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Abstract. We consider a generalization of the problem of counting ternary words of a given length which was recently
investigated by Koshy and Grimaldi [I0]. In particular, we use finite automata and ordinary generating functions in
deriving a k-ary generalization. This approach allows us to obtain a general setting in which to study this problem over
a k-ary language. The corresponding class of n-letter k-ary words is seen to be equinumerous with the closed walks of
length n — 1 on the complete graph for k vertices as well as a restricted subset of colored square-and-domino tilings of
the same length. A further polynomial extension of the k-ary case is introduced and its basic properties deduced. As a
consequence, one obtains some apparently new binomial-type identities via a combinatorial argument.
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1 Introduction

For a positive integer n, let b,, be the number of words w = wyws - - - w,, over the alphabet 33 = {0, 1,2}
such that wy = 0 = w,, and w; # w;41 for i = 1,2,...,n — 1. The digits 0, 1 and 2 are ternary digits
and the words enumerated by b, are called ternary words. A variant of this interesting counting
problem was proposed in the final round of the 1987 Austrian Olympiad [2[9]. More recently, Koshy
and Grimaldi [I0] have found a close connection between b, and the Jacobsthal sequence J,. In
particular, they prove that b, = 2J,_ o for n > 1. Recall that the Jacobsthal numbers are defined
recursively by

In = Jn-1+2Jp_2, n=>1,

where J_1 = % and Jy = 0. The first few terms are given by

{Jn}nso = {0, 1, 1, 3, 5, 11, 21, 43, 85, 171, 341, 683, 1365, ...}.
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The ordinary generating function for the Jacobsthal numbers is

z

J(z) = %an" = 07905 (1)

Therefore, the corresponding Binet formula is given by J, = w for n > 0. From () and the
equality b, = 2J,,_2, we have

o
(1-2)z
)DL o I @)
— (1+2)(1—22)

In [10], some relationships were found between ternary words and the Jacobsthal numbers using a
bijective and recurrence-based approach and reproven algebraically in [I1]. In this paper, we consider

an extension of the problem from ternary to k-ary words over the alphabet ¥ = {0,1,...,k-1}

and let bﬁl’“) denote the sequence enumerating these k-ary words. We find relationships between such
k-ary words and a generalization of the Jacobsthal numbers by making use of finite automata and
generating functions, employing the former to find a system of equations satisfied by the latter which
we can subsequently solve explicitly. As is shown, the number of closed walks of length n on the
complete graph K, is then given by b,(ﬁ)l for n > 0, as is the cardinality of the class of colored tilings
of the same length starting with a domino in which squares come in m — 2 colors and dominos in m — 1

. b%) bk .
colors. Since when k = 3 we have 52 = .J,,, the numbers *= may be regarded as a generalized

Jacobsthal sequence. Finally, we consider a polynomial extension of bﬁf in terms of statistics defined

)
(k)

on the class of k-ary words enumerated by b;,’. Explicit formulas are found for the total value and
the sign balance of these statistics from which some binomial identities may be deduced.

2 Automata theory and generating functions

We first recall some terminology and notation, mostly from Sakarovitch [12]. Let ¥ be an alphabet
whose elements are called symbols. A word over X is a finite sequence of symbols from 3. The set of
all words over X, i.e., the free monoid generated by 3, is denoted by X*. Each subset of ¥* is called a
formal language over Y. The identity element € of ¥* is called the empty word. For any word w € X%,
|w| denotes its length, i.e., the number of symbols occurring in w. The length of € is taken to be equal
to 0.

An automaton M is a 5-tuple M = (X,Q, qo, F, F), where X is a nonempty input alphabet, @ is
a nonempty set of so-called states that are disjoint from X, ¢p € @ is a distinguished member of Q
known as the initial state, ) # F C @Q is the set of final states of M and E C @ x X x @ is the set of
transitions of M. If Q, % and E are finite sets, then we say that M is a finite automaton.

An automaton has a natural graphical representation as a directed graph, called a transition
diagram. In this graph, the states are represented by circles and final states by double circles, where
the initial state is labelled by an arrow entering that state and each transition is represented by an
arrow between its states, labelled with a symbol.
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Figure 1: Transition diagram of M, Example 211

ExAMPLE 2.1 Consider the finite automaton M = (X, Q, qo, F, E), where ¥ = {a,b}, Q = {q0,¢1},
F = {q} and E = {(q0,a,41),(q0,b,90), (q1,a,q0)}. The transition diagram of M is as shown in
Figure[dl

Let e = (p,a,q) denote a transition of an automaton M. We say that a is the label of e and will
write p — g. The state p is called the source and ¢ the destination of the transition e. A computation
¢ in an automaton M is a sequence of transitions where the source of each transition is the destination
of the previous. A computation may be represented by

al a2 an

C:= Do b1 p2--- Pn-

The state pg is the source and p,, the destination of the computation ¢. A computation in M
is said to be successful if its source is an initial and its destination a final state of M. The label of
c is the concatenation of all the labels of the transitions of ¢. A word in X* is said to be accepted,
or recognized, by M if it corresponds to the label of a successful computation in M. The language
recognized by an automaton M is denoted by L(M).

For example, the word w = bbaab is accepted by the automaton in Figure [l Indeed, this word is
the label of the computation:

b b a a b
Go —> q0 —> 9o —> q1 — qo — qo-
It is easy to verify that the language recognized by the automaton in Figure [ is
L(M) = {aa,b}" = {e¢,b,aa, bb, bbb, baa, aab, bbbb, aaaa, bbaa, baab, aabb, . .. }.

An automaton M = (X, Q, qo, F, E) is deterministic if for all states p in @ and all symbols a in %,
there exists at most one transition in F with source p and label a. It is clear that the automaton of
Example 21l is deterministic. The language recognized by a deterministic finite automaton is referred
to as reqular.

An ordinary generating function H = ) °  h,z" corresponds to a formal language L if h, =
{w € L: |w| =n}|, ie., if the n-th coefficient h,, gives the number of words in L with length n.
How to find the ordinary generating function (GF) corresponding to a regular language (and, more
generally, to a context-free language) is known as the Chomsky-Schitzenberger methodology. See, for
example, [7L8] for further details. The idea behind this procedure is to obtain a system of equations
using a deterministic finite automaton, where the unknowns are the ordinary generating functions
associated with each state of the automaton.
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Let M be a deterministic finite automaton with set of states @ = {qo,q1,-..,qn}, initial state go
and final states F' = {qi,, iy, -, ¢i, }. The generating function of the language L(M) is a rational
function that is determined by the matrix form

L(z) =u(l — 2T7)" v

where T is the transition matrix of the diagram of M, the row vector u is the vector (1,0,...,0) and
the column vector v = (vo, ..., vy,) is such that v; = [g; € F] (using Iverson’s notation where [P] = 1
if the statement P is true and [P] = 0 if P is false). Note that if L is a regular language, then the

generating function corresponding to L is rational (see, e.g., [5,8]).

ExaMPLE 2.2 Consider the deterministic finite automaton from Example 2.1l Then we obtain the set
of equations

{@ = ({b} x Lo) U ({a} x £1) U {e},
£1 = {a} X ﬁo,

where Ly and £ denote the languages associated with the states ¢y and qp, respectively. This gives
rise to a system of equations for the associated GFs:

{%@ = 2Lo(2) + 2Ly (2) + 1,
Li(z) = zLo(2).

Solving this system, we obtain the generating function corresponding to L(M). It is Ly(z) since the
initial state of the automaton is gy, where

Lo(Z) = 1—2’—2’2 ZFn+1Z

and F), is the n-th Fibonacci number; see, e.g., sequence A000045 in the OEIS [15].

3 The automaton associated with the counting problem
From the description of the language, it is not difficult to show that if
LS’) ={w € X3:w=wws - wy,w; =0=w, and w; # w;j+1 for 1 <i<n-—1},

then LY = L(M3), where M3 is the automaton in Figure 2
In Table [ below, we list the first few words accepted by this automaton. The automaton M;s
gives rise to the following set of equations for the associated GFs:

Li(z) = zLo(2),

Lo(z) = zL1(2) 4+ zLa(2) + 1,
Li(z) = zLo(z) + zLa(2),
Lo(z) = zLo(z) + zL1(2)
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Figure 2: Transition diagram of Ms.

Length of the word ‘ Words ‘ Number of Words ‘
1 0 1
2 - 0
3 010, 020 2
4 0120, 0210 2
5 01210, 02120, 01010, 6

02010, 01020, 02020
6 010120, 010210, 020120, 10
020210, 012120, 021210,
012010, 021010, 012020,
021020

Table 1: First few words accepted by the automaton Ms.

The augmented matrix for this system is

1 —2 O 0
0 1 -z —z
0O —2z 1 —z
0 —2 —z 1

o o = O

Using Gaussian elimination, we obtain the generating functions

_ (1—2)z 1—2z z z
[L1(2), Lo(2), Li(2), La(z)] = {(1“)(172@’ F2)0-22)° 0F2)(1=22) (1+z)(172z)] '
From the preceding equalities and ({I), we have the following result.

THEOREM 3.1 [10, Theorem 2.1] The ordinary generating function of the sequence by, is

oo
(1—-2)z
Bae) = ) bus" = (T+2)(1-22) =2+ 223 + 220 +62° +1025 42227+ -
n=0

Moreover, b, = 2J,_o for n > 1.
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Note that the generating functions

3

2201 (2) = Ara0=22 = 22Ly(2)

count the words in L(M3) that begin with 01 or 02. Moreover, it is clear that if w € L(M3), then
the reversal of w is also an accepted word by Mj. Therefore, we obtain the following result.

THEOREM 3.2 The generating function for the number of words in LS’) that begin with 01 or 02 (or
end with 10 or 20) is

23

(1+2)(1—22)

Moreover, the number of these words is the Jacobsthal number J,_o for n > 2.

= 22J(2).

On the other hand, the transition diagram of the sub-automaton M4 of Msj restricted to the
states qo, q1, g2 is a directed complete graph on three vertices. Therefore, the generating function for
the number of closed walks of length n, which we denote by k,,, on the complete graph K3 is given by
Lo(z) = 1 B3(z), which implies the following.

~ z
THEOREM 3.3 The generating function for the sequence ky, is

1—2z
(142)(1—22)

Moreover, ky, = byy1 = 2J,—1 for n > 0.

EXAMPLE 3.4 In Figure Bl we illustrate the ky = 2J3 = 6 closed walks of length 4 on the complete
graph Ks.

A
A—-B—+3A—-B— A A—-C—-A—-C—A
A—-B—-A—-C—A A—-C—-A—-B— A
A—-B—-C—-B— A A—-C—-B—=C—=A
B C

Figure 3: Closed walks of length 4 in K3.

4 A generalization

In this section, we introduce a generalization of the previous counting problem to an alphabet of size
k. Let us consider the following language

Lg“) ={w e Xk w=wwy Wy, w; =0=w, and w; # w4 for 1 <i<n—1}.
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qi

Figure 4: Transition diagram of Ms.

We denote by b,(f) the number of words in Lglk). In particular, if £k = 3, we have b,(f’) = b,. This
language is accepted by the automaton My defined by the 5-tuple M = (X, @, qo, F, E), where
Q = {qj’qO’QIa cee an—l}, F= {QO} and F = {(QZ’]a QJ) forall 0 < 1] < k—1,1 75.]} U {(QI’O’QO)}'
In Figure @ above, we show the transition diagram for the automaton Ms.

In Table 2] we list the first few words accepted by this automaton.

‘ Length of the word ‘ Words ‘ Number of Words ‘
1 0 1
2 - 0
3 010, 020, 030, 040 4
4 0120, 0130, 0140, 0210, 12
0230, 0240, 0310, 0320,
0340, 0410, 0420, 0430

Table 2: First few words accepted by the automaton Ms.

The automaton My, gives rise to a set of equations for the associated GF's:

Li(z) = zLo(2),
Lo(z) = =zLi(z) + zLa(2) + + zLp1(2) + 1,
Li(z) = =zLo(z) + =zLa(z) + + zLk_1(2),

| Lik—1(2) = zLo(2) + zL2(2) + - + zLp—2(2).

By solving the above system of equations, we obtain the following result.



98 J. L. RAMIREZ, M. SHATTUCK

THEOREM 4.1 The ordinary generating function of the sequence b,(f) is

> 1—(k—2)2)z
By(z) i= S p0an — L .
Moreover,
-1 n—1 —1)(=1 n—1
o - G0 Gy W
o (*)
Since =52 = J,, the sequence 47 may be regarded as a kind of generalized Jacobsthal number.

The first few values (k = 3,4,5,6) of By(z) are as follows:

(1-2)z 3 9.4 .5 6 7 8 9
Bs(z) = ————° = 24223 4+ 2% +62° +102° 4+ 2227 + 422% + 8627 + - -+ (A078008).
3(2) Tr 90— Z422° 4+ 22" +62° +102° + 222" +422° + 862" + - -+ ( )
By(z) = =2z _ + 323 4+ 621 + 2125 + 6025 + 18327 + 54625 4 - .- (A054878).
(14 2)(1 - 32)
(1-3z2)z 3 4 5 6 7 8
Bs(z) = ———"0% _ — 2 4+ 42% +122% +522° + 2042° 4 82027 + 32762° + - - - (A109499).
5(2) 1190 - 4) z+4z2° + 122" + 522° 4+ 2042° + 820z + 2% 4 ( )
1—4
Bg(z) = (1 —4z)z = 2+ 52° 4+ 202% + 1052° + 52025 + 260527 + 130202% + - - - (A109500).

(1+2)(1—52)

For a different generalization of the Jacobsthal number arising in conjunction with an extension of the
Collatz problem, see [6].
In the next result, we consider the shortest non-trivial prefix (or suffix) in our language and count

the number of words in L that begin (or end) with it.
THEOREM 4.2 The generating function for the number of words in L,(f) that begin with O¢ (or end with
00) for £ =1,2,...,k-11s

(14+2)(1—-(k—-1)z2)

Extending the proof of Theorem [B.3] above leads to the following generalization.

THEOREM 4.3 The generating function for the sequence kﬁ[”) counting the closed walks of length n on

the complete graph K,, is
1 1-— -2
~Bu(z) = m =2z
z (I1+2)(1—(m—-1)2)

Moreover, k,(qm) = bgi)l forn > 0.

(k)

We now make a connection between L’ and colored tilings. Recall that a square-and-domino
tiling (see [3, Chapter 1]) of length n is a linear sequence of (indistinguishable) 1 x 1 squares and 1 x 2
dominos where n equals the sum of the number of squares and twice the number of dominos. Let T,gk)
denote the set of square-and-domino tilings of length n in which squares come in one of k — 2 colors
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and dominos in one of k — 1 colors where k > 3, and let R,gk) denote the subset of Ty(Lk) whose members

)

start with a domino (of any color). The following result shows that members of Lﬁf may be regarded

in terms of colored tilings.

PROPOSITION 4.4 If n,k > 3, then |L§Lk)| = |R£L'i)1|.

Proof. To show this equality, we define a bijection between L%k) and Rgi)l. Let [m] = {1,2,...,m}.
Assume that the sets comprising the colors of the squares and of the dominos within a member of
T,gk) are given by [k — 2] and [k — 1], respectively. Let w = Qwows - w,—10 € Lglk) be expressed as
w = 0a10as - - - 00 for some ¢ > 1, where each a; subword contains no zeros. To define our mapping,
first let ay = y1y2 - Ym. Assign to the letter y; a domino having color y;. Since ys # y1, there are
k — 2 possibilities for yo and we assign to ys a square of color ¢, where 4 is such that yo is the i-th
smallest member of the set [k — 1] — {y1}. Similarly, assign y3 a square of color j, where ys is the
j-th smallest member of [k — 1] — {y2}. Continue through the letter y,,. This results in a subtiling
Ty = ds™ 1, where the color of the individual tiles are as described. Repeat process for all other o

(k)

n—1

subwords to obtain comparable subtilings T5,...,Ty. Let A € R be obtained by concatenating the

T;, i.e., A =T115---T;. One may verify that the mapping w +— X is a bijection from L,(f) to R,gkzl.

For example, if n = 9, £ = 4 and w = 030231020 € L(94)7 then A = d%s%d € RéA‘), where the sequence
of colors for the tiles of A is 32212. U
One may also view a member of Lgﬂ) as the base-k representation of some positive integer. For
example, if n = 8, k = 5 and w = 02031040 € LgS), then w has decimal value given by 2 - 5% + 3 -
5% 4+1-5%4+4-5=233,270. We conclude this section by finding a formula for the sum of the base-k
representations of all members of ng). This generalizes a result from [10] corresponding to the k = 3
case where it was found the sum of ternary numbers of a fixed length. Note that the interactions
between numerical systems and automata theory have been an object of previous study (cf. [4]).

Given k > 3, let S,, = Sy(Lk) denote the sum of the decimal values of all members of Lﬁf) read
as base-k numbers. To find a recurrence for S,, where n > 4, let w = Owsy---w,_10 € lek) and
first suppose w,_o # 0. Then there are k — 2 choices for w,_1, and the contribution from the digits
Owsg - -+ wy—o within all such words is seen to be k(k —2)S,,_; as each digit is shifted to the left by one
place in going from Ows - - - wy,_20 to Ows - - - w,_10. On the other hand, the w,_; digits within such

words contribute 1 E2(k
—9 -2
k14 -+ (k— 1))mbnk—1 %)bgf_)p

(k)

since for each choice of w,,_1, there are %bn—l possibilities concerning the initial sequence of digits

Ows - « - w,_o. Combining the two cases implies that the sum of all members of L,(f) for which wy,_2 # 0

is given by k(k —2)S,—1 + ngg_)l. By similar reasoning, the sum of members of lek) for which
wy_2 = 0is given by k2(k—1)S,_o+ Wb;k_)g. Combining the previous cases and verifying directly

for n = 3 yields the recurrence

k‘Q(kJ -2) b(k)

o+ k‘Q(kJ -1) b(k)
5 - —

Sy =k(k —2)S,_1 + k*(k —1)S,_2 + 5 oy M >3, (5)

with S1 = S5 = 0.
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(k)
Given n > 0 and k£ > 3, let Jr(bk) = lch+12 denote the aforementioned generalized Jacobsthal number.
) (k)

It is possible to express the sum S,(f in terms of Jy .

THEOREM 4.5 If n > 1 and k > 3, then the cumulative sum of the decimal values of all members of
Lgﬂ) when read base-k is given by

EntL(k3 — 3k2 + 4k — 1) — k2 (2k? — 4k + 3)

Rle=2)("—1)
2k — 1)(2k — (k2 —k + 1)

20k —1)(2k — 1)(k2 —k+1) "t

JF) —
Proof. Let the generating function S(x) = Sk(z) be defined by S(x) = >_,~; Spz". Multiplying both
sides of (Bl by z™, and summing over n > 3, implies

kX (k —2)
2

kX (k—1)

S(z) =k(k —2)xS(x) + k:Z(k: — 1)3025(30) + x(Bg(z) —x) + ﬂ:ZBk(x),

where By(z) is given by (B)). Solving for S(x) in the last equation yields

Kk —2)2? + k*(k — 1)2? k2(k — 2)z? 1
S) = 2 9(@) - —— ((1 +kx)(1— k(k — 1)90))’ (6)

where

B 1—(k—-2)z
9@ = T A TR0 = k= Do) — kk = D)

By partial fractions, we have

C2/(k—1)  (K*—=2k+2)/(K*—k+1) 1/(k*—k+1) 1/(2k — 1)
9 = 1—k(k -1z T k1l+2)  kQ-(k-Da)

Grouping together the first two terms as well as the last two gives

(z) = 1 k(1 — k(k —2)z) k(2k* — 3k + 3)
T =0k DR —k+ 1) ((1 ko)1 —k(k— Dz) (1 + ka)(1— k(k — 1)90))
B 1 < 1—(k—2)z N k > )
2k D& —k+ D \Q12)(1—(h—1z)  Q+a)1—(k—Dr) )"

Also, by partial fractions, we have

1 1 k—1

(12— (-2 kita) kil-E-1Dz)

which implies

()~ )
1 <</<: — 1) 4 (k- 1><—1>"+2> oy

k-1

k k-1’
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by ).
Extracting the coefficient of z™ in (@), and using (@) and (B]), leads to the following formula for
n > 3:
k k
(k= 2062, + (k= 1)1,

+(2k* = 3k + 3) <%bn’21 bg’ﬂ))

K () w0 | k(k—2), k)
22k — (k2 —k+1) <(k =2)b, 2y + (k= 1)b, "5 + ﬁb"“ + kb( )>

kn(k) — 2) b(k)
Q(k ) n+1°

gk) — k"
T 22k —1)(k2 —k+ 1)

Making repeated use of the recurrence bgi) = (k — 2)bfﬁ)_1 + (k — 1)bfﬁ)_2 for m > 3, one can express
all of the bﬁ,’f) terms in the last formula using only b,(ﬁzQ and b,(ﬂ?.. After several algebraic steps, this
yields

kn—i—l
(k) — 3 72 o ® ok
kQ

Tk 122k — D)% —k+1) ((%2 — 4k + )b, — (k- 2)@313)

Grouping together like terms, and noting bﬁ,’f) = (k- )J( ) completes the proof. U

m—2>

When k = 3, one obtains the following formula which was shown in [10] by a different method.

COROLLARY 4.6 [10, Formula 2.7] If n > 1, then the cumulative sum of the decimal values of the by,
ternary words is given by

1

1
n+2

11 - n+l 1
3 81)J, — 10

5 A further polynomial extension

(k

In this section, we consider a polynomial generalization of the sequence by,

word w = wq -+ - wy, € L,(f), we will mean an index ¢ such that w; =0 and i # 1,n. Let S, denote the

set of indices 2 < i <n — 1 such that w; = 0. We define the following statistics on Lglk).

), By an internal zero of a

DEFINITION 5.1 Given w € LY, let v(w) = |S(w)| be the number of internal zeros of w and o(w) =
Y ic s,, ¢ be the sum of the corresponding indices.

For example, if n = 12, k = 9 and w = 020134102030 € L'Y | then v(w) = 3 and o(w) = 3+8+10 =
21.

DEFINITION 5.2 For indeterminates p and ¢, define the distribution polynomial b%k) (p,q) by

b(k Z pr W) gow) n>1 k>2

weL;k)
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For example, if 1 <n <4, then o(w) = v(w) =0 for all w € L% and thus b,(f)(p, q) = |L,(1k)| = b

for all k. If n = 5, then the only possible position for an internal zero is the third, implying bék) (p,q) =
(k —1)2pg® + (k — 1)(k — 2)2. Note that bgk) (p, q) reduces to bslk) when p = g = 1. Equivalently, if one
were instead to compute the o-value after re-indexing the middle n — 2 letters of w € Lglk) so that the

first of these letters has index zero, then the corresponding distribution would be bslk)(p/ ¢?,q) in the
present notation. For an analogue of the o-statistic considered on r-mino arrangements, see [14].

To determine a recurrence for bgk) (p, q) where n > 4, first note that if w,— 9 =0inw=w;---w, €

Lﬁf), then there are k — 1 choices regarding the letter w,,_; and b&kzz(p, q) possibilities for the first n —2

. . K. 2, (k
letters, by definition. Thus, the weight of all such members of L,(1 ) is given by (k — 1)pg ngl_)z(l), q),

since the w,_s = 0 letter introduces a factor of pg"~2. On the other hand, members w € lek) such
that w,_o # 0 may be obtained by inserting one of k — 2 possible letters directly prior to the terminal

(k)

zero within some member of L,

yields (k — 2)b™

n—1

1- Since none of the internal zeros are disturbed by such a move, this

(p, q) additional possibilities. Thus, we have

b (p,q) = (k — Dpg" 205 (p,q) + (k — 2)08, (p, ), n >4, (8)

with bgk) (p,q) =1, bgk) (p,q) =0 and bgk)(p, q) =k—1.

In order to study ) (p,q), we consider the generating function B(z) = BI(,{Cq) (x) given by

B(z) =Y b (p,q)z".

n>1
Multiplying both sides of (§]) by ", and summing over n > 4, gives
B(z) —z — (k — 1)a® = (k — 1)a?p(B(wq) — zq) + (k — 2)z(B(z) - z),
which may be rewritten as

r—(k—2)22+(k-1)1-pg)z®  (k—1)2?p
1—(k—2)z 1—(k—2)z

B(z) = B(xq). (9)

Iterating the functional equation (@) an infinite number of times, where we assume x, p and g are
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sufficiently close to zero to guarantee convergence, gives

n—1 ;
_ (k—1)(z¢')’p | 2q"(1 = (k — 2)zq" + (k = 1)(1 - pg)z>¢™")
B(x)—z <1:[0 1—(k—2)xqi> 1—(k—2)xq"

-y (k = D lpng™ (1 — (k = 2)2q" + (k = 1)(1 — pg)a®q™)
n>0 H?:O(l - (k —2)zq")

2

(kj _ 1)n 2n+1pnqn N Z (kj _ 1)n 2n+1pn—1qn2_1
n>0 [T (1 = (k = 2)aq) n>1 115 (1= (k — 2)q?)

B (k _ 1)11 2n+1pnqn
ngl H" o (1= (k= 2)zq’)

_ 1 n 2n+1pn 1qn -1

_x+z [Ti% 1 (1~ (k—2)zq)

Thus, we can state the following result.

THEOREM 5.3 We have

_ 1\n,.2n+1,n—1,n2-1
(k—1)"z="p" g

= M5 (= (k= 2)2g)

(10)

This yields the following explicit formula for bﬁlk) (p,q), where (:;)q denotes the g-binomial coeffi-
cient.

COROLLARY 5.4 Ifn,k > 2, then

[(n—3

)/2]

n—m-—3 —om—

00 = Y, o7 (e oy, (1)
m=0 q

Proof. Extracting the coefficient of z™p™ in (I0), where m > 0 and n > 2m + 3, gives

(k‘ _ 1)m+1x2m+3

B () — [ q(m+1)2 1

[z"p ](Bp,q( ) = [z"] < H;‘io(l — (k:—Q)Cqu)
1)m+1qm2+2m [xn—m—i%] ( ((k—2)x)™ | >
(k—2)m [0 = (k = 2)zq")

2)
_ 1\ym+1,m2+2m n—1m —
_ (K (12: ;fm (k- 2)"m3< " 3> ,

_

where we have applied the formula for the g-binomial generating function (see, e.g., [1]) in the last
k)

equality. Considering the weight of all members of Lg according to the number m of internal zeros
where 0 < m < [(n — 3)/m] gives (LIJ). O

We have the following formulas for the total value and sign balance of the v-statistic on lek).
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THEOREM 5.5 Ifn,k > 2, then the total number of internal zeros within all members of L,(f) 8 given
by

% (1) 'k —1)*(nk — 2k — 2) + (k — 1)" "' (nk — 4k + 2)) .

The difference between the number of members of Lgﬂ) having an even with those having an odd number
of internal zeros is given by
(k: _ 2)(an—1 _ 571—1) _{_571 —a”
a—f ’

where o« and [ are given by (k: -2+ Vk? -8k + 8) /2.

Proof. The total number of internal zeros at position 7 where 2 < ¢ < n — 1 equals the number of

W= 1w Wy € lek) such that w; = 0, which is given by bgk)bn@H

)

;- Considering all possible ¢ implies

n—1 3 (k)p (k)

that the number of internal zeros in all members of L equals ) ;75 b;"'b, ", ;. By formula (), we

have
n—1 n—1
SN, = S (k= D (1 = 1) (= 1) (1) (k1))
1=2 =2
n—1 i—1
= % ((k: )"+ (=D)L —k) 4+ (k=1 (ﬁ) + (1) Mk - 1)2>
=2
_ 1 n— n(l_k)Q_(l_k)n n—
=5 (=2 - )" +2(-1) - +(-1) 1(n—2)(k—1)2>
- % (—1)" (k= D2(nk — 2k — 2) + (k — 1)"\(nk — 4k + 2))

which implies the first statement.
To show the second statement, we find bglk)(l, —1). Taking p = —¢ = —1 in ({I0) gives

h) (=D (k= Dra® (k — 1)z
BI@=a+) 1— (k- 2)z)" 1— (k- 2)z + (k- Dz

n>1 (
Let e, = bgc)(—l7 1) for n > 2. From the form of the generating function, we have the recurrence
en = (k—2)ep—1— (k—1)ey_a, n >4, (12)

with e = 0 and e3 = k — 1. Then e, = aa™ + bg" for n > 2, where o and 3 are as stated and a and
b are constants to be determined. To aid in finding a and b, we apply (IZ) in reverse and obtain the

initial values eg = %, e1 = —1. Solving the system a + b = % and aa + b= —1, we get
1 —k+(k—2)p and b_k—l—(k:—?)a
~ (k=D(a-5) - (k=Dla-5)

Simplifying the resulting expression for e,, using the fact af = k — 1, leads to the second statement
and completes the proof. O
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Remark. The total number of zeros within all members of Lglk) is given by the first expression in
k)

Theorem [B.5] above plus 2b£Lk), where b,(1 is given by (). In particular, letting k& = 3, the total number
of zeros within all ternary words of length n is given by

((=1)"~'(12n — 32) +2"71(3n — 10)) + 2b{Y

= 2—17 ((Jn —2Jp—1)(12n — 32) + (Jp + Jp—1)(3n — 10)) + 2(Jp, — Jp—1)

on + 4 ™m 17n + 8 ™
= ( 9 ) Jn - (?) Jnfl = ( 18 ) Jn - <1_8> JnJrla
which agrees with [10, Formula 2.2] found using a different method. Finally, by symmetry, the number

of occurrences of each non-zero letter ¢ € [k — 1] within all members of L,(f) is given by

€
27

Z: ibﬁf) - % (=1 (k= 1) (nk — 2k — 2) + (k — 1)" > (nk — 4k + 2))
= % (1) H(nk = 2) + (k — )" (nk — 2k + 2)) .

We obtain the following apparently new binomial identities as a consequence of the prior results.

COROLLARY 5.6 Ifn,k > 1, then

LnZ/QJ(n—m— 1)<n—m—2>(k_ 1™ — 2)n-2m

= m — 2
= % (=D)™(k —1)*(nk — k — 2) + (k — 1)"(nk — 3k + 2)) (13)
and
n/2] S _9)(af — A7) 4 gntl _ gntl
> (—1)’”1( e 1 1) (k — 1y (s — 2y2m = 22N g_)-gﬁ . (19
m=1

where o and 8 are as in Theorem [5.0

Proof. Differentiating both sides of (IIl) with respect to p, and taking p = ¢ = 1, gives the total

v-value on Lglk) of

n—m-—4

Z (n—m —3)

m—1
m=1

L(n—3)/2]
( >(k . 1)m+1(k _ 2)n72m73.

Equating this with the expression found in the first part of Theorem [5.5] and replacing n by n+ 1 and
m by m — 1, yields (I3]). Taking p = —1 in (), and equating with the second formula in Theorem
(.5 leads to (I4). O
)

We have comparable formulas for the o-statistic on LgC .
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THEOREM 5.7 Ifn,k > 2, then

1
dibgpg, q) lg=1= ”2‘]; (=D k= 1)*(nk — 2k —2) + (k — )" '(nk — 4k +2))  (15)
q
and (k—1)(k—2)(a' —B")
)] i 0 if n is even,
B -1) = gy e (16)
(k=1)(a'—B")—(k 61) (1B )’ if n is odd,
where t = [(n —1)/2] and « and B are given by < -2)2+./(k —1)2 ) /2.
Proof. Reasoning as in the proof of Theorem above and using (4]), we have that the total o-value
taken over all members of Lﬁf) is given by
n—1 L 1 n—1 ' ' ' ‘
S, = = STk =1 4 (1) MR - 1) (k= )" 4 (~1)" (k- 1)
i=2 i=2
n—1 1 i—1
:ﬁ21<(k D" 4 (—D)"A—k) 4+ (k—1) <m> + (=1)" 1(/<;—1)2>
=2
Using the identity
n—1 ) 2 n—1 o n
Zirl_l _2r—rt "+ (n—1)r , n>o
—~ (1—r)?

and simplifying, leads to (I3)).
To show (6], we first take ¢ = —1 in (I0) to get

Zbgk)(l,— _w+z 1k — 1)nap?tl
n21 n>1 nll_k_Q)( 1)7)

1)2m 1 4m 1 (k_l)me4m+1

2N T A=

(k —1)? (1 + (k= 2)x) — (k —1)%2°
1—(k—2)222— (k—1)%24

Taking the even and odd parts of the last equality, and replacing = by /z, gives

E—1)(k—2)z2
;bgf}(l et = — (2_2)2);_ (k)_ -
and et
T;]an—l—l 1 _1 1+1_(k_2)2x_(k_1)2x27

k)

respectively. Let e, = bgn (1,—1) for n > 1. From the form of the generating function, we have

en = (k—2) %, 1+ (k—1)%e,_o, n >3, (17)
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with e; = 0 and ez = (k —1)(k — 2). Then e,, = ca™ + df", where a and 3 are as defined above and ¢

and d are constants. The recurrence (I7) when n = 2 implies ey = %, which we assume. This gives

the system ¢+ d = % and ac + Bd = 0. Solving for ¢ and d, and noting a8 = —(k — 1), leads to
the even case of (I6). A similar proof applies to the odd case, except that now one takes eg = —1 in
computing the values of ¢ and d with e; = k — 1 and es = (k — 1)(k? — 5k + 5), which completes the
proof. O

We conclude with the following further binomial identity.

COROLLARY 5.8 Ifn,k > 1, then

nf)
"

)k - —2)

m=0
where o and [ are as in Theorem [5.7

Proof. Replacing n by 2n + 2 and taking ¢ = —1 in (II]) implies

n—1

k m 2n—m—1 m n—2m—

ot =1 = S (T a2,
m=0 -

It is well-known (see, e.g., [13]) that

<n> o, if n is even or k is odd,
k) | ngp, otherwise,

which implies

L(n—=1)/2]
-m-1
bg:L)—i—Q(la -1) = Z (n :Z >(k — 1)2m+1(k _ 2)2n—4m+1’

m=0
where we have replaced m with 2m in the sum. Equating this with the even case of (I6]) above implies

(s). O

Remark. A similar identity may be obtained using the odd case of (I6]), though it involves two
sums. Evaluating the g-derivative at ¢ = 1 of both sides of (I1]), and equating with (I3, gives back
(a scalar multiple of) identity (I3]) after re-indexing.
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