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ABSTRACT 

The zonally averaged equation for a two-level, quasi-geostrophic model are used to 
calculate the annual mean values and the first harmonic of the annual variation of the 
midtropospheric temperature and the zonal winds at the upper and lower levels. The 
diabetic heating in the model is of a simple Newtonian form. The effects of surface 
skin friction and of internal friction are included together with a simple parameteriza- 
tion of the meridional eddy transport of sensible heat, while the transport of zonal 
relative momentum by the eddies is neglected, thereby restricting the motion to the 
largest meridional scale. From the solution of the equations it is possible to calculate 
the annual mean values and the first harmonic of the annual variation of the amounts 
of zonal available potential energy and zonal kinetic energy and, also, the generation 
of zonal available potential energy, the convertions from this form of energy to eddy 
available potential energy and to zonal kinetic energy, and the dissipation of zonal 
kinetic energy by friction. 

The results show that the simplified model is capable of reproducing several impor- 
tant aspects of the annual variation of atmospheric energetics. The phase relation- 
ships involving the time lag between the generation of zonal available potential energy 
and the dissipation of kinetic energy as well as the time lag between the seasonal forcing 
and the maxima of zonal available potential energy and zonal kinetic energy are well 
reproduced. There are differences between the theoretical results and observational 
studies with respect to the intensity of the general circulation and the amounts of energy. 

The sensitivity of the theoretical solution to the numerical values of the physical para- 
meters is investigated. 

1. Introduction 

I n  a recent paper (Wiin-Nielsen, 1968) the 
author described a preliminary study of the 
atmospheric response to large scale seasonal 
forcing. Diagnostic studies of the energetics of 
the large scale motion in the atmosphere (Krue- 
ger et aZ., 1965; Wiin-Nielsen, 1967; Kung& 
Soong, 1969) have shown that there exists a 
typical time lag between the maximum genera- 
tion of available potential energy and the dis- 
sipation of kinetic energy. T h e  time lag is of 
the order of magnitude of one month. These 
studies have also shown that the available po- 
tential energy and the kinetic energy have 
maxima in late January approximately one 
month after the winter solstice. 
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partment of Meteorology and Oceanograhpy, The 
University of Michigan, Ann Arbor. 

Tellus XXII (1970), 1 
1 - 702893 

The preliminary study (Wiin-Nielsen, 1968) 
attempted to give a theoretical explanation of 
the results obtained in the observational studies 
by considering solutions of the zonally averaged 
equations for the quasi-geostrophic, two-level 
model including Newtonian heating and fric- 
tional dissipation. However, the solution waa 
based on Cartesian geometry and the Newtonian 
heating as well as the dependent variables were 
approximated by a single sinusoidal component 
satisfying the necessary boundary conditions at 
walls to the south and the north. Although such 
approximations greatly simplify the problem, 
they are unrealistic in several respects, and it is 
one of the purposes of this paper to remove 
these simplifications. 

Another approximation of the preliminary 
study was the neglect of the meridional transport 
of zonal relative momentum in comparison with 
other processes included in the model. It was 
shown that this approximation is well justified 
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if the south-north scale of the motion is of the 
same order of magnitude as the distance between 
equator and pole, but that the effect of the 
momentum transport becomes less justified the 
smaller the south-north scale is. It is realized 
that this approximation must be removed when 
a good parameterization of the momentum tran- 
sport has been found. The results of a recent 
study of Saltzman & Vernekar (1968) cannot be 
applied here, because they assume that sea- 
sonal variations have been removed from the 
motion. Another idea dealing with the para- 
meterization of the momentum transport has 
been expressed by Green (1968). This approach 
assumes that a diffusion approximation can be 
made for the transport of the quasi-conserva- 
tive quantities of entropy and potential vorti- 
city. The divergence of the momentum tran- 
sport can then be calculated indirectly. The 
applicability of this idea is presently under in- 
vestigation, and the results will be described in a 
separate paper to be published in the near fu- 
ture. However, for this study we shall neglect 
the horizontal momentum transport and restrict 
ourselves to the largest meridional scale of mo- 
tion. The implications of this assumption are 
naturally that we cannot expect to account for 
all the details in the profiles of the temperature 
and the wind, but since we are mainly interested 
in the annual variation of the energetics of the 
atmosphere, we may not need all the details. 

2. The atmospheric model 

The earlier paper (Wiin-Nielsen, 1968) con- 
tains a description of the details of the atmos- 
pheric model including a description of the 
energy sources and sinks incorporated in the 
study. The paper contains also an analysis of 
the order of magnitude of various terms includ- 
ing the justification of the neglect of the meri- 
dional transport of zonal relative momentum. 
In  this paper it will therefore be sufficient to 
reproduce the simplified equations which are to 
be solved. They are: 

In  these equations, y~ is the stream function 
and 5 = V 2 y  the relative vorticity. An asterisk 
as a subscript is defined as half the sum of the 
quantity a t  the upper level (subscript 1) and at 
the lower level (subscript 3), i.e., 

while the subscript T is defined as half the 
difference between these quantities, i.e., 

(2 .4 )  

A bar over a quantity denotes a zonalaver- 
age, i.e., 

(2 .5 )  

where 3, is longitude. 
The equations contain five parameters, y, E ,  

A ,  7,  and K .  They are defined in the following 
way. The quantity, q, is the usual measure of 
static stability appearing in a two-level, quasi- 
geostrophic model: 

where f o  is a standard value of the Coriolis 
parameter, P = 50 cb, and u = - a8 In B/ap. In 
the last expression a is the specific volume, 8 
the potential temperature, and p pressure. 

The quantity E is a measure of the intensity 
of the surface skin friction. It is defined by the 
expression 

(2.7) 

where g is the acceleration of gravity, C d  the 
drag coefficient, el a standard value of the sur- 
face density, and V ,  a typical value of the wind- 
speed a t  the surface. 

A is a measure of the intensity of the internal 
friction in the atmosphere. The numerical value 
of A is computed from the expression: 

where v is the coefficient of eddy viscosity, R 
the gas constant, and !f’* a typical value of the 
temperature at 50 cb. 

Tellus XXII (1970), 1 
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y is a measure of the intensity of the diabetic 
heating in the model. The heating is of Newto- 
nian form: 

(2.9) 

where H 2  is the heating per unit mass and unit 
time, C, the specific heat for constant pressure, 
T ,  the temperature at 50 cb, and T ,  the equili- 
brium temperature at the same level, while y 
is a proportionality factor. 

Finally, K is the diffusion coefficient for the 
meridional transport of sensible heat. K is de- 
fined through the equation 

where v is the meridional component of the 
wind, a the radius of the earth, and p is latitude. 
The assumption (2.10) is reasonably good be- 
cause we are dealing with the vertical average 
of the transport of sensible heat in a two-level 
model. The approximation could not be used 
with any accuracy in the lower layers of the 
stratosphere, where the temperature gradient 
is reversed while the heat transport still is from 
south to north. In this study we shall assume 
that K is a constant, but it is realized that K 
will vary with latitude, pressure, and time. A 
calculation which will describe these variations 
of K as obtained from meteorological data is 
presently underway, and the results will be 
given in a separate paper in the near future. 

3. The equilibrium temperature 

In  order to integrate eqs. (2.1) and (2.2) it  is 
necessary to specify the dependence of W E  on 
latitude and time. We note first of all that the 
thermal equilibrium stream function y E  is re- 
lated to the temperature T ,  through the for- 
mula: 

obtained through the use of the gas equation 
and the hydrostatic relation. Although T, for- 
mally applies at level 2 (50 cb), we shall interpret 
T, as an equilibrium temperature for a vertical 
column in the atmosphere. It is now possible to 
calculate T ,  using the method given by Saltz- 
man (1968). In this study, we restrict ourselves 
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to a consideration of the short- and long-wave 
radiation and neglect the effects of small-scale 
convection, evaporation, and condensation aa 
well as the subsurface conduction and convec- 
tion. The equilibrium equations for the atmos- 
phere (50 cb) and the surface of the earth are 
then, respectively: 

The symbols in (3.2) and (3.3) are defined in 
the list given below. Some symbols, such as v 
and 0, were also used in section 2 of this paper. 
In  order to avoid any misunderstanding it 
should be stressed that eqs. (3.2) and (3.3) are 
used for the single purpose of calculating the 
equilibrium temperature field T, = T,(q, t )  as a 
separate calculation made once and for all. 

The list of symbols is: 

,y 

r, =albedo of the surface 
r ,  =albedo of the atmosphere 
I' =long-wave absorptivity of the atmos- 

phere 
vl, v 2  =factors for downward and upward effec- 

tive black-body long-wave radiation 
from the atmosphere, respectively 

=opacity of the atmosphere to solar ra- 
diation 

u = Stefan-Boltzman constant 
R, =intensity of the solar radiation a t  the 

T ,  =equilibrium temperature (50 cb) 
TsE =surface equilibrium temperature 

It is seen that eqs. (3.2) and (3.3) can be con- 
sidered as two equations with the unknown 
T ,  and TsE, if we can give the numerical values 
of x ,  r,, rar I', vl, ve, and u, and if R, is known 
as a function of latitude and time. In  this cal- 
culation we have adopted the values given by 
Saltzman (1968) for the constants and the values 
of R, were taken from the Smithsonian Meteoro- 
logical Tables (1951). After we have solved for 
Ti from (3.2) and (3.3), we have adopted the 
approximation 

top of the atmosphere 

T4 = 4T; T - 3T& To = 273" K. (3.4) 

It is then possible to write T ,  in the form 

T ,  =aR, + b ,  (3.5) 
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4 A. WIIN-NIELSEN 

Table 1. The zonally averaged equilibrium temperatures aa a function of latitude and time 
~ ~~ ~~ ~ 

Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec. 

90 
80 
70 
60 
50 
40 
30 
20 
10 
0 

- 10 
- 20 
- 30 
- 40 
- 50 
- 60 
- 70 
- 80 
- 90 

~~ 

204.75 
204.75 
204.90 
210.32 
219.63 
229.78 
239.80 
249.23 
257.66 
264.75 
270.27 
274.11 
276.17 
276.49 
275.35 
273.28 
273.27 
276.39 
277.49 

204.75 
204.99 
210.17 
219.52 
229.53 
239.29 
248.08 
255.85 
262.15 
266.84 
269.74 
270.76 
269.88 
267.08 
262.88 
257.21 
251.09 
247.80 
248.25 

204.76 
213.01 
223.16 
233.05 
242.27 
250.45 
257.17 
262.36 
265.85 
267.42 
267.18 
264.97 
260.98 
255.25 
248.10 
239.63 
230.30 
220.49 
212.34 

236.75 
236.48 
242.91 
250.30 
256.84 
261.89 
265.71 
267.51 
267.51 
265.64 
262.02 
256.68 
249.83 
241.63 
232.48 
222.77 
212.98 
205.20 
204.75 

264.98 278.56 
264.07 277.41 
262.37 274.11 
264.80 272.37 
267.92 273.35 
270.14 273.73 
270.82 272.84 
269.69 270.20 
266.93 266.02 
262.44 260.34 
256.50 253.25 
249.12 244.96 
240.63 235.84 
231.36 226.19 
221.80 216.87 
212.58 208.47 
205.73 204.75 
204.75 204.75 
204.75 204.75 

~ ~ 

274.33 251.01 
273.35 250.47 
270.13 252.01 
269.78 257.21 
271.53 262.07 
272.44 265.66 
271.95 267.85 
269.85 268.20 
266.14 266.79 
260.75 263.54 
254.03 258.74 
246.05 252.36 
237.16 244.68 
227.71 236.00 
218.19 226.66 
209.51 217.15 
204.75 208.52 
204.75 204.90 
204.75 204.75 

~ ~~ ~ 

214.99 204.75 
221.96 205.65 
231.25 214.27 
240.27 224.34 
248.36 234.16 
255.11 243.27 
260.53 251.45 
264.22 258.15 
266.11 263.30 
266.16 266.77 
264.33 268.34 
260.71 268.03 
255.39 265.82 
248.61 261.68 
240.49 256.27 
231.38 249.26 
221.63 241.35 
211.88 234.01 
204.75 233.58 

~~ 

204.75 
204.75 
205.89 
213.31 
222.94 
232.97 
242.62 
251.40 
259.06 
265.22 
269.73 
272.53 
273.48 
272.69 
270.35 
266,84 
264.03 
265.67 
266.53 

204.75 
204.75 
204.75 
208.70 
217.70 
227.63 
237.95 
247.59 
256.40 
263.94 
270.02 
274.43 
277.15 
278.17 
277.73 
276.65 
278.48 
281.95 
283.09 

where a =0.07 and b =204.75"K, when R, is 
given in the units of the table (cal cm-e day-1). 
It should finally be noticed that the values given 
in the table were used to interpolate to new 
values which gave R,  in the middle of each 
month of the year in order to facilitate the later 
calculations. The results of the calculations are 
presented in Table 1 of this paper giving T, as 
a function of latitude and month in OK. The 
expression (3.1) was used to convert the values 
of TE to qE which form the input for the later 
calculations. 

4. Method of solution 

The model eqs. (2.1) and (2.2) are to be solved 
for the quantities o* and vT considering @, as 
known. In  this study we are mainly interested 
in the annual mean values and in the first har- 
monic of the annual variation which has a 
much larger amplitude than any of the higher 
harmonics in the energy quantities which have 
been analyzed in observational studies (Wiin- 
Nielsen, 1967). In view of the nature of the 
equations, it is natural to seek solutions to the 
equations by expanding each of the dependent 
variables in a series of Legendre functions. 
Consequently, we write: 

N 

n = o  
and F* = 2 (8, + S h ( t ) ) P n ( p , ) ,  (4.3) 

where Pn(p,) is the Legendre polynomial of the 
first kind and of the nth degree. The Legendre 
coefficients have been written as a sum of the 
annual mean value, denoted by a tilde, and the 
deviation from this mean. In  view of the fact 
that we shall restrict ourselves to the first har- 
monic of the annual variation we write: 

where s is the frequency corresponding to the 
period of one year, i.e., 8 = 0.2 x 

We note that the relative vorticity is given 
by the formula 

sec.-l 

1 aacosp, [=--- =-- 

acosp, ap, a'cosp, ap, 

= a' ap a [ ( 1 4 ) 3 ,  (4.7) 

(4*1) where p =sin p,. (4.8) 

Tellus XXII (1970), 1 

 21533490, 1970, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/j.2153-3490.1970.tb01931.x by N

IC
E

, N
ational Institute for H

ealth and C
are E

xcellence, W
iley O

nline L
ibrary on [02/04/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



THE ANNUAL VARIATION OF ATMOSPHERIC ENERGY 5 

Substituting from anyone of the expressions 
(4.1)-(4.3), say (4.2), we get: 

but P, = P , ( p )  satisfies the equation 

- d [(1-p')?] +n (n+ l )Pn=O.  (4.10) 

dP 

We have therefore 

n(n + 1) N 

f T  = - 2 (?n -k Th(t)) - P ,  
n-o ax 

(4.11) 

and, in an analogous way: 

The series (4.1), (4.2), (4.11), and (4.12) are 
substituted in the basic equations, (2.1) and 
(2.2), for the model. Equating first the time- 
independent terms and solving for ,$, and ?,, 
in terms of k,, we find: 

,$, = 257, (4.13) 

and Tn = r ,  En, (4.14) 
I - -  

(4.15) Ma a' where rn = 
n(n+1)(2A+qaK)+yqxaP' 

We noticed that in = 1, when n =0, and that r,  < 1 for n > 0. It is thus obvious that the series 
involving the annual mean values in (4.2) and 
(4.3) will converge more rapidly than the cor- 
responding series in (4.1). 

Equating next the time-dependent terms in 
eqs. (2.1) and (2.2) we obtain after a slight re- 
arrangement: 

dSh 
dt 

- _  - E S ~  + 2 ~ T h  (4.16) 

and 

(1 +&d 5 = eSn - [2(e+A) +$KIT; 

- -- yqaaa (T; -EA). (4.17) 
n (n  + 1) 

The expressions (4.4)-(4.6) may also be writ- 
ten in the form: 

Tellue XXII (1970), 1 

E~(t)=Re[C:efst], C:=A:-iB:, (4.18) 

=Re [C:eistJ, C,' = A,' - iB:, (4.19) 

Sh(t) =Re [C: e"'], C: =A:  -iB:. (4.20) 

Substituting first in (4.10) and solving for 
Cz we find: 

2 E  
(4.21) c s  n -  _ _ _  a ( e - i a ) ~ , ' .  

& +s2 

The expression (4.21) is substituted in (4.17) 
together with the expressions (4.18)-(4.20). 
After some manipulations we find that the solu- 
tion for C,' can be written in the form 

d 
an + ib, C T - Z  n -  c:, (4.22) 

(4.23) Ma ax where a ,  = 2A + qaK + ____ 
n(n+ 1)' 

(4.24) 

(4.25) 

The solution (4.22) applies for n+O.  For 
n = 0 we get: 

CT-__ 0 - a Y  a(&-is)C:. (4.26) 
Y + a  

The development given above constitutes the 
formal solution of the problem. The major steps 
in the calculations necessary to obtain the solu- 
tion are given below. 

The starting point for the calculation is the 
data given in Table 1. Then equilibrium tem- 
peratures are converted to equilibrium stream 
functions qE using eq. (3.1). The stream func- 
tion q E ( ~ ,  t) is given in the region - 4 2  < p  < + 
4 2  for each 10' of latitude and with values 
applicable to each month. We shall denote 
these times by t? t,, ..., tla. The next step is to 
compute En(t) =En + Eh(t) for each of thevalues 
t = t K .  We have: 

(4.27) 
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6 A. WIIN- 

The integral (4.27) is evaluated as a finite 
sum using the approximation 

2 n + 1  l7 

2 1-1  
E n ( t K )  = ' A P z  { A ( v , , t K ) P n ( g , , ) c o s g , , } ~  

(4.28) 

where 
1 

Aq = is 'It (4.29) 

and p1 = - 80°, g,* = - 70°, ..., g,,, = + 80". 
The numerical values of P,,(qj) can be gener- 

ated in the following way. It is known that 
Po = 1 and P, =sin g,. Starting from these values 
we can calculate P, for n 2 with the aid of the 
recurrence formula: 

2n- 1 n -  1 
n n 

P,=- sing, P, , - ~ P ,  2. (4.30) 

When the values of En(tK) have been com- 
puted we proceed to calculate the values of in 
and A: and B: using the formulas: 

The values of in and ?,, are then obtained 
from (4.13) and (4.14) using the expression (4.15) 
for in, while C l  and C,' are calculated from 
(4.21) and (4.22), respectively, using (4.23)- 
(4.25) for a,,, b,,  and d,. 

The annual mean values, GT and &, of yT 
and y* can now be computed from the trun- 
cated series: 

N 

YT(w) = 2 ?n Pn(g,j) 

and lu* (~ j )  = 1 i i n P n ( v j ) .  (4.35) 

(4.34) 
n --u 

N 

n=O 

The deviations from the annual mean as ex- 
pressed by the first harmonic can be written 
in the form: 

ya(g , , )=GT(g , , )coss t+HT(~j )s ins t  (4.36) 

NIELSEN 

and &(yj )  =GS(v,)cosst+HS(g, , )s inst ,  (4.37) 

N 

where @(PI)= 2 A,TPn(Vj), (4.38) 

H T ( ~ j ) =  1 B,TPn(qj), (4.39) 

n = O  

N 

n=O 

N 

= 1 A: Pn(g,,), (4.40) 
n=O 

N 

H S ( v j ) =  Z ~ l p n ( v j ) *  (4.41) 

It is seen from (4.36) and (4.37) that we may 
express the annual variation as an amplitude 
and a phase angle. This will be done later, and 
the phase will be computed as the time 6 a t  
which the annual variation is a t  its maximum, 
i.e., 

n=o 

1 
6 = -arc tan (9). (4.42) 

5. Energy considerations 
The procedure given in sections 2, 3, and 4 of 

this paper gives solutions for y* and gT. It is 
naturally possible to derive a large number of 
quantities from the solution such as zonal wind 
and temperature distributions. It should also 
be pointed out that the zonally averaged vertical 
velocity 6 can be calculated from the ther- 
modynamic equation. 

One of the main purposes of this study is to 
consider the energetics of the calculations, be- 
cause most of the observational studies have 
concentrated on the annual variation of various 
energy quantities (Wiin-Nielsen, 1967, and 
Kung& Soong, 1969). The energetics of the 
two-level, quasi-geostrophic model is well known 
and need not be repeated here. We note that 
we are restricted to consider the energy budgets 
of the zonal components, A ,  and K,, of the 
available potential and kinetic energies be- 
cause of the parameterization of the transport 
processes. Furthermore, we shall find it advan- 
tageous to  divide the kinetic energy into the 
energy of the vertically averaged flow, K,*, and 
the energy of the deviation from this flow K Z T  
as described by Wiin-Nielsen (1962). With re- 
ference to this paper and to Phillips (1956) we 
state the following formulas for the amounts of 
energy: 

Tellus XXII (1970), 1 
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THE ANNUAL VARIATION OF ATMOSPHERIC ENERGY 7 

A Z  = P q 2 / o n ' ~ ~ ~ , d c o s ~ d ~ ,  9 (5.1) 

KzT=P/on'zfi~ 9 cospdp, (5.2) 

KZ* = !? /on" fit cos p dq, (5.3) 

where QT = -a-laqT/atp and 6, =a-laq,/ap Also 
the subscript d indicates a deviation from the 
area mean. 

Note, that the energy quantities are calcu- 
lated over the Northern Hemisphere only. The 
reasons are that we have no observational stud- 
ies from the Southern Hemisphere of these 
details of the energetics, and, more importantly, 
the energetics of the total globe will show a very 
small annual variation because the intense cir- 
culation in one of the hemispheres during winter 
will be compensated by a much weaker circula- 
tion in the summer hemisphere. Half a year 
later, the situation will be reversed. 

The generation of zonal available potential 
energy takes the following form when we sub- 
stitute our expression for the Newtonian heat- 
ing: 

9 

G(AZ) = 2E '?'y /on'z qT.d(qE.d - q T . d )  cos vdv. 
9 

(5.4) 

The energy conversion from A Z  to K Z  is: 

C(Az, Kz) = - - F T  0 COS dv (5.5) 
2fo 9 Jon/* 

while the conversion from AZ to A E  can be 
written in the form 

qT[Tcosp)dp, (5.6) 
9 

when we use our empirical expression (2.10) for 
the transport of sensible heat. 

We shall finally give the formulas for the dis- 
sipation of the two forms of kinetic energy. It 
turns out that 

All the integrals appearing in (5.1)-(5.8) are 
or can be divided into integrals of the form: 

I ( X ,  Y )  = X ( t )  Y( t )  cos vdp. (5.9) Ion'z ' 
In  this study X ( t )  and Y ( t )  have the form: 

X ( t )  =~+AAXCOS8t+BXSh8t .  (5.11) 

Substituting (5.10) and (5.11) into (5.9) we can 
write (5.9) in the form: 

/vvv 

I ( X ,  Y ) = I ( X ,  Y ) + I c  cosst+Issinst, (5.12) 

1 
2 

- 
where I ( &  Y )  = /on" [k? + - ( A X A Y  

+ B X B Y )  cosqdp, (5.13) 

I, = fai'[%lY+ PA"] cos qdp, (5.14) 

and I s  = [i?BY+ 9 B X ]  cos vde, (5.15) 

The formulas (5.12) to (5.15) were used to 
evaluate all of the energy integrals listed in 
(5.1) to (5.8). We note again from (5.12) that 
the annual variation of an energy integral can 
be expressed as an amplitude and a phase angle. 
Note also that only the annual mean value and 
the first harmonic of the annual variation have 
been included in (5.12) consistent with the 
earlier formulation of the problem. 

1 
and 

6. Results 
Any numerical solution of our problem re- 

quires a selection of values for the physical pa- 
rameters E ,  A ,  y,  K, and q. E can be calculated 
from (2.7). A reasonable estimate of E is ob- 
tained if we use g =9.8 m sec-*, Cd = 3 x lo-*, 
e, = 1.3 x lo-* and V ,  = 10 m sec-l. The resulting 
value of E is 4 x 10-6 sec-1, but it is obvious that 
E cannot be determined with great accuracy 
because of the uncertainty in cd and V,. The 
parameter A is defined in (2.8). Using R = 287 m* 
sec-= deg-', ?'s =250"K and v =32 mr sec-l we 
find A =0.6 x sec-l. The value of v corre- 

Tellus XXII (1970), 1 
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8 A. WIIN-NlELSEN 

Table 2. Values of in a8 a function of n, when E = 4 x lO-'sec-', 
A = 0.6 x lo-' sec-', y = 0.4 x lo-' sec-', K = 2 x 10'rnZ sec-', and 

qz = 4 x m-' 

n O 1 2 3 4 5 6 7 8 9 1 0  

r ,  1.00 0.78 0.54 0.37 0.26 0.19 0.14 0.11 0.09 0.07 0.06 

sponds to Palmh's (1955) estimate of ev = 

2.25 x lo-, tm-' sec-l, but it is known that ev 
may be larger than this value. Riehl (1951) finds 
for example a value of ev = 5 x lo-* tm-1 sec-1 
which would increase the estimate of A to 
1.3 x 10-6 sec-'. y has been estimated by Wiin- 
Nielsen, Vernekar, and Yang (1967) to have a 
value of 0.4 x sec-'. We shall not here go 
into the method of estimation except to point 
out that there is as large an uncertainty in y as 
in E and A .  
The numerical value of K ,  defined in (2.10), 

has been considered by Adem (1962) and Saltz- 
man (1968). The first author determines the 
values of K which are necessary to accomplish 
the required heat transport provided the expres- 
sion (2.10) is correct. He finds a seasonal varia- 
tion of K with large values in winter and small 
or vanishing values in summer. In  this investi- 
gation we shall consider the case where K is 
constant by assumption. The value derived 
from Adem's (1962) data is 2.5 x lo6 ma see-1 for 
the annual average. Saltzman (1968) finds also 
that the value of K is somewhat larger in winter 
than in summer with an average of 1.9 x 106 m2 
sec-I. Finally, the value of pz has been selected 
to be 4 x lo-', rn-, corresponding to a value of 
fo  = 

The description of the results will be given in 
detail for a case where E = 4  x sec-1, A = 

0.6 x K = 2.0 x loE 
ma sec-1, and qz = 4  x 10-l2 m-,, which we will 
consider as typical values. Later we shall con- 
sider how sensitive the solution is to some of the 
physical parameters. Most of the calculations 
were carried out with N = 10 which means that 
we consider Legendre polynomials up to and 
including the 10th degree. However, it is ob- 
vious that the largest values of n give only a 
very small contribution to the solution as can 
be seen from Table 2 which gives the values of 
r, as a function of n for this case. 

Fig. 1 shows two curves. The solid curve is 
the annual mean of the equilibrium tempera- 

sec-l, cr = 2 m4 sece t-2 and P = 50 cb. 

sec-l, y =0.4 x lo-@ 

Fig. 1. The annual mean values of the equilibrium 
temperature - T, and the computed temperature at 
50 cb, T, as a function of latitude. 

ture, while the dashed curve is the temperature 
?, computed from the model. It is obvious 
that the model manages to reduce the tempera- 
ture contrast between equator and pole. While 
the temperature differences between equator 
and pole is 36°K for the equilibrium tempera- 
ture ?,, it is only 25°K for the temperature @,. 
The curves are only reproduced for the Northern 
Hemisphere, because it turns out that @ E  and 
@ a  are almost symmetric around the equator. 

We consider next Fig. 2 which gives the tem- 
perature distributions at four times during the 
year: January 15, April 15, July 15, and October 
15. In  each of the four diagrams we have 
reproduced three curves: TE(q) ,  T,(q)  as com- 
puted from the model and an estimate of the 
observed temperature distribution between 
25"N and 85"N as computed from data for 
the year 1963. We see from Fig. 2 that there 
is reasonably good agreement between T ,  from 
the model and T, from observations for the 
dates of April 15 and October 15. However, the 
computed temperature difference betwen equa- 
tor and pole is too large in the winter and too 
small in the summer. These discrepancies may 
possibly be explained by the fact that we have 
kept K constant during the year. According to 
Adem (1962) we should have a larger value than 
2 x 10' ma sec-I for K in the winter. We would 

Tellus XXII (1970), 1 
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THE ANNUAL. VARIATION OF ATMOSPHERIC ENERGY 9 

70 

60 

9 4  
30 

210 250 250 270 210 
d q  K 

h o r y  15 

\\ 

210 230 292 270 210 230 250 270 
dcp K d lp  K 

July 15 October 15 

Fig. 2. The equilibrium temperature (8oZid curve), 
the computed temperature (daahed curve), and the 
observed temperature (dashed-dotled curve) as a 
function of latitude at  four different times during 
a year. 

consequently transport more heat from equator 
to pole and obtain a better agreement with 
observations. Similarly, the adopted constant 
value of K is too large during the summer 
as compared to  Adem's data. Consequently, 
too much heat is transported from equator to 
pole resulting in a smaller temperature contrast 
than is observed. In spite of these differences 
our crude model is capable of describing several 
features of the annual variation. of the zon- 
ally averaged temperature quite well. For ex- 
ample, the model predicts correctly that temp- 
erature in summer is larger at 30" N than at 
the equator. This reversed temperature gradient 
is evident in the cross section presented by 
Palmen& Newton (1967) (see Lorenz, 1967) 
for the time- and longitude-averaged tempe- 
rature in July. Note also that the model is 
capable of creating a decrease in the temperature 
from 40' N to the pole, although the equilib- 
rium temperature has a net increase in the same 
latitude belt. 

We are next going to consider some phase 
relationships. Fig. 3 shows the time of maximum 

Tellua XXII (1970), 1 

Cays. JUNE 
17 I8 19 20 21 22 23 

BO- 

60- 

40- 

0 

Cay. DECEMBER Cay.. JbNUARY 

Fig. 3. The p h e ,  measured in days, of the equilib- 
rium temperature as a function of latitude. The 
upper scale applies to the Northern Hemisphere, 
the lower scale to the Southern Hemisphere. 

for the first harmonic of the annual variation of 
T,. The upper time scale applies for the North- 
ern Hemisphere while the lower time scale 

Fig. 4. The phase difference, measured in days, 
between the thermal stream function and the 
equilibrium stream function and between the ver- 
tical mean stream function and the equilibrium 
stream function as a function of latitude. 
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80- 

A. WIIN-NIELSEN 

U,. Jan I 

2 5 c b  

Fig. 5 .  The amplitudes of the first harmonic of the 
annual variation of the computed temperature, 
T,, and the equilibrium temperature, T,, as a 
function of latitude. 

- - 

indicates the time of maximum for the Southern 
Hemisphere. The data used for the preparation 
of Fig. 3 can be obtained directly from a Fourier 
analysis a t  each latitude of the equilibrium tem- 
perature as it appears in Table 1. As expected 
we find a maximum temperature in the North- 
ern Hemisphere around summer solstice. The 
variation in the time of maximum is only about 
2 days between 20" N and 90" N. Similarly, the 
time of maximum equilibrium temperature in 
the Southern Hemisphere is around the summer 
solstice for that hemisphere, i.e., December 23. 
The variation of 6,, the phase angle, is again 
only about 2 days between 90"s  and 20"S, 
while a very rapid change takes place between 
20" S and 20" N. 

From the solution of the problem we may 
find the time of maximum for q, and q*. The 
phase angle for q, is the same as for T e  because 
of (3.1). Fig. 4 shows the differences ( 6 ,  -6,) 
and (6* - 6,) as a function of latitude from 90" S 
to 90°N measured in days. The difference 
(6, - 6,) is about 22 days in the latitude interval 
20" N to 90" N and about 23 days from 90' S to 
20" S. The typical time lag for &, measured 
by (6 ,  -a,), is about 25 days and 26 days, re- 
spectively, in the same latitude regions. The 
rather large variations in a,, 6,, and 6* around 
the equator is of minor importance because the 
amplitude of the annual variation in this region 

is very small. This can be seen from Fig. 5 
which shows the amplitudes, A T ,  and AT2,  of 
the first harmonic of the annual variations of 
T ,  and T 2  as a function of latitude. We notice 
that there is a reduction in amplitude at all 
latitudes, and that the amplitudes have a mini- 
mum at the equator. 

We shall next consider the zonal winds as 
derived from the model. They are shown in 
Fig. 6 as a function of latitude for the upper 
level (25 cb) and the lower level (75 cb). For 
each level we have displayed the profile of the 
zonal wind for the annual mean and for the 
individual days, January 1 and July 1. It is 
seen that the winds are of the right order of 
magnitude as compared to similar diagrams for 
observed winds, Lorenz (1967). The winds are 
of larger magnitude at the upper level than at 
the lower level. There is a tendency to have a 
profile with two maxima especially in winter, 
but also in the annual mean. There are, however, 
several incorrect features of the computed zonal 
wind profiles as one would expect in view of the 
fact that the effects of the horizontal meridional 
transport of relative momentum have been 
neglected in the model. I n  addition to these 
factors, there may be other factors which are 
needed to obtain a more correct zonal wind- 
profile. It is for example likely that a more 

6ot 

Fig. 6 .  The computed zonal winds at cb (upper 
part) and at 75 cb (lower part) as a function of 
latitude for the annual mean, January 1 and July 1. 

Tellus XXII (1970), 1 
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THE ANNUAL VARIATION OF ATMOSPHERIC ENERGY 11 

realistic model than a quasi-geostrophic model 
is needed to explain the observed wind distri- 
bution in the tropics, where the profiles, com- 
puted here, are incorrect. The main discrepancy 
between the computed and observed wind pro- 
files in the low latitudes is the failure to produce 
easterlies in the winter profile and the annual 
mean profile in the computed profiles. There is 
also a tendency to locate the wind maximum at 
too high a latitude in the computed profiles as 
compared to observed profiles. 

The main idea in starting this investigation 
was to see if it was possible to reproduce from 
a theoretical model the major aspects of the 
observed annual variation of the energetics of 
the atmosphere. Observational studies show, as 
mentioned earlier, that the maximum amounts 
of available potential and kinetic energy are 
found in mid-January when energy calculations 
are carried out for the Northern Hemisphere 
north of 20" N. Estimates, based on the same 
calculations, show also that the maximum ge- 
neration of available potential energy occurs 
around December 20, while the maximum con- 
version of available potential energy to kinetic 
energy takes place about January 8. The maxi- 
mum dissipation of kinetic energy is found on 
January 17. No great emphasis should be at- 
tached to the specific dates. They were obtained 
from data for specific years, but there are indi- 
cations (Kung & Soong, 1969) that there is not 
a very great variation when similar calculations 
are carried out based on other data samples. 
The main features are that the maxima for the 
amounts of energy occur in mid-January, and 
that there is about one month difference be- 
tween the maximum generation of available 
potential energy and the maximum dissipation 
of kinetic energy. 

We shall next investigate how well we are 
able to reproduce these features from the theo- 
retical calculation. Using the parameters de- 
scribed earlier in this section, we have calcu- 
lated the energy parameters given in eqs. (5.1) 
to (5.8). The results are best described by repro- 
ducing them in tabular form. Such a table is 
given as Table 3. 

The values given in Table 3 may be compared 
with some of the values obtained in observa- 
tional studies. The zonal available potential 
energy A ,  has been computed to be 3923 (1960), 
3887 (1961), 4010 (1962). 2915 (1962), and 3164 
(1963), where each value is expressed in kjm-8, 

Tellus XXII (1970), 1 

Table 3.  Annual mean values, amplitude, and 
p k e  of the first harmonic of the annual varia- 
twn of variow energy quantities computed with 
E = 4 x sec-l, y = 0.4 x 
IO-'sec-', ~ = 2 x  1o6m2sec-', a d  q 2 = 4 x  10-'* 

m-' 
Units: kjm-2 for amounts of energy, kjm-2 sec-a 

for remaining quantities 

sec-l, A = 0.6 x 

Energy Annual 
quantity mean Amplitude 

3108 
134 
538 
672 

12.0 x 10-4 
3.3 x 1 0 - 4  
3.3 x 10-4 
8.7 x 10-4 

2042 
73 

293 
366 

8.8 x 10-4 
1.8 x 10-4 

6.0 x 10-4 
1.8 x lo-' 

14.2 
14.3 
17.2 
16.3 

360.2 
23.9 
0.3 
17.1 

and where the number in parentheses gives the 
year from which the data were taken (Wiin- 
Nielsen, 1967). Note that two values are given 
for the year 1962. The first value, 4010 kjm-', 
was based on data from two levels, 85 and 50 cb, 
while the second value was based on informa- 
tion from 8 pressure levels as was the value 
given for the year 1963. The last two values for 
1962 and 1963 are therefore more correct, and 
our computed value (3108 kjm-8) shows good 
agreement with the last two observed values of 
A,. Values of the amplitude of the first har- 
monic component for A ,  are: 1437 (1960), 1509 
(1961), 1412 (1963), and 1196 (1963). Our com- 
puted value of 2042 kjm-' is somewhat larger 
than the observed values. Finally, the values 
of the phase based on observations are: 16 
(1960), 17 (1961), 17 (1962), and 20 (1963) as 
compared to our computed value of 14 days. 

A similar comparison can be made for the 
zonal kinetic energy K ,  where the computed 
value is K ,  =672 kjm-8 for the annual mean. 
Corresponding values baaed on observations are: 
706 (1960), 679 (1961), 655 (1962), 779 (1962), 
and 832 kjm-8 (1963). The theoretical value of 
the amplitude is 366 kjm-a while the observed 
values are 527 (1960), 499 (1961), 438 (1962), 
and 636 kjm-' (1963). We observe that the 
theoreticel value is somewhat smaller than the 
observed values. The phase of 16.3 days from 
the model compares with 20 days for the years 
1960, 1961, and 1962, while the data from 1963 
gave 24 days. 
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12 A. WIIN-NIELSEN 

With respect to the amounts of energy we 
may therefore conclude that our model produces 
amounts which are of the correct order of 
magnitude, although we notice a tendency to 
get too large an amplitude in the annual varia- 
tion for A, and too small an e.mplitude for K,. 
The phase computed from the theoretical model 
is essentially correct giving maximum energy 
values in mid-January. 

A n  equally detailed comparison of the com- 
puted theoretical values for G(A,),  C(Az ,  A E ) ,  
C(A , ,K , ) ,  and D(K,)  with values based on 
observations is not possible because these quan- 
tities are known with less accuracy. We note, 
however, that we obtain phase values which are 
essentially correct as compared to the data 
given by Wiin-Nielsen (1967), but also that our 
computed values of the annual mean values of 
G(A,) and C ( A , , K , )  appear to be somewhat 
smaller than values obtained from observational 
studies. This is especially true for C(Az ,  AE)  
where the observed values for the annual mean 
are: 27.1 x lo-' (1960), 27.2 x (1961), 
29.0 x (1962), and 23.7 x kjm-l sec-1 
(1963) aa compared to the theoretical value of 
only 12.0 x 10-4 kjm-8 sec-l. 

In  summary, our theoretical model is par- 
tially successful in reproducing some of the 
major features of the atmospheric energetics 
and its annual variation. The best agreement 
with observational studies is obtained in the 
annual mean values of the amounts of energy 
and in reproducing phase values for the annual 
variation which are essentially correct. With 
respect to the amplitudes of the annual varia- 
tions and the annual mean values of some of 
the energy conversions there is room for im- 
provement. 

7. Parameter studies 

The values selected for the parameters E ,  A, 
y, K, and qa for the solution which has been 
described in detail in section 6 were obtained as 
the most likely values according to earlier stud- 
ies. However, there is considerable uncertainty 
in several of the values and it is therefore of 
some interest to investigate how sensitive the 
solution is to our particular choice. Having five 
physical parameters at  our disposal give us a 
large freedom in selection, and it is impossible 
to test all combinations. We shall therefore 
restrict ourselves to a few examples. 

Table 4. The upper part applies to y = 0.8 x 10- 
sec-' and the lower part to y =  1.2 x 10-6sec-'. 
E = 4.0 x lO-'sec-', A = 0.6 x 10-'sec-', K = 2.0 x 
1O6m2sec-', and q 2 = 4  x 10-'2m-2 for both m e 8  

Table arranged as Table 3 

Energy Annual Phase 
quantity mean Amplitude (days) 

0.8 x A ,  4846 3121 5.0 
K T Z  213 111 5.1 
Ksz 854 445 8.0 

D(K,) 5.2 x lo-' 2.7 x 14.7 
C(A,, K,) 5.2 x 10-4 2.8 x 10-4 356.1 

q A , )  16.5 x 10-4 12.5 x 10-4 338.5 

c(A,, A ~ )  11.3 10-4 8.0 x 10-4 8.3 

1.2 x 10-6 A ,  5783 3650 1.1 

qA,)  16.1 10-4 13.5 x 10-4 331.9 
D(K,) 6.3 10-4 3.1 x 10-4 10.9 

c(A,, A ~ )  9.8 10-4 8.1 x 10-4 5.0 

K T Z  259 129 1.3 
Ksz 1038 517 4.2 

C(A,, K,) 6.3 x 3.2 x 352.3 

We shall first test the solution with respect 
to the numerical value of y ,  which had a value 
of 0.4 x 10-6 sec-l in the case considered in sec- 
tion 6. Two new calculations with y =0.8 x 10-6 
and y = 1.2 x but with the same values for 
all the other parameters were carried out. The 
results are given in Table 4. It is seen that the 
amounts of the various forms of energy increases 
when y is increased. Some increase is also found 
in G(Az) ,  C(Az ,  AE),  W,, Kz) ,  and D(Kz) ,  
but these increases are not proportional to y. 
With respect to the time of the maximum in 
the annual variation we find that the maximum 
occurs at  an earlier time for all quantities when 
y becomes larger, but the phase difference 
between D(K,) and G(A,)  becomes larger with 
increasing values of y being 38.7 days for 
y =0.4  x sec-l, 41.2 days for y =0.8 x lo-@ 
sec-l, and 44.0 days for y = 1.2 x sec-l. Of 
these values the first agree best with observa- 
tions. 

The numerical value of K is also quite uncer- 
tain. A number of numerical experiments were 
carried out to test the sensitivity of the solution 
to the value of K. The values of the other 
parameters were: E =4.0 x 106sec1, A =0.6 x 10-6 
sec-l, y = 0.4 x sec-l, and q* = 4 x lo-'* m-l. 
The numerical values of K were 0.5 x lo6,  
1.0 x lo6,  ..., 4.0 x lo6 ma sec-l. The results of 
this experiment are illustrated in the following 
figures. 

Tellus XXII (1970), 1 
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THE ANNUAL VARIATION OF ATMOSPHERIC ENERGY 
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Fig. 7. The phase, measured in days, of the zonal 
available potential energy, A,, as a function of 
the diffusion coefficient, K, for heat. 

Fig. 7 shows the phase of K,, S(K,), and the 
phase of A,, S(A,), given in days as a function 
of K .  It is seen that the two curves me parallel 
indicating the phase difference between A, and 
K ,  is independent of the value of the diffusion 
coefficient for heat. 

The other important phase relationships for 
~ ( A z ) ,  C(A , ,AE) ,  C ( A z , K z ) ,  and D(K,)  are 
shown in Fig. 8 as a function of K .  Two of 
these, the phase for C(A,, K , )  and D(K,),  
change relatively little for increasing values of 
the diffusion coefficient K .  This is perhaps to be 

-4 
Fig. 8.  The phase, measured in days, of the genera- 
tion of zonal available potential energy, (?(A),, 
the energy conversion C(A,, AT), the energy con- 
version C(A,,K,), and the dissipation of zonal 
kinetic energy D(K,) as a function of the diffu- 
sion coefficient for heat. 
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FG. 9. The annual mean values of A, and K, and 
the amplitudes of the first harmonic of the annual 
variation of A, 8nd K ,  as a function of the diffu- 
sion coefficient for heat. 

expected because K influences first of all 
C(A,, A E )  as seen from Fig. 8 and apparently 
also Q(A,). Fig. 8 shows that the phase differ- 
ence between G(A,)  and D(K,) changes rela- 
tively little for values of K larger than 2 x 10' ma 
sec-l. However, if K were considerably smaller 
than this value the phase difference will be 
much larger than the value given in our example 
in the preceding section. 

Fig. 9 shows the annual mean values of the 
available potential energy, A,, and the kinetic 
energy, K,, together with the amplitudes of the 
first harmonics, AA, and AK,, as a function of 
the diffusion coefficient K .  All of these quanti- 
ties decrease +th increasing K .  Values of K 
much smaller than 2 x lo6 m* sec-l will result in 
energy amounts which are larger than the ob- 
served amounts. We noticed in section 6 that 
A, and k,  were approximately correct while 
AA, was too large and AKz too small. It is seen 
from Fig. 9 that this discrepancy cannot be cor- 
rected by simply changing the value of K .  

The next figure, Fig. 10, shows &A,), 
c ( A , ,  AE) ,  and &4,, K, )  = d ( K , )  asa function 
of K .  It is apparent from this figure that if we 
are to obtain realistic values of &A,) and 
G(A,, AE)  from the model we must select values 
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14 A. WIIN-NIELSEN 
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I 

Fig. 10. The annual mean values of Q(A,), C(A, ,  
K,)  as a funtion of the diffusion coefficient for 
heat. 

of K which are a t  least as large as the one se- 
lected in the example given in section 6. Se- 
condly, it is only when K is reasonably large 
that the results become less sensitive to the 
choice of K .  

Fig. 11 shows the amplitudes of the first har- 
monic of G(A, ) ,  D(K , ) ,  C(A,,  K,) ,  and C(A, ,  
AE)  as a function of K .  It is apparent that these 
quantities vary in much the same way as the 
curves given in Fig. 10. 

It is naturally possible to make a large num- 
ber of additional numerical experiments with 

10- 

9-  

8 -  

7 -  

6 -  

5 -  

4 -  

3- 

2 -  

I -  

AClA,.A,l 

AD(K,-AClA, ,K,I 

0- K. IO'rn2rec-' 

Fig. 11. The amplitudes of the first harmonic of the 
annual variation of Q(A,), C(A,,A,),  C(AZIFz),  
and D ( K Z )  as a funtion of the diffusion coefficient 
for heat. 

the physical parameters. However, it is felt 
that the experiments described above illustrate 
the major properties of the model and that they 
concentrate on those parameters which are 
known with the smallest amount of accuracy. 

8. Concluding remarks 

A two-level, quasi-geostrophic model in- 
cluding a simple Newtonian form of diabatic 
heating and internal as well as boundary layer 
friction has been used to investigate certain 
aspects of the energetics of the atmosphere. The 
major additional assumptions which have been 
made in the study are that the meridional 
transport of sensible heat can be modeled by a 
diffusion approximation, and that the meri- 
dional transport of zonal relative momentum 
can be neglected in the first approximation. 
The latter approximation is best justified when 
the investigation is restricted to the largest 
meridional scale. 

Under these assumptions it is possible to 
solve the zonally averaged equations of the 
model for the zonal average of the two stream 
functions which describe the flow and the tem- 
perature field. In addition to the zonal winds 
at the upper and lower levels of the model and 
the temperature field a t  the mid-level, it  is 
possible to calculate the annual average and 
the first harmonic of the annual variation of the 
zonal available potential energy, the zonal kinet- 
ic energy, the generation of zonal available 
potential energy, the energy conversions from 
zonal available potential energy to eddy avail- 
able potential energy and to zonal kinetic en- 
ergy, and, finally, the dissipation of zonal kinet- 
ic energy. 

It is found that the model is capable of re- 
reproducing amounts of energy which compare 
favorably with observational studies as far as 
the annual mean is concerned. The annual vari- 
ation of zonal available potential energy is 
somewhat larger than values indicated by ob- 
servational studies, while the amplitude of the 
first harmonic of zonal kinetic energy is smaller 
than observed values. The phase relationships 
between the generation of zonal available po- 
tential energy, the conversion from this form 
of energy to zonal kinetic energy, and the dissi- 
pation of zonal kinetic is reproduced fairly well 
by the model, but there are some differences 
between the theoretical and the observed values 

Tellus XXII (1970), 1 
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THE ANNUAL VARIATION OF ATMOSPHERIC ENERGY 15 

for both the annual means and the amplitudes 
of the first harmonic of the annual variation, 
especially for the generation of the zonal avail- 
able potential energy. 

The major shortcoming of the present model 
apart from tho fact that  i t  is a two-level, quasi- 

ciency. However, the ideas presented by Saltz- 
man & Vernekar (1968)  and Green (1968)  should 
be explored. A diagnostic study of the para- 
meterization of momentum transport is pres- 
ently underway. 

geostrophic model is probably the simplicity of 
the diabatic Newtonian heating and the neglect 9. Acknowledgments 
of the meridional transport of the zonal relative 
momentum. The diabatic heating effect,s can 
probably be modeled in a more realistic way, 
but it is more difficult to remove the other defi- 

The author is thankful to Mr. Perry Fisher 
and Mr. James Pfaendtner for the excellent, 
help in programming all the calculations in this 
study. 
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