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ABSTRACT

The equations describing a two-layer frontal model of the atmosphere, where all the
baroclinicity is concentrated along a frontal surface separating two incompressible,
homogeneous fluids in stable stratification, are integrated numerically. The upper
boundary is a free surface, and the motion of the surface front at the lower boundary is
found by calculating the trajectories of material ‘‘particles” on the surface front, using
the known velocities in the grid points in the cold air layer. The development of frontal
waves in the experiments showed a remarkable agreement with the development of
observed frontal waves with the characteristic asymmetry between the warm and cold

front side of the waves.

1. Introduction

The formation of fronts and the development
of frontal cyclones in the atmosphere of the
middle latitude were first described on the basis
of synoptic investigations by the Bergen school
in meteorology (Bjerknes & Solberg, 1922).
They found that the typical cyclones originated
as wave-like disturbances on the transition
zone between the cold polar air mass and the
warm tropical air mass; the polar front. Later
Solberg (1928) treated theoretically the de-
velopment of the frontal cyclones. He defined
the front as a discontinuity surface between two
statically stable, barotropic layers moving
zonally with different velocities. To avoid the
singularity connected with the intersection of
the frontal surface with the ground, he assumed
that the model was bounded by two sloping
rigid planes, parallel to the frontal surface. By
using the method of small perturbations he
found two types of amplifying waves; one with
very short wavelength (Helmholtz instability)
and one with wavelength corresponding to the
wavelength of observed young cyclones. It
was originally believed that the shearing in-
stability also was responsible for the growth
of these long waves (Bjerknes & Godske, 1936),
but later Heiland (1943, 1948) showed that
long waves of the same nature as those found
by Solberg may grow as a result of an inter-
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action between the shear and the internal static
stability of the two layers. Kotschin (1932)
treated the frontal cyclone problem by assum-
ing that the quasi-static approximation could
be used. By considering two incompressible,
homogeneous fluids with a shear and a density
difference, bounded above and below by two
rigid horizontal planes, he found by perturba-
tion methods a stability criterion relating the
shear and density difference between the two
fluids to the wavelength. Eliasen (1960) simpli-
fied Kotschin’s model by introducing a vertical
wall at the northern boundary so that the
frontal surface never intersected the upper
surface. For particular values of the shear
and density difference, corresponding to ob-
served atmospheric conditions, he found the
largest growth-rates for waves with wave-
length approximately 2 000 km. The most ex-
tensive investigation of the instability of the
frontal waves with the same model as Kotschin
is recently done by Orlanski (1968). He found
that in the region of Rossby number (Ro) <3
and Richardson number (Ri) <5 unstable waves
may exist for all wavenumbers.

These linearized models give a relation be-
tween the initial growth of the unstable waves
and the shear and density differences, but to
study a more complete evolution of the frontal
cyclones the non-linear effects of the dynamical
equations have to be taken into account. This
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was done by Kasahara, Isaacson & Stoker
(1965) in their numerical intergration of the
development of a frontal cyclon in a two-layer
model. But they made the simplification in the
model that the warm air mass was inactive so
the dynamics of the perturbations in the warm
air layer could be neglected. Their system of
differential equations could then be reduced toa
set of only three prognostic equations.

In this study we will use the same model as
Eliasen (1960) and as Kasahara et al. (1965),
but the upper boundary of the warm air layer
is a free surface. The intersection between the
discontinuity surface and the lower boundary,
the surface front, is treated as a free boundary
as done by Kasahara et al., but the movement
of this surface front is calculated by another
method as discussed in section 4. The integra-
tion of the model is performed for three days of
simulated time, and the surface frontal system
is developing from a sinusoidal initial wave
through the different stages of cold and warm
fronts to an almost occluded frontal system.

2. The front model

We will consider a model consisting of two
layers of incompressible homogeneous fluids
with different densities. The motion in each
layer is hydrostatic and independent of the
vertical coordinate z. The two layers are bound-
ed below with a rigid horizontal plane at z =0,
and the upper limit of the fluids is a free surface
at z =hy(x, y, t). The interface between the two
layers, the frontal surface, is given by z=
hy(z, y, t). The fluids are assumed confined in
a channel corresponding to a middle latitude
band on the earth. The southern and northern
boundaries are rigid walls where the normal
velocity components vanish, and it is assumed
that the frontal surface never intersects with
the free surface but ends on the northern wall.
It is also assumed that the flow is periodic in
the west-east direction with a periodicity equal
to the length of the channel. The earth rota-
tion is taken into account with a -plan approxi-
mation.

Using a Cartesian coordinate system with
the z-axis in the west-east and the y-axis in
the south-north direction respectively, the
equations in Eulerian from governing the model
and which satisfy the dynamic and kinematic

boundary conditions at z =0, k;, and h, are as
follows:

ov
1V VWt [V + Uy @0V (hy—hy) =0 (1)
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v, and v, are the velocity vectors in the cold
and warm air layers respectively, f is the
Coriolis parameter, g is the acceleration of
gravity, and k is the vertical unit vector. The
fluids are in stable stratification so the den-
sity g, of the cold air layer is larger than the
density g, of the warm air layer. For a sta-
tionary front the system of equations may be
reduced to the well-known Margules’ formula
for the slope of the front

d_h1=ﬂ92 Uz_()x Ul) (5)
dy glo,—0y)

where U, and U, are the uniform velocities in
the positive z-direction in each of the layers
(Fig. 1).

By multiplying equation (3) with g, and (4)
with g, and integrating the equations over the
domains o, and ¢, of the cold and warm air

hi(x.y)

don | L

Fig. 1. Vertical cross section of the two-layer model,
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NUMERICAL SIMULATION OF THE MOTION OF ATMOSPHERIC FRONTS 629

masses respectively, and by using the bound-
ary conditions, we see that the total mass of
the cold air layer M, =g, [, h,do and of the
warm air layer M, =g, f,,, (hy —h,)do are con-
gerved in the model. Likewise it is easy to show
that the total energy

2
vi+gh,
ET = f o (_Lg‘) b, do
o1 2

+f 0 (V“L—"‘ZJ—U) (hy—h)do (6)

is conserved in the model.

We have as an upper boundary condition in
this model used a free surface, but we may in-
stead use a lid at z =h, =constant. Instead of
the continuity equation (4) for the warm air,
we then have to solve a balance equation of
the Monge-Ampére type for the pressure distri-
bution at this upper boundary. But to solve
numerically for each time step a Monge-
Ampére equation is much more time consuming
on the computer than integrating numerically
the prognostic equation (4).

By using the same boundary conditions and
the same linearizing procedure as Eliasen (1960),
and also the approximations

@ & 4

91“92—91“& €1—02

the linearized set of equations corresponding
to equation (1) to (4) reduce to the same equa-
tions as equations (3.12) and (3.13) in Eliasen’s
paper, where p; and p; have to be defined as

e e
Pr=0.9 [(1 ——’) hy + —’hz]
421 [0}

p‘}! =0, 9h,

and

We have therefore to expect that the linear
instability criterions for this model are the same
as those found for Eliasen’s model.

3. Finite difference equations
and boundary conditions

The equations (1) to (4) will be integrated
numerically by using one of the finite differ-
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ence schemes (scheme F) discussed by Gram-
meltvedt (1969). In the calculations we will
use a fixed regular grid with horizontal spacing
Az =Ay = A and with time increment A?, and
we will use the notations of Shuman (1962)
where a second order finite difference approxi-
mation to the derivative of an arbitrary func-
tion o of a discrete variable z;, =7A is written

7
= a2+ 0(AY)
ox

e R R OB
ey oo d) - (-3)

With these notations the finite difference
equations for equations (1) to (4) may be
written

where

and

-t r Tz TV Ty v Yy
Uge + (w5 uy )+ (V5 )y~ uy(uyz +vg)
-z
—fo,+ =0 (7)
-t —xz Ty Y -z Ty
v+ (uy vy )+ (v v )y — vy (Ugr +uyy)
.’
+fus+ ¢y =0 (8)

hag + (e tay )z + (" 0,")u = 0 (9)

(hg= )i+ ((hy—F)” Uy )z + ((hy— )" v, )y =0 (10)

for j=1, 2.
@,
¢ = g(hl += (hn—hl))
[

$2=gh,

and u; and v; are the velocity components in
the z and y directions respectively.

At the lower boundary the domain ¢, of the
cold air is restricted to the area between the
northern wall and the surface front. This do-
main is changing during the development of
the frontal eyclone through the changing posi-
tion of the surface front and will not, from time

any) SUONIPUOD PUe SW | 8U 885 *[9202/0/20] U0 ARiq1TauliuO AB|IM '80US|[OXT 818D PUE UIESH 10} aininsu| [euolieN ‘FOIN Ad X' TEG000Y0L6T 06vE-ESTZ TTTT 0T/10p/woo A Im Akeiq1jpul|uoy/sdny woiy papeojumod ‘9 ‘0L6T ‘06VEESTZ

folm A

-pLx

5L801 7 SUOLULLIOD) AA1Ea.D ajqedt|dde au) Aq pausenof are sapie WO ‘8sn Jo sajn. Joj Akiq 1 aulu A3|iIm uo



630 ARNE GRAMMELTVEDT

step to time step, contain the same set of re-
gular grid plints. It is therefore necessary to
mark the set of regular grid points which at
each time step belongs to the domain o, of the
cold air. In the regular grid points next to the
surface front we cannot directly use the finite
difference equations (7), (8), and (9), but we
will approximate the spatial derivatives of the
variables with non centered differences taken in
the direction into the cold air.

There will also at the position of the surface
front be a discontinuity in the gradient of the
thickness of the warm air; V(h, —h,). This dis-
continuity cannot directly be represented in
the continuity equation (10), but it will intro-
duce high wave number noise in the thickness
field, which may be transfered to the veloci-
ty fields and make the integration computa-
tionally unstable. Therefore a Fickan type
smoothing of the form F =x%V?v, where x is a
turbulent diffusion coefficient, is introduced
into the equations of motion (7) and (8), and
the height fields k;, and h, and the velocity
fields are smoothed by a second order smooth-
ing operator after each hour (18 step) of inte-
gration. Other experiments with primitive
equation models have shown that it is probably
better to suppress non-linear computational
instability by including nop-linear friction terms
in the equations as done by Smagorinsky,
Manabe & Halloway (1965) or to use nine point
formulas for the spatial derivatives, see Gram-
meltvedt (1969). But the changing position of
the surface front and also the fact that regular
grid points in the cold air layer next to the
surface front do not have all their eight sur-
rounding grid points inside the cold air region,
makes it difficult to define non-linear operators
or nine-point formulas in these grid points where
the high wave number noise is strongest.

The lateral boundary conditions in the con-
tinuous model are that the velocity component
normal to the boundaries is zero. But for the
discrete model given by the finite difference
equations (7)-(10) we have to impose two extra
sets with boundary conditions, and we assume
that also the first and second derivatives of
the velocity component normal to the lateral
boundaries are zero, i.e. v =0, gv/oy =0, and
a%/oy? =0 at the lateral boundary. From these
conditions follow that the velocity component
u and the heights h; and h, are constant in
time at the lateral boundaries if they initially

are given a constant value along the bound-
aries.

4. The movement of the surface front

Kasahara et al. (1965) found the movement
of the surface front by defining a string of
material points on the front and calculated the
motion of these points from a Lagrangian sys-
tem of equations. In this study we will also de-
fine the surface front by a string of material
points, but since these points constitute the
free boundary of the cold air layer, the motion
of these points will be found by ealculating their
trajectories by using the known velocities at
the regular grid points of the cold air. We
then avoid the difficulties in determining the
gradients of h, at this free boundary. To make
the caleulation simple inthisexperiment we will
as a first approximation define the velocity of
a front point & at time ¢ =r +1 to be equal to
the velocity at the nearest regular grid point
in the cold air. This is done in the following
way; let the coordinates of the front point &
at time t =7 be X"(k) and Y'(k) in the basic
coordinate system, and let ¢ and j be the in-
tegers values of X"(k) and Y'(k). The front
point is then situated between the regular
grid points P,, I’,, P,, and P, (see Fig. 2) with
coordinates ¢, §, ¢ +1, §, ¢ +1, 7 +1, and<¢, 7 +1.
The nearest regular grid point to &k in the cold
air is here found to be P,. The velocity com-
ponents at time ¢=r+1 are then, as a first
approximation, set equal to

wpt k) =u"(E, 4 1) (11)
and

k) =" (6, 4 1) (12)

i-tjel '!i" /m{

P

P2

isl jat

Fig. 2. Front positions and regular grid points.
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From Fig. 2 follows that the front point k +1
also will get the same velocity as k, but the
velocity of the front point k-1 will be set
equal to the velocity at the regular grid point
with coordinates ¢ —1, §. This may give a very
unsmoothed velocity distribution along the
front. Therefore a second order smoothing
operator is used along the front to smooth the
velocities of the front points, and the final ve-
locity components are then given as;

u k) = -l—(u;“(m D)+ 2u) T k) +uf T (k- 1))
(13)

and

1
o (k) = 4 @ e+ 1) + 207 T k) + o TN~ 1)

(14)

The new position of the front point k is then
calculated by using a mean value of the ve-
lTocity at time ¢ =7 and ¢ =» + 1 which gives;

X" W)= X"(k) + %—t (W' (k) +u (k) (15)

Y7k = Y (k) + %‘ @k E)  (16)

The new position of the surface front will change
the domain o, of the cold air, and the set of
regular grid points which is included in ¢, may
therefore change from ¢=r to t=r+1. A test
is therefore made to determine if any regular
grid points are located in the domain bounded
by the surface front at ¢ =+ and at ¢t =r +1. If
a regular grid point is included in the new
domain g, as P, at Fig. 2, the local velocity at
this point is set equal to the velocity of the
surface front, but the height A, is still set equal
to zero. We are then introducing an error in
hy which is depending on the velocity and the
slope of the front and the time step. But with
the time step used in this experiment (A¢=
200 sec) this error is small (order 10 m in A,).
If a regular grid point is excluded from the do-
main o, the velocity and the height k, are set
equal to zero.

The calculation procedure to advance one
time step can then be summarized as follows:

(a) The new values of the velocity and height
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fields in all regular grid points of the cold and
warm air at time ¢ =7 +1 are determined from
their values at time ¢t =r —1 and ¢ =7 using the
finite difference equations (7) to (10).

(b) The new velocity of the front points at
time ¢=r +1 are determined using the equa-
tions (11) to (14) and their new positions are
found using the equation (15) and (16).

(c) A test is made to determine whether or
not the set of regular grid points, which at
each time step is inside the domain ¢, of the
cold air, has been changed from time ¢=r to
t=r-+1, If a regular grid point is included in
the new set, the local velocity in this grid point
is defined to be that of the surface front, but
the local height is still set equal to zero. If a
regular grid point is excluded from the new
set, its velocity and height are set equal to
Zero.

5. Initial conditions

The investigation by Eliasen (1960) showed
that waves with wavelength approximately
2 000 km were the most unstable waves in his
linearized model. We will therefore also in this
model with a free surface choose an initial con-
dition describing a westerly zonal flow with
mean zonal velocity U and with north-south
perturbations of wavelength 2 000 km. The
height h, of the free surface is given as

1
hy=H,-U [fo(y ~Yo) + Eﬁ(y —yo)z]

Q(y _yo)
- (17)

2nzx
+H, sin A sechz

where L is the length, and D is the width of the
channel, and y,=D/2. The frontal surface is
given in the same way as

1
hy=Uglfoly —y,) + Eﬁ(y —~Y)?)

2n(x + 6)
— 8

ech

. 9(3/—?/0)
+H 2 2 _Jo
, Sin

(18)

where J is a phase displacement between the
perturbation of the front and of the free sur-
face, and U; determines the slope of the frontal
surface.

In the numerical calculation the following
values of the parameters are adopted
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36 hours

24 hours
12 hours

0 hours

48 hours 60 hours 72 hours

1 L L s L
0 1000 km 2000 km 3000 km 4000 km 5000 km 6000 km

Fig. 3. The position of the surface front at 12 hours interval from initial time up to 72 hours of simu-

lated time.

H,=8 000 m U, =600 m sec™?
H,=40m L =2 000 km

H,= 0 D -2200 km

d =0 fo =104 sec!

U =20 m sec™?! p =1510"1sgec! m?

g =10 m sec?
¢ =1.25 kg m-2
% _0.08
221

With this value of U, the slope of the frontal
surface is of the order 10-2, and the density dif-
ference between the cold and warm air layers
corresponds to a temperature difference of
6°K. The initial height fields h, and %, — H,,
and the pressure field at the lower boundary,
z2=0,

Ps = geihy + goy(ha —hy)

are given in Fig. 4. The initial velocity fields
are calculated from the geostrophic approxima-
tion, and a turbulent diffusion coefficient x =
7.5 x 10®* m? sec—! is used.

We have here given initially only a perturba
tion in the height field k, of the free surface
and no perturbation of the frontal surface.
Experiments with initial perturbations in the
height fields of both surfaces and also with
perturbations only in the height field A, of
the frontal surface, gave almost the same de-
velopment of the frontal wave.

6. Result

The model is integrated with a basic grid of
20 x 23 grid points in the west-east and south-

north directions respectively (A =100 km) and
with a time step At =200 sec. The surface front
is represented by 80 material points, which
initially are uniformely distributed along the
front with equal spacing in the z-coordinate
direction, i.e. it is initially four material front
points between each regular grid point. With
the initial conditions given in the previous sec-
tion the model was integrated for more than
three days of simulated time, and Fig. 3 shows
the position of the surface front at 12 hours
interval from initial time up to 72 hours fol-
lowing one particular frontal wave or cyclone.
We see that the frontal wave is developing
from an almost sinusoidal form at 6 hours, to
an almost occluded wave at 72 hours. Because
of the second order smoothing along the front
of the velocity of the front points, the surface
front itself has also to be a smooth curve, and
we can therefore not expect to find a sharp
occlusion point in this model with a discon-
tinuity in the tangential direction of the front.

Figs. 4 and 5 show the pressure fields p, at
z =0, the height fields h, of the frontal surface,
and the height fields %, of the free surface at
initial time and after 12, 36 and 72 hours of
simulated time. We see that during the de-
velopment of the frontal wave the pressure in
the center of the surface cyclone is falling slowly
from approximately 995 mb initially to 984
mb after 72 hours. The strongest deepening
took place in the first 24 hours when the pres-
sure fell to 988 mb; later the deepening is very
slow. This comes probably from the strong
smoothing of the velocity fields and of the
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e T e 7T e I e o S g s 7000 ——F T U= T oo n m
"""""" === 6000 =TT ———— 6000 === = 200y

— 120
160 160
initial field 12 hr prog
hy and h,-H, hy and h,-H,
R h ! 1 s
0 1000 km 2000km 0 1000 km 2000 km

Initial

12 hr prog

S‘urfucle prelssqu:L(mAb)A s

Surtace pressure (mb)

0 1000 km

2000 km 0 7000 km

2000 km

Fig. 4. Above: the height fields h;, of the frontal surface (———) and the height fields h, — H, of the
free surface (—) in meters. Below: the surface front and the surface pressure field. p; in mb. All at initial

time and after 12 hours of simulated time.

height fields which was introduced to get the
integration numerically stable. From Fig. 5
we see that already after 36 hours the upper
trough is weakened and after 72 hours there is
only a very weak trough to the west of the
surface pressure low.

We also see that the warm front in this model
is much steaper than the cold front, which is
contradictory to what is observed in real fron-

Tellus XXII (1970), 6
41 — 702898

tal cyclones. In this model the cold air behind
the surface cold front consists only of a rela-
tively thin layer penetrating underneath the
warm air layer.

In Fig. 3 we were following one particular
frontal wave, but since the model is periodic
in the west-east direction the surface fronts
associated with this frontal wave do not con-
sist of the same set of front points (because of
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——160

| 36 hr prog [ 72 he prog
[ h, and hy-H, 1 h; and h,-H, 1
n 1 n n " 1 " " " "
2000 km 3000 km 4000km 4000 km 5000 km 6000 km

_—— ——— 20—

20
36 hr prog 72 hr prog
[ Surtace pressure {(mb) Surface pressure {mb) .
2000 km 3000 km 4000 km 4000 km 5000 km

6000 km

Fig. 5. The same as Fig. 4, but after 36 and 72 hours of simulated time.

the periodicity there is always 80 points in-
gide a frame of 21 x23 grid points), but we
find that the wave is moving faster than the
individual particles. In Fig. 6 is given the ini-
tial position and the positions after 24, 48,
and 72 hours of the particular set of front
points which initially constituted the surface
front in Fig. 4. The position of five individual
front points, which initially are uniformally sepa-
rated with a distance L/4, are marked specificly.
We notice that during the development
of the frontal wave, the front is stretched con-

siderably. The stretching is strongest along the
warm front which can be seen from the in-
creased distance between the points 4 and 5 at
24 hours, between 1 and 2 at 48 hours, and be-
tween 2 and 3 at 72 hours (Fig. 6). When the
individual front points are passing from the
warm front to the cold front side of the frontal
wave, the distance between the front points
are again decreasing.

When the surface front is stretched, the dis-
tance between two neighbouring front points
can become very large, but to make the nu-
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1 0 hours 2

.
1000 km 2000 km

" L .
3000 km 4000 km 5000 km

Fig. 6. The initial position and the position after 24, 48, and 72 hours of simulated time of the par-
ticular set of front points which initially constituted the surface front in Fig. 4. Five individual front

points are marked specificly.

merical procedure simple it was found to be
necessary that the coordinate differences be-
tween two neighbouring front points k and & +1
at each time step were less or equal to the grid
increment A, i.e.

| X7k +1) - X"(k)] <A
and (19)
| Y7k +1) - Y"(k)] <A

If the equations (19) are not fulfilled, the in-
tegration has to be terminated, or we have to
redefine the set of front points so that equation
(19) is fulfilled before the integration can con-
tinue. If we initially are defining a sufficiently
large number of front points, the integration
can run for a long time before it is necessary
to redefine the set of front points. This model
with a set of 80 front points was integrated
for more than 80 hours of simulated time be-
fore the coordinate differences between two
neighbouring front points became larger than
the grid increment.

The vertical velocity at a height 2z in the cold
air layer may be determined from the con-
tinuity equation (3), which gives

(au1 601)
wy=—-z|—+—
oxr oy

In Fig. 7 is given the horizontal divergence
D, =(ou,/ox) + (ov,/oy) in the cold air together
with the surface pressure field p, after 5 hours
of simulated time. We find as expected the
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Fig. 7. The surface pressure field p; (in mb) and
the horizontal divergence D, =(du,/dz)+ (dv,/dy)
(unite 10-% sec~!) after 5 hours of simulated time.

strongest convergence area and the upward ver-
tical velocity at the warm front side of the
frontal wave and the corresponding divergence
area and downward vertical velocity at the
cold front side of the wave, but close to the
ridge in the surface pressure field. The maxi-
mum vertical velocity at the frontal surface
after 5 hours is approximately 5 cm sec—1.
Later the value of the horizontal convergence
is increasing a little and the vertical velocity
reaches the maximum of 8 cm sec—1. The con-
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vergence arca in the lower cold air layer has a
corresponding compensating divergence area
in the upper warm air layer, but the diver-
gence area has a small displacement to the east
in accordance with the results found in Elia-
sen’s linearized model.

There are two serious objections to this model,
and they are: the surface front is moved without
taken into account that the total mass of the
cold air and of the warm air should be conserved
separately in the model, and the smoothing of
the height fields h, and k, has a tendency to
reduce the cold air mass and by that increase
the warm air mass. In this experiment the cold
air mass was very constant during the first
day of integration, but later there was a slight
decrease in the cold air mass, and after 3 days
it had decreased with almost 49, and there
was a corresponding increase of the warm air
mass. The total mass of the cold air is cal-
culated by using the trapezoidal formula, and
some of the variation in the calculated total
mass may come from inaccuracy in using the
trapezoidal formula when the frontal surface
becomes more folded and when the domain o,
of the cold air is increasing.

Because of the smoothing used in the model
the total energy is decreasing with time, but
except for the first few hours the total energy
is decreasing more than the kinetic energy,
which shows that there is an over all transfor-
mation of potential energy to kinetic energy in
the model.

6. Summary and conclusions

In this experiment a simplified two layer
frontal model, where the baroclinicity is con-

centrated along the frontal surface, separating
two homogeneous barotropic layers, is inte-
grated numerically, but to keep the integra-
tion non-linearly stable a relatively strong
dissipation and smoothing had to be intro-
duced into the calculation.

The development of the surface frontal wave
showed a remarkable agreement with the de-
velopment of observed frontal waves with the
characteristic asymmetry between the warm
and cold front sides of the waves. But with the
numerical method used in the calculation it
was not possible to reach a stage of a com-
pletely occluded frontal wave.

The strongest convergence area and upward
vertical velocity in the cold air layer is found
at the warm front side of the surface frontal
wave, and a corresponding divergence area and
downward vertical velocity at the cold front
side. The convergence area in the lower cold
air layer has a compensating divergence area
in the upper warm air layer, but it is shifted
a little to the east in the same way as found in
Eliasen’s linearized model.

All the baroclinicity in this model is con-
centrated along the frontal surface and any
perturbation in the cyclonic shear velocity or
the horizontal pressure field (the velocity is
initially calculated from the geostrophic equa-
tion) of a given wavelength will form a growing
frontal wave. In this experiment therefore a
perturbation only in the height field of the free
surface was given initially. Other experiments
with initial perturbation in the height fields of
both surfaces and also experiments with per-
turbations only in the height fields of the frontal
surface gave almost the same evolution of the
surface frontal wave.

REFERENCES

Bjerknes, J. & Godske, C. L. 1936. On the theory
of cyclone formation at extra-tropical fronts,
Astrophysica Norvegica 1, 199-235.

Bjerknes, J. & Solberg, H. 1922. Life cycle of cy-
clones and the polar front theory of atmospheric
circulation. Geofysiske Publikasjoner, vol. 3, no.
1. 18 pp.

Eliasen, E. 1960. On the initial development of
frontal waves. Publikationer fra Det Danske Me-
teorologiske Institut, no. 13. 107 pp.

Grammeltvedt, A. 1969. A survey of finite differ-
rence schemes for the primitive equations for a
barotropic fluid. Monthly Weather Review 97,

' 384-404.
Hoiland, E. 1943. On the wave motions in sliding

layers with internal static stability. Archiv for
Mathematik og Naturvidenskap, vol. 47, no. 3.
32 pp.

Hoiland, E. 1948. Stability and instability waves
in sliding layers with internal static stability.
Archiv for Mathematik og Naturvidenskap, vol.
50, no. 3. 24 pp.

Kasahara, A., Isaacson, E. & Stoker, J. J. 1965.
Numerical studies of frontal motion in the at-
mosphere. I. Tellus 17, 261-276.

Kotschin, N. 1932. Uber die Stabilitat von Margu-
lesschen Diskontinuitéitsflichen. Beitrdge zur
Physik der freien Atmosphdire 18, 129-164.

Orlanski, I. 1968. Instability of frontal waves.
Journal of the Atmospheric Science 25, 178-200.

Tellus XXII (1970), &

85UB017 SUOWILLOD aAIR.D 3|qedl(dde ay) Aq peusenob afe sajole YO ‘88N JO S3|N. J0j A%eiqi 8UIUQ A3|IAN UO (SUOIPUOD-pUe-SLLBIWIOD A3 |1 Aeug 1 Ul UOy//:Sd1y) SUORIPUOD PUe SWIS | 31 89S *[9202/70/20] Uo A%iqiaulluQ A8|1M ‘80Us|ROX3 88D pUe Ui feaH 10} ainisu| euoleN ‘301N AQ X'TES00GY0L6T 06vE-€STZ [T TTT 0T/I0p/W0D A 1M Aelq 1 pul|UO//Sd1Y WO1 pepeoumod ‘9 ‘06T ‘06EESTE



NUMERICAL SOLUTION OF THE MOTION OF ATMOSPHERIC FRONTS 637

Shuman, F. G. 1962. Numerical Experiment with
the Primitive Equations. Proceedings of the In-
ternational Symposium on Numerical Weather
Prediction in Tokyo, November 1960, pp. 85—
107. Meteorological Society of Japan, Tokyo.

Smagorinsky, J., Manabe, S. & Halloway, I. L.,

Jr. 1965. Numerical result from a nine-level general
circulation model of the atmosphere. Monthly
Weather Review 93, 727-768.

Solberg, H. 1928. Integrationen der Atmosphéri-
schen Stdrungsgleichungen. Geofysiske Publika-
sjoner, vol. 5, no. 9. 120 pp.

YNCJIEHHOE MOJEJINPOBAHUE IBMHEHNA ATMOCOEPHBIX OPOHTOB HA
OCHOBE IBYVXVPOBEHHONI MOJEJIN

YucineHHO WHTErpUpYIOTCA YPaBHEHHA JBYX-
ypoBeHHO!t pOHTATLHOU MOTeaH aTMocdepHl, B
KOTOpOll BCA OGapOKJIMHHOCTH CKOHLIEHTPHUPO-
BaHA Ha QPOHTAIBHON MOBEPXHOCTH, OTHEJNAI0-
uiedt ABe HeC:HUMAeMBEle ONHOPOAHHEIE KUTKOCTH,
ycToltunBo cTpaTuduninpoBaHHbe. BepXHaA rpa-
HUIa npejcTaBider coGolt cBobonHylo moBepx-
HOCTb, a JABUMEHUe PPOHTAIBHONH MOBEPXHOCTH
Ha HUKHe#l rpaHuile HAXOAMTCA BBIYMCJIEHUEM
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TPAeKTOPHMIt MaTepUAJIbHBIX «JacTHL» Ha (PpPOH-
TAJIbHON MOBEPXHOCTH 110 UBBECTHBHIM CKOPOCTAM
B TOYKAX CETHKH B CIO€ XOJOLHOI0 BO3AYyXa.
9BoMONUA (POHTAILHEIX BOJIH B 9KCIIEpHMeHTe
o6HapyuBaeT 3aMedaTellbHOe cOTJIacue C 3BO-
monuelt HabdoaaeMHX QPOHTAJBHHIX BOJH C
XapaKTepHOIl acHMMMeTpHEel MemKay TelIol u
X0J0AHOM CTOPOHAMU (POHTAJIBHON BOJHBHI.
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