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ABSTRACT 

A model of tracer transport process in the meridional plane of lower stratosphere is 
briefly outlined and the corresponding partial differential equation for tracer con- 
centration is deduced. For the long lived radon daughters RaD(PbalO) and RaF(PoZ1O) 
in the Northern Hemisphere stratosphere such equations can be simplified to one 
dimensional stationary form, describing the quasivertical transport of these isotopes. 
The mean values of quasivertical velocity and turbulent diffusion coefficient in the 
lower stratosphere of different latitudes of Northern Hemisphere are estimated by 
comparison of last equation solutions with the published results of aircraft measure- 
ments of RaD and RaF concentration in 1961 and 1962. These estimated values agree 
with the known qualitative ideas on latitudinal and seasonal changes of the strato- 
spheric mixing intensity. 

1. Introduction 

The use of different tracers (especially radio- 
active ones) in meteorology has increased con- 
siderably in recent years. Important qualitative 
ideas about the circulation and exchange 
mechanisms in the stratosphere and mesosphere 
were obtained by means of fission products 
W18s, RhlOP, Cdlo@ and also ozone, water vapor, 
Be’ and other natural tracers (SHEPPARD, 1963; 
KAROL & MALAKHOV, 1962, 1965; KALKSTEIN, 
1962; JUNCE, 1963). However, the development 
of modern meteorology and weather forecast- 
ing, based on the hydro- and thermodynamics, 
requires more precise knowledge of factors and 
parameters governing the general circulation 
of the atmosphere. Such data are especially 
important for the stratosphere and mesosphere, 
as common aerological means do not allow us 
to perform there the meteorological measure- 
ments with the required frequence and preci- 
sion, and some meteorological elements cannot 
be determined a t  all. For instance, the poor 
knowledge of air mass radiation characteristics 
allows the computation of only so called “adia- 
batical” vertical velocities in the stratosphere, 
but their correspondence to the real vertical 
motions is unclear (SHEPPARD, 1963; OORT, 
1965). 

In this paper a method of quantitative deter- 
mination of exchange parameters in the lower 
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stratosphere from tracer concentration meas- 
urements is proposed. Parameters of vertical 
exchange are calculated by use of published 
results of the long lived radon daughters: lead- 
210(RaD) and polonium-210(RaF) measure- 
ments in the stratosphere. 

2. Transport of tracer substances in the me- 
ridional plane of the lower stratosphere 

The analysis of the observed concentration 
distributions for some radioactive isotopes in 
the lower stratosphere leads to the conclusion 
that the longitudinal concentration changes are 
small in comparison to the vertical and the 
latitudinal ones. So for the first approximation 
it can be assumed that these distributions are 
zonally homogeneous and isotope transport 
takes place almost identically in the lower 
stratosphere in all meridional planes. This is 
true both for ozone and radioactive isotopes of 
natural origin and for products of nuclear ex- 
plosions some time (several months) after the 
explosion (STEBBINS, 1961; MACHTA et al., 1964). 

The analysis of the observed vertical profiles 
for several isotope concentrations (SrgO, Wles, 
RhlOa and others) reveals that the height of 
thsir maxima in the lower stratosphere changes 
with latitude similarly to the tropopause height. 
Its maximum is a t  the equator and minima 
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Fro. 1. Meridional distribution of RaD concentration obtained from aircraft measurement.s in May 1960--61: 
(a) at the tropopause level h,; at the level 3 km below the tropopause ( h T - 3 ) ;  at the levels 2 and 
5 km above the tropopause (h,+ 2; h,+5); ( 6 )  at the levels 12, 15, 18, 20 km. 

are in polar regions (NEWELL, 1963; TELEGADAS 
& LIST, 1964; KAROL & MALAKHOV, 1965). 
The isolines of measured RaD concentration 
in the lower stratosphere of both hemispheres, 
shown in Fig. 1, have also a similar latitudinal 
distribution. 

These facts together with the investigations 
of ozone transport from the equatorial strato- 
sphere to the polar regions and some other 
observations lead to the conclusion that in the 
lower stratosphere the meridional macroturbu- 
lent exchange occurs mainly along directions 
inclined towards the poles and crossing the 
potential temperature isolines (isentropes) under 
some small angle, as has been revealed by Starr 
and his colleagues (NEWELL, 1964a, 6; OORT, 
1965). 

These directions are tangent to the curves 
in the meridional plane having the following 
equation in spherical coordinates system 

r =T*  + aR(0); R(0) =0,  

where r is the vertical coordinate; 0 the cola- 
titude, a the height difference of the tropopause 
between the equator and the poles. The exact 
position of these curves is yet unknown, but 
to a first approximation they can be assumed 
to be almost equidistant from the tropopause 
outside the zone of its subtropical break. In  
the meridional plane in the lower stratosphere 
a new system of orthogonal coordinates (P,6) 
is considered with the coordinate lines 

P(r,0) = T  -yo - aR(0) =const; 6 =6(r,0) =const. 

The direction 6-constant is only slightly dif- 
ferent from the vertical one. It was estimated 
by NEWELL (19646) that the curve P-const 
makes an angle of about 7' with the isentrope 
direction in the zone 45-50" N. 

From the equation of mass conservation, 
written in the vector form: 

(1) !@! + div (p + eczue,) = Q 
at 

after averaging over the time and over the 
latitudinal circles and separating the average 
values and fluctuations 

- 
v = v + v ' ;  c = ~ + c ' ;  e = Q ;  w=*, 

we obtain the following equation: 

BC 1 
- + ( V  + 6er) grad I? 4- - div (@T) 
at e 

6 a 
c e 

- -div(@e,) = -. (2) 

The following notations are used here: e =air 
density; c(P, 8, w) = concentration per air mass 
unit of substance fraction, which is connected 
with aerosols, having the gravitational velocity 
w; v =velocity vector; e, =vertical unit vector; 
Q =sum of substance sources and sinks inten- 
sities in the volume unit. Assuming that the 
macroturbulent diffusion in the meridional 
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plane is going according to the semiempirical 
law: 

- 
c'v' = - K grad E, (3) 

where in every point has the tensor K the main 
axes tangent to the coordinate lines (P,6) .  
After some calculations we obtain 

-the macroturbulent diffusion equation in the 
meridional plane of the lower stratosphere. 
This equation differs only slightly from the 
common diffusion equation in spherical coor- 
dinates. The main difference is that in the 
"quasivertical" mean velocity component 8,: 

8, = 8, - 8, aR'(0)lr (5) 

enters the meridional velocity component Go. 
Now the problem is to determine the coeffi- 

cients of this equation, K,, KB, V,, using its 
solution and measurements of concentration E. 
This is the "inverse problem" from the mathe- 
matical point of view. 

The estimates of K ,  and Ka values were 
made by using the observations of W"J6 and 
others nuclear explosion products spreading 
during the first months after the nuclear wea- 
pon test series (STEBBINS, 1961; SHEPPARD, 
1963; TELEGADAS t LIST, 1964), but there are 
few such data. 

The different times and latitudes of the 
injections of these products in the stratosphere 
is the cause of the temporal and spatial inho- 
mogeneity of the global stratospheric reservoir 
of artificial isotopes. This inhomogeneity does 
not allow us to simplify the diffusion equation 
and to find the unknown parameters in an 
eaay way. 

The measurements of cosmogenic isotopes 
such aa Be', Sa5 and some others revealed that 
their halflives (60-60 days) are too short for 
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tracing the slow stratospheric motions, as their 
concentrations are close to their equilibrium 
values (STEBBINS, 1961). More suitable for this 
purpose is Na** with half life 2.6 years. Though 
measurements are scanty, some estimates of 
K p  values in the lower stratosphere were ob- 
tained in this way by BHANDARY & RAMA (1963). 

The use of C1* and Hs is complicated by the 
fact that these isotopes (as also Be7 and Na") 
are of both cosmogenic and artificial origin. 

The long-lived radon daughters RaD and 
RaF are the convenient tracers in the strato- 
sphere, as their half lives (22 years and 138 
days) are comparable with the time scales of 
stratospheric planetary motions. The source of 
these isotopes in the stratosphere is the radon, 
which, exhalating from the land area of the 
Earth surface and entering the stratosphere, 
leads to the creation of the almost stationary 
reservoirs of RaD and RaF (KAROL, 1965). 

Their concentration inhomogeneties along the 
surfaces P-const. are small in comparison to 
the vertical ones, as it is evident from Fig. 1 
and as follows from the observation analysis, 
which will be published elsewhere. Therefore 
in the diffusion equation, the terms describing 
the quasihorisontal transport can be omitted 
in a first approximation and only the stationary 
(quasivertical) transport of RaD and RaF in 
the Northern Hemisphere stratosphere need be 
considered. This is a rather rough approxima- 
tion aa it does not take into account the hori- 
zontal advection of RaD from the temperate 
latitudes of Northern Hemisphere-the place 
of main radon entrance in the stratosphere 
(KAROL, 1965). It is also possible that some 
quantity of RaD atoms should enter the 
stratosphere as product of nuclear explosions. 
But there are no definite evidences of that, 
and therefore it is assumed here that all the 
considered RaD atoms are of natural origin. 

3. The model of RaD and RaF vertical dis- 
tribution in the lower stratosphere of the 
Northern Hemisphere 

Let us consider the one-dimensional sta- 
tionary problem of determination of the c~"(z,w) 
concentration distribution of i-isotope in radio- 
active decay chain in the j-layer of the lower 
stratosphere. The system of equations of this 
problem is the following: 

 21533490, 1966, 2-3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/j.2153-3490.1966.tb00245.x by N

IC
E

, N
ational Institute for H

ealth and C
are E

xcellence, W
iley O

nline L
ibrary on [16/04/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



340 I. L. KAROL 

i =  1 for RaD,' i = 2  for RaF, (7) 

where 

9 Bj = 5 - y j ;  

K ,  is the coefficient of quasivertical turbulent 
diffusion; T =temperature; y = - d T / d z  is the 
temperature gradient; R = 287 ma/seca "C is the 
gas constant; g =acceleration of gravity; z is 
the coordinate in the "quasivertical direction", 
a-const, which is practically coincident with 
the real vertical direction and z is considered 
here as a vertical coordinate. All parameters 
and coefficients are assumed to be constant in 
the considered j-layer. 

The solution of equation ( 6 ) ,  which attains 
the given values a t  the borders of the layer: 

cj"l,=,,=cji'(hj); c ~ ' I ~ = ~ , = c ~ ) ( H , ) ;  h,< H, ,  

(8) 
has the form: 

C?'(Z) = Ay'[hj, H,; cy'(h,); cy'(Hj)] 

8hay ( H ,  - 2 )  
= cy'(hj) exp [bF'(z - , 

)18ha)"(Hj-hj) 

shap ( z  - hj)  + cjO'(H) exp [by'@ - , )]&?hay) ( H ,  - h,); 

(9) 

Analogous, but more complicated formulae, 
containing the operat,ors A:" for 1 = 1 , 2  ... i can 
be obtained for the solution of system of equa- 

l In the stratosphere the short-lived radon daugh- 
tern are in radioactive equilibrium with radon, and 
RaE with RaD. 

tion for RaD and RaF which satisfies the boimd- 
ary condition (8). This solution is considerably 
simplified if the j-layer is assumed to have an 
infinite thickness, and if the condition 

is valid. Then we obtain 

(11) 

This means that the operator A;" is transformed 
into the simple exponential function. For 
clearness we shall investigate this case only and 
omit the index j ,  though the singularities of 
the general case of finite thickness layer will 
be pointed out. 

The RaD and RaF atoms in the atmosphere 
are attached to the natural aerosols. It can be 
assumed that in the lower stratosphere the 
distribution of the number n(r) of aerosol par- 
ticles as a function of their effective radii r has 
the form 

dnld In r = AKFXX,  

where AK = const, x ,  = 0 for condensation nuclei 
with radii r,, = 0.01 p < r  <r l  and x ,  = 3 for large 
sulfate particles having r1 < r  < r ,  = 2 + 3  p with 
r1 =0.1+0.5 p (JUNGE et al., 1961; STEBBINS, 
1961; KAROL, 1965). This model of distribution 
density is presented in Fig. 2 .  Assuming then 
that the average number of isotope atoms per 
particle is proportional to Brm ( B  =const; 
1 < rn < 3), we introduce the distribution of this 
number as the function of gravitational settling 
velocity w by the formulae: 

q m  (wz) = 1. 

The graphs of this distribution density are 
presented in Fig. 2 for some m-values. NOW the 
total i-isotope concentration over all the lrac- 
tions of the stratospheric aerosols is given by 
the formula: 

C'"(Z) = 1: c(')(z, w )  dq,(w). 

As the density of qm(w) for m = 2 + 2 . 5  has a 
sharp maximum, corresponding to "critical 
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continental U.S.A. over Central America, over 
central and southwestern parts of the Pacific 
and over the southern Australia. The results of 
radiochemical analysis of filters with aerosol 
samples have recently been published by HASL 
of U.S.AEC (1965). The estimates of K and vp 
values, calculated by means of above formulae 
(14)-( 17) are listed in Table 1. Here the mean 
monthly values of RaD specific activity and 
of the ratio of RaF to RaD specific activities 
for some regions in the Northern Hemisphere 
and for some months with more numerous ob- 
servations are used together with some climatic 
temperature data for the lower stratosphere 
(KHANEVSKAYA, 1964; MOSKALEVA, 1965). All 
the estimates were obtained for two “critical” 
values of particle radius rI =0.1 p and 0.5 p, 
shown to be the most probable ones by the 
recent investigations (JUNGE et al., 1961; RO- 
SENBERG & NIKOLAEVA-TERESHKOVA, 1965). 

It is evident from the table that the calcu- 
lated K and vp - w1  values are almost independ- 
ent of the r1 values even in the tropical strato- 
sphere with large temperature gradient. The K 
value increases from equator to pole and from 
winter to spring and summer in accordance 
with the known qualitative ideas on the seasonal 
and latitudinal changes of vertical turbulent 
diffusion coefficient in the lower stratosphere 
(STEBBINS, 1961; KAROL & MALAKHOV, 1965). 
The numerical values of K are close to the values 
obtained in author’s previous publication (KA- 
ROL, 1965) for tropical and subtropical latitudes, 
but in high latitudes the new K values are by 
an order of magnitude higher than the previous 
estimates, where the vertical velocity was not 
taken into account. 

cm/sec is equal to the velocity in the lower 
stratosphere of different latitudes for the I.G.Y. 
period, calculated by OORT (1965) obtained 
by using the adiabatic assumption. A detailed 
comparison is so far too early to make, either 
because of small number of RaD and RaF 

The estimated order of vp magnitude - 

measurements, or because of the significant 
uncertainty, introduced in vD value by the 
meridional velocity component and the rather 
arbitrary choice of w1 aerosol gravitational 
velocity “critical value”. It can be noted how- 
ever, that the vp estimates have in general the 
bigger negative values at high latitudes than 
in tropics and former values are dose to the 
estimate 1.5 km/month =6-10-z cmlsec, ob- 
tained by TELEGADAS & LIST (1964) from 
observations of RhlO* downward propagation. 
This corresponds also to some ideas on meri- 
dional circulation of the stratosphere (MURGA- 
TROYD & SINGLETON, 1961; KAROL & MALAK- 
HOV, 1965). 

5. Conclusion 

The method proposed here, besides its direct 
use for quantitative investigations of strato- 
spheric circulation, can be applied to the study 
of some important meteorological phenomena 
in the stratosphere. 

For the solution of problems concerning the 
vertical or advective character of “explosive 
warmings” of the polar stratosphere in spring 
(GODSON, 1963), the RaD and RaF measure- 
ments at several stratospheric levels at  the 
time and in the region of this phenomenon 
should be performed with the subsequent cal- 
culation of the real vertical velocities. 

In  recent papers of TUCKER (1964) and REED 
(1964) semiempirical models of distribution and 
26-month oscillation of zonal wind and tempe- 
rature in the equatorial stratosphere are pre- 
sented and velocity estimates of probable 
meridional and vertical motions-associated 
with these models are obtained. For the veri- 
fication of these models, such estimates should 
be compared with the vertical velocity values, 
obtained by the method under consideration. 
The available amount of RaD and RaF meas- 
urements does not allow us to make such com- 
parison now. 

Tellus XVIII (1966). 2 
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