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ABSTRACT

The symmetrical formulation of the mean zonal kinetic energy equation, derived by
Starr & Gaut, is extended to include magnetic effects that give rise to additional
energy integrals in the balance equations of a hydromagnetic fluid, confined to the
polar cap of a rotating spherical shell. The form of these additional magnetic energy
integrals is mathematically and physically analogous to the form of the energy integrals
that appear in the purely hydrodynamic part of the energy equation. Various aspects
of the equation are discussed when magnetic effects are included.

I. Introduction

Starr & Gaut (1969) derived a symmetrical
form of the mean zonal kinetic energy equation
which illustrates conveniently the role of the
basic rotation ), the relative mean motion
[«]), and the eddy motion %’ in the generation
and dissipation of kinetic energy of the mean
flow in a hydrodynamic fluid confined to the
polar cap of a rotating spherical shell. A symme-
trical formulation of the equation is also possible
for stellar atmospheres in the presence of
a magnetic field. In addition to purely dynamic
actions, magnetic effects will then give rise to
Maxwell stress-work transport terms that
generally act to destroy mean zonal kinetic
energy.

This paper is concerned with the reformula-
tion of the zonal kinetic energy equation to
include these effects. The treatment represents
a generalization to spherical coordinates of this
equation which appears among others in the
more complete system of hydromagnetic energy
balance equations derived by Starr & Gilman
(1966). At the same time, the present treatment
is an extension to hydromagnetic fluids of the
analysis by Starr & Gaut (1969), henceforth
identified as S & G. The system treated, the
rotation, and the general methods are identical
to those of 8 & G for the purely hydrodynamic
part of the balance equation.
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I1. Basic equations

The fundamental angular momentum balance
equation in terms of the symbolism introduced
by S & G becomes

aM P

=- _271 + 1Tt rF (1)
where r =R cos ¢ is the torque arm, R being
the radius, ¢ latitude and A longitude. The
equation expresses the fact that the time rate of
change of absolute angular momentum M of
a unit mass of density g is equal to the sum of
the torques due to the pressure P, the magnetic
forece F,, and the friction force F. Qur primary
concern here is the modification introduced by
the magnetic torque, rF,, that gives rise
to additional energy integrals in equation (17)
of the 8 & G paper. In this case, F,, represents
in the spherical coordinates of eq. (1) the zonal
component per unit volume of the magnetic
force vector

F-l(VxH)xH (2)
4r

where H is the magnetic field vector. Here the
standard magnetohydrodynamic approxima-
tions have been made (see Shercliff, 1965 for
example), which also imply that

V-H-0 3)
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Our immediate task is to write eq. (2) in
spherical coordinates and to extract the zonal
component. Before doing so, we note from
vector algebra and by virtue of (3) that

1 1 1
;;(VXH)XH= -S—ﬂV(H'HH;V'(HH) (4)

where the first term on the right side represents
the gradient of the magnetohydrostatic pressure
Conversion of this term into spherical coordin-
ates is effected by merely replacing the
V-operator by its spherically equivalent form.

The last term in equation (4) denotes the
divergence of a dyad. Physically it represents a
tension along the magnetic lines of force.
Expansion of this term by the product rule of
differential calculus yields derivatives (with
respect to the curvilinear distances) of the
Maxwell stresses and of the cartesian unit
vectors. These latter derivatives are due to the
converging meridians and the diverging radii
in the spherical shell geometry and may be
converted into trigonometric vector quantities
by standard procedures (see, e.g., Haltiner &
Martin, 1957, p. 167). Having done this, the
zonal component of equation (4) yields after
some rearrangement, the magnetic torque per
unit volume

1o _, 8 )
Fn= Zt{a(ﬂa)wos ¢a¢ (HyHy)-2sin¢

xH;Hy+3cosg HyHp+ Rcos ¢

2 o (1.,
Xa—k‘(HAHB)“;l(éH)}, (5)

where H,, Hy, and Hy are the magnitudes of the
magnetic field vector in the zonal, meridional
and vertical (zenith) directions, respectively.

ITI. Formation of the Maxwell stress
energy integrals

Reasoning in exactly similar fashion as in
S & G, we obtain, after multiplying (5) by the
zonally averaged angular velocity [u]/r and
integrating over the volume, 7, of the spherical
cap, the contribution of the magnetic torque to
the total kinetic energy in the system as defined
by eq. (12) in S & G. This contribution is

W, gom (65902 o cons ?
,rrg"'dr 4nff r{a}.(Hl)+cos¢6¢

X (HAH¢)—2Sin¢H1H¢+RCOS¢

2
x E(H}.HR)+3COS¢H;_HE

1 3 2 2
_éa(ﬂ )}R cos ¢ dRd$dA (6)

where the volume element is dr=R?cos
ddRd$di and the square brackets define the
zonal average [( )]=1/(2n) § ( )dA. The first
and last terms on the right side of the equation
vanish upon evaluating the inner cyclic integral.

The remaining integrals in (6) may be mani-
pulated to yield a variety of different forms.
For our purpose, we may use the results of
S & G as a guide to obtain a symmetrical form
of the integrals, each of which should consist
of a product of three factors: the moment of
inertia, the Maxwell stress, and the gradient of
the mean relative angular velocity.

It is immediately apparent that with the aid
of the identity

1 2

R’cos ¢ sin ¢= — 22 (R® cos® §), (7)

the second and third integrals in (6) may be

combined and progressively rearranged by
integration by parts to give

1 2 . v
Zj—szli[—?{cos.ﬁg;(HlHQg)—2sm¢H,1H¢}
x R® cos ¢ dRdp d2
([0
-47!‘U§ - a¢{R cos’¢ HyHy} dRdg dA
(MM s )
_;;J‘J\@ 3¢{ , R® cos ¢(§H}.H¢d}.
xdRd¢
1 2, 2
—EJJR cos ¢(§H3H¢d}.)

2 (b 8
xa¢<r)de¢ ®
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The fourth and fifth integrals of (6) may be
similarly combined. Here we note that straight
forward expansion of the fourth integral by
successive integration by parts yields an integral
that exactly cancels the fifth integral in the
form given in eq. (8). We may write

26 ps gost -2
4nff§ ; R’ cos ¢aR (HyHg)dR d$ dA

3 fJ‘%MR' cos' ¢ HyHpdR dgd),
4n r

il [tz eore () )

x dR d¢
1 $ 3 )
—;ffR cos ¢(§H;.HR(”.)
(]
2 (1) aray ©®

The boundary integrals implied in (8) and (9)
are evaluated, respectively, at ¢ = ¢, (represent-
ing the southern wall of the polar cap) and at
R =R, and R =R, (representing the inner and
outer surface of the spherical shell). It is assumed
here for generality that the magnetic field
penetrates all three bounding surfaces. This
assumption is the magnetic analog to the
bounding surfaces of an open region in hydro-
dynamics and implies that the magnetic field
is continuous across the interface with the
adjoining, electrically non-conducting medium
(Chandrasekhar, 1961, p. 162). It is desirable
in some applications to treat the adjoining
medium as a perfect conductor. In that event
the boundary integrals in (8) and (9) are zero
since the magnetic components normal to the
boundaries must vanish.

Following 8 & G, the cyclic integrals in (8)
and (9) may be evaluated by expanding the
magnetic field components into their zonally
averaged mean [( )] and their deviation ( )’
from this mean. Thus

$mm an- § i+ Y (HA+ H

= 2n[H) [Hg)+ 2n[H; Hy), (10)
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and in similar fashion

§H1Hndﬂ. = 2n[HJ) [Hgl+ 2a[H, HR].  (11)

Evaluation of the boundary integrals and
substitution of (8)-(11) into (6) leads, after
some slight rearrangement, to the final result.

Internal Horizontal Integrals

f2n[u] (F,.] B*cos ¢ dR dg =

~J o

cos* ¢ [H) [Hgl -— Ra ;

[u]
x {R———-cos ¢} Rd¢dR  (a)

- ff% cos® ¢[H)'H¢]R p”

X [ Rd¢dR  (b)
Rcos¢

Internal Vertical Integral

i

cos’ ¢ (L (Hl

[u]
x {R - ¢} Rd¢dR (o)

’ ’ a
- ff%R’ 0052¢[HAHR]3_R

AL lpagar @
Rcos ¢

Free Vertical Boundary Integrals at ¢ =¢,

| B oo [o]
- iR eod st AR
(1Rt cost g, L H D ar 1)
2 1A ¢Rcos¢l
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Free Horizontal Boundary Integrals at
R=R,and at R=R,

[v]
R, cos ¢

% cos ¢[H;,HR} [ ] R,d¢ (h)

08 ¢

[u]
cos ¢

+ f% R} cos® ¢ [H;][Hy) R, dé (g)

+

R,d¢ (i)

[u]

2 cog® ¢[H;.HR] con g

Ryd¢ (j) (12)

fl R} cos ¢’ [Hz][HR]

This is the contribution of the magnetic
torque to the mean zonal kinetic energy of
fluid motions in the presence of a general mag-
netic field. The complete mean zonal kinetic
energy equation of a hydromagnetic fluid
confined to a polar cap of a rotating spherical
shell is given simply by adding eq. (12) to eq.
(17) in the S & G paper.

IV. Discussion

There are several points to be noted regarding
the integrals in eq. (12) and their form upon
comparison with their counterparts in the purely
hydrodynamic fluid system treated in S & G.
In the discussion to follow, we restrict our
remarks to the application of this equation to
photospheric fluid motions, although the equa-
tion is sufficiently general to be applied to other
stellar atmospheres as well.

(1) Eq. (12) is identical in form to eq. (17)
of the S & G paper when in (17) the basic
rotation Q is neglected. In fact, if the Reynolds
stresses are replaced by their corresponding
Maxwell stresses, multiplied by the factor
—(1/4n), the equations are identical. The
mathematical similarity of the two equations
demonstrates the analogous roles played by
these two physically quite different stress
work-transport terms in the generation and
destruction of kinetic energy of the mean zonal
flow [u].

(2) Each of the internal integrals in (12)
involves, as in the hydrodynamic system in
S & G, a component of relative angular momen-
tum transport multiplied by the spatial gradient
of the mean relative angular velocity. In inte-
grals (b) and (d) this transport is due to the

work done by horizontal and vertical eddy
Maxwell stresses across surfaces of constant
¢ and R, respectively. In integrals (a) and (c)
this transport is accomplished across the same
respective surfaces by mean motions in the fluid.
These mean motions stretch and re-orientate
the axisymmetric magnetic field lines to give
rise to energy conversions involving the sym-
metric components of the mean Maxwell stress.
In particular, the energy conversion represented
by integral (a) in the solar case (see, e.g.,
Babcock, 1961 and Starr & Gilman, 1966) is
postulated to result from the generation of the
toroidal field [H;] through the stretching of the
poloidal field lines into the zonal direction by
the differential rotation of the sun.

(3) The horizontal and vertical boundary
integrals in (12) likewise involve a component
of angular momentum transport, multiplied by
the relative mean angular velocity at the
respective free boundaries. These integrals again
are mathematically the magnetic analog of the
corresponding boundary integrals in eq. (17)
of the S & G paper.

(4) When eq. (12) and eq. (17) of the S& G
paper are combined, the result is the mean zonal
kinetic energy equation of a hydromagnetic
fluid confined to the rotating system considered
in S & G. Except for the work done by Reynolds
and Maxwell stresses along the artificially intro-
duced free boundaries, it is seen that physically
a change in mean zonal kinetic energy in such
a system can occur only through transport of
angular momentum along the gradient of rela-
tive mean angular velocity. The direction of
transport is determined by the sign and relative
magnitudes of the Reynolds and Maxwell
stress terms.

(5) Some estimates of the angular momentum
flux in the photosphere and its adjacent layers
were made by Starr & Gilman (1965a, b).
These authors conclude that the bulk of energy
resides in quasi-horizontal hydromagnetic dis-
turbances that generate a net amount of mean
zonal kinetic energy to maintain the differential
rotation of the sun against frictional dissipation.
The relevant energy conversion processes are
given by integral (b) of eq. (12) and by integral
{3} of eq. (17) in the S & G paper. Horizontal
Reynolds stresses feed eddy kinetic energy
into the differential rotation, while horizontal
Maxwell stresses convert a portion of this
mean zonal kinetic energy into eddy magnetic
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energy. Thus, on the basis of this assessment,
the net generation of kinetic energy of the mean
zonal flow results in the photosphere principally
from an wup-gradient transport of angular
momentum, associated with the zonal eddy
motions «’ and from a down-gradient transport
of angular momentum, associated with the eddy
toroidal magnetic field Hj.

(6) As was stated earlier, there are a number
of ways in which eq. (12) could be mathematically
manipulated and re-arranged with regard to
the form of the boundary terms. In their
present form, the boundary integrals in (12)
represent physically the total transport of
kinetic energy across the bounding surfaces
due to the presence of the magnetic field. This
is not the case for the boundary integrals in eq.
(17) of the purely hydrodynamic system treated
in 8 & G. Although in both equations, the
transport of kinetic energy is accomplished
through the boundary work done by the stress
components, the boundary terms in (17) express
mathematically only one of two physical modes
of energy transport. The second mode of
transport is the advection of kinetic energy by

a component of velocity normal to the bound-
ing surfaces. It involves a direct transfer of
the specific form of kinetic energy under con-
sideration. Starr & Sims (1970) re-formulated
eq. (17) of the S & G paper in terms of this
additional boundary transport. Since a similar
contribution to the transport of kinetic energy
by the magnetic field does not exist, eq. (12)
may be combined without further alterations
with eq. (26) in the paper by Starr & Sims. In
the language of these authors, the resulting
hydromagnetic energy equation then contains
not only a set of boundary terms which together
physically represent the total flux of mean
zonal energy across the free boundaries, but also
contains the corresponding internal integrals.
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CUMMETPUYHBIE TUJAPOMATHUTHHIE YJIEHHE B YPABHEHUN JJIA
30HAJIbBHOI KNHETUYECKO! 9HEPTHU

CuMMerpnyHaa Gopma ypaBHEHMA AJIA B0HAIB-
HOit KUHeTHYeCKot sHeprum, nonydensas Crap-
poM u T'aytoMm, of6o0meHa ¢ mexnio ydera Mar-
HUTHHX 9¢PeKTOB, KOTOPHE NPUBOAAT K HOIOJ-
HUTEJLHHM HHTErpajaM 9HepPrui B ypaBHEHHMAX
6alaHCa ANA THAPOMATHATHOHN KMAKOCTH, MpPH-
Jerapomeil K moxApHON mamke Bpamalomeitca
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cdepuueckoit oGonouru. ®opMa BTUX JONOTHA-
TeJIbHHX METerpajJoB AJf MATHUTHOH >HEPTHH
MaTeMaTHYeCKH 1 PusHtiecKH aHaJIorauHA Gopme
MHTETPAJIOB SHEPTUM, HMMEUUXCH B YHCTO
TAAPOMMHAMUYECKOH YaCTH ypaBHEHNA SHEPIUM.,
O6Cy®Ial0TCA DPABIMYHHE ACHEeKTH IONyYeH-
HOrO ypaBHEHMA DHepIuu.

25017 SUOLUILOD SIS0 3[ceol[dce L) A PoLBAOB 3 SOIE YO B8N J0 S3NI 10} ARIIT SUIIUO 31 U0 (SUONIPUGD-PUB-SUWIBYALIGDA8] 1 AR 1Ipu|U0//'ScnL) SUONIPUOY L SULS | 841 385 *[9202/70/T0] Uo ARIGI 8UIIUQ AB]IAA ‘S0UB|pOXS B0 PUE L1IEH 10} 3IMISU| [EUOTEN ‘30N AT XZ090001 TZ6T 0BVE-ESTZ /TTTT OT/0pAwo0™Aa] 1 ARiq 1pu1|u0//'Sy Wo1j pOpeojumoq ‘9 ‘T/6T ‘06VEESTZ



