNP-BLUP 
achieved the highest value of 0.76, while the lowest of 
0.60 was attributed to APY3000random and 0.62 for APY-
3000top. Details of the validation results are summarized in 
Table 3. Pearson correlations (Figure 1) between GEBVs 
predicted for the validation bulls from the full and the trun-
cated datasets were calculated for all pairs of models. For 
stature, they demonstrated a good agreement only between 
SNP-BLUP and GT, as expressed by correlations of 0.996. 
Interestingly, the lowest correlations of 0.810 were observed 
between both models implementing APY3000 (i.e. APY-
3000random and APY3000top), as well as between APY-
3000top and APY15000top. For foot angle correlations are 
generally higher, and the pattern is very similar, with the 
correlation between SNP-BLUP and GT reaching 0.999 
and the lowest correlation of 0.870 observed between both 
APY3000 scenarios, between GT and APY3000top, as well 
as between GP and APY3000random. Notably, for both 
traits, the correlations within APY3000top and within APY-
3000random are markedly lower than for the other models.

Table 3. Validation of GEBV predictions

Model variants SE(    ) SE(    ) R2

Stature, 1,727 validation bulls, h2 = 0.54

SNP-BLUP –3.90 0.32 1.01 0.01 0.77

GT –4.40 0.27 1.01 0.01 0.83

APY3000top –1.81 0.44 0.94 0.02 0.57

APY3000random –2.20 0.44 0.99 0.02 0.60

APY10000random –3.74 0.36 1.02 0.02 0.72

APY15000top –2.59 0.32 0.96 0.01 0.75

APY15000random –2.32 0.33 0.96 0.01 0.73

Foot angle, 1,725 validation bulls, h2 = 0.09

SNP-BLUP –2.03 0.18 1.03 0.01 0.76

GT –1.96 0.18 1.04 0.01 0.76

APY3000top –0.68 0.21 0.97 0.02 0.62

APY3000random –0.52 0.26 1.03 0.02 0.60

APY10000random –2.04 0.21 1.02 0.02 0.69

APY15000top –2.15 0.18 1.02 0.01 0.75

APY15000random –2.10 0.19 1.03 0.02 0.73

Figure 1. Pearson correlation coefficients of GEBVs predicted by different model variants

𝑏𝑏  𝑏𝑏  𝑏𝑏  𝑏𝑏  



793Genomically enhanced breeding values predicted by different single-step approaches

GEBV predictions
Figure 2 shows the differences between the GEBVs 

predicted by ssSNP-BLUP compared to the GEBVs pre-
dicted by the six ssG-BLUP implementations. For the dif-
ference in GEBV between SNP-BLUP and GT, all geno-
typed animals were considered, while for all comparisons 
involving APY, only the core individuals were used. The 
original solutions were rescaled for each model by sub-
tracting the mean of a cow base population to provide GE-
BVs comparable across all models. For stature, the differ-
ences were generally small across bull birth years (2A), 
however, for foot angle a different pattern emerged (2B) 
as for all comparisons, except GT and the most informa-
tive APY15000top, the differences were unstable across 
bull birth years. Furthermore, we compared correlations of 
GEBVs predicted by the full and the truncated models for 
individuals representing base cows (i.e. cows with pheno-
type records) and bulls (i.e. bulls, which have a minimum 

of one daughter). The dashed line divides the plot into ani-
mals defined as old and young in the validation process. 
For stature, regardless of the model, correlations between 
full and truncated data sets, for old animals, were very 
close to unity. For young candidates, we observed a declin-
ing trend with the lowest correlations calculated for APY-
3000random (Figure 3 A). For foot angle, similar results 
were obtained, except for APY3000random for females, 
where we observed a decreasing correlation trend as early 
as from 2004. From 2008, correlations dropped below 0.9 
(Figure 3 B). Finally, we compared the overlap of bulls 
with the top 50 GEBV predictions resulting from different 
models (Figure 4). The number of bulls common across all 
models for stature (Figure 4 A) was 39, while the highest 
number of exclusive bulls (3) was observed in the top 50 
list resulting from the APY15000top. Regarding foot angle 
(Figure 4 B), the number of common bulls was even lower, 
being 31, while 8 were exclusive for the APY3000random.

Figure 2. Mean GEBV difference divided by the genetic standard deviation between SNP-BLUP and GT, as well as SNP-BLUP and APY mod-
els implementing different scenarios of core individual selection. (A) stature, (B) foot angle

Figure 3. Correlation between full and truncated data set for cows with phenotype records and bulls with a minimum of one daughter. (A) 
stature, (B) foot angle
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Figure 4. An upset plot of bulls with the top 50 GEBVs. (A) stature, (B) foot angle

Table 4. Computational resources utilized by the solvers

Model variants
Wall clock time (min) Peak RAM consumption (GB) Number of iterations

stature foot angle stature foot angle stature foot angle

SNP-BLUP 23 32 5.81 5.81 673 1027

GT 138 143 63.89 63.88 477 629

APY3000top 23 29 49.48 49.47 335 811

APY3000random 23 32 49.48 49.47 390 499

APY10000random 32 34 56.53 56.53 469 652

APY15000top 68 70 61.56 61.56 425 625

APY15000random 54 57 61.56 61.56 477 551

Computational resources
The wall clock time corresponding to setting up and 

solving models (1) or (2) using the MiXBLUP software 

and the peak memory consumption varied consider-
ably between solvers. The exact values are specified 
in Table 4, but generalizing for both traits, SNP-BLUP 
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and APY3000 were the fastest, closely followed by 
APY10000 random. The wall clock time of GT was the 
longest, twice the time of APY15000top. The peak mem-
ory consumption by SNP-BLUP was on the order of ten 
times lower than for the remaining solvers. In the case of 
iterations, SNP-BLUP required the most iterations (673 
for stature and 1,027 for foot angle) and an average of 2.3 
seconds per iteration. The lowest number of 335 itera-
tions and an average of 0.18 seconds per iteration were 
used for stature by APY3000top and 499 and 0.18 sec-
onds for foot angle by APY3000random.

Discussion

Many studies have been conducted related to com-
paring single-step genomic prediction models with con-
ventional two-step approaches. However, the literature 
on comparisons within the single-step modelling frame 
is scarce. Koivula et al. (2012) considered genomic pre-
diction models similar to (1) and (2). However, they ad-
dressed only the genotyped part of the population. Simi-
larly to the results of our study, these authors observed 
very high correlations between models for predicted bull 
GEBVs or DGVs (direct genetic values) and similar vali-
dation results. Gao et al. (2018) also considered the vali-
dation performance of single-step models (Masuda et al., 
2016). Although no marked differences were observed, 
the authors indicated that for APY-based solvers, not only 
the number but also the selection of core individuals was 
a crucial step influencing the prediction accuracy (Mas-
uda et al., 2016; Misztal et al., 2016, 2014; Strandén and 
Garrick, 2009). Except worse prediction performance of 
APY3000random for cows, no marked differences due to 
the composition of the core animal set were observed in 
our study. Still, Macedo et al. (2022) demonstrated low 
robustness in predictions with ssG-BLUP model towards 
differential handling of missing parent information. 
Moreover, our results demonstrated that a large number 
of core individuals is recommended, provided computa-
tional resources, especially RAM, are available, to obtain 
stable prediction with ssG-BLUP. Similarly to the results 
of Misztal et al. (2014), we also did not observe a marked 
gain in the prediction quality of GEBV when using more 
than 10,000 core individuals.

Regarding the computational aspects, we observed 
very large differences in RAM consumption between 
SNP-BLUP and other solvers. GT needed over 10 times 
more RAM and fewer iterations than SNP-BLUP, as 
was also demonstrated by Vandenplas et al. (2023). Two 
possible ways to circumvent the problem of the optimal 
choice of core individuals are either the use of GT or 
SNP-BLUP solver-based prediction. The application of 
GT comes with the price of high memory requirements 
and long computing times. SNP-BLUP does not consume 
much memory and is computationally more efficient. 
Still the approaches did not yield identical rankings of 
top 50 bulls. Although 62% (foot angle) and 75% (stat-

ure) bulls were common in rankings across scenarios, 
there was still a considerable number of individuals that 
were ranked scenarios specific.

Conclusion
Regarding the prediction of GEBV on the active 

population scope, no marked differences between solv-
ers (except the APY with only 3,000 core individuals) 
were observed, still GT and SNP-BLUP solvers resulted 
in the highest prediction accuracy, while the effective-
ness of the APY model depends on the size of the set of 
core animals: small cores lead to a noticeable decrease in 
accuracy, while cores with large numbers minimize these 
differences. Another factor influencing the choice of the 
solver is its computational efficiency expressed by the 
computation time and memory resources required, which 
was also indicated by Koivula et al. (2012). However, it 
should be kept in mind that the ranking of the top bulls 
is not identical between models, which has implications 
for the breeding industry in terms of semen pricing and 
selection since, typically, the top-ranking bulls are the 
most widely used.

Considering the abovementioned aspects, the results 
of our study indicate that GT and SNP-BLUP solvers of-
fer more modelling and computational advantages.
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